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Abstract. The mixed problem for the Laplace equation outside cuts in a plane
is considered. The Dirichlet condition is posed on one side of each cut and the skew
derivative condition is posed on the other side. This problem generalizes the mixed
Dirichlet-Neumann problem. Integral representation for a solution of the boundary value
problem is obtained in the form of potentials. The densities in the potentials satisfy
the uniquely solvable Fredholm integral equation of the second kind and index zero.
Uniqueness and existence theorems for a solution of the boundary value problem are
proved. Singularities of the gradient of the solution of the boundary value problem at
the tips of the cuts are studied. Asymptotic formulas for singularities are obtained. The
effect of the disappearance of singularities is discussed.

Introduction. The skew derivative problem for the Laplace equation outside cuts in
a plane describes electric current from electrodes in a semiconductor film [9]. The mixed
problem for the Laplace equation outside cuts in a plane with setting Dirichlet and skew
derivative conditions on different sides of the cuts arises in the physics of semiconductors
as well [2]. Cuts model electrodes in a semiconductor film. The Dirichlet condition
specifies the electric potential, while the skew derivative condition specifies the normal
component of the electric current from an electrode in a magnetized semiconductor. The
mixed problem for the Laplace equation in which the Dirichlet condition is posed on
one set of cuts and the skew derivative condition is posed on the other set of cuts was
investigated in [I0]. In the present paper, we study a mixed problem with the Dirichlet
condition on one side of each cut and the skew derivative condition on the other side. We
obtain integral representation for a solution of the boundary value problem in the form
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of potentials for the cuts of an arbitrary shape. Substituting this integral representation
in the form of potentials into the boundary conditions we derive the system of integral
equations for the densities in potentials. The system involves Cauchy singular integral
equations and additional conditions. Next this system for the densities in the potentials is
reduced to the uniquely solvable Fredholm integral equation of the second kind and index
zero in the appropriate Banach space. Uniqueness and existence theorems for a solution
of the boundary value problem are proved. The integral representation for a solution of
the boundary value problem is used to derive asymptotic formulas for singularities of a
solution gradient at the tips of the cuts. The effect of the disappearance of singularities
at the tips under certain conditions is discussed. The particular case of the present
boundary value problem has been studied in [2], where cuts placed along a straight line
have been considered. Another particular case of this problem has been treated in [I],
where Dirichlet and Neumann conditions were specified on different sides of the cuts of
an arbitrary shape.

1. Statement of the problem. In a plane z = (x1,22) € R?, we consider a set
of simple open arcs I'y,... ,I'y of class C**, A € (0,1]. The arcs are assumed to be
disjoint (including the endpoints). This set of arcs is referred to as the contour T'. Let
the contour I' be parametrized by the arc length s:

T, ={z: z=ux(s) = (z1(5),z2(s)), s € [an,bn]}, n=1,2,... ,N.

We choose the parametrization in such a way that for different n, the closed intervals
[an, by] are disjoint including the endpoints. The set of closed intervals Os corresponding
to the contour I' is also denoted by I'. The tangent vector to I" at the point x(s) is denoted
by 7, = (cos a(s),sin a(s)), and the normal is denoted by n, = (sin a(s), — cos a(s)), i.e.,
cosa(s) = i (s), sina(s) = z4(s). Let a plane be cut along the contour I'. By I'* we
denote the left side of I' as s increases, and by '™ we denote the opposite side. By the
indices + and — we denote the limit values of functions on I'* and I'~, respectively.

We say that a function u(z) belongs to the class G if:

1) u(z) € CO(R2\T) and u(z) is continuous at the endpoints of T’;

2) Vu(z) € C°(R2\ T\ X), where X = G (z(ay)Ux(by,)) is the set of endpoints of T

n=1

3) the relation
(1) |Vu| < const |z — z(d)|°,

is valid as * — z(d) € X, where const > 0, 6 > —1, and either d = a,, or d = b,
(n=1,...,N).

By C°(R2\T) we denote the class of functions that have left and right limit values
on the cut I'; these values can be different in the inner points of I'; i.e., functions may
have a jump on I

Let us state the mixed skew derivative problem for the Laplace equation outside the
set of cuts in a plane.

PROBLEM S. To find a function u(z) € G that satisfies the Laplace equation

(2) Au(z) =0, x€ R*\T,
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the boundary conditions
(3) w(@)|g(syer+ = f1(s),

ou ou _
(@) (rsgm)| =5

z(s)el—
and the conditions at infinity

ou A
x| |z|
We assume that f*(s), f~(s) are given functions; A and 3 are given constants. For
A = 0, we have the classical boundedness condition at infinity. For 8 = 0, we have the

(5) u(z) = Alnlz| + O(1), +0(l2[7?), || — oo

mixed Dirichlet-Neumann problem [IJ.
Let us prove the uniqueness theorem.

THEOREM 1. Problem &S has at most one solution.

Proof. Suppose that Problem Shas two solutions u;(x),us(x) € G. Then the func-
tion ug(x) = wui(z) — ua(z) belongs to the class G and satisfies Problem Swith the
homogeneous boundary conditions ([B]) and () and with the conditions

8u0
(6) ug(z) = O(1), Al O(lz[72), x| — o0
at infinity. By [, we denote the circumference of large radius r centered at the origin.
We surround each cut I';,, n =1,..., N, by a closed curve. In the domain bounded with

this closed curves and the circle I, we write out the energy identity for Eq. (). We
shrink closed curves to the cuts I', let 7 — oo and use the smoothness properties of the
function ug(z) and condition ([@). Then the energy identity acquires the form

oug \ " ou

2 3 2 0 0

Vel ey = Jim 90l cary = [ (o) s [ug (Gar) as
T I

where C,. is the circle of radius r centered at the origin. The first integral equals zero
by virtue of the homogeneous boundary condition [B]). It follows from the homogeneous
condition (@) and from the definition of class G that ug(a,) = uo(b,) =0, n=1,... ,N.
Putting (Qug/0n,)~ = —3(0uo/075)~ to the second integral we obtain

0
HVUOHL2 (R2\T) = ﬁ/uo (ﬂ) ﬁ Z “0 _Uo (an)) =0.

Hence ug(x) = const in R? \ I'. The homogeneous condition (@] gives us const = 0.
Therefore, ug(z) = 0. The proof is complete.

2. Reduction to a system of singular integral equations. To prove the exis-
tence theorem, we impose additional smoothness conditions on the functions occurring
in the boundary conditions (@) and (@]); namely,

(7) fr(s) e C*MI), f(s) e COMNT), e (0,1].
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Note that the Holder coefficient A in the smoothness conditions for the contour I' and
that for the functions f*(s) and f~(s) are assumed to be the same. If these coefficients
are different, then as A\ we can take the smaller of them.
We replace condition [B)) by the following equivalent boundary conditions on I*:
ou / ’ df*(s
(8) =fT(s), fH(s)= ds( )

6_7-15 z(s)el+
(9) uw(z(a,)) = ft(an), n=1,...,N.

Here we have taken into account that the relation 9/91, = 9/0s is valid at each point

€ COND),

z(s) € T by virtue of chosen parametrization.
We seek a solution in the form

(10) ulp, v|(x) = Vip](z) + T[v](x) + Ban,
where By is a real constant (the notation By is clarified below),

1
—5- | M) Infz —y(s)lds

T

Vipl(z) =

is a single layer potential for the Laplace equation (@),

TW)() = —o— [ v(s)i(a, y(s))ds

or
r
is an angular potential [3, [4] for the Laplace equation ().
The unknown functions 4(s), v(s) defined on I' will be looked for in the space C¢”(I'),
w € (0,1], g € 10,1).
We say that a function F(s) defined on I' belongs to the Banach space C°(I'), w €
(0,1], ¢ € 0,1), if
N
Fo(s) = F(s) H |s — an|?s — b,|? € COF(T).

n=1

The norm in the space C77(I') is given by the relation

H]:(S)HCJ;"(F) = H]‘—O(S)Hco,w(p).

The kernel of the angular potential is defined up to 27m (where m is an integer) by

the formulas

1 — U1

. T2 — Y2

[z =yl
Obviously, ¥(z,y) is the angle between the vector gz and the direction of the axis Ox;.
On the other hand, ¥(z,y) is the multivalued harmonic function conjugate to ln |z — y|
in the sense of the Cauchy-Riemann relations.

Let  be an arbitrary given point of a plane lying outside I', and let y = y(s) € T'. Then
Y(x,y(s)) is treated as an arbitrary fixed branch of this function, which is continuous
with respect to s along I'. In view of this definition of ¥(x,y(s)), the angular potential




MIXED PROBLEM FOR THE LAPLACE EQUATION OUTSIDE CUTS IN A PLANE 109

is a multivalued function. The angular potential is single valued under the following
conditions [3], @]:

(11) /V(s)ds:O, n=1,...,N.

I,
Under these conditions, the harmonic angular potential can be represented as the har-
monic double-layer potential

1) = = [ TG

r

where
S

w(s) = /1/(0) do, s€lan,by), n=1,...,N.
It follows from (1)) that w(a,) = w(b,) =0forn=1,... ,N.
If we require that

(12) /u(s) ds = —27A,
r
then the function [y, v](z) occurring in ([I0]) satisfies condition (@) at infinity.

If the densities (s) and v(s) belong to CZ(T'), @w € (0,1], ¢ € [0,1), and satisfy
conditions ([II), (I2)), then the function w[u,v](z) in [IQ) belongs to the class G and
satisfies all the conditions of Problem & except for the boundary conditions [3, 4] [5]. In
particular, condition () is valid with § = —¢ if ¢ € (0, 1).

Let us satisfy the conditions (@) and (§). Substituting the function (I0]) into these
conditions and taking into account the limit formulas for the tangent and normal deriva-
tives of the logarithmic and angular potentials [4, Theorem 5], we obtain the following
system of two singular integral equations for v(s) and u(s):

40) L [ laleh ) +_/ SLLLN

El 2(5) (o) (o)
7f () sel,
LB 1 L [tuto) + vl < U gy
r

1 sin ¢ (z(s), y()) -
—%}(W®—5M®)‘u@_mﬂ|d0—f($ sel.

The second integrals in these equations are treated in the sense of the principal value.
By ¢o(z(s),y(c)) we denote the angle between the vector g and the direction of the
normal n, at the point € I'. The angle is considered to be positive if it is measured
anticlockwise from n,, and negative if it is measured clockwise from n,. Moreover, if
x # y, then the angle ¢o(x,y) is assumed to be continuous with respect to z and y on T'.
The angles ¢o(x(s),y(co)) and ¥ (xz(s),y(o)) are connected up to 2wm (with integer m)
by the formula ¢g(z(s),y(c)) = ¥(x(s),y(0)) — a(s) — /2.



110 P. A. KRUTITSKII anp A. I. SGIBNEV

We introduce the notation

Ya(s, o) = 1 [singo(z(s),y(0)) 1  Yi(s,0) = %

cos ¢o(z(s),y(0))
T |z(s) — y(o)] g—S |

|(s) — ()|

It was shown in [4, Lemmas 2(1) and 3(1)] that if ' € C?*, then the functions Y; (s, o) and
Ya(s, o) satisty the Holder condition with the exponent A with respect to both variables
on I'. We rewrite singular integral equations for v(s) and p(s) as follows:

(13)
v(s) + % / % do + /,u(a)Yg(s,J) do +/V(U)Y1(S,U) do =2f*(s), sel,
r r r
1w+ et + 1 [P ot [ (o) — f(o)Vals. ) do
r r
- /(u(a) + Br(o))Yi(s,0)do = —2f(s), seTl.

r

Putting the function (0] into conditions (@), we obtain the following additional con-
ditions for u(s),v(s), and Bay:

(15) Vipl(z(an)) + Tv)(2(an)) + Bay = f(an), n=1,...,N.

We have thereby obtained the system of integral equations ([I))—(I3) for the functions
u(s) and v(s), s € I', and for the constant Ban. The preceding considerations imply the
following assertion.

THEOREM 2. If condition (7)) is satisfied and system (II)—(I5]) has a solution wu(s),v(s),
Ban such that u(s),v(s) € CFZ(T'), @ € (0,1], ¢ € [0,1), then the solution of Problem
S exists and is given by ([I0).

Further on we analyze the solvability of the system of integral equations (III)—(IH]).
We perform a change of the unknown functions by the formulas

G = (VIEE 4B
pl( >_ (m+ﬁ) qu (F)v
G WA
PQ( )* (m+ﬁ) € Cq (F)’

pi(s) + (V1+ B2+ B)pa(s)

¥(e) = 2,/1+ 2 ’

_ p2(s) = (V14 52+ B)pa(s)
2,/1+ 32 '

(17)

p(s)
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In terms of p1(s), p2(s), Eqs. (I3) and [Id)) acquire the form

(18) pl(S)—(\/1+52+6)%/%d0:F1(8), sel,
r

(19) ple) + (VTF 7= 0)2 [ 2 4o = Byfs), ser.
r

where the functions

$) = 2/1+ B2 (s) + 2~ (s)
+(V1+ 82+ 8) /pg Ylsadchr/pl(o)Yg(s o)do |, seT,
Fy(s) = 2?@ B)( Wf (5))
~(VIT P - ) /p1<a>Y1<s,a>do+/p2<a>Yz<s,a>da, ser,

r
belong to CO(T').
(s), p2(s) Egs. (), (I2), and (I5) acquire the form

In terms of p;

(20) /(pl(s) + (V143 +B)pa(s)ds=0, n=1,... N,
Iy
(21) / — (V11 B+ B)pi(s)) ds = —4mA\/1+ B2,

T
(22) Vipz = (V1+ 8%+ B)p](z(an)) + Tlpr + (V1 + 52 + B)p2](z(an))
+2y/1+ 32 Boy = 2¢/1+ 32" (a,), n=1,...,N.

The system of integral equations for u(s),v(s), and Bay is thereby reduced to a system
of equations for the functions p;(s), p2(s), and Bay.

The main advantage of the resulting system is that the principle part of each equation
(IR, (@A) contains only one unknown function (either p;(s) or pa(s)).

LEMMA 1. There is a one-to-one correspondence between solutions u(s),v(s) € CF7(I),

Ban of system ([I)-(I3) and solutions pi1(s), p2(s) € CF7 ('), Ban of system ([I8)-(22).
This correspondence is given by (I6) and ([I7]).

3. Regularization. Investigation of the regularized system. We solve Eq. (I8)
for p1(s) and Eq. (@) for pa(s) assuming that Fj(s), Fa(s) are given functions. Using
the results of [2] [6], one can prove the following assertion (see Section 5).

LEMMA 2. Let Fi(s) and Fy(s) be given Holder functions on I'. Then Eqgs. (I8]) and
() have the solutions in space C7(I'), @ € (0,1], ¢ € [0,1). These solutions are given
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by the following expressions: for Eq. (8]

(V1+/62_/6)F1(8)

S) =
) = i
1 Fi(0)Q1(o) ,  cosmy
+ Bs™, seT,
2m\/1 + B2Q1(s) / o—s mz
for Eq. (I9)
1+ 52+
m@zgliigﬂg@
1+ 32
1 /FQ(U)QQ( smﬂ'n
— Bpins™, sel,
2T+ PQa(s) ) o= z:: o
where By, ... ,Bsy_1 are arbitrary real constants,
N
Qi(s) = [] Is = anl"* s — by |"/* " sign(s — an),
n=1

N
= H |s — an|' s — by, |" sign(s — ay).
n=1
The number 7 is defined by

1
=5 arcctg 8 € (0,1/2)

and satisfies the following relations:

o (YR (Virpop)
21/1+ 32 ’ 2,/1+ 32 ’
temn = (VITF—f), ctgmn = (VITF+ ).

Substituting the expressions for Fj(s) and Fy(s) into formulas for p1(s) and pa(s), we
obtain the system of regularized equations

1 1
@) g / (o) K (s.0)do + s / pa(0) K 12(5,) dor
NZ—:IB .
i (s)
+cosmn 01(5) Or(s)’ el
1 1
(24) pa2(s) + QQ(S)F/pl(U)Km(s,U) do + QQ(S)F/pQ(U)KQQ(S,U) do

N—1
Z Bm+NSm
+ sin 7n 2=2 = serl,

Q2(s) Qa2(s)’
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where we have used the notations

Ya(s,0)Q1(s)  (V1+82+8) [Ya(§,0)

Kll(S,U):* e QW\/W / € s Ql(f)df,
Y 1 2 Y
r
Y; «/1 2 Y
K21(57U) = 1(875-)_‘_6222 ) +1ﬁ+ ﬁZ / 1 dfa
Kg(s,0) = Y2(5:9)Qa(s)  (VIF P Ygg, 6
22(8,0) = T o 1+52 ) dé,

s) = 2 _ "t (s 7‘7(_(5) s
(25) ®1(s) = (V1+ 52 -0) (f (s) + m)@l()

L) (e 1@\
L2 (o 0

r

(26) Bos) = (f/+<s> - %) Qa(s)

_ \/1+52 ) f/+(0_)_ fi(o-) dO'
o—s m

r

We put 79 = min{n,1/2 — n}. Note that the densities of singular integrals in the
expressions for K;(s,o) and ®,(s) (p,j = 1,2) satisfy the Holder condition on I'. (The
densities in K,;(s,0) satisfy the Holder condition with respect to both variables.) In
particular, these densities satisfy the Holder condition with respect to the variable £ on
I with the exponent w = min{\,n,1/2 — n} (uniformly with respect to o in the case of
Kp;(s,0)), because Q1(€), Q2(€) belong to CY™(I'). These densities vanish if £ is the
endpoint of T because Q1(§), Q=2(&) vanish at the endpoints of T'.

This, together with properties of singular integrals [6l Sec. 18] imply the following
assertion.

LEMMA 3. The functions K,;(s,0) (p=1,2, j = 1,2) satisfy the Holder condition on T’
with respect to both variables. In particular, these functions satisfy the Holder condition
on I" with respect to s with the exponent w = min{\, n,1/2 — n} uniformly with respect
to o € I'. If conditions () are satisfied, then ®;(s), ®a(s) € CO¥(T).

Obviously, if functions pi(s) and pa(s) from the space CF7(I') with @ € (0,1] and
q € [0,1) satisfy integral equations ([23]) and (24]), then these functions can be represented
in the form p;(s) = pj.(s)/Q;(s), j = 1,2 where p1.(s), p2.(s) € C%¥(T'), w is given by
Lemma 3. So, from here on, the functions p;(s) and p2(s) are looked for in this form. It
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follows from this representation that pi(s), p2(s) € CF7(I'), where

min{w, [2n —1/2[}, n# 1/4,

w, n=1/4.
Below we assume that w = min{\,n,1/2 — n}; @ and ¢ are defined in ([27)). Note that
O<w<1/4,0<w<1/4,1/2<qg< 1. U 3>0,then0<n<1l/4dand g =1—n;if
B <0, then 1/4<n<1/2and ¢=1/2+n; and if 5 =0, then n = 1/4, ¢ = 3/4.

We multiply Eq. 23) by Q1(s), and Eq. 24) by Q2(s). As new unknown functions,
we choose pj.(s) = p;(s)Q;(s) € C¥*(T'), j = 1,2. Note that there is a one-to-one
correspondence between p;(s) and p;.(s) (j = 1,2). Equations (23) and ([24) acquire
the form

29 o)+ [ @)@ @Kl 0)dr+ [ pan(0)Qs ! (0) Krals, ) do

(27) q=max{1/2+n,1—n}, w{

I I
N—-1
+cosmn Z B,,s™ = ®(s), seT,
m=0
29 )+ [ ()@ O Knr(s0)do+ [ pan(0)Q5 ' (0) Kaals, ) do
I I
N—-1
+sin7n Z Bins™ = Dy(s), seTl.
m=0

Using Lemma 3, one can easily prove the following assertion.

LEMMA 4. Let the functions p1.(s), p2.(s) € CO(T) satisfy Eqgs. (@8) and (29) for
®1(s), Pa(s) € CO¥(T) with w = min{\,n,1/2 — n}. Then p1.(s), p2«(s) € CO¥(T).

REMARK. Obviously, if ®1(s),®2(s) € C%¥1(T), w; € (0,1], then the functions
p1+(8), p2+(s) from CO(T), satisfying Eqs. ([28) and (29), belong to the space C%~2(T")
with wy = min{\, wy,n,1/2 — n}.

It follows from Lemma 3 that the condition ®;(s),®s(s) € C%¥(T) is satisfied if
condition (7)) is valid. Thus, further on we construct solutions p1.(s) and pa.(s) of Egs.
28), @9) in C°(T). By Lemma 4, these solutions necessarily belong to C%*(T"). The
solvability of Egs. (8) and 9) in C°(T) can be analyzed under weaker conditions
imposed on ®;(s), ®5(s). More precisely, we assume that ®;(s), o(s) € CO(T'). If Egs.
28) and 29) have solutions pi.(s), p2«(s) € CO(T) for ®1(s), Pa(s) € CO(T') c CO(T),
then, by Lemma 4, p1.(s), p2«(s) € CO«(I).

We introduce operators K,; by the formula

(30) K,;[v](s) = /Kpj(s,a)c);l(a)u(a) do, p=1,2 j=1,2.

r
LEMMA 5. The operators K,; (p=1,2, j = 1,2) are compact operators from C°(T) to
Co(I).

The proof is performed by straightforward verification on the basis of the Arzela-Ascoli
theorem and Lemma 3.
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Substituting the functions p1(s) = p1.(s)/Q1(s) and pa(s) = pa2«(s)/Q2(s) into con-
ditions (20)-@2)), where p1.(s) and p2.(s) are given by ([28), ([29), we rewrite these
conditions as follows:

2N
(31) Z/Q 1 pJ*( )do—+zwn,mBm:Xn, n:(),,QN,
jzl[‘ m=0

here we have used the notation

Q2(s) Q1 (s

)
o= [ (VIFF+ 050+ 5
T,

Xo:/(%@ —<m+5>‘1’1<8>) ds+ dm AT 7,
r

)ds, n=1,...,N,

o = —2V/1 1 Bf(an_y +v[‘1’2( (VIH 5+ ) 21() ] (an_x))

Q2(-) 1()
{\/1+52+5 (") ()} (z(an-n)), n=N+1,...,2N,
_ 2 s™ _
wWo.m = —cosmn(y/1+ 0 —i—ﬂi/Ql(S ., N—1,
mfN

wo,m = sinmn m=N,...,2N —1,

Qz() ”

wmcosmy/Ql—(s)ds, m=0,..., N—-1, n=1,... N,

Sm—N
Wy, = COS TN Qg—(s)d& m=N,...,2N—-1, n=1,... N,
W m = COS T <(\/1 + B2+ 8V {()m} (z(an-n))+T { Ok } (x(an_N))> ,
Q1 () Q1()
m=0,....,N—1, n=N+1,... 2N,
Wy = SN 7T (V [(.)m—N] ((an-N))+ (V/1+ 52+ 58)T [( )m_N} (m(anN))) )
' Q2() Q2(+)
m=N,....2N—1, n=N+1,...,2N,
woan =0, wpaoy =0, n=1,... N,

wnon =—2y/1+ 32, n=N+1,...,2N,

Lo,j(a):/<K252$ ) (TrE+ e ())) ds, j=1,2,
I
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(o) = KQJ(S7U) Klj(sva) s o n—
Ln,j(o) /((\/1+62+6) 0a(5) + 00 )d, j=1,2, 1,...,N,

Ln,j(a>=v[KgQ - WiE Rl >]( (an_n)
T {(\/1 +32+0) Kg;() o) | Kgfé’_) )} (z(an_n)), j=1,2, n=N+1,...,2N.

The dot (-) stands for the integration variable in the potentials. In system (BII), the
index n = 0 corresponds to Eq. (ZI)), the indices n = 1,..., N correspond to Eq. (20),
and n = N +1,...,2N correspond to (22)). For each n, in all formulas containing the
angular potential, we choose the same branch of the function ¥ (z(a,—n),y(s)), where
s € I'. Alternatively, one can use the representation of the angular potential in terms of
the double-layer potential.

Note that the functions Q1 (s) and Q2(s) can readily be reduced to a form admitting an
analytic extension to the entire complex plane (see Sections 5 and 6 below). By applying
residue theory (see Section 6) to these functions, one can readily obtain the relations

CoST /75771 ds =sinm /78771 ds = 0, m=0,...,N =2,
nr Q:(s) nr Qa2(s) | m m=N-1

Since the function s™(cos7n)/Q1(s) satisfies the homogeneous equation (I8) and the
function s™(sin7n)/Q2(s) satisfies the homogeneous equation (I9) with m=0,1,...,N—1,
it follows (see Section 6) that

‘I)p(s)
ds=0, p=1,2,
Qp(s)
K
/ ”JSU ds=0, oel, p=12 j=1,2

Hence we have the following simplifications of the expressions for the coefficients of system
BI):
Wom =0, m=0,1,..., N—2 N, N+1,... 2N -2,
wo,n-1=—T(V1+ 6%+ 6), woen-1=T,
Ly(0)=0, o€, j=1,2, Xo = 4mA+/1+ 2.

We introduce the column vector of coefficients:
B = (By,..., Ban)T € Eany1. System (28), @9), (BI) can be rewritten in the form of a
single equation for the unknown column vector 5 = (p1(s), p2«(s), B)T from the Banach
space CY(T) x C°T') x Fayn41 with the norm
Pllcoryxcomyx Eanys = llprelleo@) + lp2ellco) + 1Bl oy, s that is,

(32) I+R)p=79,
where we have introduced the following notation:

¢ = (@1(s), P2(s), X05 X15 - - - 7X2N)T € CO(F) X CO(F) X Eony1,
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where ®;(s) and Po(s) are the functions given in ([25]), (20); I is the identity operator
mapping the space CO(T') x C%(T") x Eyn 1 into itself,

K Kio P
R=| Ky Kby Py )
Li Ly W-—-Inua

I>n 1 is the identity matrix of order 2N + 1, W = {wn’m}zzod;::"i]v is a square matrix

of order (2N +1) x (2N +1);
Lj= (Lo Lajr-- o Lang)'s J=12
L, ; are the functionals expressed in terms of the functions L,, j(o) by the formulas

Ly ipjx = /Q;l(a)LnJ(o)pj*(cr) do, 7=1,2, n=0,...,2N;
r

K,; (p=1,2,j=1,2) are the operators given by ([B0); P; and P> are the multiplication
operators defined by the relations

N—-1 N—-1
P, B = cosmn E Bs™, P,B =sinmny E Bnins™.
m=0 m=0

LEMMA 6. Eq. (32) is a Fredholm equation of the second kind and index zero in the
space CO(T) xC%T) x Fany1-

Proof. Consider the operators comprising the operator R. By Lemma 5, K,; (p =
1,2, j = 1,2) are compact operators from C°(T) into CY(T"). The operator (W — Iany1)
maps Fony1 into Fan41. Since any linear operator acting in a finite-dimensional space
is a compact operator [7], it follows that (W — Isny1) is a compact operator. The
operators P; and P, mapping FEay 1 into C°(T') and the operators L; and Ly mapping
CO(T') into Fan41 are finite-dimensional and therefore compact [7], [8, p. 64]. Thus,
all operators comprising R are compact operators. Therefore, R is a compact operator
from CY(T) x CO(T) x Eany1 into itself. By [8, p. 67], an equation of the form (B2
with compact operator R satisfies the Fredholm alternative. The proof of the lemma is
complete.

LEMMA 7. Let condition () be satisfied, and let Eq. (82)) have a solution
P = (p14(5), p2«(5), B)T € CO(T)x C*¥(T) X Eany1,
where w = min{\,7,1/2 —n}. Then
(1) the functions

) oy, o= 222 o
(33) pl(s) - Ql(s) € Cq (F)7 pQ( ) QQ(S) € C’q (F)

and the constant By (that is, the last component of the vector B) solve the system
([I8)-([@2), where the indices w and ¢ are given by (21);
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(2) the solution of Problem & exists and is given by ([I0), where
W(s) = pi(s) + (V1 + 52+ B)pa(s)

24/1+ B2
_ 1 P1s(5) A o gy P2x(8) -
(34) 2 /1+ 32 {Q1(3) TVIHE+F) Q2(3)} € D),
~p2(s) = (V1+ 6%+ B)pi(s)
pu(s) = i
_ 1 pQ*(S) _ D) pl*(s) w
N i VTR a5 | e orm),

and Boy is the last component of the vector B.

Proof. Let Eq. ([B2) have a solution
= (p1e(5), p2«(s), B)T € CO¥(T) x C%(T) x Ean+1,
transforming Egs. 28), @29) and 3I) into identities. Let us prove assertion (1). Obvi-
ously, the functions pi(s),p2(s) constructed by formulas [B3) and the constants
Bo, ... ,Ban_1 comprising the vector B convert Eqs. (Z3) and (24) into identities. We
introduce singular operators S_ and S, acting on functions w(s) € CF(I') as follows:

S w=w(s)— (/1+ 32 —|—5)% / w(o) do,

J o=
S+w:w(s)+(\/1+52—ﬁ)%/%da.
r

We apply the operator S_ to identity ([23) and the operator S to identity 24)). As
a result, we find that p;(s) and pa(s) satisfy singular integral equations (I8]) and (I9).
Using identities (31I), which are components of identity ([B2]), one can readily see that the
functions p1(s) and p2(s) and the constant Byn satisfy conditions (20)—-(22). Therefore,
the functions ([33) and the constant Bapy solve system ([I8)—(22]), and the proof of the
first assertion is complete.

(2) As shown in item (1), the functions given by (B3]) and the constant Bsy solve
system ([I8)-@2). By Lemma 1, the functions u(s) and v(s) given by (1) (or, which
is the same, by (34))) and the constant Bay solve system ([I)-(IZ]). We substitute the
functions p(s) and v(s) and the constant Boy into the function (I0)). By Theorem 2, the
function (I0) is a solution of Problem &. The proof of the lemma is complete.

In the following section, we prove the solvability of Eq. (82]) and Problem S.

4. Existence of a solution. Let us now prove the solvability of Eq. (B2).

THEOREM 3. (1) Eq. (B2) has a unique solution p in the space C°(I')x C°(T) x Fan1
for an arbitrary right-hand side
® e CO(F) X CO(P) X E2N+1.
(2) If the right-hand side ® belongs to the space C%«(I')x C%¥(T) x Fani1, w =
min{\,n,1/2 — n}, then the solution p belongs to the same space.
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Proof. (1) By Lemma 6, Eq. ([32)) is a Fredholm equation in the space C°(I') x C°(T") x
Esn41. By the Fredholm alternative, to prove assertion (1), it suffices to show that the
homogeneous equation (B2) has only the trivial solution in this space. We prove the
latter assertion by a contradiction. Suppose that the homogeneous equation (32]) has
a nontrivial solution p° = (p9,(s), p3.(s), BY,... ,BIy)T € COT) x C°T) x Eany1.
This implies that the functions p9,(s), p9,(s) € C°(T') and the constants BY, ..., BIy_,
satisfy the homogeneous equations (28)), (29]), which are part of the vector equation (32]).
By Lemma 4, one can claim that p° € C%%(T') x C%%(T") x Ean11. The homogeneous
equation ([B2)) occurs if fT(s) =0, f~(s) =0 and A = 0, i.e., the homogeneous problem
Sleads to the homogeneous equation ([B2). By assertion 2 of Lemma 7, the function

(35) u’(x) = V[p'l(2) + T|(2) + Biy

is a solution of the homogeneous problem S ; here u® and v° are defined via p9, and p9,
by formulas [34]). On the other hand, it follows from Theorem 1 that the homogeneous
problem & has only the trivial solution

(36) u’(z) = 0.

Taking into account the limit formulas for potentials [3], 4]

(- (o) | - () () o e
r r
() = (5 | o [(5) - (5 ]| =en e
we obtain the relations
) - ]|, o=
() -], ==
z(s)el
By the formulas (34) (see also (I6)), we have
Aes) _ v = (VB2 +8)1%6) _
Q1(s) (V1+ 3%+ B) , ;
4.6 _ B0+ VITFEO) _ g
Q2(s) (V1452 +6) ’

Thus, pf,(s) = 0, pJ,(s) = 0, s € I'. Taking into account (B6) and (BH), we obtain
BYy = 0. From the homogeneous identities (28) and (29), which are part of Eq. [B2),
we obtain

=

Z BY s™

=0

0, ZBQHNS’”EO, sel.

N—
m =0

N—-1
m
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By the main theorem of algebra on the number of roots of a polynomial, the identities
are valid only if B, = 0, m = 0,1,... ,2N — 1. Thus, p° = 0, which contradicts the
above-stipulated assumption. The proof of assertion (1) is complete.

(2) Let p = (p14(5), p2«(s), B)T € C%(T") x C°(T") x Ean 41 be a solution of the inho-
mogeneous equation [B2) for & € C%(I') x C%“(T") x Fyn1. It follows from assertion
(1) that this solution exists. The functions p1.(s) and po.(s) satisfy Eqgs. (28) and ([29),
which are part of Eq. ([32). Consequently, by Lemma 4: p € C%%(T") x C%“(T") x Ean1.

The proof of the theorem is complete.

Therefore, Theorem 3 provides the unique solvability of Eq. ([B2) in the space C%(T") x
C%%(T') x Byn41 if the right-hand side of Eq. (B2) belongs to the same space. By Lemma
3, the vector ® does belong to this space if conditions ([7) are satisfied. By assertion 2 of
Lemma 7, Problem S has a solution given by ([I0]), where u(s), v(s), Ban can be expressed
via the elements of a solution of ([32). It turns out that u(s),v(s) € CF(I).

Using Theorem 1, Theorem 3 and assertion 2 of Lemma 7, we state the resulting
assertion.

THEOREM 4. Let I' € C** and let conditions () be satisfied. Then the solution of
Problem S exists, is unique and is given by (I0), where u(s) and v(s) are given by (B4);
the functions pi.(s), p2«(s) € C¥(I') (w = min{\,n,1/2 —n}) and the constant Bax
can be found from the Fredholm equation of the second kind (B2]), which is uniquely
solvable.

It follows from the properties of potentials [4] that, as a rule, the gradient of the
solution of Problem &S is unbounded in neighborhoods of the endpoints of the contour T.
Moreover [4, Theorem 5], inequality (IJ) is valid with 6 = —g, where ¢ is the constant

given by (21).

5. Solution of the singular equations. Let us prove Lemma 2. We consider the
singular integral equation (I9). Let the function ps(s) satisfy Eq. (I9). We consider the
Cauchy type integral

1 [ p2o)
= — I
(37) Ro(z) = o / 2249 4o, 2 ¢
r
By the Sokhotskii formulas, we have
(38) R3(s) — Ry (s) = pa(s), se€T,
1
Rf(s) + R; (s :—/2" sel.
T (o
r

Therefore, if the function py(s) satisfies Eq. (I9), then the limit values of the function
Ro(z) on T must satisfy the relation

(R3 (s) — + (V1432 - s)+ Ry (s)) = Fa(s), seTl.

By reducing the last equation to a standard form, we give a rigorous statement of the
resulting conjunction problem [2].
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PrOBLEM C. Find a function Rs(z) that is piecewise holomorphic with jump line T’
and satisfies the condition Rs(00) = 0 as well as the boundary condition

(39) REG) =GR () = s, T,
where
G(s) =

V1+p52
(The condition Ry(00) = 0 follows from the form of the function (31).)

In the notion of the piecewise holomorphic function we include the following condition:
a function may have integrable singularities at endpoints of the contour T.

Let us solve Problem C and then, using (B8], find the function pa(s). This function
will be a solution of the singular integral equation (9.

Let us define the number 7 using the formula

B+i
VT

(this definition is equivalent to that given in Lemma 2).
The canonical solution of the homogeneous conjunction Problem C has the form [2]
N
R3(2) = 1/Q2(2), where Q2(2) = [] (= an)'~"(z — bn)".

n=1

Let us find the expressions for the limit values of Q2(z) on I't and I'":

62271'77 _

n € (0,1/2)

N

,lim, Qa(2) = Q5'(s) = [ [l — an) 71¥((s = b))%

If s T, then [(5 - an)l_n(s - bn)n]i =|s— an‘l_”s — by | sign(s — ay,).
If s € Ty, then [(s — an) "% = |s — an|' ™7, [(s — b,)"]T = ™5 — b,|",
[(s —b,)"]~ = e "™|s — b,|". Here everywhere n = 1,... ,N.

Therefore,

(40) QF () =e™Qa(s), Qy(s)=e ™Qy(s), seTl.

N
Here Q2(s) = [] |s—an|'~"|s—b,|"sign(s —a,,) is a real function called the direct value

n=
of the function Q2(z) on the axis Os, in particular, on T
Let us return to the conjunction Problem C for the function R2(z). By [2], the solution
of the inhomogeneous conjunction Problem C with the condition Ry(c0) = 0 has the form

N-1 _
RQ(Z) — 1 / F2 (U)Q;_(CT) dU N mz::() Bm+NZ
2miQ2(2) 2 (0 — Z)(l + ’L(m - B)) Qg(z)

where By, ..., Bay_1 are arbitrary complex constants.
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Now, by ([B8), we find a solution of Eq. (I9):

S — RY(s)— B- 1 ()Q?()

PZ()—RQ() RQ() Q2 ( 1+Z 1+52
1 2(0)Q3 (o) NZ

+27rz/1+z\/1+52 Jo s 2 et

R (5)Qs (s)
Qy () \ 2(1+id(\/1+ 32—

1 Fy(0)Q3 (0)
+2m i/l P — 50—3 ZBerNS

N—1
> Bmyns™
. m=0
do — sin7n

o—s Q2(s) ’

_ (\/1+62+6)Fg(8)— 1 /FQ(U)QQ(U)
1+ 32 2my/1 4+ (2Q2(s)

where By, ... ,Bon_1 are arbitrary real constants. In the latter relation, we have used
formulas ([@0Q) and the definition of the constant n. This completes the proof of Lemma

2 for (I9).

The singular integral equation ([I8) for the function p;(s) can be treated in a similar

way. For the function
1
Rl(z) = — / Md(jv z ¢ r,

2 ) o —=z
r
we obtain the conjunction problem [2] with the boundary condition
F
R (s)+G(s)Ry (s) = 1(5) , sel

1—i(\/1+ 324 0)
The solution of the homogeneous conjunction problem has the form R;(z) = 1/Q1(z2),
N
where Q1(2) = [] (2 — an)Y/?> (2 — b,)Y/?*1. The limit values of the function Q1 (z) on

n=1

I'* are given by the relations

(41) Qf (s) =ie'™Qu(s), Q1 (s)=—ie”™Qu(s), seT,

where @Q1(s) = H |s — an|' /2715 — b,|"/* " sign(s — a,) is the direct value of Q1(z)

on the axis Os, in partlcular on I'. We construct the solution of the inhomogeneous
conjunction problem and obtain

N ~2”52*5)F1<5)

1+ 52

N—-1

Z B, s™
Ql() ’

do —cosTn "

] e
27'(' 1+52Q1 g—Ss
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where By, ... ,Byx_1 are arbitrary real constants. The proof of Lemma 2 is complete.

6. Computation of integrals. Here we consider the integrals
Sm STYL
I, =cosm /—ds, Iy =sinm /—ds, m=0,1,... ,N —1,
1,m nr Ql(s) 2,m nF QQ(S)

o™ do ) o™ do
Jim(s) = COSW??/Ql—w)E7 Jom(s) = Slnwn/Qz—(U)E.
r r

To compute the integrals I, ,,, we use residue theory. We surround the cuts I'y,, n =
1,..., N, by smooth closed curves and shrink these curves to I';,. We denote the resulting
contour by A. We also construct a circle C). of large radius r centered at the origin.

For example, consider the integral I ,,. By passing from the direct value Q1(s) of the
function Q1 (z) to the limit values Qi (s) on I' with the use of [@Il), we obtain

1 eiﬂ'n e*iﬂ"ﬂ .
w3 (G * )

r

The function 2™/Q1(z) is analytic in the domain enclosed between A and C, and is
continuous on the boundary of this domain. By the residue theorem, we have

z™m z™m
———dz + / ——dz=0
/ Q1(z) Q1(2)
A C,
for an arbitrary sufficiently large r. By letting » — oo, we obtain
1 z™ 1 A
= 21 A/ Q1(2) 2i r—»ooc Q1(z)

—wnm‘wml— 0, m=0,...,N—2,
- lzZ¥ |l m m=N-1.

|z| =00 5

Likewise,

T, m=N-—1.
We apply the same technique to the Cauchy type integrals Jy, ,,,(s) with s € I':

Pl = _Z%F/ (ﬁ - Qfl(a)> " crdfs

1 2™ dz 1. 2" Y
B o e Rl e e R R e

where m =0,1,... ,N — 1.
Likewise,

0, m=0,...,N—2,
IZ,m = {

Jva(S) = ———
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One can also find the values of the integrals Jj, ,,,(s) for s € I'. Note that the func-
tion s™(cosmn)/Q1(s) is a solution of the homogeneous equation ([I8) and the function
s™(sin7n)/Q2(s) is a solution of the homogeneous equation ([9). Therefore,

m Sm

(42) Jim(s) = ﬂsinﬂnm, Jam(s) = —m COSW’QT(S)’ sel,

where m =0,1,... ,N — 1.
Using this result, we obtain

S

(43) Q,, S

K
Jds =0, / msadEO,UGR p=1,2 j=1,2

Let us prove, for example, the first of these equalities. To this end, we represent the
function ®(s) from (25) in the form

®(s) = tgmn fi(s)Qu(s) +

and straightforwardly verify the following relation by changing the integration order in
the double integral:

Dy(s)

By virtue of ([@2}), the integral in the round brackets equals —7(tgnn)/Q1(c). Hence,
the whole expression equals zero, which proves the assertion.

The remaining relations in (#3) can be proved in a similar way.

7. Case of a single cut. Let N =1, i.e., let I' contain a single cut:
IF'={z:z=2x(s) = (z1(s),z2(s)), s € [a,b]}.

In this case, it is possible to simplify Eq. ([B2). We seek a solution to the problem in the
form
(44)

U($)=2711Tﬁ2( [p2 — (V/1+ 32+ B)p1](x) + Tlp1 + (V/1+ B2 + B)pa) (= )
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The functions p;(s), p2(s) € CF7(I') and the constant ¢ can be found from the following
system of equations:

(45) pl(S)—(\/1+52+6)%/%d0:F1(8), sel,
I
(46) plo) + (VIF 3= [ 2% ds — pis), ser.
(47) [(019)+ (VTFF 4 Bpa(s)) ds =
T

(48) /(m(s) — (V14 3+ B)pi(s)) ds = —4rA\/1 + 32,

(49)

ﬁ (Vipa = (VT5 7 + Bprl(a(a)) + Tlos + (VI + 5 + Dpel(a(a) )

+c= f(a).

This system follows from the system ([I8)—(22) if N = 1. The functions F}(s) and Fy(s)

are given by (I8) and (I39). We solve Eq. @3] for p1(s) and ({8 for ps(s) using Lemma
2 and assuming that Fi(s), Fz(s) are given functions. We have

(50)
s —@ s 1 Fi(0)Q1(0) UﬁBlcoswn
pl( )* 2 1+62 Fl( )+ o /1+52Q1(S)! o—s d Q1(8> )
(51)
_ W1+52+0) ) — 1 Fy(0)Q2(0) > By sin7n
p2(s) = WiEE Fy(s) o *1+ﬂ2Q2(3)/ P d D)

r
where s € I'; By, By are arbitrary real constants,
Qi(s) = (s =) "(b—9)", Qa(s) = (s —a) /> "(b—s)"/**", seT,

Q1(s),Q2(s) € C%™(T), the constant 7 is defined in Lemma 2, 79 = min{n,1/2 — n}.

By substituting functions p1(s), p2(s) from (BQ) and (Bl into (@7), @8) and by using
formulas from Section 6, we arrive at the system of linear algebraic equations for By, Bs:

By + (V1482 +3)By =0,
(V1+ 6%+ 8)By — By = —4A\/1+ 2.

The solution is

(52) By = —4A\/1+ 2sinmncosnn, By = 4A+\/1+ 32sin® .
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Writing out the expressions for Fi(s), Fa(s), we obtain the system of regularized equations
for pi(s), p2(s):

(53)
pa(s) i) p1(0) Knn(s.0)do + s /pz )Kis(s,0) do = 218
(54)
pa(s) + Q21(3) F/ p1(0) K21 (s,0) do y p2(0) Kna(s, ) do = @Z((z;
here s € T';
(55) 1(s) = (VI+ 52 - 5) (f’+<s> + %) Q1 (s)
J%F/Zl(? (f/+(0)+ %) do + 4A\/1 + 2 sin 71 cos ),

(56) o(s) = (f’+<s> - j%—w Qa(s)

(V1482 -8) [ Qa(0) "o S o — 4A+/ 25in®
T o—s (f () \/1+52>d vies "

r

Let us transform Eqgs. (B3) and (B4) in the same way as Eqgs. (23] and (24). Namely, we
introduce functions p;.(s) = Q;(s)p;(s), j = 1,2, and operators K,;, p=1,2,j =1,2
(see (B0)). As a result, Eqs. (B3) and (B4) are reduced to a vector equation for an
unknown vector column p = (p1.(s), p2«(s))T from Banach space C°(T') x C°(T') with

the norm [[p[|co(ryxcor) = |[p1«llcor) + [[p2+|[cor); that is,

_ - Kll K12 )
57 I+R)p=09, R = ,
(57) 1+ R)7 (K e

where @ = (®,(s), ®2(s))T € CO(T) x COT), the functions ®;(s), Po(s) are given by
(B5) and (B8], I is the identity matrix mapping the space CY(I') x C°(T") into itself, the
operators K,; (p=1,2, j =1,2) are defined by (30).

Obviously, (E7) is a Fredholm equation in the space C°(I') xC%T') and it has a
unique solution in this space. Furthermore, if ®(s) and ®5(s) are defined by (BHl) and
6], then the solution of Eq. (&) from C°(T') x C%(T') belongs to C%¥(T") x C%¥(T)
with w = min{\, n,1/2 — n}. The proof is similar to that for Eq. (32).

Let 7 = (p1«(5), p2«(5))T be a solution of Eq. (57) in the space C%« (') x C%«(T).
Then the solution of Problem Swith the single cut is given by (#4), where p;(s) =
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pjx(s )Q_ (s), j = 1,2, and the constant ¢ is uniquely defined from the condition ([@3):

o a) — ]- Pz* 2 Pl*
(59) = 1)~ 5 v T 00 )
1 P1x P2+
i V-

8. Behavior of the solution gradient at the end of the cut. Let u be the
solution of Problem & with the single cut obtained in Section 7. Using the notation
introduced above, we investigate the behavior of Vu at the ends of I' = {z : z = z(s) =
(x1(8),22(5)), s € [a,b]}. Let 2(d) be one of these endpoints. In a neighborhood of z(d)
we introduce the system of polar coordinates

z1 = |z — x(d)|cosp, x93 =|x— x(d)|sinep.

We recall that a(s) is the angle between the direction of Oz axis and the tangent
vector 7, at the point z(s) € I'. We assume that ¢ € (a(d),a(d) + 27) if d = a and
¢ € (a(d) — 7, a(d) +7) if d =b. We put a(a) = a(a+0), a(b) = a(b—0). Thus, the
angle ¢ varies continuously in a neighborhood of the point z(d) cut along T'.
Let us represent the singularities of the functions p(s) and v(s) in the explicit form:
(1) at the end a:

_ 1 ) (s)
/L(S)*Q 1+ 3° (|s—a|1’7 1+ﬂ2+6 |1/2 n>
(59)

v(s) =

(2) at the end b:

(\/1462+/3 aﬁ ; B_f;f%_n>;

N—

_ 1 B( ; ph(s)
us) =3 <sb|’7 (VI+ B4 0) WM)

1+ p2
(60)
b
_ 15 @ ) L pis)
v(s) = 1 +52 < 1+6°+ ﬂ b|n |s — b|1/24n ) -
Here
(61)
a p1x(5) - o p2+(s) -
P19 = [ grmm =@l —al' P70 () = P = pals)ls —al
are Holder functions on I' in a neighborhood of a and
(62)
p1s(5) p2s(s)
pis) = m = pals)ls —b['/27, ph(s) = a7 p2(s)]s — 0|

are Holder functions on I' in a neighborhood of b. The functions p1.(s), p2«(s) are the
components of the solution of Eq. (&1).
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Using the results [6] on the behavior of Cauchy type integrals at the ends of T', we
arrive at the following assertion.

THEOREM 5. Let z — z(d) € X, where d = a or d = b; then in a neighborhood of z(d)
the derivatives of the solution of Problem S can be expressed by the following formulas:
(1) ifd=a,

Ou _pila) Sinﬁa(1/2—77 T p%(a)sin¥?(1 — n)
3331 x—>z(a) 2|Z7x(a)|1/2*77 1+5 +5 2|l‘ (a)|1_n +O(1),
ﬂ _ pi(a) cos¥*(1/2 —n) 3 p2 a) cos9(1 —n) '
03 |y niy 20— a(a)[1/2 —(V1+82+0) 2|x Ha)[ + O(1);
(2) ifd =0,

ou pb(b) cos¥°(1/2 + 1) T) p5(b) sin ¥’ (n)

(91171 xﬂw(b) 2‘.’1}—1}(1))‘1/24"7 +( 1+6 +6) 2|x—x(b)|n +O(1)7

o PG /2 40) (i gy 50) cos ()

03|y ppy 20z —a(b)[/2H (V1+p2+8) 2z — ()| +0(1).

Here,

9(y) =y + (L= a(a), 9°(7) =ye+ (1 —y)a(b) —mn,

functions denoted as O(1) are continuous both at the point x(d) and in a neighborhood
of the point z(d) cut along I'. The functions p¢(s) and pd(s) (d = a,b) are introduced in

(T and ([G2).

Proof. We introduce a complex coordinate x expressed via the Cartesian coordinates
x = (z1,22) by the relation z = x1 + ixzy. We write out the representation of the
derivatives of the angular and logarithmic potentials in terms of the Cauchy type integral
in the complex plane [4]:

WU — twop@), 2D~ pear@),
(63)
oT[v)(z) ~ O0T[v](z) ~
= Re Q[1](7), “omy —Im Q[V](2).
Here

Quj(z) = % /M(S)e_m(s)gj(cg%f 7=y +iys.
r

It follows from (@) and (G3]) that the investigation of the behavior of Vu can be
reduced to the study of the behavior of the Cauchy type integrals

Qp(s)/|s — al'*7(@),  Qps(s)/Is — al'")(@),
QU (s)/1s = o]'**7)(7),  Qp3(s)/ls — bI")(@)

in the complex plane near the ends of T'.
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We give a detailed investigation for the fourth of these functions. (The others can be
treated in a similar way.) We have

1

bS
(64) o P00 @ —amel@ + doe | 2] @

where W(s) = (p3(s) — p(b))/Is — bl".
Let d = a or d = b. Let us transform the density of the integral Q[1/|s — d|"](Z)
with v € (0,1):

e 6(Fls))
ls—d — (H(s) — z(d)"’
where
(50 = dfs) — e—int [ (U8) = T()\?
(65) 3i(s)) = o(s) [E=)
— e—ta(s) w exp{iyarg(y(s) — z(d))}.

Using the technique from [4] Lemma 1], one can readily prove that the function g(s) =
(7(s) —2(d))/|s — d| belongs to the class C*(I") and does not vanish for any s € I'. Note
that (g)7 is a Holder function with the exponent 1 on an arbitrary smooth arc which does
not contain the point g = 0. Using the theory of composite functions, one can readily
prove that the expression in the square brackets in (63]) is a Holder function of s on I' in
a neighborhood of d with the exponent 1. Obviously, e=*(5) = (y}(s) —iy}(s)) € CY(T).
Hence, ¢(s) is a Holder function with respect to s on I' in a neighborhood of d with the
exponent 1; i.e., for arbitrary points s; and s lying on I' in a neighborhood of d, we
have

(66) |9(3(52)) = 6(F(51))] = |6(52) — (s1)] < const |so — 51,

Let us prove that ¢(3(s)) = ¢(s) is a Holder function of § on I in a neighborhood of Z(d).
By [4, Lemma 1], the function |sa — s1|/|7(s2) — §(s1)| belongs to CH(I'x ') ¢ CY(T' xT)
with respect to both variables s1, so and is therefore uniformly bounded with respect to
s1,89 € 1™

|s2 — s1]

(67) 50s2) ()] =

Hence, |s2 — s1] < ¢*|y(s2) — y(s1)|- Using this estimate in (G8l), we have

(68) 6(%2) — 6(71)] < colzz — Bl

where yo = y(s2), 71 = y(s1) are arbitrary points lying on I' in a neighborhood of z(d),
and ¢q is a constant. Therefore, ¢(¥) is a Holder function of § on I' in a neighborhood
of (d) with the exponent 1.
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We transform the integral Q[1/]s — d|7](Z) as follows:

{ 1 }@_1 oW dy

ls—dP' ] 2w ) (-F(d)y-7
I

RG0) 1 dy 1 [6@) - (@) dj
= / < N%F/ 7 —a(

i ) G2 d) 7 Fd) -7
r

the function ¢(7) has been introduced in (B3). By virtue of the estimate (@) and results

of [0, Sec. 22], the second term in the latter formula is a function O(1) continuous in a

neighborhood of the point x(d) cut along I'. We apply the results of [6] to the first term.

The behavior of the Cauchy type integral

1 1 dy
@)= 2m‘r/(gf(d))m7%’

where v € (0,1), was studied in [6, Sec. 23]. For z which are close enough to Z(d), but
do not lie on I, the representation [, Sec. 23]

i@ exp{(=1) Dymi} 1

(69) 1(@) = (-1) 2isinyr (@ — 2(d))

—+0(1)

is valid, where (Z — Z(d))” denotes a branch, which is holomorphic near Z(d) in a plane
cut along I" and equals (Z(s) — Z(d))” on the left side of the cut; O(1) is introduced in
Theorem 5; j(a) =2, j(b) = 1.

If s €T and s — d, then |g(s) — Z(d)|/|s — d| — 1 and

arg(y(s) — 2(d)) — a(d) + =(2 - j(d)).

Taking into account this relation, we compute the limit values of the function g(?j) from
©3) as y — 2(d) and y € T. Using (69]), we obtain

v ) = (— j(d)eXp{(_l)j(d)'Yﬂ'i} 1
(70) 0 Lsdh}( )= (1) 2i sin ym (T —Z(d)"

< expli (—a(d) T y(a(d) + (2 - j(d))))} Lo

1 1
~ 2sinyw |z — z(d)|Y
where 0,(7) = —v¢ — (1 —v)ala) + (v — 1/2)7 and 0y(7) = =y — (1 — y)e(b) + /2.
Now we investigate the behavior of the function Q[¥}(s)](Z) in (64)). To this end, we
study the function W5(s). Note that the function pa(s) = p5(s)/|s — b|" satisfies Eq. (51)).
Using this equation and results of [6, Sec. 22|, one can prove the following assertion.

exp(iba(v)) + O(1),

LEMMA 8. If Fy(s) from (G is a Holder function on T, then W4(s) is also a Holder
function on I' near b. In addition, ¥5(h) = lim,_; ¥5(s) = 0.

The proof of the lemma is given in the next section. It follows from Lemma 8 and
estimate (67) that W4(7(s)) = W4(s) considered as a function of the complex variable 7,
is a Holder function on I' near Z(b). Besides, W5(Z(b)) = 0. Hence, by [6, Sec. 22], the
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function Q¥4 (s)]() is continuously extendible to the end Z(b). Using the notation O(1)
introduced in Theorem 5, we have Q[¥5(s)] = O(1) as 7 — Z(b).
Returning to the original integral ([64)) and using ([{Tl), we obtain

b(s b .
(1) @ [|:2—( b)|n] @) = 2212:277 z — ;(b)|n e +0(1)

as T — Z(b).
In a similar way, one can show that, as & — z(d), the formula

(72) Q

|s —d|7 - 2sinTy |x—x(d)|7 ' +0().

pd(s) 1 &) pd(d) L o

is valid, where d =a, j =2, y=1—-nord=a, j=1,y=1/2—n,ord=b, j =
1, y=1/2+n.

Using formulas (£9), (71), ([72)), we obtain the following relations as & — Z(d):

(1) if d = a,

Q] (7) = 1 p2(a) eta(1—n) B p%(a) ei0a(1/2-m) oW
s 1+ 3 \|z —xz(a)]!=" 2sinmny |z —z(a)|'/2=7 2sinmy ’
~ 1 p4(a)e?=(1=m)  cosmn pi(a) e#0a(1/2=n)
Q) = 1+ 3 \ |z —x(a)|'=7 2sin? 7y |z — z(a)[/2~7 2cosmn +O0);
(2)ifd=1b
_ 1 ph(b)  e(m P8 (b) 0 (1/2+n)
Q = — 1
M@ 1+ 32 (xx(b)’? 2sinmn |z — x(b)|V/2*1 2sinmy +0),
Q@) 1 ph(b) e cosy P8 (b) et0s(1/2+m) L o)
1+ 32 \ |z —z()" 2sin®my |z — z(b)|2/2+1 2cosmn ’

Using (#4) and (@3)), as T — 2(d), we have:

(1) if d = a,
Ou pi(a) {Siﬂoa(l/Q—n) +0089a(1/2—77)}
0x1 v—a(a) 2\/1—|—ﬁ2|x—$ )|H/2=n 2sin7n 2cosTn
p3(a) {_Sln%( —n) +coswnc<?829a(1—n)}+0(1)7
2\/1+62|xfx JL-m 2sin7n 2sin® 7y
Ou pi(a) {cos@a(l/Q—n) 3 sin9a(1/2—77)}
0z c—a(a) 2w/1+52|x—x Y[L/2=n 2sin7n 2cosmn

p5(a) {_cos@a( - cosm;sin@a(l—n)}+o(1).
2\/1—|—ﬁ2|x—$ Y 2sinmn 2sin? 7 '
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2)if d = b,
du _ P4 (b) sin 6, (1/2 +n) N cos 0y(1/2 + 1)
0z, z—a(b) - 2/1 + 32|z — z(b) |1/ 20 2sin7n 2cosmn
n p5(b) {sin'Ob(n) 4 cos F)bgngcosm)} +o(),
%/W\x—x(b)\" 2sin7n 2sin”
Ou B o4 (b) cosfp(1/2+1n) sin6y(1/2+mn)
02|y wy  20/1+ B2l — x(b)[1/2+0 2sin 7 2cos 7
N 05(b) {_COS.HZ,(U) _ cos 7T77. si2n9b(17)} L o).
QWM —z(b)|" 2sin 2sin” 7

Elementary trigonometric transformations complete the proof of the theorem.
Theorem 5 shows that, as a rule, the partial derivatives of a solution of Problem S have
power-law singularities at the ends of the cut with the exponent ¢ = max{1/2+n, 1—n}.

9. Proof of Lemma 8. Let us prove Lemma 8 used in Theorem 5.
We recall that W3(s) = (p5(s) — p5(b))/|s — b|" and p5(s) = pa(s) |s — b|". As was
mentioned above, the function py(s) satisfies Eq. (5I)). Hence, for p5(s) the identity

Bysinmn

s—alt=7

@) o) =Falsllsbr - e [T g ser,
r

is valid, where Fy(s) = (v/1+ 8% + 3)Fa(s)/(24/1 + B2), Fa(s) = Fa(s)/(2n/1 + 32);
Fa(s), Fa(s) € COM(T). Note that for s lying on I in a neighborhood of the point b, the
equality
1 1
s—ai 7~ poq Ol =0
is valid, where O(|s — b|) denotes a Holder function on I' in a neighborhood of the end b
with the exponent 1. We transform the expression (73)) as follows:

(74)

By sinmy

(b _ a)l_n + O(|S - b|)E(5)a

where E(s) is a Holder function on I' in a neighborhood of the end b with the exponent
min{n, \}. Now we put s = b in (73) and compute a function [p5(s) — p5(b)], using Egs.

[@3) and ([4):

ph(s) — p3(b) = Fa(s)|s — b|" +

b / (€=0) P28 ye 1 o(ls — )E(s).

(b—a)t=n ) (b—&)'"(&—s)

r

Thus, the function W5(s) has the form

b(g) — &) — (b75)1777 (g—a)lfﬁﬁg(f) s b= (s
W(5) = o)~ i | 1 e gy 4+ Olls — S ().

r
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Using the results of [6, Sec. 22, item 4] and the fact that F5(s) and Fy(s) are Holder
functions on T, one can state that W5(s) is a Holder function on I' near b. Note [6]
Sec. 22, items 2, 4] that for a function f(§) satisfying the Holder condition on I' in a
neighborhood of the end d, the formula

(=1 ctgmy

a¢ | = =525

lim
s—d 2T

(s —d)” / f(§)
€—d)7(€—s)

r

is valid, where 0 < v < 1, j(a) = 2, j(b) = 1. Applying this formula to the expression

U (b) = lim,_, U5(s), we obtain

Wh(b) = Fo(b) + T ctg (1= n)(b— a)! 1 Fa (D)

2
2(b—a)tn
(V1 +pB2+0) —ctgmn B
=S i E Fz(b)+72 *1+52F2(b)_0

(here we have used the relation ctgmn = (/1 + 82 + ()). The proof of the lemma is
complete.

10. Singularities of Vu may disappear. It follows from the formulas of Theorem
5, that if p?(d) = 0 for j = 1,2, then Vu(z) has no singularities in the point z(d) (d =a
or d = b), and vice versa. There are no singularities at both ends of T if the following
conditions hold:

(75) pi(a) =0, pj(b)=0, j=1,2.
Actually, (75) contains four requirements for the functions f*(s) and f~(s).

LEMMA 9. (1) If p{(d) = p4(d) = 0 where d = a or d = b, then the solution gradient of
Problem S'is continuous at the end z(d) of the cut I

(2) If p{(d) = pd(d) = 0 for d = a and d = b, then the solution gradient of Problem
Sis continuous at both ends of the cut I'.

We study the following question: under what conditions on the functions f*(s) and
f~(s) from @) and @), do the singularities of the solution gradient of Problem S at
the ends of T" disappear? The analytic investigation for a cut of an arbitrary shape
is quite difficult. We explore a certain particular case. Namely, let I' be a segment:

= {x: x(s) = (scosb,ssinb), s € [a,b]}. Then Yi(s,0) = Ya(s,0) =0 for s,0 € T,
and Eqgs. (@5)—(@J) have solutions

g WIEE B p L Fi()Q1(6) ,,  Bicosmy
p1(s) = Woew:: Fl()+27r —1+62Q1(s)r/ t—s de NOR

_ (V/1+ 32 +6) () 1 /F2(§)Q2(§)d€_ Bysinmny
o /1+3 ) 2m/1+ B2Qa(s) £—s Qa(s)

p2(s)
I



134 P. A. KRUTITSKII anp A. I. SGIBNEV

where s € I,

Qi) = (€ —a)/* (b —O)VHN, Qu(e) = (E—a)' (b€, €eT,
=2(V/1+ B2 *(s) + f7(5)), Fa(s) = 2(+/1+ B2 = B)(V/1+ B2 +(s) — f(s)),

the constants By, By are given by (52]). We compute the functions p?(s) using (GI) and

©62):

)1/2+nd§— Bjcosmn

b
a F e
pila) = 9m /1 + 52 —a)l/2+n / 1 ( (b— a)i/zn’

b
bb) = — /F
p1(b) o 1+52 )12 1

1/2=n By cos T
- (b —a)l/z=n’

() = 1 u B By sinmny
p3(a) o /71+52(ba)’7a/F2(§) <§—a> d¢ -y’

b o) — ! §=a\"" o Basinmy
O e AT -0y / mo(i=¢) g

We are going to satisfy all the conditions ([735]) at once, so that Vu(z) will be continuous
at the points z(a) and z(b). We seek the functions F(§), F»(€) in the form

(76) Fi(€) = (€= a)!/*71(b = )V271G1 (€) € COND),

F3(§) = (€ —a)"(b— €)' 7"G2(€) € C¥NI), A e (0,1].
Then conditions (73] for F1(£) and F5(£) become the following conditions for the func-
tions G1(§), G2(&):

b

[ - - a, /G Jb—€)de = —Al;, j=1,2,

or
b b
(77) /Gj(f) de = 0, /iGj(f) de= Al =12

where I; = 87(1 + 3?) sinncos? 7, lo = 87(1 + 2)sin® 1.

Note (see ([76)) that to satisfy the condition F(s), Fx(s) € CONT') with some (i.e.,
not given before) A € (0,1], it suffices that G1(s),Ga(s) € Cpo(I') with an arbitrary
wp € (0,1] and ny = min{n, 1/2 — n}.

LEMMA 10. Let I' = {z : = z(s) = (scosf, ssinf), s € [a,b]}, and let Fy(s), Fa(s) be
defined in (@), and G1(s), Ga(s) satisty Eq. (7). Then the solution gradient of Problem
S is continuous at the ends of the cut I'.
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We give several ways to construct the functions G1(s), Ga(s). Below we assume that
the segment [a, b] is simplified by a linear change of variables.

(I) We put a = —b < 0.

(1) Let G1(s), Ga(s) be even functions, and let A = 0. Then to satisfy the homogeneous
conditions (77), it suffices to require that fob G;(§)d¢ =0 for j = 1,2. For instance, we
can choose G1(£) = Ga(§) = C(b — 2[¢|), where C is an arbitrary constant.

(2) Let G1(s),G2(s) be odd functions. If A = 0, then to satisfy (T7), it suffices to
require that fob £G;(§)d§ =0 for j = 1,2. In the general case, when A is an arbitrary
constant, it suffices to require that

b

k ;A
[e(ost0 - Eahten) ac—o
0

where 7 = 1,2, and k is a natural number. In particular, if A # 0, we can choose
Gj(s) = (2k +1)27 ;AP 2Rt =12,

We can proceed in a similar way if one of the functions G1(s), Ga(s) is odd and the other
is even.

(IT) Below we assume a = —1, b= 1. In this case, it is convenient to rewrite require-
ment ([77) in terms of Legendre polynomials [TT), [T2]. We recall that Legendre polynomials
Pn(s), n=0,1,..., generate a closed orthogonal system in the space Lo(—1,1). Besides,
[|[Pall? =2/(2n + 1), Po(s) =1, Pi(s) = s. Putting

Gj(s) =Y APu(s), j=12,
n=0

and assuming that the series converges in the mean, we define from (77): Al =0,
Aj =3Al;/2, j = 1,2. Other coefficients A% remain undefined (j = 1,2, n=2,3,...).
Thus, let A7 be arbitrary coefficients (j = 1,2, n = 2,3,...) such that the series

> ALP.(s) and Y A2P,(s) converge in the mean. Then functions
n=2 n=2

3Al; X :
(78) Gj(s)sz—i-nz:;Af{Pn(s), j=12,

satisfy the conditions (7).

The smoothness requirements for G1(s) and Ga(s) in (76) admit that G1(s) and Ga(s)
may have integrable power-law singularities in the points s = £1. To simplify the
argumentation, we consider the convergence of the series in ((8) to Holder functions.

Using the Weierstrass sufficient test for uniform convergence and the fact that P, (s)
are uniformly bounded on the segment [—1,1] [I2] Chapter 4, Sec. 2], one can prove the
sufficient condition of uniform convergence of the series in (78):

LEMMA 11. Let AJ, = O(1/n*"¢) as n — oo, where € > 0, j = 1,2. Then the series in
([8) converge uniformly, and the functions G;(s) and Ga(s) belong to the class C*(T")
and satisfy conditions (7).

The result of item (II) is the following.
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THEOREM 6. Let

()T ={z:2=u=x(s) = (scosb,ssinb), s € [-1,1]};
(2) the functions Fi(s), Fa(s) be defined by (70]), [78);
(3) A’ be arbitrary coefficients (n = 2,3,...), such that the series in (78] converge in

the mean to Holder functions for j =1 and 57 = 2.

Then the solution gradient of Problem S is continuous at the ends of the cut T'.

The work was partly supported by the RFBR grants no. 05-01-00050, 06-01-00001.
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