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Abstract. We propose the constitutive equation J = f(¢)E, where J is the current
density, ¢ the charge density, E the electric field and f(¢) a given function to describe the
current-voltage laws appearing in certain special materials. A theorem of existence and
uniqueness of solution is also given for the related nonlinear boundary value problem.

1. Introduction. In many cases the simple linear relation
V =RI (1.1)

between electric current and potential is not verified and more complex current-voltage
laws are present. This happens e.g. in the Ovshinsky material [I1], in thin films of
insulators [I3], in semiconductors [6] and in memristors [14]. These space-charge effects
are globally described by nonlinear relations of the form

V =F(), (1.2)

which takes the place of (LT). Multiple conductance states are often present: two or more
different currents are possible in correspondence with the same difference of potential and
negative resistance, i.e. regions where F/(I) < 0 can be observed [12]. In particular (see
[13]), the current in a thin chromium film was found to obey the relationship

I=AV + BV", (1.3)

where A and B are constants at constant temperature and n is a number equal to or
greater than 2. Many explanations [§] have been proposed based on the first principle
of quantum physics. However, it is difficult in this way to predict the observed current-
voltage laws. In this paper we adopt a purely phenomenological approach. We take as
starting point a generalization of the classical space-charge constitutive equation

J=¢E (1.4)

Received April 18, 2014 and, in revised form, October 22, 2014.
2010 Mathematics Subject Classification. Primary 35J66, 35J75, 7T8M35.
E-mail address: cimatti@dm.unipi.it

(©2015 Brown University
49


http://www.ams.org/qam/
http://dx.doi.org/10.1090/qam/1422

50 GIOVANNI CIMATTI

assuming
J = f(9)E, (1.5)
where J is the current density, ¢ the charge density, E the electric field and f(q) a given
function. This model gives rise to a wide variety of voltage-current characteristics, and
it is also capable of predicting multiple solutions. The space-charge problem based on
the classical assumption () has received great attention, starting with the paper [7].
We quote among others [3], [2], [I], [], [9], [10] and [5].
If diffusion effects are taken into consideration, instead of (LH]) we have the equation

J=—-kVq+ f(q)E, (1.6)
where £ is the diffusion coefficient. If (I.5]) holds we have from the equation of conserva-
tion of charge V-J =0,

V- (f(@)Ve) =0 (1.7)
where ¢ is the electric potential and E = —Vp. If we assume (L) we have, instead of
(@3,

—kAq =V - (f(g)Ve) =0.
Let Q be a bounded and open subset of R? with a regular boundary I'. Assuming
(6], we have, for the determination of ¢ and ¢, the boundary value problem

—Ap=¢q in Q, (1.8)

p=1p onl, (1.9)
—kAq—V - (f(q)Vy) =0 in Q, (1.10)
qg=q onT, (1.11)

where g, and ¢} are functions given on I'. If we assume as starting point the constitu-
tive relation (L) we have the following boundary value problem which generalizes the
classical space-charge problem [3], [4]:

—Ap =g in 9, (1.12)

p=wp onT, (1.13)

V- (f(@)Ve) =0 inQ, (1.14)
g=q@onTt={xel, Z—i(x) >0}, x = (21,32, 73). (1.15)

This problem when f(q) = ¢ is studied in [5].
In Section 2 we present a theorem of existence and uniqueness of small solutions for
problem ([8)-(LII) and a theorem of existence under general assumptions on the data

for the same problem. In Section 3 we consider the one-dimensional version of problem
(LI2)-([CI3) which corresponds to the case of an indefinite slab. If

fla)=q%, a>1,

we obtain the current-voltage relationship (I3]) and one and only one solution for problem

(CI2)-(CI5). On the other hand, if
1
f(a)

:W7 OCZ].,
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we have either none or two solutions. Finally, in Section 4 we study a special case of the
problem without diffusion adopting a different boundary condition.

2. Existence and uniqueness of solutions for the problem with diffusion. If
gp is small in a suitable norm problem, (L8])-(LII) has one and only one solution. In
fact, we have

THEOREM 2.1. Let ¢, € C**(T), q, € C**(T') and

flq) € C*(RY), f(0) > 0. (2.1)

Then there exists N > 0 such that if
bl ey < N, (2:2)

the problem

—Ap =g in Q, (2.3)
¢=wp onl, (2.4)
—kAqg—V - (f(¢)Vyp) =0 in Q, (2.5)
g=gq, onT (2.6)

has one and only one solution.

Proof. We apply the inverse function theorem in Banach spaces. Let ¢ be the solution
of the problem
Apg=0 in Q, wg=¢p onT.
Then (p,q) = (o0,0) is the solution of the problem (2I))-(2.6]) corresponding to the
boundary data ¢y, and ¢, = 0. Define
X = {p(x) € CH(Q), p =@ on T} x C>(Q),
Y = (C*(Q) x C¥(Q)) x C*(T)
and the operator F' : X — V:
F(e,q) = ((-Ap—q, —rAq— f(9)Vq Ve +af(a), alr)
We have
F(S‘)Ou 0) = ((07 0)7 0)
Moreover, in view of 1) F(p,q) € C*(X,Y). Computing the first differential of the
operator F' we find
F'(¢0,0)[®,Q] = (mA® - Q, kKAQ — f(0)VQ - Vgo + f(0)Q), QIr).
Let a(x) € C2%(Q), B(x) € C%*(Q), v(x) € C#*(T'). The system
—AP—Q=a in, =0 onT,

—AQ — f(0)VQ - Vo + f(0)Q = 8 in Q,
Q=v onT
is easily uncoupled, and it has one and only one solution by (2I). We conclude that
there exists N such that if ([2.2)) holds, the equation F(y,q) = ((0,0),gs) has one and
only one solution which solves ([2.3])-(2.0). O
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A similar result of existence and uniqueness of small solutions does not hold if kK =0
under the sole assumption (2.I). See, in this respect, the second example of Section 3.
The next theorem is based on the a priori estimates for the solutions of elliptic equa-
tions, which we quote below for the problem at hand (see [I5], page 203). Let u € H2((Q)
be a solution of the problem
—Au+Vb-Vu+au=h inQ, u=u, on', b= (by,bs,bs).
If a >0, u, € H*9(Q), ¢ > 3 and

||b||Lq(Q) < My ||aHLq/2(Q) < My ”ubHH?s‘l(Q) < My ||h||L<1(Q) <,
then
HU“HM(Q) <C, (2.7)
where the constant C' depends only on u and 2. Moreover, adopting the Schauder point
of view, if
[bllco.e@) <ty llallcoa@ < w [hllcoa@ < w usllczar) < p
we have
||u||c2,u(sz) <, (2.8)
where the constant C' depends only on p and €.

THEOREM 2.2. Let

flg) € C*(RY), f(g) 20, (2.9)
q@ € CH*(Q), ¢ >0, ¢, € H*P(Q), p > 3. (2.10)

Then there exists at least one solution of the problem
—Ap =g in 9, (2.11)
p=1p onl, (2.12)
—kAg+ V- (f(¢)Vye) =0 in Q, (2.13)
g=qp, onT. (2.14)

Proof. Define gy = maxg ¢, and
A= {q(x) € C*(Q), qur > q(x) > 0}.

Let q(x) € A and (v, q) be the solution of the problem
—Av=qg inQ, v=¢, onT, (2.15)
—AG— f(Q)VG-Vv+ f(¢)g=0 inQ, =g, onT. (2.16)

From (ZI8) and (27 we have, using the Sobolev embedding theorem,

[0l o1y < Clans, llonll gz.ay» ), > 3. (2.17)

To estimate the solution g(x) of the problem (2.I6) we note that f'(¢)Vv and f(q) are
both bounded in the norm L%(Q2) with ¢ > 3 by a constant which depends only on gy,
[0l 2.0y and Q by ([2.9) since g(x) belongs to A. Thus, by ([Z1) and by the Sobolev
embedding theorem we have, in addition to (217,

[llcr.e () < Clanss o]l g2.agay. V) ¢ > 3. (2.18)
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Moreover, the maximum principle applies to the problem (2.I6]). Therefore
0 <q(x) < qum.

If § = T'(q) is the operator defined by (2.I6) we have T(A) C A; moreover T(A) is
a compact subset of C%*(Q) by ([ZI8). We claim that T is a continuous operator. Let
g€ Aand g="T(qg), ie.
—Av=¢q in, v=¢, onl,

~AG— f(@)Vq-Vu+ f(q)g=0 in Q, g=¢q, onT. (2.19)

Let g, € A and q,, = T(qn), i.e.
—Av, =¢q, inQ, v, =¢p onT, (2.20)
~AGn — f(@0)V3n - Vo, + f(gn)3n =0 in Q, g, =¢q, onT. (2.21)

Assume [|¢n — ql[co.a gy — 0; we claim that |G, — ql|co.a gy — 0, for from ([Z20) we have
anncla((z) <C.
On the other hand, f’(g,)Vv, and f'(g,) are both bounded in C%%(Q) independently
of n. Hence, by (2.8), we have
l@nllc2.0qy < C-
Setting w, = g, — ¢ we have, by difference from (2I9) and 221)),
—Aw, + f(gn)Vv - Vw, + f(gn)wn (2.22)

= f(an)V@n - V(vn —v) + (f'(gn) — f'(@))Va- Vv —a(f(qn) — f(a)),
w, =0 onI.

Since f'(g,)Vv and f(g,) are both bounded in C%*(Q) by a constant not depending
on n, the Schauder estimate (Z7)) applies to (2222). We claim that the right hand side
of @22) tends to zero in C%%(Q), for Vv, — Vv in C+%(Q). Moreover, by ([23) we
have f'(qn) — f'(q) = f"(¢)(q, — q) with |f”(&)| bounded. Since g, — ¢ in C%*(Q) we
conclude that w,, — 0 in C*%(Q). Hence T is continuous. By the Schauder fixed point
theorem T has a fixed point, which gives a solution to problem (ZITI)-(Z14]). O

REMARK 2.3. It appears natural to look at the limit as the diffusion x — 0 in problem
@II)-(ZTI4). This is done in [5] for the case f(q) = q. However, the proof of [5] does
not apply to present more general situations.

3. Nonexistence and nonuniqueness for the problem without diffusion. We
consider in this section the one-dimensional counterpart of the problem (LI2)-(TIH), i.e.

—¢"=¢qin (0,L), L >0, (3
p0)=V, V>0, (3
¢(L) =0, (3.
(f(@)¢') =0in (0,L), (3
q(0) = g, @ > 0. (3
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We assume f(q) € C1([0,00)), f(q) > 0, and y = f(q) globally invertible with inverse

denoted g = ¢(y). Since E = —¢’ is the electric field we have for the unknown current
J,
J=[f(aE.
Hence, from (B.1))
J
E) ==
and
dE J
On the other hand, we have for x = 0,
J
E(0) = ——. 3.7
© flav) (37)
Separating variables in ([B.6]) and taking into account (3.1, we get
F(E, J.q) = (3.8)
where
Eat
F(E, J,q) = —. (3.9)
s 9(%)

If 7(E, J,qp) = x is solvable with respect to E and we have F = E(x, J, ¢;), the current-
voltage law is given by

L
V:/ E(x, J, q)dz. (3.10)
0

The total current J in terms of the data V' and ¢, can be obtained from (BI0). We may
well have more than one current J corresponding to the same V. If J is one of these
values the corresponding potential is given by

plx) =V - /OI E(t,J, qp)dt.

As a first example, let us assume f(q) = ¢® with o > 1. Since g(y) = y'/®, in this

case (B.8) reads

i.e.

« 1ta lta (14
W(E @ — J @ qb( a)): xZ. (311)
Solving ([BITl) with respect to F we obtain
E= [Ha U 4 g g )] e
a
Thus BI0) now reads

0 «
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and, after a simple calculation,

«@ 20+0) 14 a 1
—_—— | (J e 4 ——— +aLJ1+2(y)
(14 2a)g, T2 [( a b

If we define

142

T+a 2(1+a) 114;_25
~(FE) T = ea2)

f= g H(O) =R, Ge) = H_an;wgm,
«

the equation [BI2]) can be rewritten as
o
—e | H(E+ G —H }: V.
2y [HE+ GO~ H(E)
This equation in £ has for every value of « > 1, ¢, > 0, L > 0 and V > 0 one and only
one solution as a consequence of the following elementary lemma.

LEMMA 3.1. Let H(£) € C%((0,00)) U C°([0,00)), H'(¢€) > 0, H"(£) > 0 for £ > 0,
G(€) € CH{(0,00)) U C°([0,00)), G(&) > 0, G'(€) > 0 for & > 0. Then the function
F(&§) =H(E+ G(§)) — H(E) is strictly increasing.

Proof. Simply note that F'(§) = H'(§ + G(£))(1+ G'(§)) — H'(¢§) > H'(§)G'(§). O

Since the right hand side of (BI2) tends to infinity when J tends to infinity, we
conclude that problem (BI))- (B8] has one and only one solution if f(g) = ¢*. Taking the
principal part of the left hand side of (812) with respect to J T+a we have

o (”O‘)Llﬁfmﬁ +o(JTe)=V.
1+«

o
Thus, defining

o« (1 + a) gEy
1420 «
we have, within the limit of the above approximation,

142

Lire KJTa = V.

(1+2a)1+0¢(L)1+2(X
B 14+ _ « 1+«
J =BVt = o ,

which is compatible with (I3]) and with the result of [13] since 1 + a > 2.
We now consider problem B1)-([B3) when

@) = T3

This will give an example of nonuniqueness and of nonexistence. Let a > 1. We have

9(y) = (%)l/a

/E (t— J)—l/a
t—-J —
I+ N I

[ R

Hence

a>1. (3.13)

and, by (B.8) and @.9),

i.e.
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Solving with respect to E we obtain

Y _a
E=J+ Ja—1 (q;+ﬁ)a—1
where 1y =2
o a—1\a%
B=q, 7:( - ) g
From (BI0) we have, in this case,
L
Y _a
/0 [J+ Joﬁl(x—i—ﬁ)afl}d;v:V (3.14)
or
FJ)=V
where
-1 a— a—
F(J)=JL+MJ™% and M = % {(L +B)eT — 51—5} > 0. (3.15)
Since 1~ < 0 by (BI3) we obtain for F(J) the graph of Figure 1. We conclude that if
La— L\ 5"
0 <V < F(J.) where JC:( O‘M ) >0

problem B.I))-B3) (when f(q) = # , @ > 1) has no solution. If

v

V=FQ)

Fic. 1

F) <V

the same problem has exactly two solutions. The case o = 1 is better treated separately,
for from ([BI4]) and ([BI5]) we have the linear equation

Jo" —¢'—J=0. (3.16)
Taking into account the boundary conditions [B2]), (B3) and (B35 we obtain
Fll)=V (3.17)

where now
Fi(J) = g J? (e% - 1)+JL.
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It is easily seen that for every g, > 0, L > 0 there exists V' > 0 such that if 0 <V < V
the equation (B.I7), and therefore problem (B.I)-(3.H), has no solution. If V > V the
equation ([BI7T), and therefore problem (B.I)-(3.3]), has one and only one solution.

4. The problem with other boundary conditions. The system of partial differ-
ential equations

—Ap =g in 9, (4.1)

—kAq—V - (f(¢)V)=0 in Q (4.2)

can, in principle, be supplemented also with boundary conditions of the Dirichlet-

Neumann type. Let I', the boundary of €2, consist of two regular surfaces I'y and I';

such that Iy C Ty and Ty NTe = 0, Ty # . We could add to (£I) and (#2) e.g. the

conditions

d d
SDZSObaq:(IbOHFQ,%:O,ﬁzoonrl. (4.3)

Using the Schauder estimates for elliptic second-order equations with mixed boundary
conditions, a theorem of existence of a weak solution for problem (@II), (£2]), (@3] can
be proved.

In this last section we prefer to propose a nonstandard formulation for the problem
without diffusion. Let the potential ¢ be given on I'y and 'y,

p=Vonly, ¢=0o0nTly, (4.4)

where V' > 0 is a constant. We assume J-n to be assigned on I'y, where n is the unit vector
normal to I'; pointing outward with respect to 2. Recalling that J = —f(—=Ap)Vy we
obtain

V- (f(=Ap)Vp)=0in Q (4.5)
and
—f(—A(p)j—i =K onT}y. (4.6)

We show in the next example that, in certain cases, this problem has a unique solution.
Let f(q) = ¢, Q@ ={(p,0), 1 <p <R, 0<60<2r}, 1 ={(1,0), 0<86 < 2rn},
Iy ={(R,0), 0<0<2r}, R>1, K > 0. If we search for a solution depending only on
p, equation (4H]) takes the form

o PG ) )= 0

The conditions ([@4]) become

p(1)=V, V>0, (4.8)
p(R) =0.
Moreover ([L6]) gives
d ; dp\de
—(pX )22 = 4.1
dp (p dp) dp lp=1 (4.10)
From (LI0) and (1) we have
d ¢ dey\dye
—(p—)—=Kfor 1 . 4.11
dp(pdp)dp orl<p<R (4.11)
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The problem (I1)), ([A8) and (@9)) can be solved elementarily. In fact, from (£II]) we

have
' (d—“")2+1 i (d‘p) K (4.12)
dp 2 dp dp ’
2
or, if we define z = (‘;—i) ,
pdz
z 4+ 2dp K. (4.13)
This gives
z(p) =K+ % (4.14)
and
dp Kp?2+¢
—_ =y —. 4.15
ap e (4.15)

Integrating and taking into account (9) and (8] we obtain for the determination of
the constant of integration £ the equation

hE K, R) =V, (4.16)
where
h(&; K, R)=/KR? + £—/Eln HWVKRQ — VK e+ Em 2+ EVEHE).
(4.17)

For every fixed R > 1 and K > 0 the function h(§, K, R) is strictly increasing in 0 < £ <
00. Moreover,

gli%1+ hE K, R) = VK(R - 1), (4.18)
Jim h(&, K, 1) = oo, (4.19)

We conclude that if
0<V<VEKR-1)
the problem (.7)-(.I0) has no solution. If
VE(R-1)<V < o0

the problem (1)-(@I0) has one and only one solution. The one-dimensional analogue
of the problem is easily stated with = (0, L). We find a similar result of existence and
of nonexistence. If

9i ik
o<y < ZLIEE
the problem has no solution. If
23L3K3
% <V < oo

the problem has one and only one solution. These examples suggest that the problem
may have solutions also in other doubly connected plane domains.
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