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Abstract. In the last few years considerable attention has been paid to the role
of the prolate spheroidal wave functions (PSWFs) to many practical signal and image
processing problems. The PSWF's and their applications to wave phenomena modeling,
fluid dynamics and filter design played a key role in this development. It is pointed out
in this paper that the operator W arising in the Helmholtz equation after the prolate
spheroidal change of variables is the sum of three operators, S¢ ., Sy and Ty, each
of which acts on functions of one variable: two of them are modified Sturm-Liouville
operators and the other one is, up to a variable coefficient, the Chebyshev operator.
We believe that this fact reflects the essence of the separation of variables method in
this case. We show that there exists a theory of functions with quaternionic values and
of three real variables which is determined by the Moisil-Theodorescu-type operator
with quaternionic variable coefficients, and that it is intimately related to the modified
Sturm-Liouville operators and to the Chebyshev operator (we call it in this way, since
its solutions are related to the classical Chebyshev polynomials). We address all the
above and explore some basic facts of the arising quaternionic function theory. We
further establish analogues of the basic integral formulae of complex analysis such as those
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of Borel-Pompeiu, Cauchy, and so on, for this version of quaternionic function theory.
We conclude the paper by explaining the connections between the null-solutions of the
modified Sturm-Liouville operators and of the Chebyshev operator, on one hand, and
the quaternionic hyperholomorphic and anti-hyperholomorphic functions on the other.

1. Introduction.

1.1. Prolate spheroidal wave functions revisited. The prolate spheroidal wave functions
(PSWFs) have long been successfully used in many different fields of numerical analysis,
nuclear modeling, signal processing and communication theory, electromagnetic model-
ing and physics [8,[@]. The PSWFs were originally introduced by C. Niven in [20] while
studying the conduction of heat in an ellipsoid of revolution, which leads to the Helmholtz
operator in spheroidal coordinates. Of course, we refer to the second order partial dif-
ferential operator that is obtained by the underlying change of variables in the initial
Helmholtz operator. PSWFs usually appear in the process of solving Dirichlet problems
in spheroidal domains arising in hydrodynamics, elasticity and electromagnetism. For
the solvability of boundary value problems of radiation, scattering, and propagation of
acoustic signals and electromagnetic waves radiated by sources with spheroidal shapes,
PSWFs are frequently encountered. These applications have stimulated a growth of
new ideas and methods, both theoretical and applied, and have reawakened an inter-
est in spectrum analysis, approximation theory, potential theory, the theory of partial
differential equations, and so forth. The connection between PSWFs and the energy con-
centration problem was first introduced by D. Slepian and H.O. Pollak [23] in the 1960’s.
They are also known as Slepian functions and solutions of a Sturm-Liouville problem for
solving elliptic boundary value problems in spheroidal geometry. The general theory and
background on PSWFs is contained in the monograph by C. Flammer [3].

For a given real number ¢ > 0, the PSWFs denoted by {x.(x)}5%, have been known
since the early 1930’s as the eigenfunctions of the Sturm-Liouville operator L. defined
on C?([-1,1]) by

d®xc dxc
Xe  gp®Xe 242y, zel[-1,1]. (1.1)

_ 2
Le(xe) = (1 —2%) A2 € da

The above operator arises via the method of separation of variables for the Helmholtz

equation with the use of the prolate spheroidal coordinates (£,7, @), which are related
to the Cartesian coordinates (z,y, z) by the following transformation (cf. E. Hobson [4],
N. Lebedev [10]):

r = f(&-1)(1-n?)cosg,
y = V(2 -1)(1—-n?)sing,
z = [én,

where f > 0 1is a scale factor; &, n and ¢ are parameters such that 1 < £ < oo, -1 <n <1
and 0 < ¢ < 2w, which have the following meanings: £ is the radius, 7 is the azimuthal
angle about the major z-axis, and ¢ is the rotation term.

The family of confocal prolate spheroids is given by surfaces of constant & with major
axis of length 2f¢ and minor axis of length 2f+1/£2 — 1, and corresponding foci at the
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F1G. 1. The prolate spheroidal coordinate system (&, 7, ¢).

points (0,0, £f):
22 442 22
GRS
Following [24] (cf. [I1]), a family of solutions to the Helmholtz equation
Asxe + k*xe =0 (1.2)

=1

in prolate spheroidal coordinates can be represented in the following form:

Xe(&,m,9) == R(&;¢) S(n;c) @(9),  c:= fk.

The previous product sometimes bears the name of “Lamé products”. The separation of
variables in (2] implies the following three differential equations:

2 2
(& - 1)% + 25% - ()\(c) — P+ fz,m_ 1) R = 0, (1.3)
d?S ds 2
(1- 772)d—772 - 217d—77 + (/\(c) — P — 1717_772> S = 0, (1.4)
i‘%‘f +m’® = 0, (1.5)

where A\(c) and m are parameters introduced during the separation of variables method.
Equations ([3)) and ([I4]) are called, respectively, radial and angular prolate spheroidal
equations; we will call them modified Sturm-Liouville equations (compare with operator
([TID). The solutions of (L3) and (L) are called radial and angular prolate spheroidal
functions. As a matter of fact, because the bandwidth tuning parameter ¢ (also known in
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the literature as Slepian frequency) and m are constants, one has two families of ordinary
differential equations parameterized by the same parameters ¢ and m. It is worth noting
that when the interfocal distance 2f becomes zero (i.e. ¢ = 0) the previous radial and
angular equations reduce to the Legendre’s differential equations which are satisfied,
respectively, by the classical associated Legendre functions of the first and second kinds.

The periodicity of ® requires that m is a positive integer or zero. Hence solutions of

(T3 are
8(0) = { cos(mg),
"] sin(me),

where cos(m¢) and sin(mg) are trigonometric polynomials that are related to the Cheby-
shev algebraic polynomials of the first and second kinds, respectively, T, and U,,, in the
following way:

cos(me) =: T, (cosp) and  sin(me) =: Uy,—1(cos ¢) sin(¢).

Multidimensional PSWFs were first studied by D. Slepian in [24], which provided many
of their analytical properties, as well as properties that support the construction of
numerical schemes (cf. A.I. Zayed [30]). Very recently, in [6] the authors introduced
the generalized PSWFs for offset linear canonical transform in Clifford analysis. These
generalized spheroidal functions were successfully applied for the analysis of Slepian’s
concentration problem. In this line of research, in [I5[16] two distinct sets of monogenic
orthogonal polynomials (in the sense of the usual generalized Cauchy-Riemann opera-
tor) were constructed over the interior of prolate spheroids (with a bandwidth parameter
¢ = 0) which could be expressed in terms of products of associated Legendre functions
multiplied by Chebyshev polynomial factors. Studies showed that the underlying gener-
alized prolate functions play an important role in computing the monogenic Szego kernel
function in prolate spheroidal domains [I7]. These results were used to investigate a par-
ticular class of approximation properties for monogenic functions over prolate spheroids
in terms of special systems [I§].

1.2. Helmholtz equation in prolate spheroidal coordinates. In three-dimensional Carte-
sian coordinates the Helmholtz equation has the form

2 2 2
(Ag—l—kQ)[u]::%—i-gTZ—l-%-i-k@u:O, ueR keR. (1.6)

In general, the parameter k can be complex or even quaternionic; see, e.g., [7].

The Helmholtz operator (Ag + k2) acts on the space of functions C2(R3). For conve-
nience, we consider its restriction onto C?(£2; , .), where

Q. =R\ {(z,9,2) eR’ |z =y =0, z € R}.

In the sequel, consider a domain Z in a copy of R? with the coordinates (£,7, ¢). Now, we
define a change of variables in the domain Z; i.e., there exists a mapping ¢ : (£,7,¢) €

H 90(5777; d)) = (.’ﬂ = @l(ganv(ﬁ)ay = 902(5,773¢),Z = 503(5377,(;5)) € Qr,y,za such that
¢ € C%(Z) makes a one-to-one correspondence between both domains.
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Assume that ¢ = (Y1(z,vy,2),¥2(z,y,2),¥s3(z,y,2)) is the inverse mapping, ¥ :
Qm,y,z — Ea i'e'v so that 90(7/’(% Y, Z)) = (x’ Y, Z) for any (QC, Y, Z) € Qr,y,z and ¢(Sﬁ(f, 7, ¢))
= (&n, ¢) for any (£,7,¢) € E.

Let us introduce the operators of the change of variables:
Wy u€CQyy.)—uop=:1ucC*E),
Wy =W, aeC*(E)~ a0t =u€C*(Quy,.).

Note, in passing, that W,, is an isomorphism of C?(£2, , .) onto C*(Z), whereas Wy, is an
isomorphism of C%(Z) onto C?(Qy,y,-)-

Let A be an arbitrary linear operator actlng on C? ( zy,2) and B be an arbitrary
operator acting on C2(Z). Define the operators A and B as

W¢AW¢, = ZL
WyBW,, =: B.

Obviously, A acts on C2(Z) while B acts on C?(Qyy.2)-
Now, let £(C?*(44.-)) and £(C?(Z)) denote the algebras of all linear operators acting
on the respective function spaces. Then the mapping

A€ LCHDuy.2)) = W AWy = A € L(CX(B))

is an isomorphism of algebras.
Now, let us take A = As + k2. Consider

W, AWy = WoAsWy, + W k> Wy (1.7)
First of all, for any @ € C%(Z), we note that
W k2W, i) = Wk [u] = W, [k%u] = ku = k2,
and therefore, it follows that
Wok*Wy = K1,

where [ is the identity operator.
Furthermore, we call attention to the fact that

o? 0? 02
WelsWy = W, <@+a_y2+az2)ww
02 0? 02
= g,a 2Ww+W¢8 2W¢+W¢8 2Ww

= (g (W) + (W) (Weg )

+< ;)Ww) (W aaww) (1.8)
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Now, we apply all the above to the aforementioned prolate spheroidal change of variables,

901(65 7, (b) = f V (52 - 1)(1 - 772) COoS ¢,
902(§a m, ¢) = f \V4 (62 - 1)(1 - 772) sin ¢a (19)
p3(&m ) = fén.

Straightforward computations show that

namely,

1
WolAs + KW = s Wens + (€ =), (1.10)
where
0? 52 0 o h2 , 9?2
We o = (€2 _1)852 +01- 2)3_772+2§3_§_2 6_77+ 2E§ Z;@ (1.11)
with

c=fk, hi&mn) =2 =), h3(&n) = A€ - 1)1 —n?).

It is clear that ker(Ajz + k?) is isomorphic to ker (We . » + ¢2(£2 — n?)).

The preceding conclusions are true if (I9) is a one-to-one correspondence. Hence
we assume that the operator We ,, » + ¢*(§2 — %) acts on C?(¢ ;. ») where Q¢ 4 =
(1,00) x (—1,1) x [0, 27); more precisely, (L9) is a C'*°-diffeomorphism between € ,, ,
and Q¢ 4.

2. Modified Sturm-Liouville and Chebyshev operators (MSLCOs).
2.1. Relations between MSLCOs. Let us introduce the following notation:
1 1
Wi =g [ We o + (€% =1 W
R Wers € =] =

Consider the operator YW and assume that it acts on C%(Z) with = being of a special
shape, namely, let = be a Cartesian product of three intervals: 2 = Z¢ X &, x 4. It is
known that in this case the Cartesian product

C*(E) = C*(E¢) ® C*(E,) ® C*(Ey)

holds. Such a decomposition of the space C?(Z) generates a decomposition of the operator
W. Indeed, every element of C*(Z¢) ® C*(E,) ® C*(Z,) is of the form

9e(&,m,0) =Y Ri(&¢) ® Si(n; ¢) @ i(¢)
i=1
where the elementary tensor
Ri(&¢) ® Si(m;¢) @ i(9)

is just a pointwise product of the three functions R; € C*(Z¢), S; € C3(E,) and ®; €
C?(Z4). In particular, if I, is the identity operator on C*(Z,) and I, is the identity
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operator on C?(Z,), then the operator % ® I, ® I, acts, by definition, on C?(Z¢) ®
C?(Z,) ® C*(Z,) by the following rule:

2 e d?
d£2®1 2 ® Iy ZR ® S ®®; :Zd—52®ln®l¢[Ri®Si®<I>i]
i=1 i=1
— d’R;
:E:d @ I,)[Si] @ 1,]®;]
i=1
:Z - S; - @,
_ 0%9c(&,m, 9)
0¢? '
2 2 92 2
Hence —— o¢z d§2 ® I, ® Iy. In a similar way, we obtain that — o =I:® d —— ® 1y and
8—2 =1:®1 @ A quite analogous reasoning shows that 2{ 0 _ 2§ ® I, ® 1
ZEEN " i o6~ T ’
d2n—=1®2 1
an 77377 e® nd @ Lg.

For simplicity of presentation, we set a(€) := A(c) — c2£2 + é”jl and 3(n) := A(c) —

_@-nL

a2 O T ®To +2

§®In®f¢—a(§)fs®fn®f¢
2

d d
+I®(1—-7n )F ®1, I§®2’I7d—77®1¢+15®ﬁ() . ® I

1 d? 1 d?
——1:®1, 1, s I ® —
+§2_1 e ® d¢2+ 5®1 "®d¢2
1 1
I ® 1, I, +1 5 In I
+£ 1 e®1,® mly+ 5®1 7 ® m

In order to state our results, we shall need some further notation:

2
= [@2—1)22”52
2

d d
Sppi=1e® [(1 - nQ)d—nQ - 277% + B(n)fn] ® Iy,

(5)14 @I, ® Iy,

d2
T =1, <d¢2 —|—m2f¢)
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and
Sew i= (62— 1)5—; + 265 — Ol
S0 = (1= )2 = 20+ B,
Ty = ddf; +m-ly,
giving, of course, that
SelR] = (€2 — 1)‘% +2%8 —a(OR,
0181 1= (1= 1) o — 20+ 5()S,
Ty[®] = Z%) +m?®,

which immediately leads to the equations (L3)-([LH) for arbitrary values of the constants
¢ and m.

For this reason we will use the names of Modified Sturm-Liouville and Chebyshev
Operators (MSLCOs) for S¢ o, S5 and Ty. We will call them in this way, since their
solutions are related, respectively, to the modified Sturm-Liouville equations (L3)-(T4)
and Chebyshev equation ([LH]). Therefore we conclude that

h3(&,m)
h3(&,m)

We note that this decomposition has been obtained for parallelepiped domains with sides
parallel to the coordinate axes only.
2.2. On the kernels of the MSLCOs. For simplicity of presentation, we set

W= S&a + Sﬁﬁ +

T. (2.1)

h3(&n)
= L = (&) + Co(n),
h3(&m) (&) + Gln)
where C1(§) := —521_1 and Ca(n) = —1—1n2' On the same parallelepiped we consider now

ker(Se o + Sy3 + CTy) and ker S¢ o ® ker S, 3 @ ker T,
Given an elementary tensor g; ® ga ® g3 € ker S¢ o ® ker S;) g ® ker Ty, there holds:
Wig1 ® g2 @ gs] = (Se.a + Sng + CT)[01 ® 92 © 9]
= (S0 ® 1) ® 14)[91 ® g2 ® gs]
+(le ® Sy, ® 15)[91 @ 92 © g3]
+[CLE e ® Iy ® Tyl [91 © g2 © gs]
+ e ® Co(m) Iy @ Tyl [91 @ g2 ® gs]
= Se.algr] - 9293 + 91+ Sy plga] - 93 + [C1(E) + Ca(n)] g1 - g2 - Ty[g3]
=0,
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that is, g1 ® g2 ® g3 € ker(Se o +S,,3+CTy). Since Se o, Sy g and Ty are linear operators,
every element

Z a; g1 @ g2i ® g3i € ker S¢ o @ ker Sy g @ ker Ty, a; € R,

i=1

belongs to ker(Se.o + Sy.3 + CT5). We conclude, then, from the foregoing that

ker S¢ o @ ker S, g3 @ ker Ty, C ker(S¢ o + Syg + CTgy) = ker W. (2.2)
Now take an elementary tensor g1 ® g» ® g3 € C?*(Z¢) ® C*(E,) @ C*(Zy4), where g3 =
cos(ma),
which belongs to ker(S¢ o + Sy, 5 + CTy) = ker W; then
sin(me),

0=Wig ® g2 ® g3]
= (Se,a +Syp + CTp)91 ® g2 @ g3]

= (Sc.a @ Iy © Iy)[g1 @ g2 @ g3]
+ (Ie @ Syp @ Is)[g1 ® g2 @ g3
+[C1(E) e ® Iy @ Ty] [g1 ® g2 ® g3] + [Ie @ Ca(n) Iy @ Ty] [g1 ® g2 ® gs]
= Sealgr] - 92+ 93+ 91+ Snplge] - 93 + C g1 - g2 - Tylys]
= Sealg1] - 92 - 93 + g1 - Sy plg2] - 93 -
Assuming that g1 (§) # 0 for all £ € E¢ and g2(n) # 0 for all n € =,,, the above equality

is equivalent to

1 1
di = ~Sealgr] = —— ,
= [91] p n.5192]

and this implies that

1 d’g dg
dy = 0 (& - 1)@5 +2§d—£ —a(§n
is equivalent to
d*g dg
— 1)¥21 + 2§d—§1 — [a(€) +di] g1 = 0. (2.3)
Analogously, we obtain that
1 d*gs dgs
—d; = — |(1=n?) 222 _op2=
1= (1—n) gyt B(n)g2
is equivalent to
d292 dgo
1—n?)—= —2p—— di] g2 = 0. 2.4
(1= 5% =22 + [0) + il e (2.9

The formulae [2.3) and 2.4]) imply that g1 ® g2 ® g3 € ker S¢ o4, @ker Sy, g1q, @ker Ty,
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We shall observe that different elementary tensors in ker(Seo + Sy + CTy) give
rise to different constants d;, so we conclude that the set of elementary tensors in
ker(Se.o + S5 + CTy) = ker W is contained in the set

U (ker S¢ o @ ker Sy, g @ ker Ty,) .
o,

3. Notion of Di-hyperholomorphic function. In the previous sections we estab-
lished a direct relation between the MSLCOs (and, hence, the PSWFs) and the operator
W. On the other hand, it turns out that there exists a quaternionic function theory
which is related to the operator W in the same way as complex analysis in one vari-
able, classic quaternionic analysis and Clifford analysis are related to the corresponding
Laplace operators. Even though there is no straightforward relation, we still manage to
relate the PSWF's to a quaternionic function theory.

We proceed by introducing and developing some basic facts of this version of the
quaternionic analysis and its associated function theory. Since most applications related
to the PSWFs take a general complex wave number k, we shall also take k£ € C in the
forthcoming analysis. This consideration makes sense, however, since the underlying
theory is connected with the a-hyperholomorphic function theory developed in [7].

Throughout the paper, let H(R) and H(C) be the sets of real and complex quaternions.
Each quaternion w is represented in the form

w = wo + wii 4+ waj + wsk.

The set {wy} is in R for real quaternions and {wy} is in C for complex quaternions, and
{i,j, k} are the quaternionic imaginary units which obey the usual laws of multiplication:
i?=j =k =—1;ij = k = —ji, jk = i = —kj, and ki = j = —ik. As usual, we
denote the imaginary unit in C by ¢; by definition, 7 commutes with all the quaternionic
imaginary units. H(R) is a skew-field; meanwhile H(C) is a complex non-commutative,
associative algebra with zero divisors.

The scalar and vector parts of w, Sc(w) and Vec(w) are defined as the wy and w;i+
waj + wsk terms, respectively. For a complex quaternion w we consider its quaternionic
conjugate w defined by

W 1= wy — Vec(w).

Let © be a bounded multi-connected domain in €2 , 4 with a piecewise smooth bound-
ary, and denote by € its closure. A central notion in quaternionic analysis is that of
Dy-hyperholomorphy (resp. Dy-anti-hyperholomorphy). On the set C* (2, H(C)) we con-
sider the following first-order partial differential operators with variable quaternionic
coefficients:

hae, S 9
D=k [,;gg;;; (cos @1+ sin §5) € + h%(é, € - ””k} 7%
_h2(§a77) . in éj f 2 :|2

% R, ) (oS Fsinod)n gy (L )ek] 5 (3:1)

+ [m (— sin @i + cos ¢j) %
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and
Dui= k= [T (cos i sn ) € + ol — (€7~ k] 3¢
- {— Z%EEZ; (cos @i+ singj)n + %(1 - vf)ﬁk} a% (3.2)
- {@ (— sin @i + cos ¢j) 7

These operators are well-defined on

R\ {(&,n,¢) € R®| hy(€,m) # 0 and ho(€, 1) # 0},

but in order to unify the notation and to simplify the calculations further, we choose
them acting on ()¢, 4. These operators can act on the right, in which case they will be
written as Dy, and 51977«. We denote by Dy the operator in ([B1) with k& = 0.

The motivation of introducing both operators is explained in detail in Section 5.

DEFINITION 3.1. Any solution g € C*(Q, H(C)) of the equation Di[g] = 0 is called a
Dy-hyperholomorphic function. Analogously, for solutions of the equation Dy[g] = 0 a
reasonably natural name is Dy-anti-hyperholomorphic functions.

Denote the set of Dg-hyperholomorphic functions by 2:

My, := My (2, H(C)) := ker Dy,
and define in a similar way 9 , as
My, :=ker Dy ;.

Straightforward computations show that

5 _5 1 202 2
Dy -Dp=Dy-Dp = h%(§7n)[wﬁ,n7¢+c(f 77)}
1
= L o, 3.3
mEn” =™ 33

where Wk , 4 is given by (LII)).
The above means that Dy-hyperholomorphic functions indeed play the same role for

the W operator as the usual holomorphic functions in one complex variable or hyper-
holomorphic functions of quaternionic or Clifford analysis play for the corresponding
Laplace operators, and they are in striking analogy with related investigations about
a-hyperholomorphic functions for the Helmholtz operator in [7]. At the same time, there
exists a deep difference since the operators (B.1]) and ([3:2)) have variable, not constant,
coeflicients, and it is well-known that function theories using such operators are much
more sophisticated.

4. Integral formulae for Di-hyperholomorphic functions. This section presents
main integral theorems and formulae for the class of functions introduced in the previous
section.
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Consider the following function:

L L kil <k+ Cot —zk&> Imk >0,

a7 (] R
Ick(§7"7>¢) = (41)
_ L L ki <k Cst k&) Im k
miq° e TR ) RO

where

¢ = (FVE=TVT= 1P cos 6, [VE = 1Y/T=ising, fén)

is such that |¢| = f1/€2 4+ 7% — 1 and
Gt = fVE = 1V1—n?cosdpi+ f1/& — 11— n?sin@j + fénk.
We note that the function Ky is well-defined on the set
RPN\ {(€,m,¢) ERP [+ =1,0< ¢ < 2},
but for our purposes we choose to define it on ¢ , 4.
In case k = 0 both formulae in [1]) give _ L Gt

A [
of the Moisil-Theodorescu operator. The function I does indeed play the role of the

Cauchy kernel for the Dy-hyperholomorphic function theory.
We set

which is the fundamental solution

2| 52_772
w:=1if l smd)(\/@?—lm
+ (n«/§2—1\/1—n2008¢) df/\d(b-i—(f\/§2—1\/1—7]2005¢) dnAdqﬁ]

52 _772
cos ¢ (\/&T—lm> dé A dn (4.2)
+ Qn@2—1w1—n2mu®dgAd¢+(gvg%—lwl—n2mu@dnAd4

+kf? [~€(1 = n?)dE Ado +n(E® — 1)dn A dg)] .

Let ds be the surface element in Q¢ , 4. Then |w| = ds, and if T' is a smooth surface,
then

)&AM

+if?

w = inids + jnods + knszds = ngds,
where
Nst (A1, Ao, Ag) = ni(Ar, Ao, Az)i+ na(Ar, Ao, Ag)j + n3(Ar, Ao, Ag)k

is a unit vector of the outward normal to I" at the point (A1, Az, As) € T" seen as a
quaternion.

In order to simplify calculations and to present the basic ideas, we will consider piece-
wise smooth surfaces I', although the whole reasoning is valid for more general surfaces
as well.
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Now consider {g1, g2} C C1(,H). If we apply the exterior differentiation operator d
to the differential form ¢, - w - go we obtain:
d(g1-w-g2) =dgi ANw - ga — g1 -w A dge
= (Do,r[91] - 92 + 91 - Dolgz]) fH3(&,m) dE A dn A do.
It then follows that
d(g1-w-g2) = (Drrlg1] - 92 + g1 - Dilga] — 2kgugo) FRT(E,m)dE Adn N dp.  (4.3)

We are now ready to formulate the main results of this section.

THEOREM 4.1 (Stokes’ formula compatible with Dg-hyperholomorphy). Let  be a do-
main in € , 4 and let its boundary I' be a piecewise smooth surface such that 02 =T
Then for any g1, g2 € C1(Q) (N C(QUT) the following formula holds:

[ w02 = [ Durlonl g2+ 91 Dilge] = 2hoaga) 136 m) ds Ay o
r Q
Proof. The proof is a direct consequence of the usual “real” Stokes theorem and for-

mula (£3). O

COROLLARY 4.1 (Analogue of the Cauchy integral theorem). Under the conditions of
the preceding theorem and if, in addition, go € M (Q,H(C)) and g1 € My .(Q, H(C)),
then

/91'w'92:—Qk/91'92'fh§(f’77)d§/\d77/\d¢~
r Q

We proceed by generalizing two classical one-dimensional complex operators: the
Cauchy-type operator and the T-operator. Consider the Cauchy kernel Iy given by
formula [{@I]). Let Ty and K} be the operators defined by the formulae:

Tilg)(€,n,9) (4.4)
= /Q Ki(& = nyn—v,d — 0)g(p, v, 0) fhE(p,v) du A dv A do

for (§,n, ) € Q¢ p.p and
Kkgl(&,m,¢) (4.5)

= - / ICk(g — M=V, ¢ - Q)nst(,u’v v, Q)g(,u‘v v, Q) dF(u,v,g)
N

for (£,m,¢) € Q¢ ne \ T where Q is as above with a piecewise smooth boundary T'.

For the integral operators introduced above, we now deduce some theorems which are
the exact structural analogues of the corresponding facts of one-dimensional complex
analysis and which express profound properties of the Dj-hyperholomorphic function
theory, as well as important relations between this theory and operator theory.

THEOREM 4.2 (Quaternionic Borel-Pompeiu formula). Let € be a domain in ¢ ,, » and
' be a piecewise smooth surface such that 92 = T'. Let k € C and g € C*! (Q,H((C))
N C (©,H(C)). Then

g(ﬁvna ¢) = Kk[g}(gan,(b) + Ty - Dk[g](f’nagé)’ v(f’na¢) €.
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Proof. Let w = (u,v, 0) and p = (£, 7, ¢). By definition of the operator Ty we have:

Ty - Dlgl(§,m, @)

= /Qle(é — 1,1 — 1,6 — 0)Dr.wlgl (1, v, 0) fH (1, v) dpw A dv A do (4.6)
= lim Ki(& = pm = v,0 — 0)Drwlg) (1, v, 0) fh3 (1, v) dps A dv A do,
e—0 Q\ﬁe

where the subindex w in Dy ,, means differentiation with respect to the variable w, and

Vei={ (0| |17/ (€12 =1/ T=(=0)7 cos(9—e) F/(6=1)? = 1/T=(n=0)? sin(é—e). S (6 =) (n—v)| <c }.

Now

9\19 K:k;(f — MK, — V7¢ - Q)Dk:ﬂu[g](/’éaya Q)fh%(/l,ll) dMA dV A dQ

- 9\19 ’Ck(g—ﬂan—Vﬂb—Q)Do,w[g](ﬂaV7Q)fh%(/17”)d,u/\dV/\d@

+k oo Ki(€ = pn—v,¢ — 0)g(p, v, 0) f1} (p,v) du A dv A dg

_/9\19 Ki(€ = p,m — v, ¢ — 0)Do,w 9] (1t v, 0) f 13 (1, v) dp A dv A do
+k/\ Ki(& = pn—v,0 — 0)g(p, v, 0) fh3 (1, v) dp A dv A do
Q\9.

o Do,rw [Kk (& = psm = v, 6 = 0)] g, v, 0) F1 (1, v) dpp A dv A do

+ o\ DO,r,w [’Ck(f—ﬂan—%¢—Q)]9(/%’4Q)fhi(ﬂay)d/“\dV/\d@

It is a simple matter to verify that
—Dorw [Ki(§ = pm —v,¢ = 0)] = = Do,w [Ki(§ — p,n — v, ¢ — 0)]
=Do,p [K(§ = p,n—v, ¢ —0)].

Hence we get:

. Ki(& = pm = v,0 — 0)Diwlg) (1, v, 0) f3 (1, v) dp A di A dg

:/ {ICk(E —p,n = 1,0 — 0)Dow [9(p, v, 0)]

Q\9.
+Do,ryw [Ki(§ — pt,n — v, — 0)] g(p, v, Q)}fhf(u, v)dp A dv A do
+/Q\19F{k?’€k(§_ﬂa7]_ v, ¢ —0)

+ Do, [Ki(§ = pn — v, ¢ — 9)]}9(% v, 0)fh3(p, v) dp A dv A do.
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Applying Stokes’ formula in Theorem [£T] we have:

e K:k(f — K, — V7¢ - Q)Dk,w[g](:u’>ya Q)fh%(:uﬂy) d/J' A dl/ A dQ

:/ Ki(€ —Ai,n— Aoy ¢ — As)ng (A1, Ao, Az)g(Ar, Ao, Ag) d€
’Ye

+ \ Dy [Ki(€ — pyn — v,6 — 0)] g1, v, 0) f13 (1, v) dp A dv A do,
Q\9,

where ¢ := 9(Q \ ¥.). The second integral equals zero, and turning back to (Gl we
finally obtain:

Ty - De[f1(€,m, 6)

—tim [ K€~ A1~ Aay0 — Aa)nae(s, Az, Aa)g(A Aoy Aa) '
/\/6
= lim Ki(§ = A1,n — Az, ¢ — Az)nse (A1, Ao, Az)g(Ar, Az, Ag) dl
¢ r

+ 113% Ki(§—A1,n—Ag, ¢ — As)ng (A1, Ao, Ag)g(A1, Ao, Ag) dOV.
=0 /a9,

= — Kk:[g](§>n7¢) +g(§7777¢)

This concludes the proof. (Il
As an immediate consequence of this theorem we obtain the quaternionic version of
Cauchy’s integral formula.

THEOREM 4.3 (Quaternionic Cauchy integral formula). Let 2 be a domain in € ,, 4 and
let T be a piecewise smooth surface with I' = 9Q. Let g € M(Q)NC () and k € C.
Then

Q(fﬂ%(b) = Kk[g](ﬁﬂ% ¢)7 v<€,777(]§) € Q. (47)

Let L? (2, H(C)) be the set of H(C)-valued functions such that each component is in
the usual LP(£2, C); this set forms a right H(C) module. We are now in a position to give
a quaternionic version of Morera’s Theorem.

THEOREM 4.4 (Quaternionic Morera theorem). Let k € C, g € C* (Q,H(C)), and Dy[g] €
L? (2, H(C)) for some p > 1. If for any piecewise smooth surface I' such that I(T") C Q
with Q C Q¢ » and I(T") the interior region, we have that

et gdr == [ gt dg ndn o (48)
r Q
then g is Dy-hyperholomorphic in 2.

Proof. Let {Qs}eeny be a regular sequence of domains converging to the point
(€0, M0, P0) € €, and let Ty be the boundary of €,. Then by Lebesgue’s theorem (cf.
[25]) for any h € LP(Q,H(C)) (p > 1) there holds

lim [ h(€,n, ) d A dn A dd =: F(Eo,m0, 60)
K—)OO‘QA Q,
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and h = h in LP (Q,H(C)). If we choose h := Do[g]fh3(£,n), then, by hypothesis, it
follows that
1
1] Jo,
1
1l Jo,
1
1l Jo,
1
1l Jr,

From Stokes’ formula we have:

Dilg) (&, &) fh3(E,m) dE A dn A do

Do[g)(&,m, 6) 17 (&, m) dE A dn A do

nst (A1, Ao, Ag) - g(A1, Ao, Ag) dly.

. Do[g)(&,m, &) Fh3(&,m) dE A dnp A dg = g nse(A1, Ao, Az) - g(A1, Az, Ag) dTy.

Therefore

1

A Dilg] (&, @) FRI(E,m)dEAdnp Adp =0, £eNU{0}.

Taking the limit as £ — oo we obtain Dg[g](&o, 1m0, do) = 0, and since (o, 170, o) is an
arbitrary point in Q the result follows. O
Let us end this section with one last result.

THEOREM 4.5 (Right inverse for the quaternionic Cauchy-Riemann operator). Let k € C,
Q C Q¢popand g € C1 (Q,H(C)) N C (Q,H(C)). Then the following representation for
g holds:

9(&,m,0) =Dy - Trlgl(&m, 0), Y (&,m,0) € Q. (4.9)

Proof. Let (§,1,¢) € Q¢ 6. The fundamental solution of the Helmholtz operator in
prolate spheroidal coordinates is

_ L ke

, Im £k > 0,
4 [¢]
Ox(&,m, ¢) = (4.10)
T 1 ki
———e , Imk<O,
4 ||

where ¢ = (f/&2 — 1y/1 —n2cos ¢, f1/E2 — 1/1 —n?sin ¢, f&n). Tt follows from Theo-

rem [LT] that if T' = 9 is a piecewise smooth surface and A = (Aq, Aa, A3z), then
[0(6 = a1 02,0 — Aa)me(As, Az, Aa)g(Aa, Aoy Aa) T
r

- /Q{/Ck(S — pn—v,6— 0)g(k, v, 0)

— 0x(€— p,n — v, 0 — 0)Di [9(p, v, 9)]}fhf(u, v)du A dv A do.
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It can be seen that

Tklg)(€,m, 0) =/Q9k(§ —p,m — v, ¢ — 0)Drlgl(p, v, 0) fR2 (1, v) dp A dv A do

+ [ (€~ Arn = 8i6 = Aa)ra(hn, o, Aa)g(A, A Aa) T,
r
If we apply D; and the Borel-Pompeiu formula we get:

= —/QDk [0(¢ = 11— 1,6 — 0)| D—k[g) (1, v, 0) 13 (11, v) dpu A dv A d

+ / Dy [65(€ — Avyn— Aoy & — As)] 11ar (A, Az, As)g(Ar, Ao, Ag) dT's
I

= /Q/Qk(f—u,n—vw— 0)D—rlgl(u, v, 0) f3 (1, v) dp A dv A d
—//cfk@—Al,n—Am—Ag)nst<A1,A2,A3)g<A1,A2,A3>drA
T

=Ty - D+ K_)[9](&n,0)
=9(&n, 9). O

5. Relation with the a-hyperholomorphic function theory. This section de-
scribes the direct relation between the obtained results and their analogues constructed
in the framework of a-hyperholomorphic function theory.

For the Helmholtz operator in three-dimensional Cartesian coordinates, the following
factorization holds:

0 0 0 0 0 0
2 _ s Y s 7 e s e e
Ag+k* = <k+18x+J8y+k8z) (k i Jay kaz)
—. D, oDy

Therefore, the Helmholtz operator in prolate spheroidal coordinates can be written as
1

w T2(e2 _ 2
h%(f,n){ &mn,¢ & (5 n )j|

=W, (A5 +K*) Wy,

= W, (Di) WyW,, (Di) Wy

.0 .0 0 Lo .0 0

=W, </€+l% +‘]8_y +k£> WyW, </€ — l% —Ja—y — k&) Wy.

A direct computation shows that
0 hg({“,n)( 0 8) sing O
W, —Wy = = — N5 | cosop— =
e = wten) \"a¢ "o ) €T halen 00

similarly,

0 h(ew) (L0 0\, . cosé O
Weay' = 1) <5as ”an) SN+ 5@ 96
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and

o
*o:" Y = Wem)

[(52 - 1)’75% e —ﬁf%

With these computations at hand we obtain

W¢0Dk OW¢ (5.1)
.0 .0 0
. h’2(€an) . . . f 2 a
—h [h%(&n) (cosgit-sm i)+ pae - 1)"4 o
ha (&, m) C f 9
e o 0 - g
1 L N,
+ {4]12(& D (— sin @i + cos qb_])] %
=Dy. (5.2)

This means that the image of the operator Dy, after the prolate spheroidal change of
variables, is the operator Dy defined in ([BI). Hence, ker Dy is isomorphic to ker Dy;
that is, if f € ker Dy, after applying the operator W, we obtain a function f € ker Dy,
and vice versa. Therefore all the results obtained for the a-hyperholomorphic function
theory (see [7]) can be achieved for the function theory generated by the Dy operator.
This also means that an alternative way of obtaining the preceding results is to apply the
prolate spheroidal change of variables to the results produced in the a-hyperholomorphic
function theory, as we will see next.
Let t = (z,y,2) € R3\{(0,0,0)}. The fundamental solution of the Helmholtz operator
is given by (see [7])
—iieikltl, Im k& > 0,
47 |¢]
O(t) = (5.3)
—%%e*ikm, Imk < 0.
Formula (53]) leads to the fundamental solution of the operator Dy, which plays an
important role as an analogue of the classical Cauchy kernel. It is defined as follows:

Kult): = (k- iy -~ icg ) (0400

]. ]. ’k‘t‘ tst . tst
—— — el (o = et ) Imk >0
e T ) el

11 7']@\15\ tst . tst
Tt k+—%+ik— ), Imk <0,
i TRE T )

where tg; = xi + yj + zk.
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Having in mind (1), after the prolate spheroidal change of variables it follows that
We (Kg) = Kiop

11 ik|C\< Cst . Cst)
———e k+ —ik>= ), Imk>Q0,
4r [¢] I¢I? <l

11 *ikK‘( Cst . Cst)
—— e k4 2L 4 ik>2t ) Imk<0
4m (] I¢1? <l

= K:/w
where

= (SVE=TVI =P cos o, f/E —1V/T— sing, f¢n)

is such that || = f\/&?+n? — 1 and
Gt = fVE —1V1=n?cosdpi+ f/E — 11 —n?singj + fénk.

For the variable t = (x,y,z) we define the differential form o of the surface area as
follows:

0= —idy ANdz + jdx A dz — kdx A dy.

Direct computations show that in prolate spheroidal coordinates, o has the form of (£2)).
This means we have the tools necessary to construct all the theory developed above.

6. Relation between Di-hyperholomorphic functions and solutions of the
prolate spheroidal and Chebyshev equations. In this section we show how to di-
rectly relate the solutions of the prolate spheroidal equations and Chebyshev equation
with the Dg-hyperholomorphic function theory. As we will see, our approach allows the
generation of Dy-hyperholomorphic and Dg-anti-hyperholomorphic functions from the
solutions of the prolate spheroidal wave equations and Chebyshev equation.

Let u(&,n, ) be a null-solution to the operator %W We set
1\S,
1 -

g1 = %Dku (6.1)
and )

go = ﬁ’Dku. (6.2)
Then

Digi = Dy [ Dpit) = =Dy - Dt = — — (Wi =0
= —_— u = — . u = — u =
RIL=Fk gk ok kTR T 9k 2 (e )

and

— /1 1 11
Dyg2 = Dy, (—Dk’ft> = —Dy; - Dyl W)a =0,

2k 2k T2k h2(,n)
so that g1 + go = 4. Hence the function @ is decomposed into @ = g1 + g2, where
g1 is a Dg-hyperholomorphic function and ¢ is a Dg-anti-hyperholomorphic function.
This is related to the fact that if @ is a metaharmonic function (i.e., Asz@ + k%@ = 0),
then there exist (uniquely) two functions @; and @9 from the conjugate classes of Dy-
hyperholomorphy such that @ = @1 + @2 (see [7]). Let us compare this with the harmonic
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case; it is known that ker 6% M ker % = C. This implies that the general representation
for each harmonic function w is w = F'+ G with F' = f + ¢, G = g — ¢ where f € ker 68—2,

g € ker % and c is an arbitrary complex constant.
Now, let R(§) be a solution of the radial equation (L3, S(n) be a solution of the
angular equation (I4]), and ®(¢) be a solution of the Chebyshev equation (LH). Consider

(& n, @) := R(£)S(n)2(¢).
The operator Dy = Dy can be seen as the three-dimensional gradient in prolate spher-
oidal coordinates since
0 0 0]
d =W liz—+j=— +k— | W,
grademe ® (18:13 +J3y + 82) ¥

<§—nmk%

_f
h3(€,m)

— [h2(£’ Z) (cos i +sin ¢j) € +
(cos pi + sin ¢j) n + —f (1 —n2)§k} 2
h3(&,m) an

h3(&n)
|:_ h2(§7 77)
h3(&,m)

(— sin @i + cos (;bj)] 8a¢

1
+
|:h’2 (fa 77)
Then for ¢g; in (1)) and g2 in ([6.2]) there holds:

o = %u:gm%nwm@wmww»

9 = 5 (k + gradg ;,,4)[R(£)S (1) ®(¢)].

Hence,
91(6,7,9) = 3 RES)B()

1 [ha(, < .
~ 5% h%gég; (cos @i+ sin ¢j) € +

1 [ h2(§7 77)

2k [ hi(&m)
1] 1 L. . dd
~ o _—h2(§777) (—sin @i + cos ¢j) | R(§) S(n) %,

h2(

ml_l
I8
:am\

(5) o(¢)

}

ey
(cosgi+5in ) -+ g (1= 17)

and

92(6,1,0) = 3 RES)B()

L [ha(&m) C f dR

ok [R2(e ) COBOTH SO €+ i s (€8 1)77k] 3 S 2(@)
1 ha(&m) o f L } s

+ 2% | 12(61) (cos pi + sin @) n + —h%(g,n)(l n*)Ek| R(€) — i d(p)
11 . : d®

T % | Ta(&,n) (—sin ¢i + cos @) | R(£) S(n) s
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The last two equations show us that each triple of solutions of the prolate spheroidal
wave and Chebyshev equations generate a Dy-hyperholomorphic function and a Dy-
anti-hyperholomorphic function. Hence prolate spheroidal wave functions generate Dj-
hyperholomorphic and Dj-anti-hyperholomorphic functions. All this departing from the
fact that every metaharmonic function can be decomposed into the direct sum of two
functions from the conjugate classes of Dy-hyperholomorphy.

7. Concluding remarks and perspectives. We have announced that the opera-
tors defining the left-hand sides of (L3)-(LX) are tightly related to the operator W. This
operator can be decomposed into the product of two first order linear partial differential
operators (p.d.o.), Dy and Dy, with variable quaternionic coefficients, and for each of
the factorizing p.d.o. the corresponding analysis can be developed in a very similar man-
ner to that of complex analysis in one variable or classic quaternionic analysis for the
Fueter and the Moisil-Theodorescu operators or quaternionic analysis for the Helmholtz
operator; see [7].

The primary purpose of this study was to give a wide and detailed description of
the above ideas together with a number of related questions. In Subsection 1.2, it is
shown that the prolate spheroidal change of variables generates two mutually inverse
operators that realize a relation of similarity between the initial Helmholtz operator (in
Cartesian coordinates) and its image mw under the change of variables. Section
2 deals with the operator W, and it establishes that this operator can be seen as the
sum of two modified Sturm-Liouville operators and Chebyshev operator (MSLCOs) (we
have assigned these names since they are generated directly by the operators in (L3])-
([CX)). We find also some relations between the null-solutions of the operator W, on
one hand, and of the MSLCOs, on the other. Section 3 introduces the basic definitions
of the quaternionic analysis for the operator W; the corresponding functions are called
Dy-hyperholomorphic, and one finds here an explanation of the reasons for introducing
such an analysis. Section 4 is a continuation of the previous one and it establishes the
main integral formulae of the introduced quaternionic analysis: Stokes’ formula compat-
ible with Dg-hyperholomorphy, Cauchy’s integral theorem and the formulae based on an
analogue of the Cauchy kernel. The obtained statements strongly resemble their ana-
logues constructed in the framework of a-hyperholomorphic function theory which serves
for the Helmholtz equation. Thus, in Section 5 we explain that, indeed, there exists a
direct relation between both. Finally, in Section 6 we show how to directly relate the
solutions of the MSLCOs with the Dy-hyperholomorphic function theory. To be more
precise, we can produce Dy-hyperholomorphic and Dg-anti-hyperholomorphic functions
from the solutions of the MSLCOs.
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