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Abstract. This paper deals with stability aspects of delay differential equations
with general distributed delays. The objective is to show that, frequently, general
distributed delays are not harder to handle than discrete delays. This is accomplished
by treating two-dimensional systems of differential delay equations with distributed
delays via several different approaches. All of these approaches are general, effective,
and easy to apply.

1. Introduction. Frequently, models of real life systems consist of linear or non-
linear delay differential equations. Most studies on these models, as in the case of
ordinary differential equations, start from the local stability analysis of some special
solutions (often steady state) in order to answer the question of how delays affect the
stability of these systems. For this purpose, the standard approach is to analyze the
stability of the linearized equations about the special solution. If the delay differential
equations are autonomous and the special solution is a constant, then the linearized
equations take the form of linear autonomous delay differential equations. The sta-
bility of the trivial solution of the linearized equations depends on the location of
the roots of the associated characteristic equations. General theory and applications
of delay differential equations can be found in [5].

Most of the existing results are established for systems of equations with discrete
delays (e.g., [1-4, 7]). These results do not seem to have any obvious analogues for
their more general distributed delay counterparts. However, a more careful second
examination of their proofs may reveal some natural generalizations of some kind.
This can be seen from our analysis of the following general two-dimensional system
of linear differential equations with (infinite) distributed delays:

0 0
du(t)/dt = a, u(t) + a0 (1) + / u(t + 60)dn, (6) + / v(t + 0)dn,(6),
N N (1.1)
0 0
dv(t)/dt=a21u(t)+a22v(t)+/ u(t+0)dn3(0)+/ v(t +8)dn,(0),
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where a; ; are real, T < +oo, and

0
ldn,(6)] < +o0, i=1,2,3,4,
-1

i.e., n; have finite total variations. System (1.1) has the following system as a special
case:

du(t)/dt = a, u(t) + a,v(t) + E blju(t § WU (1= 1y),
j=1 j=1
m m (1.2)

dv(1)/dt = ayu(t) + ayyv(t) + Y cju(t — &)+ Z v(t=&,),

Jj=1 Jj=1

where q, ; are real and 1, i T2 ¢ D &, B j=1, ..., m, are nonnegative constants.
System (1.2) is studied in Freedman and Gopalsamy [3], where sufficient conditions
of nonoccurrence of stability switching are established. This is also our objective
for system (1.1) in this paper. Our approaches in principle are similar to those
of Freedman and Gopalsamy [3], which exploit the fact that stability switching is
possible only when the corresponding characteristic equation has pure imaginary
roots. This important observation is rigorously proved in the following lemma.

LemMA 1.1. Let f(A, @) = A"+ g(A, @), where g(A, @) is an analytic function with
respect to A and a, where a = (o, ..., «,) and ReA > —f, where f is a positive
constant. Assume that

y_hmsupM gh,a)<1. (1.3)

Il‘tl—'oo

Then, as a varies, the sum of the multiplicities of the roots of f(A, @) = 0 in the
open right half-plane can change only if a root appears on or crosses the imaginary
axis.

Proof. We note that since f(4, @) is analytic for RedA > — 8, it can have only a
finite number of zeros in any compact set of the open right half complex plane. If
f(A, @ has an infinite number of roots in the open right half-plane, then there is a
sequence {4 j} such that f(4 i a)=0, |4 j| — 00, which in turn implies that

1. @

0=
7

1 .
=1 +A—;g(lj, q). (1.4)

Hence,

lim |4,"g(4,, )| = 1,
j—oo J

a contradiction to Eq. (1.3). Therefore, the total multiplicity M(a) of roots of
f(A, @) =0 in the open right half-plane is finite.
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Let A = A(@) be any root of f(A, @) = 0. If we place a small disk around A(@),
then for @ sufficient close to &, the total multiplicity of roots of f(A, @) =0 in the
disk equals the multiplicity of A(a). Hence, from Rouché’s theorem, we see that as
a changes, A(@) changes accordingly, and it will not suddenly disappear or appear
or change its multiplicity at a finite point in the complex plane.

Suppose that M (@) changes but that no roots appear on and cross the imaginary
axis. This can only occur due to the appearance of a root bifurcating from infinity.
That is, there exists an @* and a root A(@) such that |A(&)| — oo as @ — a*, with
ReA(a) > 0. We thus have

0=2""(@)f(Ma), d) = 1 +27"(@)g(X(d), @). (1.5)

However, |1 +A7"(a)g(A(@), @)| > (1 —y) > 0 for & close enough to &". This
contradicts Eq. (1.5) and proves the lemma. O

2. Main results. Throughout the rest of this paper, we assume that in system (1.1),
there is a positive constant f such that

0 —p6
/e ldn,(6)] < +00,  i=1,...,4. (2.1)

-1

Hence, we must have

0
7, / 1d71,(6)] < +oo,

: 2.2)
o= [ 1011dn0) <+o0, i=1,...,4.
-1
Denote
a=(a;,a,, 03,0, (23)
g4, a)= —(ay; +ay)A+a,ay —a,,a,

0 0
_,1[/ e“’d(a,nl(e)+a4n4(0))]+a“a4/ ¢ dn,(0)

- _
0 0
e’ dn,(6) i e’ dn,(6) (2.4)

+a,,«a ’  dn. (6 +a,a
2271 —re ﬂl( ) 1%4
0

0 0
~aya /_ e dny(6) /_ ¢ dn(6) - ap, / ¢ dn,(6)

-7

0
—aya, / " dn,(6),

-1
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DA, d) =" +g(,d). (2.5)

From (2.1) we see that D(4, @) is analytic for ReA > —f, a € R*; so Lemma 1.1
is applicable to D(4, a).
The characteristic equation associated with system (1.1) is

D(,(1,1,1,1)) =2 - (a), +ap)i+(a),ay, — a;,a,)

0
4 l / & d(n,(0) + mw»l

0 0
+a“/ ewdn4(6)+a22/ ¢ dn, (6)

-7 -1

0 6 0 0 (26)
+/ e dn,(0) e dn,(0)
-1 -1

0 0
—/ ' dn,(6) e’ dn,(6)

0 0
—a,z/_r dn,(0) — ay, /_T dn,(6)=0.

By virtue of Lemma 1.1, we know that system (1.1) may change stability only if its
characteristic equation can have pure imaginary roots. In the following, we try to
find conditions that imply Eq. (2.6) has no pure imaginary roots. We let 4 = iw in
Eq. (2.6) and separate the real and imaginary parts of Eq. (2.6). We obtain

2
" —(a,,8y, — a,,a,,)

0 0
- —w sinw0d(n,(0)+n4(0))+a“/ cos 0 d1,(6)

-1 -1

0 0

coswbdn, (6) / coswb dn,(0)

-1

0
+a22/ costdn,(0)+/

-1 -1

0 0
—/ sinwbdn,(0) [ sinwddn,(6) (2.7)

-1

0 0
—/ cosw@dnz(ﬁ)/ cos w8 dn,(6)

0 0
+/ sinwednz(e)/ sin w6 dn,(6)

-1 -1

0 0
—alz/ coswedn3(0)—a21/ cos w@ dn,(6),

-1 -1
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0
w(a, +a,)=-w coswb d(n,(6) +n,(6))
0 0
+a“/ sinwﬂdn4(0)+022/ sin wf dn,(0)
0 ' 0 -
+ / cosw(6) dn, (6) / sin w dn, (6)

-1 -1

+ / ’ sinwf dn, (6) /  cos b dn,(6) (2.8)

-7 -7

0 0
—/ cosa)adnz(())/ sin w6 dn,(0)

-7 -7

0 0

—/ sinwb dn,(0) | coswb dn,(6)

T o T 0

_a|2/ sinwedn3(0)—a21/ sin w6 dn,(0).
—1 -1

For convenience, we denote

Uy =a; +ay, Hy=ay,8y — A58y,
B=7+1,, Y =lay, 1M, + laym, + |a12|ﬁ3 +lay, |7,
0= ﬁlﬁ‘; + ﬁz-ﬁ:; .

If we denote by f(w) the sum of the squares of the right sides of Eqs. (2.7) and
(2.8), then after some algebraic simplifications, we have

f(@) < BPa’ +4B(y + 8w +4yd + 97 + 67, (2.9)
where we make use of the observation

0 2 o 0
(/ cosw6dn(0)) S/ cos” wfl dn(0) dn(6),

-1 -1 -1

0 2 0 0
(/ sin w6l dn(G)) < / sin® w6 dn(6) dn(9),
-1 -1 -1
2ab < a + b,
Hence, we have
4 2 2, 2 2 2 2
® + (U] = 2u,)0" + pu, < fo"+2B(y +)w + (y +6)". (2.10)
A sufficient condition for there to be no stability switches is that Eq. (2.10) not be
satisfied for any real w. This is equivalent to
2 2, 2 2 2
g(@)= @'+ (4, = 20, - B0 = 2B(y + ) — (y +0) + 4, >0, (2.11)
for all real w. Note that Eq. (2.11) can be written as
2 2 2
4 2 2 +0 2 +6
® +(u;—2p,—B") [w— #—2] +u,—(7+9) —#—)—2 >0, (2.12)
M —2u,- B Hy—2u,— B
for all real w.
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THEOREM 2.1. The trivial solution of system (1.1) has the same stability for all #,(6),
where

0
= |dn,(0)], i=1,2,3,4,
-1

if
(i) w3 —2u,—- B°>0,
. 2 2y, 2 2 2 2
(i) (3 —(+06)) () —2p,—B) > B (y+9)".

Proof. Observe that if we replace 7,(0) by o;n,(6), 0<a, <1, i=1,2,3,4,
then B, y, and J are replaced by smaller or equal numbers and (i) and (ii) remain
true. In other words, D(4, @) has no pure imaginary roots for all o, € [0, 1],
i=1,2,3,4. By Lemma 1.1, we see that D(4, (1, 1, 1, 1)) has the same number

of roots with positive real parts as that of D(4, (0, 0, 0, 0)). This is equivalent to
saying that the trivial solution of (1.1) has the same stability as that of

u(t) = a,u(t) + a,v(1),
0(t) = a,u(t) + a,,v(t),
provided that (i) and (ii) hold. This proves the theorem. 0O
The above result generalizes the main theorem of Freedman and Gopalsamy [3].

Observe that the absolute value of the right-hand side of Eq. (2.8) is less than or
equal to

lw|(7, + 7, +|a,,lo, +|ay,l0, + 7,0, + 1,0, + 7,0, + 1,0, +|a,,|05 +|a,,|0,) . (2.13)

We thus have

THEOREM 2.2. The trivial solution of system (1.1) has the same stability for all 7,(6)
satisfying Eqgs. (2.2) if

lay, + ayl >, + 7, + |aylo, +|ay,lo, + 7,0, + 7,0,
_ (2.14)
+ 1,05 + 75,0, + |a,,|0; + |a,, |0, .
Note that o, < 777, . We have

COROLLARY 2.3. The trivial solution of system (1.1) has the same stability for all
7,(0) such that 7, = [°_|dn,(0)| if

0<T<—— _ |a11+_‘122|“ﬁ1_‘ﬁ4 _ _.
27,1y + 27,75 + lay [, + |ay, |7, + ay, |75 + lay, |7,

(2.15)
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Assume now that 7, =7, = 0. Then from Eq. (2.7) we have
2
" — (a8, = a,,ay)

0 0
= —/ cos wb dn,(0) cos wb dn,(0)

-1 -1

0 0
+ / sin 0 dr(6) / sin 9 dr(6)

-1 -1

0 0
—alz/ cosw0dr,3(0)—a21/ coswbl dn,(0)

-1 -1

2
- = coswbdn,(0) | + sin w6 dn,(0)
2 i=2 [ /—‘ /‘f

>
= lay,|7; — lay |7,
1, _2 2 _ _
> - 5(’72 + ’73) - |a|2|’73 - |a2||'72 >

and similarly,

2 o _ _
W = (a),8y, — ay,8y,) 2 =27,7; — |ap,|7; — |ay |7, -
Thus,

2 _ 1,2 2 _ _
" —(ay,ay, — a;,a,,) > max {“2"2’73’ _5(’72 + ’13)} = lay,l7; — lay, |7,

and Eq. (2.8) reduces to

0 0

w(a,, +a,) = —/ cosw@dn,(0) | sinwbdn,(6)
0 0

—/ sinwb dn,(0) | coswbdn,(6)

0 0
-an/ sinw0dn3(0)—aZI/tSindeﬂz(o)-

-1 -

From Eq. (2.17), we have

0 0
/coswea'nz(ﬂ)/ sinw0d113(0)’

-7 -1

lw(a;, +ay)| <

+

-1 -1

0 0
/ sin w6 dn,(0) cosw()drh(ﬁ)‘

0
+ + a21/ siandnz(G)‘
T

0
an/ sin w6 dn,(0)

-7

[

2 -2 - —
< 5('72 + '13) + |a12|’73 + |a21|’72 .
Similarly, we have

iw(a“ +a,,)| < 2ﬁ2ﬁ3 + |a12|ﬁ3 + |a21|ﬁ2 .

575

(2.16)

(2.17)

(2.18)

(2.19)
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Also, we have

0 0
lw(a,, +ap)l <M [ 10dn(0)]+ 750 [ 10dn,(6)]
-1 -1

0 0 (2.20)
+laplo [ 10dn(0)] + laylw [ |0dn,(0)]
-7 -7

= w[n,0, + 1,0, + |a,,|05 + |a,,|0,].
We can summarize the above arguments as:

THEOREM 2.4. In system (1.1), assume that 77, =77, = 0 and a,,a,, — a,,a,, > A,
where

. __ 1, 2 2 — _
A =min {2'72’73 > 5(’72 + 773)} +lay, |, + lay, (7, -
If
. 2

(}) (a,, + a22)2(a“a22 —a;,a, —A)>A" or

(i) |a,, + ay,| > M,05 + 7,0, + |a,,l0; + |a,,|0,,
then system (1.1) does not undergo stability switching; that is, it has the same stability
as when 77, =7, =0.

Proof. (i) is obvious from Egs. (2.16), (2.18), and (2.19); (ii) is clear from Eq.

(2.20). O

An alternative approach in this case (%, =77, = 0) is to make use of Eq. (2.11).
Now we have =0, y = |a,|7; + |a,|7,, and J = 7,7, . Hence

gw) =o'+ (U} - 21,)0" + 15 — (y +6)°

2
2 1,2 2 2 1,2 2
= |0 + E(#l - 2”2) + Uy = (y+9d) - Z(ﬂ] - 2.“2) .

Therefore, we obtain

THEOREM 2.5. In system (1.1), assume that 77, =7, = 0 and

() #y— (7 +0)" = §(u —2))> > 0 or
(il) uf>2u, and @2 > (y+6)°.
Then system (1.1) does not undergo stability switching.
Proof. In both cases, we have g(w) >0 for w>0. O
REMARK. Theoretically speaking, the condition 7, =7, = 0 is not essential in the
considerations presented prior to Theorem 2.4. Without 77, =7, = 0, Eq. (2.16) will
become an inequality of the form 0’ +Aw+B>0 , where A and B are functions
of a, ; and #,. In this case, we can still obtain a lower bound for w, which may be
more complicated.

3. Applications. Results obtained in the previous section may appear to be com-
plicated. Below we present two simple examples that illustrate their applications.

Consider first .

X(1) + a,x(t) + ayx(1) =/ x(t+60)dn(6), (3.1)

-7
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where 7 = ffr |dn(6)| < co and there is a v > 0 such that fft e "% |dn(8)| < +o0.

Denote ¢ = ffr |6 dn(68)|. The following theorem generalizes Theorems 3.22 and
3.23 in [7], which deal only with discrete delay equations.

THEOREM 3.1. The trivial solution of Eq. (3.1) is uniformly asymptotically stable if
a, > 7 and

(i) a, >7(ay -7
(ii) a, > 0.

2 or

Proof. Denote x(t) = u(t), x(t) = v(¢). Equation (3.1) is equivalent to

{ u(t) =v(t)
. 0 (3.2)
(1) = —agu(t) — a,v(t) + [° u(t +6)dn(6).

In the following, we apply Theorem 2.4 to system (3.2). We have

a, =0, a,=1, a3 = —4, Ay = —4y,
ﬁl=-ﬁ2=ﬁ4=0, ﬁ3=_ﬁ~
Hence, A=7, 0,=0, a,, +a,, = —a,, and a,,a,, — a,,a,, = a,. a, >7 implies
that a,,a,, — a,,a,, > A. Condition (i) of Theorem 2.4 reduces to
2 )
ay(ay—7)>7,

which coincides with (i) in the theorem. Condition (ii) of Theorem 2.4 becomes
|a,| > o, which is satisfied by (ii) of the theorem.
When 7 = ¢ = 0, both (i) and (ii) imply that a, > 0, and, clearly, the trivial
solution of
X() +ax(t)+ayx(t)=0

is uniformly asymptotically stable. The conclusion thus follows from Theorem 2.4.0
Our next example illustrates that the principle idea utilized in the previous section
can easily be applied to first-order equations. Consider

0
x(t) +ax(t) = b/ x(t+60)dn(6), (3.3)
where a > 0, b > 0 are constants and 7(6) is a nonconstant ard nonincreasing

function with bounded variation. The following theorem generalizes Theorem 3.28
in [7] and Theorem 1 in [6].

THEOREM 3.2. The trivial solution of Eq. (3.3) is uniformly asymptotically stable if
0

a>0, b/ 0dn(6) <1, (3.4)
and there exists a constant v > 0 such that

0 —vé
/e ldn(6)] < +oo.
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Proof. Assume first that @ > 0. Clearly, when b = 0, Eq. (3.3) is uniformly
asymptotically stable. The characteristic equation of Eq. (3.3) is

O
D(/1)=A+a—b/ e dn)=0. (3.5)
Clearly, D(4) is analytic. D(iw) =0 implies that
0
a- b/ cos(wf)dn(6) =0, (3.6)
0
W — b/ sin(wf)dn(0) =0. (3.7)

However, for w > 0, we have from (3.4)

w—b/0 sin(we)dn(0)>w(l —b/o Hdn(e)) >0.

Hence, for a > 0, (3.4) is uniformly asymptotically stable.

By continuity, when a = 0, Eq. (3.5) has no roots with positive real parts. The
same argument as above also shows that it cannot have pure imaginary roots. If
Aj = pj+ia)j, j=1,2,..., are roots of Eq. (3.5) such that P — 0 as j — o0,
then

0

pi+a-b | e cos(w;0)dn(6) =0, (3.8)
0

w; - b / e”’’ sin(w;0) dn(8) = 0. (3.9)

since [°__e7"|dn(6)| < +oc, thereisa T >0, v/2 > ¢ >0 such that 19e "%/?| <
e for 6 < —T and

0 -T
b (/ e‘“’adn(e)+/ e‘“"/zedn(o)) <1.
-T —o00

Hence, for p; > —¢, Eq. (3.9) fails to hold. This proves the theorem. O
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