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Abstract. We investigate the existence and stability of a thermoelastic contact prob-
lem with second sound. Previous results established the existence and stability of a
solution of the corresponding classical system in the case of radial symmetry. However,
recent works have shown that sometimes stability can be lost when the classical Fourier
heat conduction is substituted by Cattaneo’s Law. We show that also in this case this
substitution does indeed lead to a loss in regularity that proves to be a major problem
prohibiting the transfer of the existence proof for the classical problem to the problem
with second sound, leaving the existence of a solution an open question. We then prove
that, if a viscoelastic term is added to the equations, providing additional regularity,
then existence and exponential stability (the second, as can be expected, only in the case
of radial symmetry) will follow.

1. Introduction. We consider a thermoelastic system that can come into contact
with a rigid foundation. In particular, consider the equations of thermoelasticity with
second sound on a bounded set Q2 C R™ with smooth boundary 92 =T'cUT'y UT'p. On
I'p, the body is held fix, while on I'y tractions are zero. On I'¢, the body is free, albeit
its extension is limited by a rigid foundation. The temperature is held fixed at the entire
boundary. If uw = u(t,z), @ = 0(t,z) and ¢ = q(t,x) describe the displacement, relative
temperature and heat flow, respectively, then our equations take the form

Ofui — (Cijriuny),; — pOru; jj +miil; = 0, (1.1)
8259 + div q + mijatum = 0, (12)
T00:q; + qi + K0, = 0. (1.3)
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On [0,T] x €2, we define the initial values

u(0,) =wo, we(0,:) =uq, 6(0,:) =10y, ¢(0,")=qo (1.4)
satisfying
wo € (HE ()", uy € (LA(Q))", 0y € LA(Q), g0 € (LA(Q)" (1.5)
and the boundary conditions
0loa = O, (1.6)
ulr, = 0, or|lry =0,
0, <0; uw, <0; o,(u,—g) = 0, or=0onTg, (1.7)
where
0ij = Cijriug, + pug j — miz0

is the stress tensor and (with v being the exterior normal vector),
Oy = 04jV;Vy, o =0V — oyV

are its normal and tangential components. We assume the elasticity module C =
(Cijri)i,j,i, and that the thermal expansion tensor m and the heat conduction tensor K
satisfy

Cijii € L™(Q),  3dc > 0Vn € R™™ : ;;Cijrmi > delnl?,  Cijkt = Clint = Chuijs

kij S LOO(Q), ddy, > OVf e R"™: fik‘ijfj > dk|§|2, kij = kji,
m;; € LOO(Q), mi; >0, Mi; = Myjj,
where kK = K~! in the sense of matrix inversion and p > 0 is (for now) an arbitrary
constant.

A few remarks are needed on notation. We denote dju = uj, || - || := || - ||(z2)m,
where m is either 1, n or n?, which will be clear from the context. In addition,
L>®(H') := L>([0,T], H'(22)) and likewise. H} _(Q) denotes the space of weakly dif-
ferentiable functions satisfying u|r, = 0 in a weak sense. The technical problem in the
handling of these equations lies in the boundary conditions for v on I'¢, which do not al-
low the well-known semi-group theoretic approach. Problems of this form arise naturally
in the manufacturing of casts and pistons; cf. [g].

On the classical problem, i.e 79 = g = 0, there are a number of papers available. In
particular, Munoz Rivera and Racke [6] studied the corresponding classical problem and
derived existence and stability under the condition of radial symmetry. In the case of one
space dimension, there are several results: Elliott and Tang [2] gave an existence result
for more general boundary conditions; Munoz Rivera and Jiang [5] gave an existence
and stability result for a contact problem of two rods, and Gao and Mufioz Rivera [3]
gave an existence and stability result for the semilinear case. Dropping the d7u term in
the first equation, one arrives at the quasi-statical case, where Shi and Shillor [8] proved
the existence of a solution and Ames and Payne [I] gave a uniqueness result. Mufioz
Rivera and Racke [6] also prove the existence of a unique solution to the corresponding
classical quasi-static problem and its exponential stability. One would (and, in fact, has
for quite some time) expect these results to carry over to the fully hyperbolic problem,
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especially since the critical equation for the displacement u, where the difficult boundary
conditions, arise remains unchanged. However, in a recent work, Racke and Fernandez
Sare [7] showed that for a damped Timoshenko system, exponential stability is lost when
substituting the Fourier Law of heat conduction by Cattaneo’s Law. In this light, the
investigation of the behaviour of this particular system under a transition from classical
to hyperbolic heat conduction poses an interesting question. We shall indeed see that
this transition leads to a loss in regularity that is not easily compensated, thus requiring
the additional viscoelastic term (u > 0).

This paper is organized as follows: In Section 2, we will give a proof for the existence
of a weak solution. We will start by following the approach of Munoz Rivera and Racke
[6] and then show why it cannot be extended to this problem. To this end we will
approximate the difficult boundary conditions on I'c and obtain a penalized problem. We
will then show that this penalized problem has a solution and give a sufficient condition
for the convergence of this solution to a solution of our original problem. This is where
the loss of regularity from the changed heat equation leaves its mark, as the conditions
derived by Munoz Rivera and Racke will no longer be sufficient. Finally, in section 3,
we will prove a stability result in the radially symmetrical case, that is, the solutions to
our problem decay to 0 exponentially. We will use a Lyapunov functional, similar to [6],
although some changes are required to compensate for the different heat equation.

2. Existence. We will prove the existence of a solution in the following sense:
DEFINITION 2.1. (u,0,q) is a solution to (LI)—(L7) iff

we WH((L3)") N L¥((Ht,)"), 6€ L¥(L?), qe L=((L*)"), (2.1)
Ou(T, ), o(T,) € (IO 0(T,) € I*(Q); Vu(T,) € I*@),  (2.2)
Yw € Wh((L*)™) N Loo((H%D)"),w,, <gonlg¢:

T
— /0 (Opu, Opw)dt + (u(T, ), Opw(T, ) — Spu(T, +)) — (ug, dpw(0, ) — uy)

T T T
+ M/ <8tui7j,wi,j>dt+/ <Cz'jkzuk,lawi,j>dt—/ (M0, w; ;)dt
0 0 0

T T
+ [ adt = [ (Conuna, i)t = SITuT )P = | TuolP)
0 0

T
+/O (mi;0,ui;)dt > 0; (2.3)
Vz e Whe(H)
T T
—/ (9,z)dt+(9(T,-),z(T,-))—(90,z(0,-))—/ (gi, 2.)dt
0 0

T
—/ (mijui g, Opz)dt + (myjui 5(T,-), 2(T, -)) — (mijuoi j, 2(0,-)) = 0;  (2.4)
0

vy € whee((HY™)
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T
—To/ (kijqiy Opyj)dt + 1o(kijqi(T, ), 45 (T, -)) — T0(kijqoi> y5 (0, -))
0

T T
+ / (hiyas, )t — / (6, yo.)dt = 0, (2.5)
0 0

ulp. < g ae. (2.6)

We remark that all boundary conditions are represented in a weak sense in the above
definiton. Also, we need the unusual condition ([22) for condition (23) to make sense.
This will be seen from the context in section 2.

To better handle the difficult boundary conditions in u, we consider the following
penalized problem:

Afus — (Cigraugy) g — pus j; +mi0G = 0,
81566 + div qE + m”(?tu;j = 0,
Toatk‘ijq; + kijqj + 9; = 0,
with initial conditions
u(0,) =wuo, w(0,:) =uy, 6(0,:) =10y, ¢(0,")=qo (2.10)
and boundary conditions
052 = 0,
u|FD =0, 0T|FN =0,
1
o =—=(u5, — g)* — edyu,, or=0onT¢. (2.11)
€

Note that only the boundary conditions on I'c have been changed; everything else is
identical to the original problem. We will see that o, is bounded and therefore by ([211),
(us — g)* — 0 as € — 0, satisfying (Z.8]). Next, we give a definition of a solution to the
penalized problem. Let w?),,y?, C H'(Q) be bases of (L*(2))" and 27, C Hj(Q) be a
basis of L?(2).

DEFINITION 2.2. Let

ug,ui € (H»*(Q) N Hy(Q)",
¢ € H(Q)",
05 € Hy()

Then (uf, ¢, ¢°) is a solution to (Z7)—(2.IT)) iff
ut € WH((LA)™) N WS ((Hp,)"); 65 € WHe(L?) N L®(Hy);
qc € WHe((L*)™) N L>(DY); (2.12)
u®(0,-) = ug; Ot (0,-) =ui; 6°(0,-) =465 ¢°(0,-) =q; (2.13)
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and for almost all ¢t € [0, T,
Vp e N: (92uf(t,-),wP) + {0 (L, ), wy ;) + (Cijraug (t, ), wf ;)

— (m0°(t,-),wy ;) = 71/ (uS(t,") —g)TwPdl —e | Ol (t, )wPdl, (2.14)
I'c

e I'c
vp EN: <at95(ta ')a zp> + <d1V qe(ta ')7 Zp> + <mijatu§,j (t7 ')7 Zp> = 07 (215)
Vp € N & molkis@haf (b)) + (higaf(6),97) + (VO°(, ) =0, (2.16)

To construct a solution to the penalized problem, we will use a Faedo-Galerkin method.
Note that, if (v,v, h) satisfy

v(0,-) = 0¢v(0,-) =(0,-) = h(0,-) =0,
(070, wP) + ((Cijrrvr,1), wk i)+ {0wi g, wi ;) — (mag,wy )

1
= () =2 [ g tupdr - / (Opv,)urdr, (2.17)
€ T'c Ie
(0, 2P) 4+ (div h, 2P) + (m;;0pv; j, 27) = (b, 27), (2.18)
(TokijOihj, yi) + (kijhy, yi) + (VY,y) = (e, yP), (2.19)
with
fi = Cin(uge — tuiy,)),; + pui; j; — (mith) ; (i=1,...,n),
b= —qGi + migui;
e = _kiquj — 95’j,

then v := v+ ug + tuy, 0 := ¢+ 6y and ¢ := h + gy are a solution to the penalized
problem. To find such (v,, h), consider the following set of equations on [0, T7:

(OF0™ WP + (Cijrvity, wh ;) + pOpofs, wh ) — (mijap,w? )

= (f,wP), — E / (v — g)TwPdl — ¢ O wbdl (p=1,...,m), (2.20)
€ Jre T'c

(O™, 2P) + (div A", 2P) + (MmO, 27) = (b,27) (p=1,..,m), (2.21)

7_0<kijath;'n;y]> <kljhm’y]> <V1/)m,y >n = <eayp>n ( = 1,...,777,), (222)

v(0,-) = 0(0,-) = ¥(0,-) = R(0,-) = (2.23)

where v (t,z) = ap'(t)wP(z), Y (t,x) = by'(t)zP(x) and K™ (t,z) = ;' (t)yP(w) with
unknown coefﬁcents (ay', byt cpt). Then [Z20)-(Z2Z3) is a set of ordinary differential
equations for (a ay', by, cp'), thus possessing a solution with the regularity

€ WS ((H},)"), w™ € WA (HE), b € WH((H')").

Note that the initial conditions are arbitrarily smooth and that f, g, e are polynomial in
t, allowing for a solution with the required smoothness.
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LEMMA 2.3. There exist (v,1, h) such that
(V™) = v in WS((LA)") N WS ((Hp,)"),
(™) = in WHS(L?),
(F™)p = hin W ((LH™).

Proof. Multiplying [2.20) by & 24y’ R21) by by and ([2.22) by ¢, respectively, we
obtain after summarizing from 1 to m:

1d

m 1 m m m
I (Iﬁt 12+ (Cijwavit, v U>+7/ |(up — )Pl + [[™[* + 7ok ||2>
2dt € Jrg

—|—,u|\3thmH2—|—s/ 10,0 [2dT + (ki A, B + (div A7, ™) + (V™ ™)

i 1%
T

= <f7 6tvm> + <b7 '(/}m> + <€a hm>7
(2.24)

where we used that

/ (v)' = g)Tdpo™dl = i/ (v — g)TPdr.
T'o dt Jr,

As one easily checks by partial integration,
(div A ™) + (VY™ h™) =0

and therefore, after integrating (Z24]) on (0,t), we obtain by Gronwall’s inequality,

o™t < C,
<Cijklvgfl(ta ')v /Ule (t7 )> < Ca
e —gpar < e
g Te
Bl < C)
// 007 (¢, -)|?dldt < C, (2.25)
Te
/0 (g2 (), B0 (L, e < C. (2.26)

Using the smoothness of the functions (v™, ™, h™), we see that they satisfy the time-
derivated system

<at3’Um7wp>n + <Cijklatv}cv?law£ > <62 zm]7 p]> <ml_]atw7wf,]>

1

= —= Oy (v — g)Twkdl — E/ O2v"wPdl 4 (O f, wP) s (2.27)
€ T'e I'c
(OF™, 2P) + (0 div h'™, 2P) + (mg;Ofv}y, 27) = 0, (2.28)

70(kiiOF i y8) + (kigOchi™, yb) + (0, V™, yP)n = 0. (2.29)
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Multiplying ([2.27) by %a;”, 228)) by %b;” and (229) by %c;”, respectively, we obtain
similar to (2.24)),

1d

2dt

+ |07V [, + (Righi® BT

OFv™ 17 + (Cijmdrvily, 0y) + 0™ || + ol |0:h™|17]

1
= (0,f,0%v™) — = 9y (v™ — g)TOZv™dl — 5/ D2 oZvmdr.
€ Fc FC

Observe that in general it is not
By [0 (v} — g)*|? = 20, (v — )T OF™ ae.

since the distributional second derivative of (v — g)* need not be regular. However,

using (2.23),
1d

& 0™ 2+ {Cuguad ) + 10 |2 + oo™ 2]
+ pllOF V|2 4 (Righi, B
) . (2.30)
< (O f, 070™ ) + —/ |Opv) 2D — —/ |07 v] AT
2e3 Jr. 2 Jr.

< (O f, 0™ )n + Ce,

where C¢ — oo as € — 0. For constant € we conclude, using Gronwall’s inequality again,
that

(V™) s bounded in W ((L?)™) N W ((HE,)™),
(™) is bounded in W (L?),
(h™),  is bounded in W ((L*)™),
from which the claimed convergence follows. |
We can now show
THEOREM 2.4. There is a solution to the penalized problem.
Proof. Take (v,,h) as in Lemma 23] Define
u=v+ug + tuy,
0 =Y+ 0o,
q:=h+ qo.

Then it is clear that (u,#,q) have the desired regularity (2I2) and fulfill the initial
conditions ([ZI3). Using Lemma 1.4 from [], we obtain the convergence

u® — uin C1([0,T], (L*(De))™).
It then follows from the convergence proved in Theorem 23 that (u, 8, q) satisty 2I4)—

(210). 0

Now we will prove the convergence of solutions to the penalized problem. As we can
see in the proof of Lemma (23], we cannot use the second energy level to gain estimates
on the convergence of (uf,6¢ ¢¢), as € is now no longer constant. Therefore, we lose one
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level of regularity in time. This loss is grave, since we will no longer have convergence
of some terms in the equations; i.e., it is generally unknown if the limits (u,1),q) are
solutions to the original problem. However, if ;1 > 0, the viscoelastic term will provide
us with the missing regularity and an existence proof is possible. This will be shown in
detail in the proof of Theorem 2.7

LEMMA 2.5. There exist (u,0,q) such that

ut Suin WHR((LA)") N L®(Hp,),
6° 56 in  L>®(L?

*

¢ —q in L=((L*)").
If 4 >0, then
u® — u in Wl’z((H%C)").

Proof. By the regularity of (u®, 0%, ¢¢), we can subsitute them for (w?, 27, y?) in (2.14)),
@I5) and (2I6) respectively and obtain

d 1
(||atu€|2+< et )+ 1071 + (s )+ |<uig>+|2dr)
dt € Jre
(2.31)
+ 0T+ (i a5) + / 0,5 2dr = 0,
e

where we again used that
(div q,0) 4+ (V0,q) = 0.

Integrating from 0 to t and using Gronwall’s inequality, we conclude the existence of a
constant C' = C(||ug||,1165l],1l¢5||) such that for all ¢ > 0,

||atu(7)”n S C,

<CZ]klukl( )a ’Lj(t’ )> < C,
el < C

<kquz( ) (ta )> § Ca

! / (s (t, ) — g()) AT < C,
u [ sl < o

/ (kiaf(s, ), 55, ))ds < C,
< C.

/ / |0us (s, -)[2dTds
I'c

This implies the desired convergence. |
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LEMMA 2.6. Let (u,6,q) be the functions from Lemma [Z5l Then

u (T,-) = u(T,) in L*(Hp,),

us (T,-) = ug(T,-) in L>®(L?),
6°(T,-) = 6(T,-) in L>(L?),
¢ (T,") = q(T,-) in L>(L7).

Proof. Note that due to the regularity of the solutions to the penalized problem,
uf, ug, 8¢ and ¢¢ are continuous in time by Sobolev’s Imbedding Theorem. Therefore, the
asserted convergence holds by the estimates gained in the proof for Theorem O

THEOREM 2.7. Let > 0. Let (ug,u1,60,q0) € (Hf, (€)™ x (L*(©2))***!. Then there
exists a solution to (LI)—-(T7).

Proof. Let
(Wh)e, (ui)e C  (Ho()NH**(Q)",
(@) < (H'(Q)",
(%5): < H'(Q)
with

uy — up in  (Hp,)", (2.32)
uf — up in (LQ(Q))”, (2.33)
05 — 0y in  L*(Q), (2.34)
g% — q in (L*Q))" (2.35)

Let (u€, 0%, ¢¢) be the solutions to the penalized problem for each € > 0 and (u,0,q) be
the limits from Lemma Then (u,6,q) will satisfy (2I). We can substitute z? in
ZI5) for any z € W1°(H}) and obtain

(0u6°, z) + (div ¢°, 2) + (m;;0pus ;, z) = 0.

4,7

Integrating from 0 to T" we arrive at

T T
(0(T,-)5,Z(T,-)>—(08,2(0,->—/0 <9€,atz>dt—/0 (GF, 2.)dt
(2.36)

T
- {mag (T, ), (T, ) — {maguy s, 2(0,)) — / (magus 5, 2)dt = 0.

Using Lemmas and [2.6] we conclude, by taking the limit e — 0, that (u,,q) fulfill
&.4).

Similarly, substituting y* in (18] for any y € W1>°(H!) and integrating yields

T
<kijqi€(T7 ')’ y(Ta )> - </€7;qu1'€, y(07 )> - / <kijqi€(t’ ')a 8tyj (ta )>dt
0 (2.37)

T T
+ / higgf (8, ),y (8, ) + / (0°(t, ), gaa(t, )t = 0.
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Again, taking the limit ¢ — 0 and using Lemmas and we conclude that (u, 0, q)

fulfill ().

From Lemma 26 it is immediately clear that (u, 0, ¢) satisfy (Z2]). Using Lemma 1.4
from [4] again, it follows from Lemma [2.5] that
u® — u in C°([0, 7], (L*(Tc))™).
Therefore, since
1
S [l - g <c
I'e
we conclude that
[ttt = g Par = o
el

and therefore (Z0)) is satisfied.

Note that we did not use p > 0 yet. Therefore everything we proved so far will also
hold if p = 0. The critical part is in fact the convergence of quadratic terms that appear
in 23], as we will see in the following calculations.

For any w € L>(H} ) NW*°(L?) we substitute w, in (ZI6) by w — u and obtain

(0Fu, w = u®) + (Cijru , wiyj — us ;)
+ (Oug jwi g — ug ) + (M0, wij —ug j)
1
= — - / (u — g) " (w, —uS)dl — ¢ oS, (w, — us,)dr.
€ T'c Te
Integrating from 0 to T we arrive at

<atuE(T7 ')7 w(T’ )> - <8tu€(T’ ')a UE(Tv )> - <’U,§, ’LU(O, ) - u6>

T T

- / (O (t,), Dy (, )t + / (Cugati (1, ), wi 5 (1, )t
T T

+ / (Oruc (£, ), Oy (1, )t — / (Coratis (1), 42 (2, )t

T

Y e €
+ p o atu wZ,j(t )>dt - 5 (Hvu (T, )H2 - HVUOHZ)

T T
. (2.38)
4 / (a0 (8, ), wi (1, )t — / (a0 (£, ) (¢, )t

S i - 6 - 0~ 660 - o) )~ gparas
[0 anstnearas 5 [ i - g, far

T
1
>—c / 8tui(t,-)w,,(t,~)d1“dt+—/ [us (T, ) > — |u§, |2dT | .
0 JIe 2 I'c

Using Lemmas 2.5 and [2.6], we see that the right-hand side of ([2:38)) will converge to 0 as
€ — 0, since weak-* convergent series are bounded in norm. For the left-hand side we can
again conclude the convergence of all terms that are linear in (u€, 6¢, ¢¢). However, the
convergence of the quadratic terms, namely the L?(0,7)-norms of ||ug||, (Cijriti j, wr.t)
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and (m;;0,u; ), remains an issue. While we know the terms will be bounded, we cannot
conclude their convergence to the respective terms for u, as weak-* convergence does not
imply norm convergence.

Note that it is not possible to circumvent this problem by simply taking estimates for
the second order energy and giving a strong solution, since the second order energy is
not (trivially) bounded in e. We remark that Munoz Rivera and Racke [6] encountered
a similar problem, which could be circumvented by reducing the problem to the radially
symmetrical case and using an estimate obtained via compensated compactness. How-
ever, it is not possible to utilize this for our problem, since we do not have a bound on
V0, which is a necessary component of the proof in [6].

Therefore, we shall use g > 0, which will yield

u® — v in W1’2((Hllc)”)

by Lemma From this we can conclude the uniform convergence of u§ as well as Vu.
It is then possible to take the limit e — 0 in ([Z38)) and conclude that (u, 6, q) will satisfy

@3). O

3. Stability. In general, one cannot expect the exponential stability of a thermoe-
lastic problem that is not radially symmetric. Therefore, we shall restrict our problem
to the radially symmetric, isotropic and homogeneous cases; i.e., we assume that the
following conditions hold:

The domain Q is radially symmetric, in this case annular: Q = B(0,1)\B(0,ro),
1>7r9>0; ].—‘DzaB(O,To); FC:GB(0,1)7 FN:[Z)

The coefficients satisfy the following symmetry conditions:

Cijri = N0kt + (i1 + 0j604),
mg; = méij, Kij = H(Sij, g(l‘) =g >0z elc.
Additionally, we shall assume that the solution to the problem as derived in the previous
section is unique in this case, which implies that with radially symmetric initial data and
the above assumptions on the coefficients, the solution itself will be radially symmetric.
We shall first investigate the stability of the penalized problem, which will transfer to

the original problem by a simple continuity argument.
With our assumptions, the equations take the form

O2uf — pdy ANuf — M\ Auf — (A + \)Vdiv uf +mVe° =0, (3.1)
0:0° + div ¢ +m div d,u® = 0,
Toatqs + qzS + KO® = 0,

with Lamé-Moduli Ay, A\ satisfying 2)\; + nAs > 0 and constants k > 0 and m # 0.
The boundary conditions to the penalized problem then read

6°loo =0, u®|p, =0,

e € 1 3.4
,uatai-y—k)\lau v+ A+ A) divut = —=(uS —g)" —ediu on Ie. 34
ov ov €
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As mentioned above, solutions to this problem will also be radially symmetric, so we can
write
us(t,x) = 2w(t, |z]), 0°(t,z) = (L, |z]), ¢°(t,z) = zh(t, |z]).

Writing r := |z, (w, 4, h) will then satisfy the equations

1 _
8t2w — uOyw,r — 1oy ;wr — U Wyy — %wr + %97, =0, (3.5)
Oy + nh + rh, + mndyw + mrdyw, = 0, (3.6)

700k + h + ;1#,« —0. (3.7)

We will now show that the energy of the penalized problem, defined by
() = [0+ M9+ w1+ 1P+ 5 [ (=)
(e}
decays exponentially as time goes to infinity, i.e.
E&(t) < aEge P,

We will use the technique of a Lyapunov functional, constructing the negative terms of
the energy and combining the respective functionals in a final estimate. First, one easily
sees by multiplying 1)) with d;u, B2) with k6 and (B3] with ¢ and integrating over
Q, that the energy satisfies

d

TPt <-C (ullOeu® [ + 17 |12)- (3-8)
LEMMA 3.1. Let

Fi(t) o= (Bt u)n + / s AT — | Ver| 2 .
T

Then for any é; > 0,

d £ 1 1> — £ C IS
G0 < ~(Ca= IV = 2 [ 105~ 9 PAr + 0| + ST (39)
€ Jre 1

Proof.
d e , € ell12 2, , €
— (O, u®) = [[0u]|” + (9 u®, uf)

dt
18072 = A |[VF 2 — (@, uf, V) — (a6, div w?) (3.10)

1
~ O+ M) [div | — g/ (uE — ) undl — = | Opuusdr.

I'c Ie

Estimating
1
e, v o) < Cu (V0P + 3 1071
1
for any §; > 0 and

1 1
! / (w5 —g) usdl < — / [
I'c €

g T'c

we obtain the desired result. O
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LEMMA 3.2. Let

U(t,r):= [ 9t s)ds
To
and
1

Fy(t) = —7'0/ U(t, r)h(t,r)dr.
T0
Then for any ds,d3 > 0,
d C
—F <
dt 2(t> ~ 99+ 03
Proof. By B8], ¥ satisfies

To

5‘t\I/+/ nhder/ shds+/ mnatwder/ msoyweds = 0.
T0 To

To To

Multiplying (BI2]) with hr and integrating, we obtain for any d3 > 0,

1 1 T 1 T
—/ (0 V) hrdr :n/ hr/ hdsdr—i—/ hr/ shsdsdr
To To To To o

1 r 1 T
—|—mn/ hr/ Orw(t, s)dsdr—km/ h/ sOywsdsdr
T0 T0 To To
c 2 ! 2
< 5 |h(t,7)|*dr + d5 lw(t, r)|*dr.
3 To To

Multiplying (1) by ¥r and integrating, we obtain

1 1 1
7'0/ \I/(ath)rdr—i—/ \I/hrdr—l—/ kY, ¥dr = 0.

70 To To

We have, by definition of ¥,

To

Using Poincaré’s Inequalitiy for ¥, this implies for any o > 0,

1 o 1
_/ U (Oph)rdr < 5—/ |h|2dr —(k— (52)/ W‘Zdr.
ro 2 Jrg To

Combining (313) and (314, we obtain the desired result.
Defining
L(t) := NE*(t) + F1(t) + 04 F2(1),

1 1 1
/ K () B (E, 1)y — —ﬁ/ @, (¢, ) [2dr = —H/ (2, )2l
70 To
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1 B 1 1
/|h(t,r)|2dr—”‘ 52/ \w(t,r)\er—i—ég/ Ow(t, r)|2dr. (3.11)
T0 T0 T0

(3.12)

(3.13)

(3.14)

where ¢4 will be chosen later, we easily see that for large enough N there exist Cy, Cy > 0

such that
C1E(t) < L(t) < CLE(t).

Now, we can prove the essential theorem of this section.

(3.15)

THEOREM 3.3. Let x> 0. Then the system is exponentially stable; i.e., there isa 8 > 0

such that
E&(t) < aEge P,
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Proof. Using (88), 39) and (BIT)), we conclude that

d g € €
L0 < = NCO(ulloac | + ll°117) = (Cs = 801V e
1 . c Ca\\ge
2 1 - 0 S
g FC 1
Cs /1 2 “_52/1 2 /1 2 )
4+ 04| ——— h(t,r)|*dr — dr + 6. Oyw|“dr
(5 [ menkar =222 [ pppars, [ ol
04C
< (1 Codaba = NCop) |00 |5 + (5 =5 = NCo)llg*I 7 + (81 = Ca)ll Ve e
1 2 C4 /ﬂ?*(sg 2
- - . — dI' + (— -9 e
o

Choosing §; < C3 and do < K, then d4 > 51;2?‘32) and (arbitrarily) d3 = 1, we conclude

that, for sufficiently large IV, there is a C' > 0 such that

d €
&L(t) < —CE*°(t).
Using ([B.I3)), this proves our theorem. O
Note that d3 is not really needed for the construction of the Lyapunov functional and
could have been left as 1. However, we want to point out that the positive u; term arising
from F5 is not a problem; the problem requiring ¢ > 0 is the positive u; term arising
from Fj, which cannot be made arbitrarily small without losing the negative terms for
the derivatives of u. For the classical problem, Mufioz Rivera and Racke [6] showed that
this term can be handled by adding additional functions to the Lyapunov functional;
however, this gives rise to a positive V8 term. While V6 is given as a negative term from
the energy itself in the classical case, this does not hold for 7y > 0; in fact we do not
know anything about derivatives of #. It is therefore necessary to gain the negative u;
term by other means, one of them being the viscoelastic term. If we define the energy of
the original problem as

E(t) = [|0wul* + [|Vul* + [10]]* + llalI%,

we see by the lower semicontinuity of the norms of weak*-convergent series, using Lemma

m lhal

Using the strong convergence of initial data, we obtain

E(t) < E°(t) < aE(0) exp(—pft) — aE(0) exp(—p5t).
This proves our final theorem:
THEOREM 3.4. Let g > 0. Then there are o, 8 > 0 such that

E(t) < aFE(0)exp(—pt).



(1]

(8]

THERMOELASTIC CONTACT 615

REFERENCES

K. A. Ames and L. E. Payne, Uniqueness and continuous dependence of solutions to a multidimen-
sional thermoelastic contact problem, J. Elasticity 34 (1994), 139-148. MR1288855|/(95{:73004)

C. M. Elliott and Q. Tang, A dynamic contact problem in thermoelasticity, Nonlinear Analysis 23
(1994), 883-898. MR1302150, (95i:73013)

H. Gao and J. Munioz Rivera, Global existence and decay for the semilinear thermoelastic contact
problem, J. Differential Equations 186 (2002), 52-68. MR 1941092 (2004a:74010)

J.U. Kim, A boundary thin obstacle problem for a wave equation, Comm. Partial Differential Equa-
tions 14 (1989), 1011-1026. MR1017060|(91a:35121)

J. Munioz Rivera and S. Jiang, The thermoelastic and viscoelastic contact of two rods, J. Math. Anal.
Appl. 217 (1998), 423-458. MR 1492098 (98m:73076)

J. Munoz Rivera and R. Racke, Multidimensional contact problems in thermoelasticity, SIAM J.
Appl. Math. 58 (1998), 1307-1337. MR 1628692 (99f:73015)

H. Fernandez Sare and R. Racke, On the stability of damped Timoshenko systems - Cattaneo versus
Fourier law, Archive Rational Mech. Anal. (to appear) (2007).

P. Shi and M. Shillor, Ezistence of a solution to the N-dimensional problem of thermoelastic contact,
Comm. Partial Differential Equations 17 (1992), 1597-1618. MR1187623|/(93i:73052)


http://www.ams.org/mathscinet-getitem?mr=1288855
http://www.ams.org/mathscinet-getitem?mr=1288855
http://www.ams.org/mathscinet-getitem?mr=1302150
http://www.ams.org/mathscinet-getitem?mr=1302150
http://www.ams.org/mathscinet-getitem?mr=1941092
http://www.ams.org/mathscinet-getitem?mr=1941092
http://www.ams.org/mathscinet-getitem?mr=1017060
http://www.ams.org/mathscinet-getitem?mr=1017060
http://www.ams.org/mathscinet-getitem?mr=1492098
http://www.ams.org/mathscinet-getitem?mr=1492098
http://www.ams.org/mathscinet-getitem?mr=1628692
http://www.ams.org/mathscinet-getitem?mr=1628692
http://www.ams.org/mathscinet-getitem?mr=1187623
http://www.ams.org/mathscinet-getitem?mr=1187623

	1. Introduction
	2. Existence
	3. Stability
	References

