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Abstract. Within the framework of linear viscoelasticity this paper deals with the
study of spatial behavior of solutions describing harmonic vibrations in a right cylinder
of finite extent. Some exponential decay estimates of Saint—Venant type, in terms of the
distance from the excited end of the cylinder are obtained from a first-order differen-
tial inequality concerning an appropriate measure associated with the amplitude of the
steady-state vibration. The dissipative mechanism guarantees the validity of the result
for every value of the frequency of vibration and for the class of viscoelastic materials
compatible with thermodynamics whose relaxation tensor is supposed to be symmetric
and sufficiently regular. The case of a semi-infinite cylinder is also studied, and some
alternatives of Phragmén—Lindelof type are established.

Introduction. The present paper is concerned with the study of the spatial behavior
of solutions in a right cylinder made of an anisotropic and homogeneous viscoelastic
solid. We consider a finite cylinder subject to boundary data varying harmonically in
time on one end, while the other end and lateral surface are clamped. The history of the
displacement up to time ¢ = 0 is supposed to be known and the body force is assumed
to be absent.

Initial boundary value problems of this type have been treated by Flavin and Knops [I]
in the framework of the linearly damped wave equation and the linearly elastic damped
cylinder. They proved that in both cases the existence of damping gives rise ultimately
to a steady-state oscillation, whose amplitude decays exponentially from the excited end
provided the exciting frequency is less than a certain critical value. The latter case has
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been investigated under the assumption of positive definiteness upon the elasticity tensor.
This work has been followed by further developments (see [2, [3, 4, [5, [6] and the references
therein). The results established in these papers suggest exponential decay of activity
away from the excited end, provided the frequency of vibration is lower than a critical
value and the constitutive coefficients satisfy some positive definiteness conditions.

The present paper is devoted to the linear theory of viscoelasticity. We recall that
mathematical theories of materials with fading memory have been developed to a great
extent in recent decades (see, for example, the books by Day [7], Leitman and Fischer [§],
Christensen [9] and Fabrizio and Morro [10]). Here, we consider a viscoelastic solid whose
relaxation tensor is symmetric, sufficiently regular and compatible with thermodynamics.
According to [10], [I1], the compatibility with thermodynamics implies that G%,, (-),
the half-range Fourier sine transform of the relaxation tensor, is negative definite.

A prismatic cylinder made of a linear viscoelastic material is subject to a harmonic-in-
time vibration on its basis, while the remaining boundary is clamped. For the amplitude
of the steady-state vibrations occurring in the cylinder we associate an adequate measure.
Then, following standard arguments concerning the Saint—Venant’s principle [12] 13 [T]
we infer that the decay of the amplitude of vibrations is described by an exponential of
the distance from the excited end of the cylinder, provided that the negative definiteness
of G, () is assumed. We also indicate how to extend the results to a semi-infinite
cylinder.

Furthermore, we relax the assumption on the relaxation tensor by assuming that
—G'f,lmn(-) is strongly elliptic. By introducing such a hypothesis we are considering a
very large class of materials, including those new materials with extreme and unusual
physical properties such as a negative Poisson’s ratio (that is, so-called auxetic mate-
rials). These are materials with heterogeneous structure, including natural viscoelastic
composites such as bone, ligament, and wood, as well as synthetic composites, bioma-
terials, and cellular solids with structural hierarchy (see, for example, [14], [15]). Such
a material expands laterally when stretched, in contrast to ordinary materials. On the
basis of the strong ellipticity of —G
of the amplitude of vibration and to establish appropriate spatial estimates describing
the spatial evolution of the amplitude in question.

All spatial estimates established in the present paper hold for arbitrary values of the
exciting frequency under the hypotheses upon the relaxation tensor suggested by the
dissipation inequality. We recall that the spatial behavior of the transient component of
the solution has been established by Chirita et al. [16] and Chiritd and Ciarletta [17].

S

% mn() we are able to introduce adequate measures

1. Formulation of the problem. Throughout this paper, we shall denote by z1,
To, x3 the rectangular Cartesian coordinates and by t the time. We employ the usual
summation and differentiation conventions: Latin subscripts are understood to range
over the integers (1,2,3), whereas Greek subscripts are confined to the range (1,2),
summation over repeated subscripts is implied, subscripts preceded by a comma denote
partial differentiation with respect to the corresponding Cartesian coordinate, and a
superposed dot denotes time differentiation.
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We assume that B is the interior of a right cylinder of length L > 0 whose cross
section is bounded by one or more piecewise smooth curves and choose the Cartesian
coordinates such that the origin lies in the excited end of the cylinder and such that the
x3-axis is parallel to the generators. Let D(z3) denote the cross section of the cylinder
corresponding to the axial distance x3 to the excited end, and let dD(x3) denote the
cross-sectional boundary. We denote by 7 the lateral surface of the cylinder, that is,
m=0D x [0, L].

Let us suppose that a homogeneous and anisotropic linear viscoelastic material fills B.
According to the linearized theory of isothermal viscoelasticity [10], the fundamental sys-
tem of field equations, in the absence of the body force, consists of the strain-displacement
relations

1
er] = §(ur,g + ), in B x (—o0,00), (1.1)
the constitutive equations
tr; = Grimn(0)€mn —I—/ Grimn(s)el, (s)ds, in B x[0,00), (1.2)
0

and the equations of motion
trr = poti, in B x (0, 00), (1.3)

where wu; are the components of the displacement vector, e,; are the components of the
strain tensor, ¢,; are the components of the stress tensor and e’, represent the history
up to time ¢, namely e, (s) = e, (t — s), s > 0. Further, py is the constant mass density
and Grimn(t), 0 < t < oo, are the components of the relaxation tensor satisfying the
symmetry relations

Grlmn(t) == Glrmn(t) = Grlnm (t); t Z 0. (14)

The tensor G.tmn,(0) is called the instantaneous elastic modulus and governs the response
to instantaneous changes in the strain. We suppose that the relaxation tensor Gyimn(+)
has a continuous derivative Grmn(+) and that the equilibrium elastic modulus

Grlmn(oo) = tllg.lo Grlmn(t) (15)

exists. We take G, imn(00) to be a positive definite tensor so that the body is a solid.
Moreover, we assume that the relaxation tensor is symmetric, that is,

Grlmn(t) = Gmn'r'l(t)a t>0. (16)

We recall that the behavior of the relaxation tensor Grimn(t), 0 < t < oo, when
the material is compatible with thermodynamics or the material is dissipative, has been
discussed in various papers (see Day [18], Fabrizio and Morro [10, 11], Wilkes [19] and
the references therein).

In this paper we suppose that the material is compatible with thermodynamics. Ac-
cording to Fabrizio and Morro [I0, p. 47], this hypothesis assures that the half-range
Fourier sine transform

ot (W) = / Grimn(8) sin(ws)ds, w >0, (1.7)
0
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of the function Gy imn € L'([0,00)) is negative definite. Such a condition inspires the
assumptions upon the relaxation tensor made in the present paper in order to establish
the spatial behavior of the harmonic vibrations. In fact, the results described in Section
2 are obtained by assuming the positive definiteness of *Gilmn (w), while in Section 3 we
relax this condition by assuming —G%,

(w) to be strongly elliptic.
Since the above assumptions upon G2, (w) there seem to be not so transparent,

rlmn
we illustrate the relationship between the relaxation tensor G,imn(t) and the half-range

Fourier sine transform G¥,, (w) of Gyimn(t) by a simple example. Thus, let us consider

the case of decay exponential memory with Gyimn(t) = G+~ Hotmn, @ > 0, Hyjmn,

and G2 independent of ¢ and G positive definite (the body is a solid). Then, the

rlmn rimn
half-range Fourier sine transform is G2;,,,,,(w) = — ﬁHrlmn. Therefore, the half-range
Fourier sine transform is negative definite if and only if H,j,, is positive definite, while
the strong ellipticity of —~G?,
Particularly, in the isotropic case when Hy pmn = A0riOmn + 1(0rmin + 6rndim), the

positive definiteness of —G%, (w) is equivalent with x> 0, A+ 240> 0, while the strong

(w) means the strong ellipticity of H, ., and conversely.

rlmn
ellipticity is equivalent with p > 0, A4+2p > 0 (see Gurtin [20] for a discussion concerning
the strong ellipticity of the elastic tensor).

The situation changes a little when G,.j,,(¢) is a sum of exponential functions, that
is, Goimn(t) = G5, + SN _ e @rtHE o, >0, G, —and HE  — independent of
t for all P = 1,2,..,N and G, positive definite. Clearly, —G?%,, (w) is positive
definite (or strongly elliptic) if and only if the linear combination Zgzl ﬁHﬁmn is

positive definite (or strongly elliptic), so that it is not necessary that all tensors Hﬁmn

be positive definite (or strongly elliptic) such that —G%, (w) be positive definite (or

strongly elliptic) but just a linear combination of the tensors Hf, .

Let us consider the Cauchy problem expressed by the relations (I1I), (I2), (L3), the
lateral boundary conditions

u =0, on 7 x [0, 00) (1.8)
together with the end boundary conditions

u = w4y (x1, o) exp(iwt), on D(0) x (0,00), (1.9)
u, =0, on D(L) x (0,00) (1.10)

and the initial history condition of the displacement
up = ai(x1, 2, T3,1) , in B x (—o00,0]. (1.11)

In the above relations w is a positive constant (frequency of vibration), i = /—1 is the
unit complex number and 4;, a; are prescribed functions.
It is easy to see that

w = Up(x1, 22, 23,t) + (21, 22, 23) exp(iwt) , (1.12)

where U, (transient solution) absorbs the initial history and satisfies the null boundary
conditions and the equations (ILT)), (L2Z) and (L3), while v; (amplitude of steady-state
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solution) satisfies the boundary value problem consisting of the field equations

Trir = —powv;
T = GTlmn(O)gmn + (/ Grlmn(3>€_iwsd$) Emmn s (113)
0

1 .
Erl = §(vr,l + /Ul,r)a 1 B7

subject to

vu=0, on T (1.14)
and
v = (1, 22) , on D(0), 1.15)
v =0, on D(L) (1.16)
If we introduce the notation
Cortmn(w) = Grimn(0) + Gy (w), (1.17)

where Gﬁlmn(w) is the half-range Fourier cosine transform of the function Grlmn €

L1([0,00)), i.e.
e (W)= /O " G (5) cos(ws)ds, (1.18)
then from (L7) and (LI3) we deduce the following system of partial differential equations:
(C’Tgmn(w) — iGilmn(w)>Un,mT + pow?v; = 0. (1.19)
For later convenience, we note that 7;.; may be written in the form
T, = <CTlmn(w) - iGilmn(w))emn. (1.20)

U, represents essentially the transient, and v; exp(iwt) is the forced oscillation. We
recall that the spatial behavior of the transient solution U; can be studied by the methods
developed by Chirita et al. [16] and Chiritd and Ciarletta [I7]. So in what follows we
will study the spatial behavior of the amplitude of the steady-state vibration satisfying
(TI3) under the boundary conditions (II4)), (II5) and (LI6). Since the effects caused
by U; in the cylinder are transient, the decay estimates for v; are of interest for large
time ¢.

2. Spatial behavior based on the positive definiteness of —Gﬁlmn(w). Through-
out this section we shall assume that —anlmn (w) is positive definite. Let us consider the
boundary value problem defined by the equations (L.I9) (or (II3])) and the boundary
conditions ([LI4), (TIH), (II6) and let us introduce the following cross-sectional func-

tional

I(x3) = /D( )’L'(Trg,ﬁr —Trg’ljr)dA
x3

(2.1)
= /D( ) [iCr3ml(w) <vl,mﬁr — El’mw> + GiSml(w) (Uz,mﬁr + El,mv,«)} dA ,
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where the superposed bar denotes the complex conjugate. By using the symmetry as-
sumption of G, and the negative definiteness property of the tensor G%,  (w), we
prove in this section that I(-) is an acceptable measure of the amplitude of steady-state
vibrations that decay more rapidly than an exponential of the distance from the ex-
cited end of the cylinder. To this end we follow the standard procedures concerning the
Saint—Venant’s principle [12] 13} [1].

Thus, from (2.1), by direct differentiation, we get

dl . _ _ “s _ _
—(2133) = / (o) |:ZC7'3ml (W) ('Ul,mvr,?; - Ul,mUT,S) + G7-3ml (w) ('Ul,mvr,3 + UZ,WLUT,3):| dA
D(xz3

dxg
+ / |:icr3ml(w) (vl,m?yﬁr - il,m?yv'r) + G.igml(w) <'Ul,m3ir + 6l,m3vr)i| dA .
D(x3)

(2.2)

By using the field equations (I.I9]), the square bracket of the second integral may be
written in the form

Z.Cr?)ml(w) (’Ul,m?)ﬁr - El,mi’yvr) + Gigml(w) <vl,m36r + 5l,rn3/U7")
(2.3)

. — — NS — —
= i) (V15 = Trngr) = Gt (@) (T + T ).

The divergence theorem, the boundary conditions (LI4]), the symmetry of the tensors
Crnmi(w), G2, (w) and the above relation may be used to write dI /dzs in the form

dl

—(z3) = 2/ G’f,nml(w)vl,mmyndA . (2.4)
dZIJ3 D(wg)

Now, since the fourth-order tensor —G* (w) is symmetric and positive definite, then
there exist two positive constants depending on w, denoted by v™ and v™, such that

Vm(w)ClTer < _G?rnp(w)ClTan < VM(W)ClTer’ (25)
for every symmetric second-order tensor ;.. From (Z4) and ([Z3) we deduce
dI —
AL 1) < 20 () / cnEndA <0, (2.6)
drs D(z3)

where ¢, is defined by (LI3))s, so that I(-) is a nonincreasing function. We also note
that (LI6) assures that I(L) = 0, so that I(x3) > 0 for all z3 € [0, L].

On the other hand, letting o be a positive parameter and using Schwarz and arithmetic-
geometric mean inequalities one deduces

- — 1
I(x3) < / |T,3iv, 4 Tr3iv, |dA < 0'/ TTdA + — / v, UrdA . (2.7)
D(x3) D( D(=3)

z3) o

Denoting by Y’ and YT’ the real and imaginary parts of the complex quantity Y, then

from ([[I3)3 and (L20) it follows that

T’r/'l = Crlmn(w)siym + Gilmn(w)gxmn7 (2 8)

'rHl = CTZm?’L(w>EZ1n - G.ilmn(w)‘g;nn‘
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Let us denote by ch (w) the largest eigenvalue of the symmetric and positive semi-
definite tensor Bgnpg(w) = Crisn(w)Cripg(w). Then by the usual techniques it may be
established that

_ 2
TTr =TT, + THTy < (CM (w) + VM(W)) EriErl- (2.9)

Further, letting B(l, h) denote the cylinder slice bounded by the plane ends z3 = I
and x3 = [+ h, then the boundary condition (II4)) and the relation (23] assure that the
following inequalities hold:

f/ meH#WWZm%W/ oLl dV,
B(wg,,h) B($3>h) (210)

[ e = ) [ wuav
B(zs,h B(z3,h)

where wgsrh) is the lowest frequency of vibration of the cylinder B(xs,h) filled by an
elastic material whose components of the constant elasticity tensor are — 'inml (w) and

whose lateral surface is clamped and whose plane ends are free. We note that more
information concerning the inequalities ([Z.10) and the frequency wq(h) may be found in
the paper by Toupin [12] and in the monograph article by Gurtin [20].

From (ZI0) we deduce the following Poincaré-type inequality:

- / G2 (@)ernEmdV > pow? (h) / v, 0, dV. (2.11)
B(zs,h) B(zs,h)

The relations (2.8), 7)), 29) and 2I1) assure that the function
1 $3+h
Qs =5 [ 1)y (212)

3

satisfies the inequality

olc,, (w)+vMw) ’ UM (4
Q(ﬂ:s,h) < < ( . ) + (jhﬁﬂf}%?h)) /B(m&h) er1€rdV. (2.13)

On integrating (2.6]) between x3 and 3+ h and using the definition ([2I2]) we deduce

oQ 1 0™
— =—(7 -1 < —— E . 2.14
s (s ) = 3 (Ts 4 1)~ I(ws)) < == oy rEAV 214
Thus, from ZI3) and ([2I4) one obtains
Q
7(0—7 h’a w) 7(%3, h) + Q(l‘g, h) < Oa (215)
8%‘3
where
u 2
7 () + 1 (w)) VM ()

~v(o, h,w) = (2.16)

20 (w) + 20 pow3 (h)v™(w)
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Setting the parameter ¢ in order that the above quantity be a minimum, that is,

1 vM(w)
on =
@) W)\ powg(h)’
(2.17)
ey (W) +vM(w) [ vM(w)
m h,UJ = g ,h,UJ = A ’
) =30 ) =T\ R )
from (2.I5) we deduce
T3
< - ). 2.1
Qs h) < Q0. exp(~——7 ) (2.18)
Moreover, since I(+) is a nonincreasing function on [0, L], we have
I(zs 4+ h) < Q(xsz, h) < I(z3). (2.19)

The above relations lead to the following.

THEOREM 2.1. The cross-sectional function I(x3) defined by (Z1)) in connection with the
boundary value problem (LI3))-([T.I0) is an acceptable measure of solution and satisfies
the following decay estimate:

0 < I(xs) < I(0) eXp(—Lh)), h<us <L, (2.20)

where v,,,(h,w) is defined by 2.17)s.

3. Spatial behavior under the strong ellipticity of —G* (w). In this section

rlmn
we will study the spatial behavior of the amplitude of vibrations by using the strong

ellipticity condition for —G%,,,,, (w), that is,

—G jlmn (w) frﬁmClCn >0 (3.1)

for all nonzero vectors (£1,&2,&3), (C1,C2,(3). Such a condition is obviously milder than
that expressing the positive definiteness of —Gilmn (w). In fact, by using this hypothesis
we are considering a very large class of materials including those new materials with
extreme and unusual physical properties such as a negative Poisson’s ratio (that is, so-
called auxetic materials). These are materials with heterogeneous structure, including
natural viscoelastic composites such as bone, ligament, and wood, as well as synthetic
composites, biomaterials, and cellular solids with structural hierarchy (see, for example,
[14], [15]). Such a material expands laterally when stretched, in contrast to ordinary
materials.

Since such a study can be too complex for general anisotropic viscoelastic materials,
we proceed here to pursue such a procedure for some particularly important classes of
materials, namely that of transversely isotropic and rhombic systems.
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3.1. Transversely isotropic materials. Many natural and man-made materials are clas-
sified as transversely isotropic (or hexagonal). Such materials are characterized by the
fact that one can find a line that allows a rotation of the material about it without
changing its properties. The plane, which is perpendicular to this line (the axis of rota-
tional symmetry) is called a plane of symmetry or plane of isotropy. A modern example
for such a material are laminates made of randomly oriented chopped fibers that are in
general placed in a certain plane. The effective material properties for a bundled struc-
ture have no profound direction in that plane, which then becomes a plane of symmetry.
Hence, each plane that contains the axis of rotation is a plane of symmetry, and therefore,
transversely isotropic materials admit an infinite number of symmetries.

The restrictions placed on the relaxation tensor by transverse isotropy imply the fol-
lowing conditions:

G123 = G131 = Gi112 = G223 = Gaa31 = Ga212 = 0, -

G3323 = Gi3331 = Gaz12 = Gagz1 = Gaziz = G312 = 0, (3:2)
corresponding to the direction of transverse isotropy coinciding with the x3 coordinate
axis. Moreover, if we set

_ Ys _ s _ Ys _ s _ YS
911 = —Gl111, 922 = —G3990, 933 = —Gi333, 912 = —Gl1a0, 923 = —Giags,
_ s _ ¥Ss _ s _ S
g31 = _G3311, ga4 = —G23237 gs5 = —G3131, ge6 = —L1212;
(3.3)
s
then the only nonzero components G7,, .~ are

1
922 = 911, 933, 923 =913, 9J12, Y44 = G55, Y66 = B} (911 — 912) (3.4)
and the strong ellipticity condition ([BI]) becomes

966 (€1Ca — €3€1)° + 911 (61C1 + €262) + 2 (g13 + gs5) (611 + E2Ca) E3Ca
+ 93363C5 + 955 (E5CT + €23 + 6565 + €3¢3) > 0.

As is well known (see, for example, Merodio and Ogden [21], Chiritd [22]), such a

(3.5)

condition holds if and only if

g11 >0, g33>0, g55>0, g1 > g,
913 + g55| < g55 + /911933
On the other hand, the differential system (LI9) becomes

(c11 4+ ig11) vi,11 + [c12 + co6 + 7 (912 + g66)] V2,21 + (Co6 + 1g66) V1,22

+ [e13 + ¢s5 + i (913 + g55)] V3,31 + (c55 + ig55) v1 33 + pow?vy = 0,
[c12 + co6 + 7 (912 + g66)] v1,12 + (o6 + i966) V2,11 + (c11 + ig11) V2,22

+ [c13 + 55 + @ (g13 + g55)] V3,32 + (55 + 1gs5) V2,33 + pow?vy = 0, (3:8)
(cs5 +1955) (V311 + U3 ,22) + [c13 + €55 + @ (913 + g55)] (V1,13 + V2,23)

+ (c33 + ig33) v3 33 + pow?vs = 0,
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where

ci1 = Cii11, ¢33 = C3333, ci2 = Cii22, ¢31 = C311, 55 = Cs131,  ce6 = Cr212-
(3.9)

By means of the relations (I.T4) and (B8], we obtain the following identity:

d , - o

d_x3 /D( | {i[(c13 + ¢55) (V3Tp,p — V3V, p) + C55 (VpUp,3 — UpUp 3)
T3

+c33 (v3T3.3 — T303.3)] + g33 (V3T3.3 + T3v3.3) + G55 (V,Tp.3 + TyU,3)

966 (V1,2 — v2,1) (D12 — V2,1) dA

+ (913 + g55) (V30 + V3V,p) } dA = 2/ .
D(xs

3.10
+ 2/ [911 (V11 + v2,2) (D11 + U2,2) + g33U3 3T3 3] dA (810)
D(z3)

+ 2/ 955 (V1,301,3 + 31031 + V2 3023 + U3 2032) dA
D(z3)

+ 2/ (913 + 955) (Vp,pTs,3 + Tp pU3.3) dA.
D(x3)
Thus, we can introduce the function
Jh (.%3) = 7/ {Z [(613 + 055) (vgﬁpm — 1_)3Up7p) + Cs5 (’Up@mg — ’l_)pvmg)
D(x3)

+c33 (03033 — V303,3)] + vy [g550p,3 + (955 — K) U3,p] + Up [9550p,3 + (955 — K) V3]

+vs (933033 + (913 + K) Up,p] + U3 [g3303,3 + (913 + K) v, p] } dA,
(3.11)

where k € (0,2g55) is a positive parameter at our disposal. Then, the identity (BI0)
when combined with (14 furnishes

dJ,. _ _
~ (z3) = 2/ o6 (V1,2 — v2,1) (V1,2 — U2,1) dA
X3 D(z3)

+ 2/ [911Va,aUp,p + (g13 + K) (Vp,p03.3 + Up pU3.3) + g3303,303 3] dA
Diws) (3.12)

+ 2/ (955 (v1,301,3 + v3,103.1) + (gs5 — k) (V1,303,1 + U1.3v31)] dA
D(z3)

+ 2/ (955 (v2,302,3 + V3,2U3,2) + (g55 — K) (V2,303,2 + U2,303,2)] dA.
D(x3)

Further, for every gi5 satisfying (B it is possible to determine x € (0, 2gs5) so that
913 + K[ < V/g11933- (3.13)

In fact, the choice for x has to be such that

max (—g13 — /911933, 0) < £ < min (2955, —g13 + v/g11933) - (3.14)
Throughout the remainder of this section we assume that x satisfies the relation (B14).

With this choice we have
955 — K| < gss, (3.15)
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and hence we can deduce that

955 (V1,301,3 + v3,103,1) + (955 — k) (v1,303,1 + U1,303,1)

>m (v1,301,3 +v3,1031),

. ) I 3.16)
955 (V2,302,3 +v32U32) + (955 — K) (V2,303,2 + U2,3032) (
> m (v2,302,3 + v3,203,2)
where
71 = min (K, 2gs5 — K) . (3.17)
Moreover, the relation (ZI3]) implies that
911Va,aUpp + (913 + K) (Vp,pU3,3 + Uy pV3,3) + g3303,303 3 (3.18)
> N2 (Va,alp,p + V3,373.3) , ’
where
1 2 2
=g [911 + 933 — \/(911 —g33)" +4(g13+£)" | (3.19)
So we obtain
dJ, _ _
———(z3)>2 ge6 (V1,2 — v2,1) (V1,2 — U2,1) dA
dx; D(x3)
(3.20)

+ 2/ M2 (Va,aUp,p + V3,303,3) dA + 2/ M (Va,30a,3 + V3,003.4) dA
D(z3) D(z3)

dJ,. _ _ _ _
—— (z3) > 2/ M (Va,30a,3 + V3,003,0) dA + 2/ (M0, 8Va,p + N2v3,303,3) dA,
dxs D(s) D(s)
(3.21)

1o = min (72, ges) - (3.22)

Thus, from the relations [B20) and [B.2I) we can conclude that %’3" (z3) < 0 and
therefore Jy; (z3) is a nonincreasing function on [0, L]. Moreover, by recalling that the
relations (LI4) and @I imply J, (L) = 0, it follows that J,; (z3) > 0 and hence it can
be an acceptable measure for the amplitude of vibration.

Now we will proceed to obtain an appropriate estimate for the measure J,; (z3). To
this end we will use the lateral boundary condition (I.I4]) in order to write

/ Vr,aOr,adA > )\0/ v UrdA, (3.23)
D(x3) D(z3)

where )\ is the lowest eigenvalue in the two-dimensional clamped membrane problem for
the cross section D (x3). Then, by means of the Schwarz and arithmetic-geometric mean
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inequalities, from [BI1)), (B13) and (BI5) we obtain
I (23) < —h (lers + ess] + \/911933)/ Va,aUp,pdA
D(=3)

1
+ (less| + 2955)/ Va,pUa,pdA
Ao D(x3)
+ (|C13 + ¢s5] + |cas| + 955 + 933 + \/911933)/ V3,503 ,dA (3.24)
D(z3)

+ (less| + gs5) / Ve, 300,30 A

D(z3)

+ — (|633| + 933) / 113,3173736114.
\/)‘_0 D(z3)

Furthermore, by using the relations (820) and (32I]) into (3:24]), we obtain the following
first-order differential inequality:

-H-s s

dJ,
Ji (x3) < g (x3)  forall xz3 €0, L], (3.25)
3
where
n= c13 + ¢s55| +1/911933) + Mo, 3.26
o ews + el + V) (3.26)
mo = L oox (|055| + 2955 ma |ess| + 933>
2v A0 mo T m M ’
mq = max (|cs5| + g55, |c13 + 55| + |css| + g55 + 933 + /011933) - (3.27)

By integrating the differential inequality ([B:25]) we can deduce the requested estimate.
These results can be embodied in the following theorem.

THEOREM 3.1. In the context of a finite cylinder made of a viscoelastic material, the
cross-sectional functional J, (x3) represents an acceptable measure of the amplitude of
vibration and satisfies the following exponential decay estimate:

0 < Ji (z3) < J,; (0) exp (—%) for all x5 € [0, L]. (3.28)

3.2. Rhombic materials. In this subsection we shall consider the class of rhombic vis-
coelastic materials with the group C3 generated by RZ,, Rg, (here R? is the orthogonal
tensor corresponding to a right-handed rotation through the angle 6, 0 < 8 < 27, about
an axis in the direction of the unit vector e). Such a class of viscoelastic materials is

characterized by the only nonzero coefficients:

_ s _ s o s - t s _ fe
g1 = =Gl 922 = —Ghzo, 933 = —Gigaz,  g12 = —Glige, 923 = —Gaas,

931 = —Giz11,  gaa = —Go393, G55 = —G3131,  ge6 = —Glago-
(3.29)



ON SPATIAL BEHAVIOR IN LINEAR VISCOELASTICITY 719

Then the strong ellipticity condition (4.1) is equivalent with the following conditions

(123]):

911> 0, g22>0, g33>0, g4a>0, ¢g55>0, ges>0, (3.30)
—2066+r51/911922< G12< K3\/911922,
—20,44+K1v/922033< Go3< K3+/922933,
—2g55+K5\/911933< 913< K3+/911033, (3.31)

where (ki,k3), (K4, «5) and (x4, K3) are solutions with respect to z, y and z of the
equation S (z,y, 2) = 22 +y% + 2% — 22yz — 1 = 0, satisfying |z| < 1, |y| < 1, |2| < 1 and

c { 923 gos + 2944} c { 913 913 + 2955 } s c { g12 912 + 2ges }
V922933 \/922933 VO11933" /911933 V119227 /911922

We introduce the following function:

K, (z3) = — /D( : {i[(c13 + c55) (V3011 — U3v1,1) + (23 + caa) (V32,2 — V3v2 2)
T3

+cp5 (V101,3 — V101,3) + Caa (V2023 — Tava 3) + €33 (U3U3 3 — U3¥s.3)]
+v1 [95501,3 + (955 — K2

+v2 [g44T2,3 + (gaa — K1

U3,1] + 01 [g55v1,3 + (955 — K2) v3,1] (3.32)
U3.2] + U2 [gaava,s + (955 — K1) V3,2]

O1.1 + (g23 + K1) U2,2]

v1,1 + (923 + K1) v2,2]} dA,

— — ~— —

(
+v3 [93303,3 + (913 + K2
+03 [g33v3,3 + (g13 + K2

where k1 € [0,2g44], k2 € [0,2g55] and k3 € [0,2ggs]. Further, we note that the direct
differentiation and basic equations (LI2]) imply

_dE,
dI?,

+01,102,2) + (913 + K2) (V1,103,3 + T1.103,3) + (923 + K1) (V2,203,3 + T2 203 3)] dA

(x3) = 2/ [91101,101,1 + g22U2 2U2 2 + G3303.303.3 + (912 + K3) (v1,172,2
D(z3)

+ / (966 (V1,201,2 + V2,102,1) + (ges — K3) (V1,202,1 + V1,202,1)] dA
D(z3)

+ / (955 (v1,301,3 +v3,103,1) + (955 — K2) (V13031 + D1,303,1)] dA
D(z3)

+ / (944 (V32732 + V2,3V2.3) + (gaa — K1) (V2,332 + V2,303 ,2)] dA.
D(x3)
(3.33)

We now choose k1 € [0,2g44], k2 € [0,2g55] and k3 € [0, 2ges] so that P (z,y,z), with

3 _ g23+tkK1 _ G913+tkKo _ 912+Ks3 3 L. 3 T3
coordinates x T YT Ui 7 T Ve lies inside the region limited by the
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surface S (z,y, z). On this basis we deduce that

Gaa (V32032 + V2,302 3) + (gaa — K1) (V3,202,3 + U3,202,3)

> my (v3,203,2 + V2,3023), (3.34)
955 (V1,301,3 + v3,103,1) + (955 — K2) (v1,303,1 + U1,303,1)

> ma (v1,301,3 +v3,1031), (3.35)
966 (V1,201,2 + v2,102,1) + (966 — K3) (V1,202,1 + U1,202.1)

> mg (v1,201,2 + v2,102,1) , (3.36)
911011011 + g22V2,202.2 + 93303 303 3 + (912 + K3) (V1,102,2 + T1,1V2,2)

+ (913 + K2) (v1,1U3,3 + U1,103,3) + (923 + K1) (V2,2U3,3 + V2,203,3)

> my (v1,101,1 + V22022 + V3303.3) , (3.37)

where

my = min (2944 — K1, K1), Mo = min (2gs5 — K2, k2), m3 = min (2ges — K3, K3) ,
(3.38)
and my is the lowest positive eigenvalue of the linear transformation given by the matrix

g11 g12 + kK3 913+ Ko
912 + K3 922 923 + K1 |- (3.39)
g13 + K2 g23 + K1 933

Therefore, relations (3.33) to (B37) imply

dK,,
dZIZg

(x3) > / [ma (v3,2T3,2 + v2,302.3) + M2 (v1,301,3 + v3,173,1)
D(x3) (340)

+mg (V12012 + V21T2,1) + Mg (V11011 + V22022 + U3 303 3)]dA > 0,

and hence K,; (z3) appears as a nonincreasing function with respect to x3 on [0, L]. More-

over, the relations (LI4) and (332)) imply K, (L) = 0 and so it follows that K, (z3) >0

for all x5 € [0, L] and K, (z3) is an acceptable measure of the amplitude in question.
We recall that

|44 — K1| < gaa, |g55 — k2| < 955, |966 — K3| < ges,

3.41)
lg23 + k1| < /9220933, 913 + k2| < /911933, |912 + k3| < /911922 (
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and use the Schwarz and arithmetic-geometric mean inequalities and ([3.23)) to estimate
K, (z3), so we obtain

1
K, (z3) < e [lc13 + ¢s5] + |cs5| + 2955 + /911933] / v1,101,1dA
0

D(z3)
1
+ —— [|cas + caa| + |caa| + 2944 + /922933 / V2,202 2d A
VAo D(xs)
1 1
+ —— [[es5] + 2g55) / V1,201 2dA + —= [|caa| + 2g44] / vg,1U2,1dA
VAo D(z3) VAo D(x3)
1
+ ——=[|c13 + ¢55] + |cas + caa| + |e33| + 933 + 955 + /911033
Vo
1
+1/922933] / v31031dA + —= [|c13 + 55| + |ca3 + caa| + |cas| + g33 + gaa
D(z3) VAo
1
+1/911933 + /922933] / V3,203 2dA + —— (|cs5| + g55) / v1,301,3dA
D(3) VAo D(a3)
1 1
+ —— (|caa| + 944)/ V9 302 3dA + —— (|ess| + 933)/ v3 303 3dA.
iV )\0 D(z3) V )\O D(z3)

(3.42)

From the relations (840) and [342) we can obtain a first-order differential inequality
such as ([B.20]), and hence we have a spatial estimate such as [3:28)), where now 7 is given
by

1 1 1
n= max{ PLE2 2 (Jess] + 2955)  — (Jeaa] +2944) s — (0 + g55)
VAo My My M3 ms mo (3.43)
1(+)1(| \+)1(\ |+)1(| | + g33) |
el —(le —(le el
. Ho T G44 " 55 gs5 " 44 944 " C33 g33) ¢

and

p1 = |e13 + css] + [cs5| + 2955 + /911933, p2 = |ca3 + caa| + |caa| + 2944 + /922033,
po = |c13 + Cs5] + |cas + caa| + |e33| + 933 + /911933 + \/922033-

(3.44)

4. Concluding remarks. i) In this paper we have obtained some exponential decay
estimates, similar to those of Saint—Venant type, for a right homogeneous viscoelastic
cylinder, of finite extent, subjected to boundary data varying harmonically in time on
one plane end.

Specifically, the estimate described in Theorem 2.1 holds for every value of the fre-
quency of vibrations and for the class of viscoelastic materials whose relaxation tensor is
supposed to be symmetric, sufficiently regular and compatible with thermodynamics. In
fact, we used just the property expressing the positive definiteness of the half-range sine
Fourier transform of the fourth-order tensor —Grlmn(-)7 while the estimate described in
Theorem 3.1 holds for every value of the frequency under the weaker assumption that

the fourth-order tensor —G7,,,.., (w) is strongly elliptic.
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A relevant example pointing out the relationship between the assumptions upon the
half-range Fourier transform G (w) and the properties of G, (t) has been given in
Section 2 when the case of decay exponential memory was considered.

ii) The results may be easily extended to a semi-infinite cylinder, namely the case
when L — co. In what follows we exemplify this for the case of the measure I(x3). Then
only two possibilities are possible: a) I(z3) > 0 for all x3 € [0,00); or b) there exists
x5 € [0,00) such that I(z3) < 0.

In case a), since I(-) is nonnegative, we deduce the same differential inequality (2.15])
and therefore the estimate ([2.20) holds.

Let us consider case b). From (2.0) it follows that

s
rlmn

I(z3) <0, xy < x3 < 00, (4.1)

so that, on [z}, 00), we must change the sign of I(z3) in the relation (27). Repeating

the reasoning presented in Section 2 one deduces the following estimate:
z3 —h — 2}
—I(x3) > —I(x3 exp<7

() = @) e )

Thus, we have the following Phragmen—Lindelof alternative.

) >0, x3 € [z + h,00). (4.2)

THEOREM 4.1. In the context of a semi-infinite viscoelastic cylinder for which —G%,,  (w)

is positive definite, the following alternative holds: a) either I(-) is a nonnegative function

'Ym(h’w)
exists % € [0,00) such that I(z3) < 0, and then —I(x3) grows spatially faster than the

on [0, 00) which decays spatially faster than the exponential exp(—ﬂ>; or b) there

r3—h—x}

exponential exp(m .

We have to outline that a similar alternative can be established for the measures
Ji (z3) and K, (z3).
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