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Abstract. When a stable normal mode loses stability in nonlinear conservative 2-
degree-of-freedom systems, the phenomenon of internal resonance occurs involving rig-
orous energy exchange between modes and generating a stable coupled mode (called a
modal coupling). Based on this observation, bifurcation of the coupled-mode responses
is studied when the system is weakly damped and under a small sinusoidal excitation
applied to one mode. The motions are not necessarily assumed to be small throughout.
To analyze the stability of the driving mode in the underlying conservative system, a
procedure is formulated to construct the stability curve in a stability chart. It is found
that if the driving mode loses stability, then a stable coupled-mode response is formed
and can be expressed in Fourier series. Assuming that the stability curve of the driving
mode enters the pth unstable region with p = 2,3,4, ..., the coupled-mode response for
p = 2,3,4,... can be determined with two terms as the first-order approximation; i.e.,
each coordinate is expressed by the sum of two predominant harmonic terms. One-term
approximation of coupled-mode response is plausible if p = 1, which may result in 1:1
internal resonance. If the stability curve passes through the pth unstable region with
p=2,3,4,... and if the coupled-mode responses are expressed in the first-order approx-
imation form, then the frequency response curve of the stable coupled-mode response
is overlapped with the curve of the unstable response. As the order of approximation
increases, two curves are separated from each other. The proposed method is compared
with other perturbation techniques in the systems that exhibit 1:1 and 3:1 internal res-
onances.
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1. Introduction. Consider a conservative 2-degree-of-freedom (DOF') system whose
kinetic energy T and potential energy V are written as

1 1
T=5(#+9°), V=3 (ie’ +wiy’) + Na,y) (1.1)

where = and y are the modal coordinates; wy and ws are the linearized natural frequencies;
N(x,y) represents the nonlinear restoring term; and T+ V = h denotes the total energy.
Assume that the nonlinear restoring term is positive definite in R? and can be written as

4
N(z,y) = Z anrt Ty (1.2)
n=0

When the system is damped and under a harmonic excitation, the equations of motion

can be written as
i+ wir + Ny(2,y) = —c12 + F coswt (13)
j+wiy + Ny(2,y) = —c2y '
where N, and N, are the partial differentiations of N(z,y) with respect to z and y,
respectively. It is assumed that c;, ¢, and F' are small.

Since the origin O of the configuration space for the underlying conservative system
is a stable equilibrium, there exist two normal modes (called z-mode and y-mode, re-
spectively) in the neighborhood of O due to Liapunov’s Theorem [TH3]. These modes are
called the fundamental nonlinear normal modes to distinguish them from any bifurcating
nonlinear normal modes, as will be described in Section [Bl

The idea of nonlinear normal modes was proposed by Rosenberg [4] with the view that
a nonlinear resonance occurs when a nonlinear normal mode exists in the system. And
many others (e.g., see Rand [0], Vakakis et al. [6] and Shaw and Pierre [7]) made sig-
nificant contributions to understanding nonlinear normal modes. Bifurcation of coupled
modes has been extensively investigated, mostly in the systems with 1:1 and 3:1 internal
resonances [8H2T]. It was recently found that, by using numerical methods, the coupled
modes exhibiting various geometrical shapes bifurcate off the fundamental nonlinear nor-
mal modes. Furthermore, it was demonstrated that each bifurcation point corresponds
to the change in stability of the fundamental nonlinear normal modes.

The primary interest in this work is to show that, if the driving mode loses stability
in the underlying conservative system, then a stable coupled-mode response is formed.
Also, an analytical procedure of computing the coupled-mode responses is formulated.

The stability of the driving mode is analyzed by using Synge’s concept [22L23], which
requires beforehand the solution of the driving mode. The driving mode is expressed in
Fourier series. In Section 2 the driving mode is properly approximated to construct the
stability curve in the stability chart. Some properties of transition curves (eigenvalues)
and eigenfunctions are described.

A procedure is formulated in Section B] to compute the coupled modes which bifur-
cate off the driving mode. These modes are also expressed in Fourier series and are
properly approximated. A criterion is established to distinguish bifurcating nonlinear
normal modes from the fundamental nonlinear normal modes. In Section[d] a procedure
is formulated, by using the approximated coupled modes, to compute the undamped
coupled-mode responses and to estimate the stability of the responses.



BIFURCATION OF COUPLED-MODE RESPONSES 3

Fic. 1. Disturbance vector (3.

In Section Bl the effect of damping is considered to derive the functional form of
damped coupled-mode responses as the first-order approximation. In Section [6 some
examples are given to demonstrate the procedure of the proposed method, which is com-
pared with perturbation techniques in the systems with 1:1 and 3:1 internal resonances.

2. Stability analysis of a driving mode. The stability of the driving mode is
analyzed by using Synge’s concept [22,[23], which defines the disturbance vector S
between configurations of the unperturbed trajectory C' and a perturbed trajectory c*
by the condition that /3 is orthogonal to C (cf. Figure[l). The equation governing the
magnitude 8 = |J| is derived, for a fixed h, as

2
Bt)+ | Kv® + 36207 + ) Vijnin; | B(t) =0 (2.1)

ij=1

where K is the Gaussian curvature; v the velocity of C'; x the curvature of C; V;; = VVV/;
and 7 = {n1, 2}, the unit vector of 8. Then, C is said to be stable in kinematico-statical
sense if 3, as every solution of Eq. (2J), is permanently small. It is shown that this
concept is equivalent to the orbital stability [24].

To analyze the stability of the driving mode, the solution of C' should be known. The
driving mode is a nonlinear normal mode in the underlying conservative system. It is
(i) a periodic trajectory passing through and symmetric with respect to the origin, (ii)
possesses two rest points, and (iii) can be expressed in Fourier series,

o0 oo
x(t) = Z Aj cos jwt + Z Cj sin jwt

j=0 j=1

St 00
y(t) = Z B cos jwt + Z D, sin jwt.
J=0 j=1

(2.2)

Setting ¢t = 0 at a rest point, we can deduce that z(—t) = x(¢) and y(—t) = y(¢), which
implies that C; = D; = 0, j = 1,2,.... Furthermore, due to the symmetry, we can
write z(7m/2w — t) = —a(7/2w + t) and y(n/2w — t) = —y(w/2w + t), which leads to
additional conditions that As; = Boj = 0, j = 0,1,2,.... The driving mode can be
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simply approximated by

ZA cos(2j — Lwt, y(t ZB cos(2j — 1wt (2.3)
j=1

where s is the order of approximation so that the modal curve in the configuration space
is expressed as

x) =~ Z keja® L, (2.4)
j=1

The driving mode (i.e., the z-mode) is said to be simple if
y(t) =0, & +wiz + 4apz® = 0. (2.5)

If the y-mode is also simple, then the system is said to be simple. For a simple system,
we have that a3 = a3 = 0. Simple systems are frequently observed if a certain symmetry
exists. Based on strongly nonlinear analysis (i.e., motions are not necessarily assumed
to be small), the solution of Eq. ([Z3]) is approximated as

y(t) =0, z(t) = Acoswt (2.6)

where w? = w? + 3a9A2.

On the same line of approximating the driving mode in simple systems, the driving
mode, as a fundamental nonlinear normal mode in general systems, can be approximated
as

x(t) = Acoswt, y(t) = Bcoswt. (2.7)

Justification of this approximation is presented in Appendix A. To obtain the solution
of the driving mode, the harmonic balance method is used to yield

(w} —w?)A+ 3N,(A,B) =0

(2.8)
(w3 —w?)B+ 2Ny(A,B) =0.
Eliminating w in Eq. ([2.8), we obtain
3
(w? —w3)AB + 1 [BN,(A, B) — AN, (A, B)] = 0. (2.9)
Introducing a polar coordinate system,
A= Rcosf, B= Rsinf, q=tan6. (2.10)
Equation (Z9) can be rewritten as the fourth-order polynomial equation
3
fla)+ 7 R%g(q) =0 (2.11)

where

fla) = (Wi —wz) (¢ +1)
9(q) = azq* + (202 — 4ay)@® + (31 — 3a3)q? + (dag — 2a2)q — .

It is found that there are at least two district real roots in Eq. (2I1]). Thus, a procedure
is established to obtain the solution of the driving mode; that is, we solve Eq. (2.IIJ) for
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q by increasing R gradually from zero so that A, B and w are obtained accordingly. The
effective nonlinear frequency is

w? = w?cos? O + w?sin? H + 3R?N(cos 0, sin 6). (2.12)

Now, the stability curve of the driving mode will be constructed in the stability chart.
It is found that K =0, Kk =0, ny = —sin 6, and ny = cos#. By substituting the solution
of the driving mode into Eq. (2]), we obtain the Mathieu equation,

d2—ﬁ+(5+2600827)620 (2.13)
dr? '
where 7 = wt, and
€= Zfz—i (Naz sin® @ — 2N, sin 6 cos 6 + N, cos? 6)
Lo(, 202 2 .2 (2.14)
§ = 25 (wisin® 0 4 w3 cos? ) + 2¢
where Ny;, N, and N,, are the functions of sinf and cosf in the place of z and y,
respectively. Thus, a procedure is established to construct the stability curve in the well-
known Strutt chart; that is, as R increases from zero to infinity, € and § are obtained. It
is found that the stability curve begins from (4, €) = (w3/w?,0) when R = 0.

In the stability chart, two transition curves emanate from (d,¢) = (p%,0), p = 1,2,.. .,
so that the pth unstable region may be constructed. On every transition curve, there is
one, but only one, periodic solution of Eq. ([ZI3]) with the period 7 or 27, called the
eigenfunction, denoted by £*(¢). It is noted that the period of 8*(¢) is either a half of or
equal to that of the driving mode.

Assume that the stability curve enters the pth unstable region with p = 1,2, .... Then
the driving mode loses stability and the eigenfunction is expressed in a Fourier series if
p is odd,

B*(t) = ajcos(2j — Lwt (2.15)
j=1
or
B*(t) = bjsin(2j — Lwt; (2.16)
j=1
and if p is even,
B*(t) = Z ¢; cos 2jwt (2.17)
=0
or
B*(t) = d;sin2juwt. (2.18)
j=1

The eigenfunction is, as the first-order approximation, written as
B*(t) = cos pwt + O(e) (2.19)

B*(t) = sin pwt + O(e). (2.20)
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3. The solution of coupled modes. Assume that ¢; = ¢co = F = 0 in the system
([L3). If the stability curve of the driving mode enters an unstable region, then the driving
mode loses stability, and hence in the Poincaré map the elliptic center is replaced by a
saddle point. It is found that two elliptic centers bifurcate off the saddle point, giving
rise to the stable coupled mode which may be two periodic orbits of period-one (through
a pitchfork bifurcation) or one periodic orbit of period-two (through a period-doubling
bifurcation [25]).

We will describe the functional form of coupled modes. It is evident, for the formation
of an elliptic center, that one of the perturbed trajectories bifurcates off the saddle point
(i.e., the driving mode C). Let C* be the perturbed trajectory whose solution for Eq.
@I3) is 8*(t). Then, at the outset of bifurcation, C* must be the coupled mode.

LeEMMA 3.1. The modal curve of the coupled mode is, at the outset of bifurcation, in the
form that a small disturbance k8*(t) is superimposed on the driving mode C. Therefore,
the coupled mode is approximated by

2(t) = 2°(t) + kB* (t)n (3.1)

where 20(¢) = (z(t), y(t)) is the solution of C given by Eq. Z1); n = (—sinf,cosf); and
k is a constant to be determined by the harmonic balance method [25].

COROLLARY 3.2. The bifurcation of coupled mode in Lemma [31] is pitchfork, and two
elliptic centers in the Poincaré map correspond to two eigenfunctions +8*(t).

Proof. Suppose on the contrary that the bifurcation is period-doubling. Then, the
period of 8*(t) would be twice the period of C'. But, the period of 5*(¢) is either a half of
or equal to that of C. This contradiction leads to the pitchfork bifurcation. Due to the
symmetry of Eq. ([ZI3]), —8*(t) is also a periodic solution, leading to the fact that two
periodic solutions, +5*(t), correspond to two elliptic centers in the Poincaré map. O

If the stability curve of the driving mode enters the first unstable region, the stable
coupled mode is, as the first-order approximation, written as

z(t) = Acoswt + C coswt = A coswt (3.2)
y(t) = Bcoswt + D coswt = B coswt '

or
2(t) = Acoswt + C'sinwt = A cos(wt + 01)
y(t) = Bcoswt + Dsinwt = B cos(wt + 03).
If the stability curve enters the pth unstable region with p = 2,3,..., then the stable
coupled mode is, as the first-order approximation, written as

(3.3)

x(t) = Acoswt + C cos pwt (3.4)
y(t) = Bcoswt + D cos pwt '

or
x(t) = Acoswt + C'sin pwt

y(t) = Bcoswt + D sin pwt.
It is noted that bifurcating nonlinear normal modes occur, as a part of coupled modes,

when p = 1,3,5,... in Eq. (34, called the nongeneric bifurcation of nonlinear normal
modes [26]27].

(3.5)
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The coupled modes given by Eqgs. (8.2)-(B.3) can be computed by using the harmonic
balance method, except when p = 3 in Eq. ([B4). The exceptional coupled mode is

written as
z(t) = Acoswt + C cos 3wt

y(t) = Bcoswt + D cos 3wt. (3.6)

This is in the second-order approximated form for the driving mode, i.e., s = 2 in Eq.
@3). Therefore, a criterion is required to distinguish the coupled mode given by Eq.
BX) from the driving mode.

To this end, the properties of the coupled modes will be derived. It is observed that two
period-one orbits generated by the disturbances =5*(¢t) are expressed in terms of one set
of modulation equations when the harmonic balance method is used, called the property
of symmetry. It is found that the property of symmetry holds valid when the coupled
modes are given by Eqs. (32)—(33]) except when p = 3 in Eq. (34), and the exceptional
case leads to Eq. ([B.6]) (see, for example, Eqs. ([6.38)—(643]) and ([@56)-(660) in Section
[6). For the second-order or higher approximation, the coupled modes generated by the
eigenfunctions given by Eqs. (2I8)-@2I8) are tested to find whether the property of
symmetry holds valid. It is found that the property of symmetry holds valid except Eq.
@I5). This exceptional case leads to the third-order or higher approximation of the
driving mode.

Another property of the coupled modes will be derived. When the pth unstable region
with p = 2,3, ... is constructed, two approximated eigenfunctions, which generate two
coupled modes given by Eqs. B4) and (33, do correspond to one, but only one,
approximated eigenvalue (i.e., the transition curve, § = p?). As a result, it is found that
two coupled modes given by Eqgs. ([B4) and B3] for fixed p are expressed in terms of
one set of modulation equations when the harmonic balance method is used, called the
property of overlap, except when p = 3 in Eq. (B4).

We assume without loss of generality that the coupled mode given by Eq. (3.8) enjoys
both properties of symmetry and of overlap, as every other coupled mode does. For
the coupled mode given by Eq. (B.6]) to meet the property of symmetry, it is required
that firstly the set of modulation equations is obtained by using the harmonic balance
method, and then the set is symmetrized by deleting asymmetric terms from the set.
Here the asymmetric terms imply that, due to the presence of these terms, the property
of symmetry does not hold. It is found that the property of overlap holds valid when the
symmetrizing process is applied to the coupled mode given by Eq. (B.6).

LEMMA 3.3. In order to have the solution of the coupled mode given by Eq. (3.6]), the set
of modulation equations is firstly obtained and then the asymmetric terms are deleted
from the set at every order of approximation.

In simple systems, if the stability curve of the driving mode enters the first unstable
region, then the stable coupled mode is, as the first-order approximation, written as

x(t) = Acoswt, y(t) = Bcoswt (3.7)

or
x(t) = Acoswt, y(t) = Bsinwt. (3.8)
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If the stability curve enters the pth unstable region with p = 2,3,..., then the stable
copled mode is, as the first-order approximation, written as

x(t) = Acoswt, y(t) = Bcospwt + O(e) (3.9)

or
x(t) = Acoswt, y(t) = Bsinpwt + O(e) (3.10)

where O(e) denotes a harmonic term in O(e) of 5*(t) (cf. Section [H).
To obtain the solution of coupled modes, for example, given by Eq. ([34), the harmonic
balance method is used to yield

X;(A,B,C,D; w) =0, Y;(A,B,C,D; w) =0 (3.11)

where j = 1,p. Given A, other variables can be computed. Then, the backbone curve
can be constructed. The set of w in the backbone curve is called the effective frequency
interval of the coupled mode. One limit of the interval is the bifurcation frequency wy,
and the other depends on the type of bifurcation, either supercritical or subcritical.

COROLLARY 3.4. The backbone curve of the coupled mode expressed by Eq. B4) is
overlapped with the curve by Eq. (B3] for given p. As the order of approximation
increases, two backbone curves are separated.

Proof. The property of overlap is applicable so that two coupled modes are expressed
in terms of one set of modulation equations. Therefore, for given A the same values of
B, C, D and w are obtained for two coupled modes. For the second-order approximation,
harmonic terms in O(e) for 5*(t), such as cos(p £ 2)wt and sin(p + 2)wt, are added to
Egs. (34) and (BE). Then the property of overlap no longer holds, implying that two
curves are separated. |

In what follows, we consider one coupled mode instead of two coupled modes generated

by £5*(t).

4. Undamped coupled-mode responses. Assume that ¢; = ¢ = 0 in the system
([3) and that the stability curve of the driving mode enters an unstable region. The
bifurcation point is denoted by (w, A) = (wp, Ap). Then, it will be shown that a stable
coupled-mode response bifurcates off a single-mode response, and a procedure is described
to compute the response.

DEFINITION 4.1. A forced response is said to be a single-mode response if its functional
form is equal to that of the driving mode.

The frequency response equations of single-mode response can be derived, by using
Eq. 23), as

(WP —w?)A+ %Nm(A,B) =F 1

(w3 —w?)B+ 2Ny (A,B) =0. @1
There are two branches, the upper S™ and the lower S™, in the frequency response curve.
The existence of two branches can be verified, for instance, by using Eqgs. ([GI)—(G4) in
Section [0l Indeed, it is found that, for ¢; = ¢o = 0, sinp = 0 by Eq. (64), and then
sinf; = 0 by Eq. (62). Then, cosf; = +1 leads to ST and S~ respectively.
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Imp Imp Imp

Imp Imp tm p

Rep [ Rep or —O—0[0—0B Rep

(b)

F1G. 2. Characteristic exponents of undamped forced responses: (a)
stable driving mode and (b) unstable driving mode.

DEFINITION 4.2. A forced response C is said to be the coupled-mode response of a
coupled mode C5 if the functional forms of C; and C5 are equal to each other.

To derive the frequency response equations of the coupled-mode response of a coupled
mode, for example, given by Eq. B4)), Eq. (BII) is used with

X1(A,B,C,D;w)=F
X,(A,B,C,D;w) =0 (4.2)
Y;(A,B,C,D;w) =0, j=1,p.

If w is not in the effective frequency interval, it is obvious that C' = D = 0, implying
that the coupled-mode response is not formed. On the other hand, if w is in the effective
frequency interval, then nonzero values of C' and D can be obtained. In the latter case,
it is found that a coupled-mode response S;” (and S, ) bifurcates off the branch S* (and
S7). To observe this bifurcation, the values of C and D can be computed by using
equations X, (4, B,C,D;w) =0, Y,(4,B,C,D;w) = 0 in Eq. (£2) when the values of
A and B are chosen from ST (or S7) for given w so that the approximate solution of S;r
(or S,") can be obtained.

The stability of coupled-mode responses is analyzed in the sense of Liapunov. Since
an undamped forced system is Hamiltonian, the symplectic property is applicable so that
the characteristic exponents p;, j =1,...,4, are grouped into two pairs,

p1+p2=0, p3+ps=0. (4.3)
The first pair is denoted by pi12, and the second by ps4. If F' =0, we have

As F increases from zero, ps4 splits either in the real or imaginary axis (cf. Figure [2).
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Fic. 3. Two kinds of disturbance.

To estimate the pairs of exponents, two kinds of disturbance are defined in the con-
figuration space (Figure[]). Let C be the trajectory of a single-mode response, and C* a
perturbed trajectory. The disturbance 71 (or 772) is orthogonal to C' (or in the direction
of C). For small F, the disturbance 7, is close to 8 of Synge’s concept, and hence p5 is
close to that obtained by f3. N N

The second pair p34 of a single-mode response is estimated by using the disturbance
72 in the following.

LEMMA 4.3. The second pair p34 of characteristic exponents for a single-mode response
is imaginary on one branch (say, ST), but is real on the other branch S~. This property
persists for large A.

Proof. See Appendix B. a

It is found in Slf that pio is zero and ps4 is imaginary at the bifurcation point, and
thereafter p;o becomes imaginary, whereas ps4 continues to remain imaginary, giving rise
to the elliptical stability (cf. Figure[2(a)). On the other hand, it is found in S, that pio
is zero and pg34 is real at the bifurcation, and after bifurcation p;o becomes imaginary,
whereas p34 continues to remain real, giving rise to instability (cf. Figure [2(a)).

Similarly, coupled-mode responses may be formed when the unstable driving mode
recovers stability (i.e., the stability curve of the driving mode leaves an unstable region).
The stability of the coupled-mode response can be estimated and is found to be unstable,
as depicted in Figure 2(b).

5. The effects of damping. The solution of damped coupled-mode responses can
be obtained by using the harmonic balance method. To this end, the coupled mode
should be, as the first-order approximation, properly chosen both in general systems
(13 # 0) and in simple systems («; = ag = 0). By the presence of damping, the phase
of every harmonic term in the coupled mode is shifted. It is found that the properties of
symmetry and of overlap hold valid in damped systems.

In general systems, the solution of damped coupled-mode response can be computed
without difficulty by using the coupled modes given by Egs. B2)-B3) except when
p = 3 in the coupled mode given by Eq. (B.4), written as

x(t) = Acos(wt + 01) + C cos(3wt + 03)

y(t) = Bcos(wt + 02) + D cos(3wt + 64). (5.1)
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This functional form gives the second-order approximation of a single-mode response. In
this case, Lemma [3.3] is applicable.

PRrROPOSITION 5.1. If the stability curve of the driving mode enters the first unstable
region in general systems, then the functional form of stable coupled-mode response is,
as the first-order approximation, written as

x(t) = Acos(wt + 01) + C cos(wt + 03)

y(t) = Bcos(wt 4 02) + D cos(wt + 64) (52)
or
x(t) = Acos(wt 4 01) + Csin(wt + 03) (5.3)
y(t) = Bcos(wt + 03) + D sin(wt + 04). ’
The functional form (B2]) or (B.3]) may be reduced to the form
x(t) = Acos(wt + 01), y(t) = Bcos(wt + 03) (5.4)

which is that of the single-mode response. The coupled-mode response requires an addi-
tional harmonic term in each coordinate; that is, the two-term approximation in general
systems is implemented.

The presence of damping in simple systems generates important effects on approx-
imating the functional form of coupled-mode responses. The equations of motion are

written as
T+ w%x + dagz® + 2a2zy2 = —c1z + Fcoswt (5.5)
i+ wiy + 2002y + dayy® = —cay). '
The driving mode is written as
y(t) =0, z(t) = Acoswt, w? = w? + 3apA?. (5.6)

Synge’s concept is used to analyze the stability of the driving mode. It is found that
K =0,k=0,n; =0, and ny = 1. Then, the Mathieu equation ([ZI3) is obtained with
T = wt, and

az A? w3
¢ 2(wi + 3apA?)’ w? + 3apA? +ee (5:7)
By eliminating A, the stability curve is written as
2 2
5:”—3—2(3”—2;@— )e. (5.8)
w3 wi ag

When the system parameters are given as
w1 =5, wy =20, ag=1, s =3, ay =12, a; = a3 =0 (5.9)

the stability curve begins from (d,¢) = (16,0) at A = 0, sequentially passes through
the third and the second unstable regions, and finally enters the first unstable region, as
depicted in Figure[d We shall be interested in approximating the coupled-mode response
when the stability curve enters the third unstable region with 8*(t) = cos 3wt+O(¢). The
bifurcation point is found as (wp, Ap) = (5.68,2.7). If the coupled mode is approximated
by

x(t) = Acoswt, y(t) = B cos3wt, (5.10)
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|

(a) 0 y-mode 1 4 9 x-mode §

stable
- - = = unstable

(b) X

Fic. 4. Result of stability loss of the driving mode with the param-

eters given by Eq. (EA): (a) stability loss and (b) bifurcation of
coupled modes.

then the frequency response equations are given by

A(w? —w? +3apA? + auBY) = F
B(w? — 9w? + ap A% + 304 B?) = 0.

(5.11)

The nonzero value of B is obtained when w is slightly greater than wy, implying that the
undamped coupled-mode response is formed. In damped systems, the functional form of

the coupled-mode response is written as

z(t) = Acos(wt + 61), y(t) = Bcos(3wt + 62).

(5.12)
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Then, the frequency response equations are obtained as

A(w? —w? +309A? + aB?) = Fcosb, (5.13)
0 = ciwA+ Fsinf, (5.14)

B(wi — 9w? + ap A% +3a4B%) = 0 (5.15)
0 = 3cwB. (5.16)

It is found from Eq. (.10) that B = 0, implying that the damped coupled-mode response
is not formed. It can be shown that if the stability curve enters the pth unstable region
with p = 2,3,... and if the functional form of the coupled-mode response is approximated
by
x(t) = Acos(wt + 01), y(t) = B cos(pwt + 02) (5.17)
or
x(t) = Acos(wt + 01), y(t) = Bsin(pwt + 62), (5.18)
then it is found that B = 0, implying that the functional form is not properly approx-
imated. However, if the functional form of the coupled-mode response is approximated
by
z(t) = Acos(wt + 61), y(t) = Bcos(pwt + 62) + O(e) (5.19)
where O(e) is a harmonic term in O(e) of *(t), such as cos[(p &+ 2)wt + 03], then the
damped coupled-mode response is formed (see, for example, Eq. ([637) in Section [6.2)).

PropoSITION 5.2. If the stability curve of the driving mode in simple systems enters the
first unstable region, then the functional form of the stable coupled-mode response is, as
the first-order approximation, written as

x(t) = Acos(wt + 01), y(t) = B cos(wt + 62) (5.20)

or

x(t) = Acos(wt + 61), y(t) = Bsin(wt + 62). (5.21)
If the stability curve enters the pth unstable region with p = 2, 3,. .., then the functional
form of the stable coupled-mode response is, as the first-order approximation, written as

x(t) = Acos(wt + 01), y(t) = Bcos(pwt + 02) + O(e) (5.22)

x(t) = Acos(wt + 01), y(t) = Bsin(pwt + 62) + O(e) (5.23)

where O(e) denotes a harmonic term in O(e) of 5*(¢).

If a pair of characteristic exponents is imaginary in an undamped system, then the
pair becomes complex conjugates with negative real part in a damped system. If a pair
of exponents is real in an undamped system, then the pair remains real in a damped
system. Therefore, an asymptotically stable coupled-mode response is formed if both
pairs of exponents are imaginary in an undamped system.

THEOREM 5.3. If the stability curve of the driving mode enters the pth unstable region
with p =1,2,..., then a stable damped coupled-mode response is formed. The response
can be computed by using the harmonic balance method; the functional form of the
response is, as the first-order approximation, given by Propositions [5.1] and
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THEOREM 5.4. If the stability curve of the driving mode passes through the pth un-
stable region with p = 2,3,..., and if the coupled-mode responses are expressed by the
first-order approximation, then the frequency response curve of the stable coupled-mode
response is overlapped with the curve of the unstable response. As the order of approxi-
mation increases, two curves are separated from each other.

Proof. Since the stability curve passes through the pth unstable region, two coupled-
mode responses are formed: one is stable, but the other is unstable. Due to the property
of overlap, two responses are expressed in terms of a set of modulation equations. Given
w, the same values of A, B, C, D, and €’s are obtained for two responses. For the
remaining part of the proof, refer to the proof for Corollary 3.4 O

6. Examples.

6.1. 1:1 internal resonance. Assume that wy =~ wo and that the stability curve of the
driving mode enters the first unstable region. Then, the coupled-mode response can be
written as that in Eq. (B20). Substitute into Eq. (3], and the harmonic balance
method will yield

(W —w?)A + 3apA% + %AQB cos
+ %ABQQ + cos2¢p) + %Bg cos @ = Fcosb, (6.1)
%AQB sin ¢ + %AB2 sin 2¢ + %Bs sing = c;wA + F'sin 6y (6.2)
(w3 —w?)B + %/ﬁ cos p + %AQB@ + cos 2¢)
%%AB2 cos ¢ + 3a, B3 =0 (6.3)
%AS sin + %AQB sin 2p + %AB2 sin = cowB (6.4)

where ¢ = 05 — 0.
Assume that the motions are small. Then, the method of multiple scales is applicable.

Let 41 be a small parameter with 0 < p < 1. Define = = p'/2z, y = u'/?y, cj = uéj, j =
1,2 and F = p?/2f. Assume also that
Wo = w1 + oy, W= wi + pos. (6.5)

Then, Eq. (3] can be rewritten as

T+ wit = —p [N, (Z,9) + &17 — f coswt]

e _ - - 6.6
Y+ wiy = —p[Ny(,9) + 2] - (6.6)
The solutions are written as

I(t, p) = wo(To, Ty) + py (To, Tr) + O(p?) (6.7)

(t, 1) = yo(To, Tv) + py1 (To, Ty) + O(p?)

<
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where Tp = t and 77 = pt. Through the usual procedures [28], the approximate solutions
can be obtained as

zo(To, Th) = a(Ty) cos(wiTo + 11 (Th)) (6.5)
yo(To, T1) = b(Ty) cos(waTp + v2(T1))-
The modulation equations for the amplitudes and phases can be written as
.1 3, 1,
wia = —§wlcla + gala bsin ¢ + Zagab sin 2¢pq
3 1
+ §a3b3 sin ¢y + §f sin o (6.9)
3 1
wob = —Lﬁégb + Zaa®sin o1 + ~ana?bsin 2¢,
2 8 4
3 L
+ gO[:;(lb sin 1 (6.10)
p_3 3 9y 1 2 .
wiay; = §a0a + gala bcos 1 + Zagab (2 + sin 2¢p1)
3 1
+ §a3b3 cos 1 — ifsingog (6.11)
3 1
wabyy = gala?’ cos 1 + Zaga2b(2 + sin 2¢p1)
9 2 3 .3
+ gagab cos o1 + §a4b (6.12)

where ¢1 = v — 1 + 0171, w2 = 0211 — 71, and the prime denotes the derivative with
respect to T7. The above equations can be transformed into an autonomous system by
defining

Ol = =M+ 01, g5 =02—71. (6.13)

Imposing the steady-state conditions
a/ = b/ = ()0/1 = 90/2 = O (6.14)
we approximate the steady-state solutions as

cos(wt — Pa)

a
2 « R 6.15
yo(t) = beos(wt — @a + ¢1) ( )

where the hat denotes the steady-state value for the amplitudes and phase differences
determined from Eqgs. ([@39)—-(614).

To obtain the coupled-mode solution, the single-mode response is firstly computed. By
increasing the amplitude from zero, the stability of the single-mode response is analyzed
to find a bifurcation point and to determine the type of bifurcation, such as saddle-node,
pitchfork, etc., so that the form of the coupled-mode response may be found.

The steady-state solution of the coupled-mode response obtained by the proposed
method is compared with that by the method of multiple scales. It is found that they
are agreeable. In fact, Eq. (GJ) agrees in O(u) with the condition ¢} = 0, Eq. (6.2
in O(p) with o/ =0, Eq. @3) in O(p) with ¢} — ¢4 =0, and Eq. (64) in O(p) with
b =0.
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e A A
o=l-¢ o=l+¢

B

(a) 0 y-mode 1 x-mode & (b)

Fic. 5. Result of stability loss of the driving mode with the param-
eters given by Eq. (616): (a) stability chart and (b) backbone curves.

To demonstrate the procedure of the proposed method, we consider a simple system
(a1 = a3 = 0) with parameters

w1 =5 wy="T7 ayg=1, ag =3, ay = 4. (6.16)
The driving mode can be written as in Eq. (Z.4),
y(t) =0, z(t) = Acoswt (6.17)

where w? = w? + 3ap A%

The stability is analyzed by the procedure in Section Bl It is found that the stability
curve enters the first unstable region through the transition curve, § = 1+ ¢+ O(e?) with
B*(t) = sinwt 4+ O(e) as depicted in Figure[Bl(a). Thus, a stable coupled mode bifurcates
off the driving mode in the form

x(t) = Acoswt, y(t) = Bsinwt. (6.18)

The corresponding modal curve is an elliptic orbit (EO) in the configuration space. To
compute the solution of the coupled mode, the harmonic balance method is used to

obtain
A(w} — w? + 309 A% + $0a2B%) =0

B(w3 — w? + $a2A? + 34 B?) = 0. (6.19)
Eliminate w to obtain
B? = % (A% -16), (6.20)
and the effective nonlinear natural frequency of the EO is
w? =254+ 3A4% 4 1.5B® =49 + 1.5A% + 12B% (6.21)

The bifurcation point is (wp, Ap) = (8.54,4), and the backbone curve is shown in Figure

B(b).
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Fic. 6. Bifurcation of coupled-mode responses in the system of Fig.
Bl when FF =2 and ¢; = ¢ = 0.

When a harmonic excitation is applied, the frequency response equations of single-
mode response are

y(t) =0, x(t) = Acoswt, A(w? —w? + 3a9A?) = F. (6.22)

There are two branches of frequency response curve: stable S* and unstable S~. Thus,
the second pair of exponents are imaginary in S* and real in S~. To obtain the first pair
the disturbance 7y in used. Writing 1 = y(t), we obtain the Mathieu equation (2Z.I3))
with 7 = wt and

g A? 5= w3
2w2 7T w2
Since for given w the values of A in ST and S~ are close to the backbone curve of the
driving mode, the stability curves of ST and S~ are close to that of the driving mode.
Therefore, the first pair of exponents in ST or S~ are close to that obtained by 3 of
Synge’s concept. The frequency response equations of the coupled-mode responses are

€ =

+ 2e. (6.23)

written as
A(w} — w? +309A% + $asB?) = F

B(w3 — w? + $a2A% + 304 B?) = 0. (6:24)

When F = 2, the stable coupled-mode response (EO+) bifurcates off ST at (wj, A}) =
(8.61,4.07), and the unstable coupled-mode response (EO-), bifurcates off S~ at
(wp, A}) = (8.5,3.94), as depicted in Figure [6l

6.2. 3:1 internal resonance. Assume that ws ~ 3w; and that the motions are small.
Then, the method of multiple scales is applicable. Let p be a small parameter with
0 < u < 1. Define = = u'/2z, y = u'/?y, cj = ucj, j=12and F = /2 f. Assume
that

wo = 3wy + o1, W= wi + pos. (6.25)
The solutions are written as

I(t, p) = xo(To, Ty) + py (To, Tr) + O(p?)

g(t, 1) = yo(To, T1) + pyn (To, Th) + O(u?) (6.26)
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where Tp = t and 77 = pt. Through the usual procedures [28], the approximate solutions
can be obtained as

Zo (TQ, Tl) = a(Tl) cos(wlTo =+ Y1 (Tl))

6.27
o(To. T1) = b(T}) cos(eaTh + 72(T})). (027
The modulation equations for the amplitudes and phases can be written as

3

wiad = —Gwia — %a% sin @1 — B sin @ (6.28)

wob = —Cowab + %cﬁ sin @1 (6.29)
3 3

wiayy = ﬂa?’ + ﬂaQb cos p1 + %abQ — i COS 2 (6.30)

2 8 2 2
3
wabyy = %a?’ cos 1 + %azb + %bz)’ (6.31)

where @1 = 79 — 371 + 0111, w2 = 0211 — 71, and the prime denotes the derivative with
respect to T7. The above equations can be transformed into an autonomous system by
defining
P1="3 =3 + 01, ¢y =02 — 1. (6.32)
The steady-state coupled-mode responses can be obtained by the conditions, a’ = b’ =
¥} = ¢h =0, such that
xo(t) = acos(wt — P2)
Yo(t) = beos(3wt — 3Py + ¢1)
where the hats denote the steady-state solutions for Eqs. (G.28)—(631).
To compute the coupled-mode response by using the proposed method, we assume

(6.33)

that the stability curve of the driving mode enters the third unstable region. Then, it is
found by Eq. (B3) or (54) that the coupled-mode response is written in the form of the
two-term approximation

x(t) = Acos(wt + 01) + C cos(3wt + 63)

y(t) = Beos(wt 4 02) + D cos(3wt + 64), (6:34)

which turns out to contradict the one-term approximation given by Eq. (G33]).

It is found by the condition ¥ = 0 in Eq. (629) that if ay = 0, then b = 0, which
implies that a coupled-mode response cannot be formed in a simple system. On the
contrary, it can be shown by using the proposed method that a coupled-response is
formed in a simple system. For example, we consider the system with the parameters
given by Eq. (59). The stability curve enters the third unstable region, as depicted in
Figure [ and the transition curves and eigenfunctions can be expressed as

2 3

d=9+ E—G - ;—4 +...; B*(t) = cos 3wt — § (coswt — cos5wt) + ... (6.35)
e &

§=9+ 1 + ol +...; B*(t) = sin3wt — § (sinwt — sin5wt) +.... (6.36)

Then, the coupled-mode response, due to Eq. (519), is written as
x(t) = Acos(wt 4 01), y(t) = By cos(wt + 02) + Bz cos(3wt + 03). (6.37)
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Applying the harmonic balance method yields
(W? —wh) A+ 3apA® + %AB%(? + cos 2)
+ apAB2 + iy ABy By cos o1 = F cos 6y (6.38)

1 1
agA(ZB% sin o + 53132 sinpy) = cqwA + Fsin 6y (6.39)

1
(w2 —wh)B; + apA? (§B1 (24 cos ) + B cos <p1>

+ a4(3B3 + 2B2By cos g3 + 6B, B2) = 0 (6.40)

— %AQ(B1 sin o 4+ By sin@y) + 3y By B3 = cowB; (6.41)
(w3 — 9w?)By + ap A%(By + By cos 1) + By B3 cos 3

+6a4B?By +3a4B3 =0 (6.42)

- %A2B1 sin o1 — a4 B sin 3 = 3cowBo (6.43)

where p1 = 201 + 05 — 03, o = 201 — 205 and w3 = 305 — 05. Tt is found by Eqgs. (G41)
and ([@43)) that By and Bs are not identically zero, in contrast to the condition ¥’ = 0 in
Eq. (629), where a; = 0. Since six equations in Eqs. ([@38)—(6.43) are independent, six
variables, A, By, Bs, 01, 65 and 03, can be solved so that the coupled-mode response
may be formed.

It is observed that if the stability curve of the driving mode intersects the transition
curve given by Eq. (635), a coupled mode is generated in the form of Eq. [23)), giving
rise to a bifurcating nonlinear normal mode. On the other hand, a coupled mode is also
obtained in the form

xo(t) = acos(wt), yo(t) = bcos(3wt) (6.44)

as a steady-state solution when the method of multiple scales is used for F' = ¢; = ¢o = 0.
Eliminating ¢, we obtain

_4
3a?

This form is the first-order approximation of the bifurcating nonlinear normal mode. A
procedure is formulated by Vakakis et al. [6] to compute the second-order or higher
approximation based on the form (G45).

6.3. Conditions away from internal resonances. Some examples are given to demon-
strate that the coupled-mode responses are formed in systems which are neither 1:1 nor
3:1 internally resonant.

6.3.1. Thin elastica (zeroth unstable region). When a thin elastica is twisted and bent
simultaneously, a two-mode model is derived theoretically and verified experimentally [8]
9]. By twisting the clamped end sinusoidally, periodic and chaotic motions are observed.
The system is simple, and the kinetic energy T and potential energy V are written as

Yo = k1o + ]{73118, ks = k. (645)

1 1 1
T=5(+ay)i’ + 9% V=@ +y°), T+V =h (6.46)
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where x and y are the torsional and the bending modes, respectively. Assume that Q = 20
and a = 0.1. When the system is forced and damped, the equations of motion become

(1 + ay?)i + 2aiyy + Q% = —c1i + F coswt

.. . 6.47
j—ad?y+y=—cay. (647
The solution of the driving mode is

y(t) =0, z(t) = AcosQt. (6.48)

To analyze stability of the driving mode, Synge’s concept [22123] is used. It is found that
K =0,x=0,n1 =0, and ny = 1. Then, the Mathieu equation ([2I3]) is obtained with

a o 1
T:Qt,GzzA,(s:@—QE. (6.49)
As depicted in Figure [[[(a), the stability curve enters the zeroth unstable region. The
bifurcation point is found at (wp, Ap) = (20, 0.22). The corresponding eigenfunction is

BE(t) =1+ % cos 20t + O(€2). (6.50)
The stable coupled mode can be approximated by
x(t) = Acoswt, y(t) = By + By cos 2wt (6.51)

where |By| > |Bj|. By using the harmonic balance method, the solution of coupled mode
is obtained, and the backbone curve is depicted in Figure [1(b).
When F coswt is added, the single-mode response is written as

F

y(t) =0, z(t) = Acoswt, A= 2

(6.52)

Stability of the response is analyzed by using the disturbances 11 and 7,. Write n;(t) =
y(t). Then, the Mathieu equation (ZI3)) is obtained with

T %A{ s— L o (6.53)

w2

Bifurcation of the undamped coupled-mode response is computed. For instance, when
F = 10, we compute (wj, A}) = (18.9,0.24), as depicted in Figure B To compute the
second pair of exponents, we write x(t) = A coswt 4 12(t). Then, we derive

fio + Q%0 = 0 (6.54)

which leads to p3 = —py4 = 2.
When damping terms are added, the coupled-mode response becomes

x(t) = Acos(wt + 01), y(t) = By + By cos(2wt + 02). (6.55)
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Fia. 7. Result of stability loss of the driving mode in the thin elastica system:
(a) stability chart and (b) backbone curves of the coupled mode.

Using the harmonic balance method, we derive
0?2 —w? — aw?(BE + %B% — ByBjcosp)| A= Fcosb
— aw?AByB; = Fsinf; + ciwA
By — %aAQwQ(BO — %Bl cosp) =0
(1 — 4w By + %(XA2OJ2(BO cosp —B1) =0

%wQAQBU sin ¢ = —2cow By

21

(6.56)
(6.57)
(6.58)
(6.59)

(6.60)
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Fic. 8. Bifurcation of coupled-mode responses in the thin elastica
when FF=10 and ¢1 = ¢c2 = 0.

where ¢ = 0 — 26;. Tt is found by Eq. ([G.60) that By and B; are not identically zero,
in contrast to Eq. (6:29) when oy = 0. Since the five equations in (6.56)-(6.60) are

independent, five unknown variables, A, By, By, 61 and 65, can be computed to solve for

the coupled-mode response.
6.3.2. Successive losses of stability. As depicted in Figure[d] the stability curve of the

driving mode passes through the third and second unstable regions, finally entering the
first unstable region. It is observed that the phenomena of 3:1, 2:1 and 1:1 internal
resonances are successively founded as the amplitude of the driving mode increases.

In a nonlinear system of coupled oscillators [I5HI7,29], the stability curves of fun-
damental nonlinear normal modes pass through infinitely many unstable regions in the
underlying conservative system. It is expected due to damping that a finite number of

p : 1 internal resonances are formed.

7. Summary and discussions. The results in this work can be summarized in the

following.
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a. It is shown that if the driving mode loses stability in the underlying conservative
system, then a stable coupled-mode response is formed in the damped forced system.

b. An analytical procedure is, as the first-order approximation, formulated to compute
the coupled-mode response. If the stability curve of the driving mode enters the first
unstable region, then the stable coupled-mode response is expressed in the form of one-
term approximation. If the stability curve enters the pth unstable region with p =
2,3,..., then the stable coupled-mode response is expressed in the form of two-term
approximation (i.e., each coordinate is written by two dominant harmonic terms).

c. If the stability curve of the driving mode passes through the pth unstable region
with p = 2,3,... in general systems, and if the coupled-mode responses are expressed
in the form of the first-order approximation, then the frequency response curve of the
stable coupled-mode response is overlapped with the curve of the unstable response. As
the order of approximation increases, two curves are separated from each other.

d. The proposed method is compared with other perturbation techniques in the sys-
tems with 1:1 and 3:1 internal resonances. By using perturbation techniques, the coupled-
mode response is expressed in the form of one-term approximation. Both methods result
in a good agreement between approximation for the case of 1:1 internal resonance, but
not for the case of 3:1 internal resonance. Necessity of the second- or higher-order ap-
proximation of the latter case is discussed.

8. Appendix A. Justification of Eq. (Z.7)). It will be demonstrated that a one-
term approximation of the fundamental nonlinear normal modes, given by Eq. (27]), is
reasonable. To design a device called a nonlinear energy sink (see, for example, [30] for
more information), the stable periodic motions are sought in special types of nonlinear
mass-spring systems where kinetic energy T' and potential energy V are expressed as, in
System 1,

1 1 1 1
T= 5(532 +uy?), V= 5w8x2 + 56(.’5 —y)?+ Zﬁy‘l (8.1)
where =1, wg =1, e = 0.1 and k = 1; and, in System 2,
1 1 1
T= 5(:52 +ug?), V= §w§$2 + Zlﬁ:(l’ —y)? (8.2)

where u = 0.05, wp =1 and k = 1 [29].

Two linearized natural frequencies are w; = 0.3 and we = 1.054 in System 1, and
w; = 0 and we = 1 in System 2. By using the linear orthogonal transformation of
coordinate system, T and V are written in the form of Eq. ([LT)). Following the procedures
provided in Section 2] the stability curves of fundamental nonlinear normal modes can be
constructed. It is found that the stability curve passes through infinitely many unstable
regions and that infinitely many kinds of coupled modes are formed. The bifurcation
points and the geometrical forms of coupled modes are reasonably agreeable with those

obtained earlier by using numerical methods in a wide range of frequency and total energy
[29)].

9. Appendix B. Proof of Lemma [4.3l By utilizing the stability behavior of the
motions in free vibrations, the stability of the forced responses will be derived in an
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undamped system. The driving mode is considered as an oscillation where a mass point
is moving along the modal curve in the configuration space. Given the amplitude R
of motion, the effective nonlinear natural frequency w is given by Eq. (ZI0). Since the
period of motions depends on R, the motion is orbitally stable but parabolically unstable
in Liapunov’s sense.

The equation of motion can be written in the form

54 f(2) =0, f(2) = w?z + k32> + ks2® +--- . (9.1)
Then, the solution can be approximated as
z(t) = Rcoswt (9.2)

where w is given by Eq. (ZI2)). To analyze the stability, we introduce a small perturbation
such that z(t) = Rcoswt + 12(t) into Eq. ([@I)). Then, Hill’s equation [3I] is obtained:

ny + (5+Zei2bij cos2j7 | 12 =0 (9.3)
i=1  j=1
where the differentiation is with respect to a nondimensional time 7 = wt and
R? w? y
e=— 5:E+Zla]ej. (9.4)
=

Since the set of parabolic instability is the totality of transition curves in the stability
chart, and since it is found that § = 1 when € = 0, the stability curve of the driving
mode lies on a transition curve emanating from (d,¢) = (1,0). Therefore, the backbone
curve of the driving mode corresponds to that transition curve.

When a small force is applied, the response is written as Eq. ([@.2]), and two branches,
S*, of the frequency response curve lie closely on the right- and left-hand sides of the
backbone curve, respectively. To analyze the stability of forced responses, write z(t) =
Rcoswt+mn2(t). Then, Hill’s equation ([@3)) is obtained in which R and w are taken from
S*. This implies that the stability curves of S* lie closely on the right- and left-hand
sides of that transition curve. Therefore, the second pair of exponents is imaginary in
one branch and real in the other branch. This property persists for large R (unlimited).
Since N(x,y) is positive definite, w? in Eq. (ZI2) is positive, and, moreover, VV # 0
except at the origin of the configuration space. Thus, € and ¢ are well defined for all R.
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