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Abstract. Electroencephalography (EEG) and Magnetoencephalography (MEG) are
two important methods for the functional imaging of the brain. For the case of the spher-
ical homogeneous model, we elucidate the mathematical relations of these two methods.
In particular, we derive and analyse three different representations for the electric and
magnetic potentials, as well as the corresponding electric and magnetic induction fields,
namely: integral representations involving the Green and the Neumann kernels, repre-
sentations in terms of eigenfunction expansions, and closed form expressions. We show
that the parts of the EEG and MEG fields in the interior of the brain that are due to
the induction current are related via Kelvin’s inversion transformation. We also derive
closed form expressions for the interior and exterior vector potentials of the corresponding
magnetic induction fields.

1. Introduction. Electrochemically generated neuronal currents in the brain give
rise to a magnetic field, which in turn excites an induction current within the conductive
brain tissue. This electromagnetic activity of the brain is recorded by measuring the
electric potential on the scalp (EEG) and the magnetic induction field at distances 4-6
cm from the head (MEG). There exists an extensive literature on how to utilise the
EEG and MEG recordings [13], [I7] in order to determine the electric potential and the
magnetic induction field outside the head. From the mathematical point of view, the
two basic problems for EEG and MEG are the forward problem, namely find the interior
and exterior fields in terms of the neuronal current and the inverse problem, namely
find the neuronal current in terms of the electric potential or in terms of the magnetic
field. The fact that neither of these inverse problems has a unique solution was known to
Helmholtz in 1853. Nevertheless, complete quantitative results on the non-uniqueness of
the inverse MEG problem were obtained only recently, in [9], [I0] for the spherical model
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and in [§] for a star-shaped conductor (see also [I]). To our knowledge, no corresponding
results were known for EEG until recently [7]. It was shown in [7] that at least for the
spherical brain-model, EEG and MEG provide strictly complementary information about
the current, namely the components of the current obtained from EEG and from MEG
live in two orthogonal complements of the vector space used for the representation of
the neuronal current. In fact, it is shown in [7], [§] that EEG and MEG depend on the
scalar and the vector invariants, respectively, of a certain dyadic field, which provides
the appropriate tensor field characterising the unique solution of the relative inverse
problem. Simple analytic algorithms for the solution of the inverse problem for both
EEG and MEG corresponding to a single dipole, a finite set of dipoles, and a current
localised within a small sphere, are presented in [5]. For the more realistic ellipsoidal
brain-model, the direct problems are discussed in [3], [4].

In this paper we concentrate on the spherical model and in particular we discuss
these different mathematical formulations for EEG and MEG. One of these formulations
involves integrals of the Green and Neumann kernels. We show that the complementarity
of the EEG and MEG [7] is due to the fact that the electric and magnetic potentials are
generated mathematically through the action of a directional derivative on two orthogonal
directions: the direction of the dipole’s moment for EEG and the direction perpendicular
to the moment and to the position vector of the dipole for MEG. For the case of the
electric potential, the above directional derivative acts on an integral representation
involving the product of the Neumann kernel with respect to the observation point times
the normal derivative of the Green kernel with respect to the source point. For the case
of the magnetic potential, the relative directional derivative acts on a similar integral
representation. In both cases, the passage of the information from the interior source to
the exterior observation point occurs via the surface integral over the boundary of the
conductive sphere involving the two kernels. In addition to integral representations, we
also present closed form solutions, as well as eigenfunction expansions.

As was mentioned earlier, the electric and magnetic potentials and fields are generated
by the neuronal activity of the brain and by the induction current excited within the brain
tissue as a result of this activity. We show here that the parts of the interior and exterior
fields that are due to this secondary inductive activity are images of each other under the
harmonicity-preserving Kelvin transformation. Therefore, expressing the internal field
in terms of the external one and vice versa is mathematically straightforward. Similar
results hold for the vector potentials of the magnetic induction fields. In fact, the Kelvin
connection obliterates the possibility to obtain extra information from the interior field.

The paper is organised as follows. Section 2 summarises the mathematical formulation
of EEG and MEG. Electroencephalography is discussed in Section 3, and magnetoen-
cephalography is the topic of Section 4.

2. Mathematical formulation. Mathematically, the electromagnetic activity of the
human brain is governed by the quasi-static theory of Maxwell’s equations [16], [19]:

VxE=0, (1)
VxB=puJ?+oE, (2)
V-B=0, (3)
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where o is the conductivity, uo is the magnetic permeability, J? is the neuronal current,
B is the magnetic induction field, and E is the electric field. Equation (1) implies the
existence of the electric potential u such that

E = —Vu. (4)

For the single dipole excitation at the point 7 with moment @, the current is defined by

JP(r) = Qé(r — ), (5)

where § denotes the Dirac measure. For this current inside a homogeneous conductor €2,

the electric potential and the magnetic induction field satisfy the Geselowitz [11], [12]
formulae

r—T r—r

drou(r)=Q- T 4 f weyar) LT ds(r’), rgon (o)
|r — 7| a0 |r — 7|
and
4 _ o
lB(r) =Q x T7T3 — Uj{ u(rn(r') x Tings(r’), r & 09, (7)
Hq |r — 7| Yy |r — /|
respectively, where 9Q2 denotes the boundary of the conductive medium €2. The interior
electric potential u satisfies the Neumann problem

cAu(r) = V-JP(r), req, (8)

Opu(r) = 0, r €. 9)

Equations (6) and (7) are the scalar and the vector invariants [§] of the dyadic equation
~ r—T PO r—1r ,

D(r)=Q® P fajgmu(r )n(r)®mds(r ), (10)

which completely characterises the electric and magnetic activity of the brain [7].

In the particular case that the conductor is a sphere of radius a with conductivity
o, the dipolar current (5) generates the electric potentials u®, the electric fields E*,
the scalar magnetic potentials U™T, and the magnetic induction fields B¥, where the
superscripts + and — denote exterior and interior fields, respectively.

The potentials u* solve the boundary value problems

cAu=(r) = Q-Vi(r—r1), r<a, (11)
opu (r) = 0, r=«a (12)
and
Aut(r) = 0, r>a, (13)
ut(r) = u (r), r=aq, (14)
ut(r) = OQ/r?), r— oo, (15)
respectively.

In the region Q° exterior to the conductor, the field BT is both irrotational and
solenoidal, and therefore it can be represented as the gradient of a harmonic function

Bt (r) = Z_;vuw), (16)
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where U™ is called the scalar magnetic potential. The magnetic potential satisfies the
exterior problem

AUT(r) = 0, r>aq, (17)
U (r) = —%, r=a, (18)
Ut(r) = 01/r?), r— oo, (19)

where the notation ~ on the top of a vector denotes unit magnitude, and the Neumann
condition (18) is obtained from formula (7). Equation (7) also provides the interior
magnetic field B~ .

3. Electroencephalography. A particular solution of (11) is given by
1 r—T 1 1

- 0. = Q- V,———. 20
up(T) dro r— 7 471'0'Q |r — 7| (20)
Then

u” (r) = up(r) +w(r), (21)

where the harmonic function w satisfies the Neumann condition

1 1

Oy =—0,Q - Vy——m, = q. 22
wr) dro Qv |r — 7| rea (22)

It was shown in [6] that an interior harmonic function satisfying (22) can be represented
in the form

1

wr) = ol N(a?',7)0w(ar)ds(r")
- - N(a# 1)0.Q - Vy s (r) (23
T 4m2ac f_, o TR Ve )
where the Neumann kernel NV is given by
N(r',r)= B In[|r’ —r|+#" - (' —7)] (24)
’ ' —r| '
Let G denote the fundamental solution of the Laplace equation
1 1
Gir',7r)=——— 25
e (25)
and define the integral
1
D(r,t)=— N(a#', )0 G (o', T)ds(r"), (26)
Ve =«

where the observation point 7 appears in the Neumann function and the source position
7 appears in the double layer kernel. Then, equations (21)-(26) imply

ou (r)=Q -V [D(r,7)— G(r,1)]. (27)
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Using the values ™ (a#) in (14) and Poisson’s integral formula for the sphere [6], we
obtain the following representation for the exterior electric potential:

D(T/a T) B G(T‘/, T)
v —r[?

ds(r"). (28)

ut(r) = —@Q-VT

r'=qa

Straightforward calculations, using either eigenfunction expansions or images [4], lead to
the following solutions:

_ 1 > v
u (T’) = 471'0'Q [T—T|+Z<1+n> agn_HPn(’r'T)‘|

n=1

- Lo [Leel by
dro rR « 202
where
P=r—1, P=|P|, R=%r—7, R=|R| (30)
and

2n+1 1"
+ _ 5 A
ut(r) = 47TJQ Vr Z Y Po( - 7)

- lov,

4o

1 rP+r-P
- In———
r 212

Q_[P 1PT+TP]

ST N . 1
P iPPryrP| T (31)

4o

The integral representation for u*also follows from the standard Poisson integral formula
for the sphere [0].
In summing the series in (29) and (31) we have used the fact that the function

Z % (cos®), p<1 (32)

solves the initial value problem

pf5(p) (1—2pcosf+p*) 12 —1,
fo(0) = 0 (33)

and therefore

1—pcosf++/1—2pcosf + p?
folp) =—In 5 : (34)



776 G. DASSIOS anp A. S. FOKAS

The contributions of the induction current to the electric fields v=, u™ are given by

_ Q olR r Rr+rR

) dro 7 R3+a2RRr+r-R r TS (35)
gy = Q| B L PrirP

frin) = 4m7{P3+rPPW+r-P o (36)

respectively. In view of the definitions (30) and Kelvin’s theorem

2

afr = (5) a2 (%) (37)

« r

it follows that f~, f* are images of each other under the harmonicity-preserving Kelvin
transformation r — («/r)%r [15].

The electric fields E~ and E1 can be determined using equation (4) and any of the
expressions in (29) and (31), respectively.

4. Magnetoencephalography. Equations (7) or (10) yield

47 T 1 1

TRB(r) =0,U(r) = —QXiT;" = —QxT Ve r>a.  (38)

o I — | r lr— 7|

In analogy with (23) we obtain
Ulr) = ——— ¢ N(ai',r)o,U(ai)ds(r')
4’/TOZ r=a ’ "

R N(a# , P)Q x T+ Ve T ds(r) (39)
 4ma? [._, ars TV |r! — 7| S\

where the minus sign accounts for the exterior problem and N is defined by (24).
Define the integral

S(r,7) = o2 N(a#',7)G (o, T)ds(r"). (40)

r'=a

Then, the magnetic potential is represented by
Ur)=—(Qx71-V.)S(r,7), r>a. (41)

Note that IV depends on the observation point r, G depends on the source point 7 and
the directional differentiation depends solely on the variables of the dipole.
The function U defined by (41) is harmonic; using the identity

2 .2
ON(ai' 7y =22 "

- 42
r |O(7A"l o 'I°|3 ( )
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as well as Poisson’s integral formula for the sphere [0], we recover the Neumann data
(18):

1 2 _ .2 G A/’
arU(’I’) — __Q xT- -V, |:Ol T ‘7{ %TZCZS(TI)
r o r—a o — 7]
1
= ——Qx7-V,
r — |
QxT-7
Utilising the classical expansion
1 = o ,
|r1_r|:ZTn+1P"(r'r)’ r<r (44)
n=0
and the identity
1
87,/ h’lHT’/ — 7'| —+ 7/:’/ . (7'/ — TH = m, (45)
we obtain the expansion
o] n+1
2 1/
N(r',r) = n:l (T—) P,(#-#"), 7 <r (46)
n r

n=0

By substituting (44) (with 7 replaced by 7) and (46) into (39), applying the addition
theorem [I§],

n

47 m* moal\ ~ A~/
T 2 Y EYIE) = PR, (47)

m=—n

where Y," denotes the orthogonalised complex form of spherical harmonics, and using
orthogonality, we obtain the following expansion:

TTL

o] 1 o
U(T):QXT'VTZTL—HWPTL(T'T), r> . (48)
n=1

Using (32)-(34) to sum the series in (48) and applying the relevant directional differen-

tiation we obtain

QxT-r
Ulr)= —— 49
") = ey (49)

where
F(r,ro)=|r—7|[r|r—7|+7- - (r—7)]. (50)

The expression (49) for the scalar magnetic potential coincides with the one obtained in
2], [20] via integration.

For the evaluation of the exterior magnetic field we can use formula (16) and either
(48) or (49). Alternatively, in order to demonstrate how the two fields are connected via
the Kelvin transformation, we prefer to follow the interior-exterior expansion approach

[14].
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From equations (31) and (47) we obtain

ou(or) =Q -V, Z Z anﬂ ()Y (7), (51)

n=1m=-—n

where u is either the interior or the exterior potential. Substituting (51) into (7) and
using the identity

,  r—r 1
—r Xm:'f’xvrm, (52)
we arrive at
47 r—T
—B Qx —
1o r) = lr—7

HQ VXY Y = (D) @t rta (6

n=1m=-—n
where .
e = § P ) (54)
|p|=1 Ir — apl
and the + and — signs indicate the regions exterior and interior to the sphere, respectively.
Appropriate use of equation (44) and orthogonality leads to the expressions

47 r’
I (r) = ————y"(7), f
= (r) ot 1o tiin (7), forr <a (55)
and A
m-+ 4 Oén m (=
" (r) = 2n+1r”+1Y (), forr > a. (56)

Using equations (32)-(34) and (47) to sum the series, we obtain the following closed form
expression:

4
/j; ) =Q x | ‘ —(Q-Va)(r X Vy) LE(r, ) (57)
with . P
L~ (r,7)= o ln% forr < a, (58)
and

1 F(r,T)
+ . )
Lrr ) = gy

forr > «, (59)
where the function F isgivenby (50), and #=(a?/r?)r is the Kelvin image of r with
respect to the conductive sphere. The two functions L~ and LT are connected via
Kelvin’s theorem (37), and since the operator r x V,. remains invariant under the Kelvin
transformation (since it involves only tangential operations), it follows that the parts of
the fields B~ and B™ that are due to the induction current are connected via Kelvin’s
theorem. Hence, as far as the effect of the conductive brain tissue is concerned, the MEG
fields behave exactly the same way as the EEG fields.
The fields BT are solenoidal (see (3)) and therefore they can be represented in terms
of the vector potentials AT by
4

—B*(r) =V x A%(r). (60)
Ho
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Hence, equation (57) implies that

Q

A

+7(Q V) LE(r, 1), (61)

where LT are given by (58), (59).
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