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1. Introduction. The subject of this paper is the Maxwell-Bloch equations from
nonlinear optics:

OE=culH-8,P-j—oE, §H=—culE, (1.1)
on RT x Q coupled with the equations
0P + 30;P + oP = NE (1.2)
on Rt x G and
N + A(N — N.) = —vE&,P (1.3)
also on R™ x G. The initial boundary conditions
BRAE=0o0n (0,00) xI'y and #AH =0 on (0,00) x I, (1.4)
E(0,z) = Eo(z), H(0,z) = Hy(z), (1.5)

N(0,z) = No(z), P(0,z2) =Pqo(z), and OP(0,z2) =Pi(x) on G (1.6)

are imposed. The electromagnetic field is governed by the classical Maxwell equations,
whereas the polarizable medium occupying the set G is modelled as a gas of quantum

mechanical systems with two energy levels as described in [5] and [11]. Here 2 C R? is an

arbitrary spatial domain, G C  a certain subset of Q, and I'; C 99, I'y def OO\I';. Also,

the whole space case Q2 = R3 without boundary condition 1.4 is under consideration.

The unknown functions are the electric and magnetic fields E, H, which depend on
the time ¢ > 0 and the space variable x € € and the dielectic polarization P defined on
the set Rt x G. Furthermore, N denotes the difference of the densities of the electrons in
the excited and in the ground state. It is also an unknown function defined on R* x G. In
(1.1) the function P is the extension of P on R x ) defined by zero on the set R+ x (NG).
The physical meaning of the boundary condition 1.4 is that I'; is perfectly conducting,
such that the tangential component of the electric field must vanish.
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The coefficients a € L>*(G), f € L*(G), A € L>°(G), and v € L*°(G), which depend
on the space variables, take into account the possibly variable dipole moment and the
density of the medium as well as the inverse of the relaxation times for the polarization
and for the density N. The equilibrium density N, € L*°(G) is assumed to be positive.

A prescribed external current, j € L'((0,00), L?(f2)), is included. The nonnegative
function o € L*°(Q2) represents the electric conductivity.

In [5], where G = Q = R® and the coefficients do not depend on z, it is shown that
(1.1)—(1.6) admit a unique strong solution in C([(0, 00), H*(R?)) for s > 2. Note that in
our case, system (1.1) does not admit classical solutions on all of (0,00) x € due to the
discontinuity of P on & ef (0G) N Q, the interface between the polarizable medium and
the vacuum region Q\G. For smooth solutions, (1.1) includes a transmission condition,
which requires the continuity of the tangential components of E and H on ¥. In Sec. 3,
suitable weak formulation admitting discontinuous solutions to (1.1), (1.2), (1.3) and an
existence proof for weak solutions with the properties

(E,H) € C([0,00), L*(Q,R")),

P e W22([0,00), L3(G,R?)) N WL2([0, 00), L®(G, R?)),
and
N(-) = Ne € Wi2([0,00), L*(G)) N LiZ.([0,00), L*(G))

loc

will be given.
Section 4 is devoted to the investigation of the long-time asymptotic behaviour of the
solutions (E,H,P, N) of (1.1)-(1.6). First it is shown that

Jim [N (t) — Nellpaqey =0 for all ¢ € [1,2).

def

Let NV denote the set of all (f,g) € X = L?(Q, R®) that satisfy

curlf = curlg =0 on £,
nANf=0 only,
nAg=0 only,
and

f =0 on theset G,.

Here Q\G, is the set of vanishing conductivity, i.e., the set of all z € Q with o(z) = 0.
The main result concerning the asymptotic behavior is that

(E(t),H(t)) =% (Ew,Hoo) in X weakly (1.7)
and
P(t) =X P, in L?(G) weakly, (1.8)

where the functions (Ex, Hoo) € N and P € L?(G) satisfy

/ ([Boo + Poolf + Hoog)dr = / (IDsf + Hog)dz (1.9)
Q Q
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for all (f,g) € N and
aPy = N.E, onG. (1.10)

Here D, def Eo + Po — f0°° j(s)ds is determined by the initial data and the external

current, where Py denotes the extension of Py by zero on O\G. By (1.9) the functions
(Exo, Hoo) € NV and P, € L%(G) satisfy

curlE, = curlH,, =0 on Q,
TAEx =0 only,
TAHs, =0 onDsy,

div(E + Poo) = divD;  on Q\G,,

divH, =divHy on Q,
the boundary conditions
(B + Poo) = @D1  on [\Gy
and
MH, =7nHy onT;.

(This follows from the fact that (Vy, Vi) € N for all ¢ € C§°(R*\(T; U G,)) and
¥ € C°(R3\T'2).) In the case j = 0, the function (Es, Hoo, Poo, Ne) is a stationary state
for the system (1.1)—-(1.4).

Note that Eo, = Ho, = 0 if the initial data satisfy the condition

/(le + Hpg)dz =0 for all (f,g) e N. (1.11)
Q

As a consequence, one obtains decay of the electromagnetic field in the weak L2(f2)
topology if and only if condition (1.11) is fulfilled. This condition includes

divD; =0 on Q\G,
and

divHyg =0 on Q.

By (1.1), the function D % E + P and H obey div H(t) = div Hy = 0 and
¢
divD(t) = div [Eo +Po - / j(S)ds] ZXF divD; =0 in D'(Q\G,).
0
Hence the physical meaning of condition (1.11) is that the space charge p e givD
determined by the initial state (Eg, Hg) and the prescribed current j vanishes as t — oo
in the nonconducting region.

The basic step of the proof of (1.7) and (1.8) is that the w-limit set wy C L2(£2, R®) of
(E,H) with respect to the weak L2(Q) topology satisfies

wp €N (1.12)
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The proof of (1.12) is based on a result in [8], where weak decay of solutions of certain
semilinear hyperbolic systems including Maxwell’s equations is shown by identifying the
weak w-limit set of the trajectories; see also [4], [6].

In Sec. 5, the case where the set G is bounded and Q = R? is considered. It is shown

that u(t) < (E(t), H(t)) — (Eoo. Hoo) obeys

/ lul?dz ‘=50 forall a <1, (1.13)
{lz|<at}

in particular, that the convergence in (1.7) is locally strong in the energy space. The
physical meaning of (1.13) is that the wave-packet u(t) is concentrated near the sphere
|z] =t for large times. Furthermore, also strong convergence in (1.8) is shown, i.e.,

tlim [P(t) = Poollagy =0 forall gell,2).

2. Basic assumptions, definitions. For an arbitrary open set K C R®, the space
of all infinitely differentiable functions with compact support contained in K is denoted
by C§°(K). Heurl(K) is defined as the space of all E € L?(K, C?) with curl E € L?(K).

Let Q C R3 be an arbitrary domain and G C Q an open nonempty set.

Next, let o € L>®(f2) be a nonnegative function and a € L*(G),8 € L=(G),y €
L>(G), and N, € L*°(G) be uniformly positive functions on G. Furthermore, let

G, ™ {reQ:o(x)>0}.
In the sequel, we denote by w, € C? the first threc and by w, € C? the last three
components of a vector w € CS.
Next, some function spaces related to Maxwell’s equations with mixed boundary con-
ditions are introduced.
Wy denotes the closure of C3°(R3\T,, C3) in Heyn(Q), where Heo(Q) is the space of
all E € L?(Q,C3) with curl E € L?(). Wg denotes the sct of all E € Hc,,1(Q2) such that

/ EcurlF —FcurlEdx =0 forall F e Wy,
Q

which includes a weak formulation of the boundary condition i A E = 0 on I'y; see [7].

Now, the following operators are defined. Let D(B) def Wg x Wy and let

B(E,H) def (curlH, — curlE) for (E,H) € D(B).

It turns out that B is a densely defined skew selfadjoint operator in the Hilbert space

x L%(Q,C°) endowed with the usual scalar product.

Next, let A be the set of all w = (E, h) € ker B with E(z) =0 for all z € G,.
For f € L} ([0,00),X), a function u € C([0,00), X) is called a weak solution to the
initial boundary value problem

Oiu; = curlu, + £, Oiu, = —curlu, + £, (2.14)

supplemented by the initial boundary conditions

iAu; =0 on (0,00) x I'y, (2.15)




MAXWELL-BLOCH SYSTEM FROM NONLINEAR OPTICS 321

and
AU, =0 on (0,00) x Iy
if

d%—(u(t),a)x = —(u(t), Ba)x + (f(t),a)x for all a € D(B). (2.16)

This means that (2.14) is fulfilled in the sense of distributions, whereas the boundary
conditions (2.15) are satisfied in the sense that fot u(s)ds € D(B) = Wg x Wg for all
t > 0. It is well known that (2.16) is equivalent to the variation of constant formula

u(t) = exp(tB)u(0) + /t exp((t — s)B)f(s)ds, (2.17)
0

where (exp(tB))icr is the unitary group generated by B; see [1], [7] and [12]. Equation
(2.17) yields the energy estimate

5 IO = (£, u(t)x. (218)
Let
j € L}((0,00), L3 (2, R%)) N Wi ([0, 00), L*(Q)), (2.19)
(Eo,Hp) € D(B), Py, P, € L™(G),
and

Ny € LOO(G)‘
Furthermore, it is assumed that Py € L%(G), Py € L*(G), and Ny — N, € L?(G).

3. Existence and uniqueness of weak solutions. First some a priori bounds
on the solution P, N of Egs. (1.2), (1.3), and (1.6) are given. Suppose that E €
C([0,00), L?(22,R3)) and let P, N be the solution to (1.2), (1.3), and (1.6). Then

30:[v(2)|0:P (¢, )| + y(z)a(2)[P(t, 2)* + N(t,z)?]
=7(2)0P(t, 2)[0{P(t,z) + a(z)P(t, )]
— N(t,z)[Mx)(N(t,z) — Ne(z)) + v(2) 0, P(t, 2)E(t, z)]
= —(2)B(2)|0P(t,2)|* = Mz)N (t,2)(N(t,z) — Ne(2)) < A(x) Ne(2)?/2.
This implies the pointwise bound
[P(t,2)| +|8:P(t,2)| + N(t,x) < C1(1 +t1/?) (3.20)

with some constant C; € (0, 00) independent of E and ¢ > 0. In particular, the ordinary
initial value problem (1.2), (1.3), and (1.6) admits a global solution P, N defined on
(0,00) x G. With (3.20) and E € C([0, 00), L?(£2, R?)) one has

NE € L2 ([0,00), L*(G,R?) and E§P € LZ([0,00), L*(G)). (3.21)

Since Py, P; € L%(G,R3), (1.2) and (3.21) yield
P € W22([0,00), L*(G,R?)) N W,22([0, ), L®(G)).

loc
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Furthermore,

N() — Ne € W1Y2([O’ oo)’ L2(G)) N L?:c([ov oo)v LOO(G))a

loc
by (1.3) and (3.21), since No — N, € L?(G,R?).
Now suppose E € C([0,00), L%(Q,R3)) and F € C([0,0), L%(Q,R?)) and let P, N
and Q, M be the corresponding solutions to (1.2), (1.3), and (1.6). Then
1d
2dt
= / (atP — 8tQ)[—ﬁ(8tP — atQ) —aP + aQ + NE — MF]dCB
G

[16:P(t) = Q) 122Gy + ™2 (N (1) = M(1)[Z2(c)]

_ / (N = M)y "A(N — M) + E&,P — F8,Q]dx
G
< Co(10:P(t) — 3: Q) 172y + IP(2) = Q)1 2(c))
+ / (M&;P — N8,Q)(E — F)de
G

< Co(|0:P(t) = 0:Q(1) [ 72(c) + IP() = Q)IIZ2(cr))
+C3(1+ ) (|8:P(t) = 0, Q(1)l| 2 () +IN(8) = M ()| L2() I E () = F (8) 120

by (3.20). By Gronwall’s lemma, one finds for each time T' > 0 a constant C; 1 € (0, 00),
such that

10:P — 0:Qll L ((0,7),22(c)) < CL,TIE = F| oo ((0,7),L2())- (3.22)
Let A: C([0,00), X) — C([0,00), X) be defined by
(A(E,H))(t) = exp(tB)(Eo, Ho)

t
_ /O exp((t — 8)B)[RP(s) + (0E(s) + j(s), 0)]ds,

where P, N solve (1.2), (1.3), and (1.6). Here R: L?(G) — X is defined by

(Rp)(2) < (p(2),0) ifzeG
and
(Rp)(z) &0 ifzeO\G.
Now suppose (E,H) € C([0,00),X) and let P € W2?([0,00), L*(G,R®)) and N with
N(-) = N, € W,22([0,00), L*(G)) N L2 ([0, 00), L®(G)) be the solution to (1.2), (1.3),
and (1.6). Then (E,H,P, N) solves (1.1)-(1.6) (in the sense of 2.16), if

(E(t), H(t)) = exp(tB)(Eo, Ho)

: (3.23)
_ /O exp((t — 5)B)[ROP(s) + (oE(s) + j(s), 0)]ds,

ie.,

A(E,H) = (E,H). (3.24)
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Now it follows from the estimates (2.18) and (3.22), using the contraction mapping
principle in the space C([0,T], X) with arbitrary large T > 0, that the fixed point
problem 3.24 has a unique solution on each finite time interval (0,7") and hence a unique
global solution on (0, c0).

THEOREM 1. Problem (1.1)-(1.6) has a unique weak solution (E, H, P, N') with the prop-
erties (E,H) € C([0,00),X),P € W22([0,00), L*(G,R3)) N W”([o,oo),Loo(G)) and

N(:) = N, € W2([0,00), L2(G)) N Loéoc[o 00), L*®(G)). o

loc oc(
By (3.20) one obtains the following L™ estimate.
LEMMA 1. There exists a constant K}, independent of ¢, such that
IP(t)ll o) + 18P ()l Loy + IN(E)lLo(e) < Ko(1+¢/?) forall t > 0.
Next, further estimates on the solution are given using the energy functional
E(t) = (IE(), HO)IX + 1N V*0P0)Fa(c)
+ N2 PP )26y + IV ENTYE(N(E) = Ne)liFaay)-

The physical meaning of £(t) is the total energy of the system, including the potential
and kinetic energy and the energy of the electromagnetic field.

(3.25)

LEMMA 2. It follows that
(E,H) € L*°((0,00),X), P& L*((0,00),L*QG)), (3.26)

8P € L=((0,00), L*(G)) N L*((0,00), L*(G)),

and
N — N, € L*((0,00), L*(G)) N L*((0, 0), L*(G)).
Moreover,
/ / o|E[?dzdt = / ot/ 2E(t) |} 20y dt < oo (3.27)
Proof. First (3.23) and the energy estimate (2.18) yield
1d .
5 ZE(t) = —(ROP(1) + (7B(t) + (1), 0), (B(t), H(t)))x

+ / N7 15,P(0?P + oP)dx — / (N7IN —1)(y AN = N.) + 6,PE)dz
G G

—/ Ne‘lﬂlatPFda:—/ MINSYHN — N |%dz
G G

—/0|E|2do:—/Ejdx
Q Q

< E®), HE)Ix 13 2@y — lo*E@)172(q)
- Co||3tP||2L2(G) —col[N(t) — Ne”%Z(G)
(3.28)

Since [|j()||L2(a) € L*(0,00), the assertion follows from Gronwall’s lemma. O
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By the regularity assumption j € W\ ([0,00), L*(Q)) in (2.19), it follows that R, P(-)
+ (§,0) € W,h1(]0, 00), X). Since also (Eq, Hy) € D(B), it follows from the result in [12,

loc

Corollary 2.5, Sec. 4.2] that
(E,H) € C*([0,00), X) N C([0, 00), D(B)) (3.29)

is a strong solution of 0,(E(t),H(t)) = B(E(t),H(t)) — RoP(t) — (¢E(t) + j(t),0).
However, it is not clear whether ||0;(E(t), H(t))||x or || B(E(t), H(¢))||x remain bounded
for t — oco.

4. Weak convergence to stationary states. The next lemma concerns the con-
vergence of the density N to the equilibrium N, as t — oo.
LEMMA 3. Suppose that, in addition, Ny — N, € L*(G). For all q € [1,2) one has

IN(£) = Nellagay =7 0.

Proof. The idea is to multiply Eq. (1.3) by the sign (N — N,) to obtain an L!-estimate:

d .

EHN(t) — Nellprv () = —/ sign(N — N¢)[AMN — N.) + vE9;P]

g G

—[AN(t) = Ne)llzrey + IE®), HE) | x |70 P ()| L2(c)
—[IA(N(t) = Nl gy + Cill0eP (1) 2 (c)

IN A

by Lemma 2. Hence
[N(#) = NellLr(a) < INo = NellL1(G) exp(—tAo)

t
+C1 [ expl(s = DMOP() 12(cds
0

with Ag 4 essinf Ao. Since [|8:P(-)||2(cy € L?(0,00) by Lemma 2, this yields
IN(t) = Nellri@) == 0. (4.30)

By Lemma 2 again, || N.— N (t)||12(g) is bounded on (0, 00). Finally, the assertion follows
from (4.30) by interpolation. g

The following “unique continuation” principle has been shown in [8], which holds even
for arbitrary spatial domains. As in [8] it will be used in the investigation of the weak
w-limit set of the solution of (1.1)-(1.6).

THEOREM 2. Suppose that g € X obeys
(exp(tB)g)l =0on G forall t € R. (4.31)
Then g € ker B.

The above theorem is a suitable modification for not necessarily bounded domains of
the unique-continuation principle for the scalar wave equation, which is used in [4], [6],
and [13].

Theorem 2 says that each solution (e, f) € C(R, L(2, RM*+V)) of the evolution equa-
tion 0,(e,f) = B(e,f) with the property that e(t,z) = 0 for all t € R and = € G satisfies
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(e(0),£(0)) € ker B. In contrast to the unique continuation principle for bounded do-
mains, it is necessary to require the condition e(t,z) = 0 on G for all t € R and not only
for positive times. The basic idea of the proof of Theorem 2 is to show that for each
f € C§°(R\{0}), the function f(iB)g is real analytic and vanishes on G. This implies
f(iB)g =0 for all f € C5°(R\{0}) and hence g € ker B. (Here the operator f(iB) can
be defined by the spectral theorem, since iB is selfadjoint in L%(2,C®).)

Let wy be the w-limit set of the trajectory (E, H) with respect to the weak topology
of X, ie., the set of all G € X, such that there exists a sequence t, —> oo with
(E(t,), H(t,)) "=3° G in X weakly.

THEOREM 3. It follows that wy C N.
Proof. Suppose g € X and t, — oo with
(E(ta), H(tn)) = g (4.32)
in X weakly. Let u,(t) < (E(t, +t), H(t, +t)) € X, No(t) < N(t,, +t) and £, (t)
aP(t, +t) for n € N. One has, by (3.23),
u,(t) = exp(tB)u,(0)

_ / " (bt £ — $)B)RAP(s) + (0B(s) + (5), 0)lds.

n

from which one obtains by Lemma 2 that
tntt
Jun®) ~ exp(tBYun(O)lx < [ (IROP(s)lx
tn

+ IoE(s) |l 2() + li(8)llL2())ds — 0
for all t € R and hence, by (4.32), with u,(0) = (E(t,), H(t,)),

u,(t) — u(t) def exp(tB)g in X weakly for all t € R. (4.33)

Suppose T > 0. Then Lemma 2 yields

1£a(t) = £2(0) | 226y < C / 18P (5) | 126y ds "= 0 (4.34)

[tnvtn"'t]

for all ¢ € R. This implies for all p € C°((=T,T), L*(G) N L*(G)) that

lim/ / t)0s(t) dx dt = llm/ /f (0)0:p(t) dx dt = (4.35)

n—oo

Using 6;P € L?((0,00), L%(G)), again one obtains from (1.2) and (4.35) that

lim/ /N Jun(t) Btcp()dxdt

= lim/ /N(tn+t)E(tn+t)at<P(t)dl'dt (4.36)

n—oo [_o

n—oo J_

T
= lim / / (O2P(tn +t) + BOP(tn + 1) + £,(t))Opo(t) dx dt = 0.
TJG
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Next
[Ne(un), — Nn(un) llL2(-1.1),L1(0))

tntT , v (4.37)
< Junllz ez ) / = NuOl oyt ) =0,
t

n—

since [|[Ne — Npu()l|Z2(¢) € L'(0,00) by Lemma 2. Now, one obtains from (4.33), (4.36),
and (4.37) that

/ /N uoo (t)Opp(t) dx dt = hm/ /N (un)(t) (9t<,o( )dx dt

n—o0

(4.38)

= lim / / Ny (un)(t) t), Ot Ydxdt =
Since T > 0 and ¢ € C§°((=T,T), L%(G) N L*°(G)) are chosen arbitrarily, this yields
(9t(uc,o)1 =0 onRxG. (4.39)

Because there is no uniform bound for ||B(E(t,),H(t,))||x as n — oo, one cannot
expect that g € D(B) at this stage. For this purpose, let x € C§°(R) and ¥ be its Fourier
transform. Then

exp(tB)x(iB)g = (21) /> /R SU(€) expl(t — €) B)gde
= (2m)"2 [ oot — .
(2r) /R U ot — E)dE

Here the operator f(iB) is defined by the spectral theorem, since ¢B is selfadjoint in
L?(,C%). Since x(iB)g € D(B?), one obtains from (4.39),

(exp(tB)Bx(iB)g)1 = 8t(exp(tB))<(iB)g)1 =0 onRxG. (4.40)

Invoking Theorem 2, one obtains Bx(iB)g € ker B, and hence |Bx(iB)g|l% =
—(x(iB)g, B*>x(iB)g)x = 0, whence x(iB)g € ker B. Since x € C§°(R) is chosen
arbitrarily, it follows that

g € ker B. (4.41)

It remains to show that g (z) =0 for all z € G,. By (4.33) and (4.41) one has
u,(t) =3 g in X weakly for all t € R,

and hence by the dominated convergence theorem,

1

1
/O (0B xde "= [ ()it = (g b

forallh € X, i.e., fo u,(t)dt =3 g weakly. In particular,

1
/ 01/2( n(t )) dt =% o1/ 51 in L?(G,) weakly. (4.42)
0
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On the other hand, it follows from Lemma 2 that

1 1+t, 1/2 _
/ o'/?(un(t)) dt < (/ ||01/2E(t)||2L2(Q)dt> "= o0. (4.43)
0 L2(Q) tn
Now (4.42) and (4.43) yield
g,(z)=0 forallzeG,.
By 4.41 the assertion follows. g

Let a = (f,g) € N, i.e, a € ker B with f(z) = 0 for all z € G,. By the definition of
the set G, one has ((cE(t),0),a)x = [,oEfdz = 0 for all ¢ > 0. Now it follows from
(3.23) that

(B(1), H(D)), a)x = <exp<tB)<Eo,Ho)

- /t exp((t — s)B)[(cE(s) + j(s),0) + 8;RP(s)]ds, a>
0 b

= <(EO,H0)— /0 [(o-E(s)+j(s),0)+6tRP(s)]ds,a>

X

and hence
((E(t),H(t)) + RP(t),a)x = (a0 + J(t),a)x (4.44)
for all a € N, with

a0 (Eo, Ho) + RPo — /0 " (3(5), 0)ds
and
30 [ Gs),00ds.

Now, the main theorem concerning the weak convergence to stationary states can be
proved.

THEOREM 4. There exist uniquely determined functions (Es, Hoo) € N and P € L%(G)
with

(Exo, Hoo) + RPo,a)x = (ag,a)xy forallae N (4.45)
and
Py =NE, onG. (4.46)
Moreover,
(E(t), H(t)) =% (Eo, Hoo) in X weakly (4.47)
and

P(t) =X P in L?(G) weakly. (4.48)
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Proof. Suppose t, —> oo with

(E(tn), H(ta)) "= (Boc, H) (4.49)
in X weakly and
P(t,) =3 P, in L*(G) weakly. (4.50)
First, Theorem 3 yields
(Eoe,Hy) € N C ker B. (4.51)

Furthermore, (4.45) follows from (4.44), (4.49), and (4.50). Next it is shown that
(Ewo, Hy) € ker B and P € L%(G) satisfy (4.46).

Let u,(t) and N, for n € N be as in the proof of Theorem 3. Invoking (4.33) and
(4.51), one obtains

Un () "= U (t) Y exp(tB)(Ese, Hoo ) = (Eoo, Hoo) (4.52)

in X weakly for all t € R.
Since ;P € L?((0,00), L?(G)), by Lemma 2 one has

[P(tn +t) = P(tn)|lL2(c) < / ] 10:P(s) | L2()ds == 0 (4.53)
tn,tnt+t
for all ¢t € R. By (4.50) this implies

P(t, +t) =3 P4 in L*(G) weakly for all t € R. (4.54)

Suppose ¢ € C§°((—1,1), L>(G) N L*°(G)). Then one obtains from (4.52) and (4.54) as
in (4.38) that

/ /NEocap(t Ydz dt = 7lango/ /N(un)(f (t)dx dt
=,}LII§0'/_1/GN"M19O(t)dIdt

1
= lim / / (O2P(ty +t) + BOP(ty + 1) + aP (£)) (1) da dt
1JG

n—0o0

./;11 /G aPooip(t) dx dt.
(4.55)

In the last step, 9P € L?((0,00), L?(G)) is used again. Since p € C$°((—1,1), L3(G) N

L°°(@G)) is arbitrary, this yields (4.46).
In order to show that (Es,Hs) € ker B and P € L?(G) are uniquely determined,

suppose that (Fu, Gu) € ker B and Q € L?(G) also obey (4.45) and (4.46). Then

”(Eoo —Foo,Hoo — GOO)”%( = _<R(POO - Q) (B = Foo,Hy — Goo)>x
== [ (B~ Pa)(Po - Qs

/ N-'a[Poo — Quu)[Poc — QuJdz < 0.
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This completes the proof of uniqueness. In particular, it follows that (Eo, Heo, Poo) is
the only possible accumulation point of (E, H,P), whence (4.47) and (4.48). O

5. Local strong convergence in the case 2 = R3. Throughout this section it is
assumed that the set G is bounded and Q = R3. Furthermore, it is assumed that the
external current j and o are located in a fixed finite ball, i.e.,

Gy, C Bg, and j(t,z) =0 for all t € (0,00), € R*\Bg,, (5.56)

with some R; > 0.

In this case, X = L?(R®) and D(B) = Heun(R?) x Heyr1(R3?). Let Q be the orthogonal
projector on (ker B)* = ran B, which consists of all u € L*(R®) with divu; = 0. Then
1 —Q is the orthogonal projector on ker B consisting of all u € L?(R?) with curlu; = 0.

The main goal of this section is to prove the decay property (1.13). Since B(E(t), H(t))
is generally not bounded in X as t — oo, it is a priori not clear whether {(E(t), H(t)): t >
0} or at least the divergence free part {Q(E(t), H(¢)): t > 0} are locally precompact.

For all a € ker B one has

(B(t), H(1)), a)x = <exp<tB><Eo,Ho)

~ [ expl(t = )BIRAP(s) + (7B(s) + i(5), 0, a>
0 X

<(E0,H0) +RPy — RP(t / ((cE(s) +j(s),0)]ds, a>

and hence
(1- QUE®)H(®) + RP®)] = (1 Qo + 3(t) — GW))ds  (557)
with
ao = (EO,HO) + RPg — /Ooo(j(s),())ds
30 [ (6. 00as
and

Gt / ' (0E(s). 0)ds.

0
LEMMA 4. It follows that

1 /0 (B(s), H(s)), QRP(s)) xds ‘=% 0,

¢ /0 ((E(s), H(s)), G(s))xds = 0,




330 F. JOCHMANN

and

- / (B(s), H(s)), QG (s)) xds ‘= 0.

Proof. Let F(t) %< Q(E(t), H(t)) and A(t) & fot F,(s)ds. Since F(t) € (ker B)* one

has
divA(t) =0 on R3. (5.58)

Let g € Hey(R3). Then it follows from (2.16) and (3.23) that

/}R3 A(t)curlgdz = ((A(t),0), B(0,8))x
- /0 (Q(E(s), H(s)), B(0, &)) xds
- /0 (B(s), H(s)), B(0, &) xds
—— [ 5 (.16, 0,005
+ <RatP(S) + (UE(S))O) + (.](3)» O)a (0’ g))X
— ((Eo, Ho), (0,8))x — (E(t), H(1)), (0,8))x
- /w(m0 —H(t))g de.

Hence
curl A(t) = Ho(t) — H(t) € L*(R?),
which implies by (5.58) and Sobolev’s inequality that A(t) € L5(R3) and
A ()]l Lors) < Ksll curl A(t)]|p2re) = K3|H(0) — H(?)|| L2 (re)-
Now, it follows from Lemma 2 and the previous estimate that

IA(t)||Logs) < C1 for all ¢ € (0, 00) (5.59)

with some constant C; independent of ¢.
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Using Holder’s inequality and the assumption that G is bounded, one obtains from
Lemma 2 and (5.59) that

- / (Q(E(s), H{(s)), RP(s)) x ds

=1 / /Fl(s s)dx ds
_ / / 0, A(s)P(s) dz ds
_ 4 /G AP (t)dz — 71 /0 t /GA(S)atP(S) dz ds (5.60)

t
< VAR 2oy PO oss ) + ¢ / 1A(S) oGy 18P () | ors oy s
t
< Cot™ [P ()] 12y + Cat ™ / 10.P ()| 2y ds
0

t
<Gt (”Po“m(c) +2 /O ||6tP(s)IIL2(c>d8)

t—oo

< Cgt_l + 202t_1/2||asP||L2((Oyoo)’L2(G)) — 0,

whence the first assertion. Next,
(E(), H(t), G(1)x < / / o|E(s)|E(t)) da ds
< /0 o 2E(8)l| 2 dsll o) (e
¢ 1/2
<t/? </0 HUI/QE(S)”%z(Q)dS) o 2E(t)| L2 (q)

< Cyt'?|| 0 2E(t) || 12 ()

For all T > 0 one obtains
t
e [ (B, H(s)), G(o) xds
1

T t

<t [ (B, (), Glol)xds + Cat ™ [ 30N 2B ads
1

1/2

T t
<t /1 ((E(s),H(s)), G(s)) xds + Cy ( /T ||01/2E(s>||%z(n>d8>

and hence by Lemma 2,

imou (1= [ ((m(s) 1s), Glshxas) < ([ ||al/2E(s>||%zm>ds)1/2

t—oo

for all T > 0, which implies the second assertion.
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Next, one obtains from Lemma 2, (5.56), (5.59), and Holder’s inequality with A(t) def

fot F,(s)ds as above that
t
e [ (@B ), G5 xds
t
=t! / / F.(s s)drds =1t~ 1/ 0sA(s)G1(s)dx ds
R? o Jre
t
=¢! [ A(t)Gy(t)dx —/ A(s)oE(s)dz ds]
R3 R3
t
<t A L@ IGOlLsrs(a.) +t_1/0 AL () loE(S) | Lors(a, ) ds
t
< Cat G + Cst™ [ o PE()ends
0

t
— _ t—
< Cgt 1/ o 2E(s)|| L2(0yds < Cot ™' /?|0**E| 2((0,00),12(02)) —> O.
0

This completes the proof. O
In what follows, let u(s) < (E(s), H(s)) — (B, Hao).
Using Lemma 2, (3.27), [|j(-)||x € L*(0,0), and (3.28), one obtains ££(t) € L*(0, 00),
which implies the existence of the limit

€ao ™ Jimm £(8) = Jim ((B(0), H)I5 + [N, /20P(1) 2 q) 5:62)
+ NS V20 2P(1)1 206 + I YANS VRN (s) = Nol2a(gy) ds.
By Lemma 2 again, it follows that
Eoo = Jim ¢! / 1(E(), B + IV, 20l 2P ()]s ) ds. (5.63)
LEMMA 5. It follows that
Jim e [ 1 Quls) Beds = Jim ¢ / I QUE(s), H(s) ds
= a0 = {(Boc, Hoo), 20) x > limsup u(t)[%.
Proof. Since (Eo,Hy) € N C ker B, it follows from (5.57) that
IQu()|% = IIQ H())[% = IE®), HO)% - 11— Q)(E®), H®)I%
= (& ( DI = (E(), HE), (1 - Q)lag + I(t) - G(t) — RP(1))) x

= n<E(t),H<t>)n§< a1 (1) — ((E(), H(t), (1 - Q)ag)x + /G E(t

with

a1(t) € —((E(t), H(t)), (1 - Q)G(t) + QRP(¢) — (1 - Q)I (1)) x.
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By Lemma 4 one has

tgngot-l /Ot a1(s)ds = 0. (5.64)
Next
1Qu(t)|I% = ar(t) + as(t) + [|(E(t), H(t) % — ((E(), H(t)), (1 — Q)ao)x
+ / NYO2P(t) + B0, P(t) + aP(t)|P(t)dx
¢ (5.65)
= ay(t) + az(t) + as(t) + [|(E(), Ht)) 1%

+ / N afP()[2dz — ((B(t), H(®), (1 - Q)ao)x
G

with

def

as(t) & /G (1 = N(t)/NJE(®)P(t)de

and
as(t) < / NZU[82P(t) + B8P (8)]P(t)da.
G

For all T > 0, one obtains by Lemma 1 and Lemma, 2,

¢
70 [ axlo)as
1
T
St_l/ |az(s)|ds
1

+t7! N(s)/NellL2(c) 1 E(8) |2 () IP(8) | L= () ds

t
-
T
T t .
<t / las(s)|ds + Cyt ! / SY2|N(s) — Nol|pacyds
1 T

T (e}
St‘l/l laa(s)|ds + Cy (/T ||N(s)—Ne||2Lz(G)ds)

1/2

and hence

lim sup
t—o0

oo 1/2
<c ( [ e - Nen%z(c;)ds)

T

t
t! / as(s)ds
1

for all T > 0, which implies that

t
lim ¢~} / az(s)ds = 0. (5.66)
0

t—oo
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By Lemma 2 again, it follows that

t~ 1/ 0,3( )ds—t_ [/N 1].:) )atP d:l?—/N P0P1dz
0
/ / N710,P(s)|*dz ds (5.67)

. / N7'BIP (1) 2dz — / Ne—lﬂlPoIQde o
2Jc 2Jg
Now, it follows from (5.63) and (5.64)—(5.67) that
t
s 2
Jim ¢ [ 1Qu(s) s

_ tl_ig]ot—l/o [||(E(s),H(S))||§< +/GNe_1a|P(s)|2dz] ds (5.68)

~ Jim ¢} /0 (B(s), H(s)), (1 — Q)ao) xds

t—oo

=0 — lim t"l/o ((E(s),H(s)), (1 — Q)ag)xds.

t—o0

By (4.48) one has
Eoo 2 limsup(||(E(t), H(t) % + N2 ?P(#)]F2(c))
t—oo

(5.69)
> limsup | (E(t) HO)I + | N 'alPucfda.
t—o0 G
By taking a = (Eoo, Hoo) € N, (4.45) and (4.46) yield
(ao, (Eom H00)>X = ((Eom Hoo) + RPom (Eooy Hoo))X
5.70
= [(Eco, Hoo) | % +/ N 'a|P|%dz. (5.70)
G
Finally, it follows from (5.68), (5.69), (5.70), and Theorem 4 that
¢
Jim 70 [ 1Qu(s)ds = £ = (Bue. Hoc), 20}
0
> liin sup [|(E(), H®)) 1% — (Boo, Hoo) 1%
— timsup [u(t) 3
t—o0

In the last step, (4.47) is used again.
The following estimate will be used in what follows.

LEMMA 6. There exists a constant K; € (0, 00) such that

11+ [2))Qf | 23y < K1llf]lL2(ws)

for all f € C§°(Bg,). Here R; is as in assumption (5.56).
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Proof. Let F % (1 + |2)Qf — Q((1 + |z|)f). Then

BF = |x|‘1SQf + (1+ |z|)Bf — B((1 + |z)f) = |x|'lS[Qf —f]
and hence
| BF(|L2rs) < (Q — Dl 2(rs) < [IfllL2(r3),

with Sw & (—z AWy, x Aw;). A similar estimate using div (Qf) = 0 yields

Il divE,llz2s) = [|(QF) [lr2(rs) < [IF]l 22 ms)-
By Sobolev’s inequality one obtains
[FllLorsy < Co(|| curl B || L2(rs) + || div ;| L2(rs)) < C3|f|| L2 (ws).- (5.71)

This means that the commutator [@, (1 + |z|)] is a bounded operator from L?(R3) to
L%(R®). By duality it follows that it is also a bounded operator from L%°(R3) to L?(R?),
ie.,

1@, (L + [z))fl| 2 (rs) < C3llfll /s (ray- (5.72)
Therefore, Holders inequality yields

(1 + [z Qfl|L2re) < @, (1 + [z))]EllL2®sy + 1Q(( + |2)f)|| L2(rs)
< Gsllfl[Lorsmay + [1(1 + [z])f]| L2 (ms)
< Kilf][z2(rs)

for all f € C§°(Bg, ). d
Since (E(t), H(t)) solves the homogeneous Maxwell equations outside Bg,, Lemma 7
follows from an energy estimate.

LEMMA 7. For all b > 1, one has
/ (E(t), H(t))|*dz =% 0.
{lz|>bt}

THEOREM 5. Suppose g € C§°(R) with g(u) = 1 on a neighbourhood of [0, 1]. Then

Jim t71(Sq(|z|/t)Qu(t), Qu(t)) x = Eoo — {(Eoo, Hoo),a0)x > li?lf’ip )%

with Sw & (—z AWy, z AW;).

Proof. Since (Eoo, Hoo) € N C ker B, it follows by (3.29) that u € C([0,00), X) is a
strong solution of

owu(t) = Bu(t) — Ro,P(t) — (cE(s) + j(s),0).
Define

F(t) ¥ (Sg(|2|/t)Qu(t), Qu(t)) x-
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Then
F'(t) = 2(Sg(|2/t)Qu(t), Q(Bu(t) — ROP(t) — (oE(s) +j(s), 0))) x
— t72(Salg' (] /t)Qu(t), Qu(t)) x
2 (5.73)
=" hy(t) + 2(Sg(|xl /) Qu(t)), BQu(t)) x.
Jj=1
Here
ha(t) < —2<Sg<fx|/t>@u<r> Q(RAP(1) + (0E(t) +j(t),0)) x, (5.74)
ha(t) < —t72(S|zlg' (] /t)Qu(t), Qu(t)) x. (5.75)

For f € (ker B)* N D(B) ¢ H'(R®) one has div f; = 0. Therefore, it follows from the
identity z A curla = V(za) —a — (zV)a that

2(Sy(|=|/t)f, Bf) x

= 2/ g(|z|/t)f - (z A curlf,, z A curlf,)dx
R3
=2 [ gllel/0f - (VIati). Vlaty])da

~2 [ alel/oePdz = [ a(el/1)@V) 6 dn
= 278! (el /)8, £)x + {lgClal /1) + el (Jal /. £)x

with Sf % 2|~ ([zf, ]z, [zf,)x). Hence

2(Sg(|z]/t)Qu(t)), BQu(t)) x
= ([g(|z|/t) + t~Yzlg' (|z]/D)Qu(t), Qu(t)) x — 2t~1(Sg' (| /) Qu(t), Qu(t)) x.
With (5.73)~(5.75) it follows that
F'(t) = [|Qu(t)[|% + ha(t) + ha(t), (5.76)

where

ha(t) < ((g(|al/t) = 1+t [zlg (|2l/)]Qu(t), Qu(t)) x
— 725 + 7 alS)g'(j2|/)Qu(t), Qu(t) x.  (5.77)
In the following estimates, the C; are constants independent of s. Lemma 2 and Lemma
6 yield, by assumption (5.56),
[h1(s)] < C1l|(1 + [2])Q(ROP(s) + (o(E(s) + j(s),0)) | 2(ms)
< K1C1|ROP(s) + (0E(s) +5(5), 0)l|L2(Ba,)-
E(-

By Lemma 2 again, one has |RO;P(-) + (¢E(-) + j(s),0)llr2(Bs,) € L?(0,00), which

implies

t
t—l/ |h1(s)|ds = 0. (5.78)
1
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Next, Lemma 5 yields

t
Jim - / (1 - Qu(s)lfeds = Jim ¢ 1/0<||u 9% — 1Qu(s)|%)d

¢
< limsup ||Ju(t)||% — lim t_l/ lQu(s)||%ds = 0.
t—o0 t—o0 0
Together with Lemma 7, this implies that, for all b > 1,
t t
tlij.lot_l/o Qu(s)ll L2({jz|2bs})ds = tlijgot_l/o ()| L2 (lzizpspds = 0. (5.79)
Since ¢'(|z|/t) = 0 and g(|z|/t) =1 for |z| < bt with some b > 1, (5.77) and (5.79) yield
¢ ¢
- / |ha(s)lds < Cst_1/ 1Qu(s) 212 26}y ds = 0. (5.80)
0 0

Now, it follows from (5.76)—(5.80) and Lemma 5 that

t
Jim t7IR(t) = Jim 1/ F'(s)ds
— 00 t—oo 1

¢

tlim t'l/ ||Qu(s)||§{ds

=€ — ((Ecos Hoo ), a0) x > liinsup la(t)%-
—00

This completes the proof. O
Now the main result of this section, (1.13), can be proved.

THEOREM 6. For all a < 1, one has
[a()llz2 (5., == 0 (5.81)
and
(1~ Qu(t)| r2@s) = 0.

Proof. Suppose 6§ > 0. Choose g € C§°(R, [0,00)) with g(y) = 1 on [0,1 + §/2] and
g(u) =0 for all u > 1+ 4. Then

(1 = Qu®)k = lu®)lk - lQu(®)I%
< @l = (1 +8) 7"t (Sg(lzl/t)Qu(t), Qu(t)) x
and hence, by Theorem 5,

limsup [|(1 - Qu(t)|% < (1 - (1+4)7") limsup ||u(t)]%-
t—oo t—oo
By letting § — 0, this yields
Jim [[(1 = Q)u(t)[% =0. (5.82)

Now it follows from Lemma 7, Theorem 5, and (5.82) that, for all b > 1,

Jim ¢Sy coeyu(t), u(t)) x = lim 17 (S(lal/t)u(t), u(t)) x
= Jim ¢} (Sq(|al/1)Qu(t), Qu(t)x > limsup [lu(t) - (5.83)
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Here g € C§°(R, [0, 00)) with g(y) =1 on [0,b] and g(y) = 0 for all y > 2b is chosen.
Let b > 1. Then one obtains, from (5.83),

/ |u(t)|2dx§/ |u(t)|2da:—b_lt_l/ |x||u(t)|2dm
Bat Byt {at<|z|<bt}
< Ju()l — bt / j2l[u(t)dz + b a / () Pdz
bt Bat

< Ju®)% - b~ (Sx(ai<onpu(t), ult)x +a /B fu(t) e

Hence

(1- a)/ lu(t)dz < [lu@®)]% — b7t (Sx(zi<pyult), ut) x.

at

Next, it follows from (5.83) that

(1 -a)lim [u(t)|?dz < (1 —b~') limsup ||u(t)||% for all b> 1.
t—oo

t—o0 Bat
By letting b — 1 this yields

t—
u(t)llr2(p,,) — O.

O
Finally, the strong convergence of P(s) — P, is proved.
LEMMA 8. For all g € [1,2) one has
IP(t) = Poollza(e) == 0.
Proof. By (4.46) and Eq. (1.2), the function Q(s) %ef P(s) — P, obeys
9;Q+ B80:Q +aQ = NE — N.E
FQ+50Q+eQ (5.84)

— (N = N.)E - N.(E - Eo).
Since ||N(-) = Nellr2(g) € L?(0,00) and ||E(-)||r2(c) € L*°(0,00) by Lemma 2, one has

[(N(-) = No)EC) i) < IIN() = NellL2@) 1B |lz2 6y € L*(0, 00). (5.85)
Theorem 6 yields, by the boundedness of the set G,

INe(E(t) — Exo)llL1(6) < C1IE(t) — Bsollz2(c) = 0. (5.86)

As in the proof of Lemma 3, it follows easily from (5.84), (5.85), and (5.86) that
IP(t) — Poollr(c) =% 0. (5.87)
By Lemma 2 again, ||P(t)—Pu||12(c) is bounded on (0, c0). Finally, the assertion follows
from (5.87) by interpolation. a

REMARK 1. Suppose that the initial data obey

divD; =divHy; =0 on R3. (5.88)

By the definition of B and @, this means
ag = (Dy,Hp) € (ker B)* Cc N,
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in particular, (1 — Q)ap = 0 and condition (1.11) is fulfilled. From (5.68) one obtains
directly, without using Theorem 4, that

t
Jim t‘l/ Qu(s)[|%ds = Eo > limsup [|(E(t), H(t)) % = limsup [[u(t)]%,
—0o0 0 t—o0 t— o0

i.e., the assertion of Lemma 5. This means that Theorem 5 and Theorem 6 can be proved
under condition (5.88) without using the results of Sec. 4.
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