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Abstract. In this paper, we investigate and prove the nonlinear stability of viscous
shock wave solutions of a scalar viscous conservation law, using the methods developed
for general systems of conservation laws by Howard, Mascia, Zumbrun and others, based
on instantaneous tracking of the location of the perturbed viscous shock wave. In some
sense, this paper extends the treatment in a previous expository work of Zumbrun [“In-
stantaneous shock location. ..”] on Burgers equation to the general case, giving an expo-
sition of these methods in the simplest setting of scalar equations. In particular we give,
by a rescaling argument, a simple treatment of nonlinear stability in the small-amplitude
case.

1. Introduction. The problem we consider here is the nonlinear stability of viscous
shock wave solutions of scalar viscous conservation laws. With full details, we use the
methods developed for general systems of conservation laws in [ZHLMaZ2l[MaZ3] in the
simplest setting of a scalar conservation law ([[I]). We also extend these methods to
the small-amplitude limiting case, recovering by a simple rescaling argument uniform
bounds obtained by Liu and Zeng ([LZe], system case). This is also in a sense a sequel
to the paper [Z1], in which these techniques were exposed for Burgers equations. The
work [Z1] focused on the nonlinear stability argument and in particular the method
of approximately locating the shock profile, restricting to Burgers equations for which
explicit linearized Green function bounds are available through the Hopf-Cole transform.
The current paper effectively completes the exposition by showing how similar Green
function bounds can be obtained for general scalar equations by the use of inverse Laplace
transform and complex stationary phase estimates.

Our treatment extends the study of scalar shock stability in [Ho] by related techniques.
The main new aspects here are the formulation of the resolvent kernel formula in terms
of dual and forward modes in a way generalizing conveniently to the system case and
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improved bounds on “excited” and y-derivative terms sufficient to close the “tracking”-
type argument that has evolved to treat nonlinear stability in the system case. These
modifications allow the treatment of more general data (merely L' N L> as compared to
algebraically decaying data in z) than was treated in [Ho| and, in particular, the sharp
treatment of the small-amplitude limit.

1.1. Problem and equations. We consider the scalar viscous conservation law

where u € C?(R? - R), f € C2(R — R), u = u(z, ).
Let us consider the standing wave solution @ = u(x),lim, 1 @(x) = s satisfying
the Lax condition f/(44+) < 0 < f'(u—). Thus @ satisfies

fa(z))s = s (1.2)
or equivalently f’(@)d, = Uy,. Linearizing (II]) about the solution @, we obtain
= Lv:= vy — (f(0)v)z, v(z,0)=g(x). (1.3)

We call this the homogeneous linearized equation.
1.2. Main result I: Pointwise Green function bounds. The solution of equation (L3)

may be expressed as
—+o0

eltg = G(z,ty)9(y)dy

— 00
where G(z,t;y) is the Green function associated with the linearized evolution equation
([C3). Following [MaZ] and [ZH|, G(x,t;y) has the following representation:

1 N+ioco n+iT’
G(z, ty) = %P.V./n_iOo MG (z,y)d\ = o T_mo/ MG (x,y)d),
which is valid for 7 sufficiently large.

THEOREM 1.1 (Pointwise Green function bounds). Assuming the Lax condition, the

Green function G(z,t;y) associated with the linearized evolution equation (L3]) may be
decomposed as

G(z,t;y) = E(z,tiy) + S(z,ty) + Rz, 4 y)
where for y <0 :

E(z,tiy) = O (x) (errfn (L\ﬂ%‘)g — errfn (%ﬁ‘)t)) L (14)

(v ))? — L (emyts @a))? @
S(x,t;y)—(ﬁlm)‘%e_T( e )+(47rt)_§e_T( e )

et 4+ e 7 er 4 e~
(1.5)
—nt—0|z—y| S P i U Dl
R(:ﬂ,t;y):O(e n y)—|—0((t+1) 27 e )t 2e N , (1.6)
—t—0la—y| T S R o ot LR L
Ry(x,t;y)=O(e ! )—I—O((t—i—l) ze +e )t e N . (1.7)

Please refer to section [§] for more a detailed discussion.
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1.3. Main result II: Nonlinear stability of viscous shock solutions. With the Green
function bounds established, we can deduce the nonlinear orbital asymptotic stability
of the viscous shock solutions; i.e., a perturbation %@ = @ + u remains close to a set of
translates of 4. The translation, «(t), will be defined later on.

THEOREM 1.2 (Stability of viscous shock solutions). Viscous shock solutions @(x) of
(CI) are nonlinearly stable in L' N L° and nonlinearly orbitally asymptotically stable in
LP, p > 1, with respect to initial perturbations uy that are sufficiently small in L' N L°°.
More precisely, for some C' > 0 and o € Wh>(¢),

la(z,t) — a(z — ()o@ < CA+)7 2D |a —alpinpe o,
()] < C(L+1)72a — alpinpe]i-o,
()| < Cli— ulpinpelio,
@ —t|pinp=(t) < Cla—|pinpe=|i=0,

forallt >0, 1 < p < oo, for solutions @ of (ILI]) with |@ — @|p1qp |t=0 sufficiently small.

The proof is given in section

1.4. Main result III: Nonlinear stability of wviscous shock solutions in the small-
amplitude setting. Here we we consider the nonlinear stability of weak shocks (small-
amplitude), i.e., viscous shock solutions with shock strength |uf —uf|=¢e — 0.

THEOREM 1.3 (Stability of small-amplitude viscous shock solutions). For 0 < e < 1,
viscous shock solutions %¢(x) of () are nonlinearly stable in L' N L>° and nonlinearly
orbitally asymptotically stable in LP, p > 1, with respect to initial perturbations ug with
L' N L* norm less than or equal to 79 > 0 sufficiently small, where 7, is independent
of 0 < ¢ < 1. More precisely, for some C' > 0 independent of 0 < € < 1, there is
a € W (t) such that

1

(2, t) — u(x — a(t) |y < COL+6)7 7072 |id — 4 pappe |0,
. 1 .
lat)] < C(+t) 2[a—u|p1ane|i=o,
la(t)] < Ce i —u|pinne|i=o,

IA

U — | inpe (1) Cla — u|p1npee =0,

for allt >0, 1 < p < oo, for solutions @ of (IIl) with |& — @] r1qpe |lt=0 < No-

1.5. Discussion and future directions. The nonlinear stability of weak shocks in the
general system case was established using more detailed methods in [LZel; here we use our
pointwise Green function bounds and some rescaling arguments to give a new simplified
proof in the scalar case. See section [l for more details. Our approach gives very
simple proofs of stability with sharp rates in the small-amplitude limit and completes
the treatment of [ZI]. To investigate the small-amplitude nonlinear stability of the system
case using our approach would be very interesting.
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2. The asymptotic eigenvalue equations. The eigenvalue equation Lw = Aw
associated with ([3]) is

w” — (f' (W) w) = \w. (2.1)
Written as a first-order system in the variable W = (w, w’)?, this becomes
W' = A(x; )W, (2.2)
0 1

where A(z; ) = ( ) . We begin by studying the limiting, constant

A+ f(w)a,  f'(u)
coefficient systems Liw = Aw of 1) at +o0, w” — (f/(24)w)’ = Aw or, written as a
first-order system,

W' = Ay (W, (2.3)

. _ +
where Ay (A ), since @/, = 0. The normal modes of (23] are V.ie“i .

7 =1,2, where u i Vi are the eigenvalues and eigenvectors of A, ; they are easily seen
to satisty Vi = < ) € C and (,uj )2 — f'(u ) — A = 0. Then we can solve
ui)i\/ fr(Ts))2+42

5 .

for u;t as 1 ) =

LEMMA 2.1. Let p1(A\) = “_7“;2“’\ and pg(A) = “"'—”52"'4)‘ be two solutions to the
equation p? —ap — X\ = 0, where a € R, A € C. Then Reui(\) < 0 < Reua()) or
Repq(A) > 0 > Repa(A) (i-e., real parts of two solutions have different signs) if and only
if X € A, where A = {\ € C: a®Re(\) + (Im()))? > 0}.

From this lemma we know that if the region of consistent splitting A of system (23]
contains the intersection of the following two sets

Ar = {NeC: (f'(az))*Re(N) + (Im(X))? > 0},

then the Lax condition f/(u+) < 0 < f/(u-) and Lemma 2] gives the two eigenvalues
of Ay as Rep1(A) < 0 < Repa(N).

3. Asymptotic behavior of the stationary solution . The stationary wave
solution @(z) satisfies (L2)): f(@(x))sr = Uz, and the asymptotic conditions

. _ = . _ = . .y _ _
xgrfoo u(x) = ug, mgr_noo a(z) =u_, xl}r-ir-loou (x) =0, hmoou (x) =0.

We integrate (L2) from z(> 0) to +oo to get 4, = f(u) — f(u4) and rewrite as

i, = F(a) == f(a) - f(as). (3.1)

We notice that @ = @y is a critical point of the ODE (B1]); thus for @ to be a stable
solution of ODE (B, it is necessary that F'(u4) < 0, i.e., F'(a4) = f'(ay) < 0. Let
¢ = @; then (B3] reads

¢z = F(9) := f(¢) — f(ay). (3-2)
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LEMMA 3.1. Consider the initial value problem [B2) with ¢(zg) = @p. If we assume
that f/(4,) < 0, then there are positive constants § > 0 and « > 0 that are independent
of the choice of the initial time xg such that the solution = — ¢(z) of the initial value
problem ([B.2]) satisfies

[$(x) — iy | < [¢(wo) — ay| e () (33)
for @ > x9 whenever |¢p(xg) — 44| < 4.

This lemma can be proved with standard stable manifold techniques.

Notice that we can rewrite 1)) as 4, = f(a) — f(a+) = f'(£)(@— @) so we have the
estimate || < |f|  |@(20) — 1y | e~ *@ =), We then can rephrase Lemma [B1] as the
following:

LEMMA 3.2. Consider the initial value problem [B.2]) with u(xo) = @g. If we assume that
f'(@y) < 0, then there are positive constants 6 > 0 and « > 0 that are independent
of the choice of the initial time x( such that the solution z — u(z) of the initial value
problem ([B.2)) satisfies

a(x) — g | < [a(wo) — g | e | < | f'] oo [U(w0) — g | T
for > xg whenever |u(zg) — | < 6.

Similarly, if we integrate (I2) from —oo to some x < 0, we get
Uy = f(u) — f(u-). (3.4)
Follow some similar arguments.

LEMMA 3.3. Consider the initial value problem [B.4]) with @(xg) = @g. If we assume that
f'(a—) > 0, then there are positive constants 6 > 0 and « > 0 that are independent
of the choice of the initial time x such that the solution x — @(z) of the initial value
problem ([B4]) satisfies

I*Io)v a(z—zgp)

() — | < [xo) — a_] e o] < 1] o) — - e

for © < xg whenever |a(zg) — a_| < 4.

Combining LemmasB.2 and B3 we know that if we assume the Lax condition f'(44) <
0 < f/(u-) then we have

PROPOSITION 3.4. There are positive constants > 0 and a > 0 that are independent of
the choice of the initial time xo such that the stationary wave solution = — @(x) satisfies
the asymptotic description

—alz—xo]| —alz—zo
)

() — | < [xo) — ] € o] < 1| li(o) — iz e

for © 2 xg whenever |u(zg) — ay| < 9.
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4. The Gap Lemma. The “Gap Lemma” of [ZH| consists of the idea of relating
the behavior near x = 400 of solutions of ([2.2]) to that of solutions of the asymptotic
systems (2.3]) in a manner that is analytic in A. In this section, we state the general Gap
Lemma for a general equation

W' =A(z; )W (4.1)
with the hypothesis |A — Ay | = O(e**!) as © — +oo.

PROPOSITION 4.1. In (), let A be C%® in z and analytic in \, with |A(z;\) — A_(\)| =
O(e~®ly as # — —oco for a > 0, and 0 < & < a. If V7()\) is an eigenvector of A_ with

eigenvalue p(\), both analytic in A, then there exists a solution W (x; ) of (@) of form
2y’ 2’ ;
= ) = [ — - —alz|
(2) v - (5) v-ovvof.
for x < 0. Moreover, if Rep(A) > Refi(\) — « for all eigenvalues ji(A) of A_()\), then W

W(x; \) = V(2;M)erM® where V' (hence W) is C in x and locally analytic in ), and
o\’ 5
~(33) V- o)
is uniquely determined by [2), and (£2) holds for & = a.

for each j =0,1,2,... satisfies
o\
(55) v )
(4.2)
oA

5. Construction of the resolvent kernel. We now construct an explicit represen-
tation for the resolvent kernel, that is, the Green function G(z,y) associated with the
elliptic operator (L — AI), defined by

(L = AD)GA(z,y) = 6y(x)1,
where J,, denotes the Dirac delta distribution centered at y. Let A be as defined in
section3l It is a standard fact that both the resolvent (L —AI)~! and the Green function
G (z,y) are meromorphic in A on A, with isolated poles of finite order (see [He]). Using
our explicit representation, we will show that Gy(z,y) in fact admits a meromorphic
extension to a sector Qp := {\: Re(A) > —0; — 02[Im(N\)|}; 61,02 > 0.
We now start to find the Green function for the operator L — AI. On A, the subspaces

spanned by
ot (x) = Wi (z; ) =V (a; /\)e‘q%7 for x > 0, and (5.1)
¢ (x) = Wy (z;0) =V, (w502, forz <0 (5.2)
contain all solutions of ([22)) decaying at * = +oo. We denote the complementary
subspaces of growing modes by the subspace spanned by
YvT(z) = Wi(z; ) =V, (x; /\)e“;z, for x > 0, and (5.3)
Yv(x) = Wi (a;\) =V (23 \)etr ) for z <0 (5.4)

where pf <0 < pd and py <0< ;.
Eigenfunctions, decaying at both +co, occur precisely when the subspaces Span{¢*}
and Span{¢~} intersect. This intersection can be detected by the vanishing of their
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mutual determinant, or equivalently of the Fvans function, Dp,()\) := det(¢",¢™) |s=0=
(¢T A ¢p7) |s=0. We now turn to the representation of the Green function G (x,y).

LEMMA 5.1. Let Hy(z,y) denote the Green function for the adjoint operator (L — AI)*.
Then, Gx(y,z) = Hx(z,y)*. In particular, for x # y, the matrix z = G (z, -) satisfies
2= =2 f'(u) + Az (5.5)

Proof. Notice that we have (L—AI)Gx(z,y) = dy(x)I, and (L—A)*Hy(z,y) = 0y(x)1.

So

020 (@)1, GA(7,50))

(L= X)"Hy(x,20), Ga(z,90))=

Hy(z,20), (L — M)GA(2,90))x

Hx (2, 20), 6y, (7))o

= Hx(yo,0)"

G (0,%0)

(
(
(
(

(I

The equation (53) is an adjoint equation of (ZI); written as a first order system by
setting Z = (z,2'), it becomes

Z' = ZA(x; \), (5.6)

where A(z;\) == <(1) —fi\(ﬂ)

solutions of (Z2]) and solutions of (&.6l).

) . The following lemma shows a duality relation between

LEMMA 5.2. Z is a solution of (5.0)) if and only if ZSW = constant for any solution W

of 22), where § = (_]i/gu) (1)> .

Proof.

(ZSW) = (—zf'(@)w — 2w+ zw")
2 f(a)w — z(f' (@) w) — 2"w — 2w + 2w + zw”
2 f(a)w — 2(f' (@) w) — 2"w + zw”
2w’ — (f'(ww)] = [&" + 2 f'(@)]w
z[w” = (f(@)w) — Mw] — [z + 2/ f'(a) — Az]w

= [+ 2 f'(a) — \]w
since w is a solution of (Z1I); thus z is a solution of (&.A) if and only if (ZSW)' =0. O

Using Lemma 5.2 we can immediately define dual bases W and W5 of solutions to
BE6) by the relation

WESWE = 651, (5.7)

1 ifj=k

. denotes the Kronecker delta function. Note that we
0 otherwise

where §;, = {

have defined the Wji as row vectors and V~Vji has the form Wf(az; A) = f/ji (z; )\)e[‘jix.
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According to (5.7), we have ,&ji = —uji and f/jiSVkjE = d;, for all A\. In accordance
with (EJ)-(E3), we define the dual subspace spanned by
ot(x) = Wi(z;\) =V )\)eﬁr‘r = V" (x; )\)e*”rm, for z > 0,
o (x) = Wy (z:)\) =V, (x;\)ef2® =V, (z;\)e 2%, for <0,
as the growing subspace and the dual subspace spanned by
Ut (z) Wy (23 0) = Vo' (a )\)6’1;1 =V, (x; )\)e_“’:‘r“;, for z > 0,
O(x) = Wi(z ) =V (;N)efr® =V, (z;\)e 1%, for z <0,

as the~decaying subspace. We may define dual exponentially decaying and growing solu-
tions ¢T and YT via
GESeF =1; ¢FSY* =0, (5:)
GESHt =0; Syt =1 |

+
or written in matrix form (Z%i) S (¢pF, %) = I
From (L — M)Gx(z,y) = dy(x)I, (L — A)*Hx(x,y) = dy(z)] and Lemma [5.1] we

know that ( C? /\(Z;ygj)) viewed as a function of z satisfies ([Z.2)) (differentiating with
Az Ly

respect to ), while (Gx(z,y), Gay(z,y)) viewed as a function of y satisfies (0.6]) (dif-
ferentiating with respect to y). Furthermore, note that both G (z,-) and GA(+,y) decay
at foo for A on the resolvent set, since |(L — A)7!| < oo and |[(L — AI)*7!| < oo im-
Ply [|GA(y) |1 (z) < 00 and [|Gx(z,-)||L1(y) < oo respectively. Combining, we have the
representation

Gr Gy ) _ [ oT(@mNmtNY (y;0) for x> y;
(Gm Gm){ b mm (NI (55 A) for z < g, (5.9)

where numbers m™*(\) are to be determined.

{GA G,\,y} :(0 1 ):51
G)\,z G)\,xy (y) 1 _f/(ﬂ) ’

where [f(z)](,) denotes the jump in f(z) at 2 =y, and S is as in Lemma [5.21

(

Proof. Expanding d,(z) = (L — AI)

orders of singularity, we find that ( f(a

respectively, [Gi],) =0 and [Gy 2]
as

LEMMA 5.3.

G = Gazw — (f'(W)GA)z — AGy and comparing
)GA)z + AGx =0 and Gz = 0y(2), giving,
(v) = 1. Note further that we can expand [G](y)

where G5~¥ and G§~Y are the smooth functions denoting the value of G on the regions

x >y and x < y, respectively, i.e.,

[ G Y(z,y) for x>y
Galr.9) = { Gy Y(z,y) forxz <uy.
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Differentiating (5.10) in y, we obtain

d T xr xr T
0= d_y[G)\](y) = Gy + G vy — Gy ) — G (1)

= [Gk,x](y) + [Gk,y](y)v

hence [G 4]y = —1.
Differentiating 0 = [G 2](y) + [Gxyl(y) a second time, we then find that

0 = [Grealy) T [Crayly) + [Caweliy) + [Gruylw)
= [G/\,x:c](y) + [Gk,yy](y) + Q[G/\,xy](y)'
Solve for [Gx zy](y) to find that

1
[Ghry}(y) = D) ([Gk,m](y) + [Gk,yy}(y)) . (5.11)

Finally, we can determine [G\ z¢](y) and [Gx yyl(,) by solving the ODE (1)) and (5.5])
to express

Gree = [(W)Gre+ (f'(1@)aG;
Gryy = —[f'(0)Gxry+ MGy,
and then
Grasly = F@W) [Graly + @) ) [Gal ) = £(@0)):
[GA,yy](y) = —f'(a(y)) [GA,y](y) + A [G)\](y) = f'(a(y)),
so finally (511 gives [G)\,zy](y) = —f'(aly)).

Then
8 8e], -0 i)-e
G)\,z G)\,xy (y) 1 _f/(ﬂ) ’

as claimed. |
Combining Lemma 53] with (£9), we have

o w) (") () =st o

<<Z;E‘z;> S (6% (y), <b(y)))
(o 03) o
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SO
m+()\) = = 1 = = ! [N
G=S¢t V(s NSV (3 N)elri —m)
o 1 1

GrSe— Vs (2 \) SV (3 N)elhz —nd)e”

We now introduce the notation

PROPOSITION 5.4. The resolvent kernel may be expressed as

<G,\ G)\,y> _ { Pt mT (NP~ (y; A) for @ >y;
Gre Grazy) | =0 (@ N)m~ (Wt (y;0) for z <y,

where M(\) := diag(mt(\),m=(\)) = &~ 1(z;\)S 1 (2)T~1(2; \).
From Proposition 5.4, we obtain the following scattering decomposition.

COROLLARY 5.5. On AN p(L),

G)\ G)\’ . . _—
(G)\,m G/\@yy) = m+()\)¢+(3:,)\)¢ (y; \)
fory <0<
< e G/\,y) = d* (N~ (m N (13 N) + ¥ (@ NP (13 \)
G/\@ G)x,wy

for y < x <0, where
m* = (1,0)(¢*,¢7) 7, dt =—(0,1)(¢",07) Y,
G)‘ G)N — - - . y .
(6 o) = =m0 NG )

for x <0< y;

Gy Gay o )
(Gm GM) =d" (A" (N0 (13 A) — o7 (25 M) (13 A)

for x < y <0, where
1 1

)0 ()0

Proof. We may express m™ using the duality relation (5.8) as
1

m* = (1,0)(¢",67) '8! (ﬁﬁ) (o) = worere ((Z) ‘9>_ (

— (L0676 0 00) () = Lot o) e

1

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

)
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Next, expressing ¢ (z; \) as a linear combination of basis elements at —oo, ¢ (z; \) =

a+
@9 (@) + 0" (i) = 60 () wermet () =07 07) 0t )=

¢> ( Gy G) >
~ S +. Then we can represent Y as
(1/} ¢ P G)\,;c G)\,afy

(6 o) =m* (o @i (i)
=m*(W)[at (Vo™ (23 A) + b7 (N (V] (43 )

at(NmFT NG (NP (53 A) + b (NmT (V)™ (2 )9 (55 )
,d+( )¢~ (23 N (15 A) + e (W)Y (3 )Y (53 )

where d™ = a™m™ and e™ = bTm™, which can be computed as follows:

(5= ()= () oneromr

- (ZZ:) 56 (1,0)(¢%,67) T = (Z:) S0, 0)(6t,67)

= (67,97 ) " (67,0) (0T, 67) T
= (6,0 ) " (2= (0,67 )(¢F,07) )y
= (70T ) T = (¢, 7)) N0, 67 ) (6T 7)Y
1, (0 1 a1,
— o) o) (1) - o) (§ o) ere)

=(0)- (5 o) @ onen

yielding (513) and (5I14]). O

6. Low-frequency expansions.

LEMMA 6.1. For A € A, the matrix Ay ()\) in (Z3) has eigenvalues p(\) < 0 < uF())
(with ordering referring to real parts) such that the eigenspaces S*()\) and U*(\) asso-
ciated to pi(A) and pi (\) respectively depend analytically on A. Furthermore, for each
7 = 1,2, there is an analytic extension of ,uj[(/\) to some neighborhood N of A = 0. For

+
U-
A € N there also exists an analytic choice of an individual eigenvector Vji = < it i)
H5 Y5

corresponding to each eigenvalue uj—t (M), and they satisfy the following asymptotic de-
scriptions:

. —7tD oy H O, i f(@s) >0,
M1 (A) =
f'(ax) + O(N), if  f'(ux) <0,
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A A2 3 . =
—7an T Taoyr TOW), it f(ux) <0,

py (A) =
f(us) + 00, i f(g) >0,

(—%3(20\2)) o if fi(us) >0,

VEO) = ’
1 ) -

(f/(ﬂi)> +O(), it f(ax) <O,

(—%3@(%)) ;o if f(us) <O,
V() = ’

(f/(fzg) + 00, it f(ax) >0,

The spectral projection operators Ps+(y) and Ppy=(y) associated to the subspaces
S*(A\) and U* () have analytic extensions to the neighborhood Q2 = {\: ReA > 0} U N.

Since we have assumed the Lax condition, f'(71) < 0 < f'(@-), so the results in the
above lemma simplify to read

0 A2 s
G oy TN

T =— 5), (N = f(a-

_ _ 1+0()
W= (o) = OW. 1= (_ﬁ > 0(A2)> ,
Vi) = (_%TQ(AQ)) O P RO

LEMMA 6.2. For A € QN {X: |\ < ¢} and ¢ sufficiently small, there exist solutions
Wji(a:; A) of @2), (j =1,2), C! in z and analytic in ), satisfying
£ ) V(e )b (M
W (x5 0) = Vi (z; A)e ,
N . oN". . . o\"
) VE@mN =5 ) VE)+O0 (e =) VEQ
(55) Vi =(55) vEw+o (e (2] i
for any K > 0 and 0 < & < «, where a is the rate of decay given in Proposition B3.4]
uf()\) and Vji(/\) are as above, and O(-) depends only on k, &.

Proof. This is a direct consequence of the Gap Lemma (Proposition E.T]). |

Now we can classify our forward and dual modes in greater detail:



SCALAR GREEN FUNCTION BOUNDS 511

The fast growing modes of the dual problem (5.0) are
6T () = Wi (2 0) = Vi (a3 e TN 67 (2) = Wy (a3 0) = Vg (a3 A)e 2 V7
(6.1)
the slow decaying modes of the dual problem (B.6) are
PH(@) = Wy (230) = V' (@ A)e 2 N7, (2) = Wy (23 0) = Wy (a5 A)e v
(6.2)
the fast decaying modes of the forward problem ([2Z2)) are

ot (@) = Wi (250) = Vi (m; Nt V7, 67 () = Wy (:4) = Vy (a3 )tz V75 (6.3)
and the slow growing modes of the forward problem [22)) are

V(@) = Wy (23 0) = V(@ e V7, g7 (@) = W (a30) = Vi (5 A)ers V7. (6.4)

Specifically, due to the special, conservative structure of the underlying evolution
equations, the adjoint eigenvalue equation (dual problem (5:6])) at A = 0 can be written

asW’—W((l)

W = (¢,0), where ¢ is a constant. Thus, at A = 0, we may choose, by appropriate
change of coordinates if necessary, to have slow decaying dual modes = (z)((6-2)) iden-
tically constant, because when we let A = 0 in ([6.2), we have ¢t (x) = Wy (2;0) =
V' (2;0)eH 30z — V+(:1c 0) and ¢~ (z) = W, (2;0) = V; (2;0)e 1 07 = V= (z;0).
Also, we can choose V2 (z;0) = constant and ‘71 (2;0) = constant according to the
above observation.

0 . . . . .
f (u))’ so it admits a 1-dimensional subspace of constant solutions

LEMMA 6.3. With the above choice of bases at A =0, and for A € QN {\: |A\| < ¢} and
§ sufficiently small, slow decaying dual modes W, (y; \) and Wy (y; ) satisfy

~ _ i ~ ~
Wi (y; A) = e+ VVE(0) + A7 (15 1), (6.5)
where

<C

eil <clesion]. |(3) e sclerror (). o

a > 0 is the rate of decay given in Proposition 3.4l as y — o0, and f/ji (y;0) = f/ji (0) =
constant. Similarly, fast decaying forward modes W;" (2; \) and W, (z; \) satisfy

Wji(x; A) = Wji(x; 0) + A@f(ac; A), (6.7)

o<com, [(2)er

where

< Qe (6.8)

€T

as  — +o0.
Proof. First, let us consider the augmented variables
~ ~ ~ o+ ~
Wy ) 1= (Wi W) () = e 0Ty 0)

+ ~ ~ ~
= T W (Vi VE 4 V) (950)
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and
I/V.:t + + V,i
WE(z; A\ ::< J) 2 \) = et MV E (g A :e“j(’\)x< J ) T \).
j ( ) Wj:l:l ( ) j ( ) ,LL;tV]i + ‘/j:t/ ( )
Note that since Wji(x;)\) satisfies W' = A(x; )W, so W’ = A'W + AW’ and so
W(x; A) = VV, (x; A) satisfies W/ = A, 0 (z; )W, Letting z — =oo in the
w A" A
Ay 0

coefficient matrix, we get the limiting equation W' = < 0 A
+

(. _
> (MW If W5 (25 0) =
Vji()\)e”j‘:()‘)x is a solution of W/ = AL W, then

N = (VMV/JJI’((:;AA))) = (ujivi(/)\) )

is a solution of W' = Ar 0 (A)W.
0 Ay

Now we apply the Gap Lemma to obtain bounds

T = _ ., E
o\ - a\" - I
(5> Vi(y;A) = (5) V(A +0 (e—a\m V;,t(A)D =0, (6.10)
and .
W]i(x, A) = Vjﬂ.:(x; A)ets ()‘)m, (6.11)
<2)kvi(9ﬁ' A) = <2)kvi(>\) +0 (675‘“‘ ]Vi()\)D z=0 (6.12)
oA A RN J j r 20, .

0 < & < a, analogous to Lemma [6.2] valid for A € QN {\ : |A| < ¢}, where ﬁ’;t()\) =
; ; ViEO)
VEN), =N VE) ) and VE(N) = J .
( 7 ( )7 /'l‘]( ) j ( )) an ]( ) ﬂji(A)‘/ji(A) )
By Taylor’s Theorem with differential remainder applied to V;t (y; \) with respect to
A, we have

2
SN — o—iEY [, O\ g, 1o 0\ gz
Wi (y; A) = e7H5 1HY (Vj (y;0) + A (a)\ Vi:0)+ 53 (o1 ) Vi) | (6.13)
for some A, on the ray from 0 to A, where, recall, (%) @;t (y;-) and (%)2\~’;t(y; -) are
uniformly bounded in L>[0, £o0] for A € QN {\ : |A| < d}. Together with the choice
Vji (y; 0) = constant, this immediately gives the first bound in (G.0]).
Now applying the bound (6I0) with k£ = 1, we may expand the second coordinate of

6.13) as

(a%) WE(yA) = e O (—uj[(O)‘Z-i(y;O) + Vi (y,0)
A ((55) 05790 + o) + 00
= e O (—/\ ((%) 1 (0)V:E(0) + O(e‘”")) + O(A2)> :
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and subtracting off the corresponding Taylor expansion

0 _ % ~ _,x ~
() (M 050)) = s e 7 750

= 0 (070 - () O 0) + 00%)
= et (o () it + 00 ).
we obtain

A ((%) (:);t(y,)\) = e‘ﬂji(/\)y ()\O(e—aly\) + 0()\2)) 7

SO

<%> (:)ji(y,)\) — 15 Wy (0(670‘“") + O()\)) <C

o Hy A)y‘ (‘)\|+67a\yl)

as claimed.
To obtain the estimates (6.8) we use Taylor’s theorem on WjjE (x; ) = Wji(:c;()) +
)\8% Wji (z; As), where A, is some number on the ray from 0 to A. The %Wji (z; As) term

+
can be written as %Wf(a&; Ai) = (dﬂ’a—f\/\*) ace”fi()‘*)iji(x; /\*)—I-e“ii(’\*)“c [%Vji(x; )]

and together with the observation that |ze~(@+2)lzl| < Ce=l7| for some ¢ > 0 small, we
can derive (G.8). O
We now turn to the estimation of scattering coefficients m*, d* in Corollary

LEMMA 6.4. For |)| sufficiently small, |m*|,|d*| < CA~l. Moreover, Resy—om™* =
Resy_od*.

Proof. Expanding m* = (1,0)(¢*, ¢~ ) 1~, using Cramer’s rule, and setting z =
y =01in ¢* and ¢~, we obtain
m* (1,0)(¢™,¢7) 1™ = (1 0)(¢F, 97 )Wy~ = =t

det(y—,¢7) _ det(y” ,¢ )
det(p*,¢) D

where D = det(¢*,¢7), ¢ = (1,0)(¢T, ¢7)2dyp~, so

¢t = Dmt =det(vy",¢7)
det (V (3 N)ers DT Vo= (y; Netz ()‘)y)

= det ([Vl()\) + o(e—&\zl)} e<7ﬁ+ﬁ+o(>\3)>z’

Vy (y,0)ef 0 1 Ao<e—w'>>

= det(Vi (A) 4+ O(1), V5 (0) + AO(1))
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det 1+0()) + O(1) 1+0())
- — ey TOM) +0(1)  f'(a-) +0O(N)
= S+ ﬁ +0(1) + O(A) + O(A?) + O(X?)
= f'(a-)+0(1),
=) =det(V;7(0; \), V5 (0;A)) = O(N). Putting these together we have

¢
)J)O(l) or equivalently |m™| < C/\. O

PROPOSITION 6.5. For A € QN {A:|\| < ¢} and 0 sufficiently small, the resolvent kernel
G has a meromorphic extension onto {A : |A| < §}, which may be decomposed as

and D = det(¢™,
mt = % _ f(ﬂ6

G,\=E>\+S>\+R>\=E)\+S)\+R§—|—R§. (6.14)
For y <0 <x,
Ex  Exy —1y+ i (f’(; v >>3>y
Y = CiAT W (2500 V) (0)e - - ) (6.15)
E)\,z E)\,acy
Sx=0 (6.16)
and

(i, ) =l T 00y (000 -1) o). orm

For y <x <0,
N A A%
(e )= eonw; 07 @ TETTET) g
E/\,w E)x,wy
2
(Sk Sw) = v ) el 7)) (6.19)
S)\,:c Sz\,xy

(é?i gg:y) — e—alw\e<ﬁ7<ﬂ<i))3)y (0()\—1) (60(/\3)1/ _ 1) + 0(1)) , (6.20)
(. )l ) oo ) oo (o)

(6.21)
In fact, the derivatives of R) can have better bounds.
For y <0< x,
D U

Ry, = 67a|:17\6(f’(117) (f'<a,>)3)y (O (EO(As)y — 1) 4 0()\)) . (6.22)

For y <z <0,
(#_Ai"‘)y 3
RE, = e ol \TEOTTET)Y (0 (00 —1) 1+ 0(y)) (6.23)

RS, = e(_ﬁﬂf’(i))?’)(w—y) [)\0 (60(/\3)(x—y) _ 1) +0()\) + 20 (e—dlw\>} _
(6.24)



SCALAR GREEN FUNCTION BOUNDS 515

For the case when z < y, some similar estimates hold.

Proof. For y <0<z,
oo
G)\,z G)\,xy
= m (Nt (@ VY (1 A) = mT (WL (3 VW (13 )

= ox! (Wf’(x;O)+)\O (efam)) (6(,~&_>M+O<A3>)y‘~,l_(0)
)0 (e(ﬁﬁwm)y))

A A% 3
= o (Wf(:c;OWI(O)e(f’w 00 )y
2
+)0 (eaﬂe(W_(f/(i—_))s-i-O()ﬁ))y)

2
+AW (2;0)0 (e(MMwM)y))

~ ot (Wi (wi0)7r (0)e (T T )

2
+W1+(:v;O)ﬁ*(O)e(ﬁ—mwm)y

S N G
_Wf(fﬂ; O)Vf (0)e<f/(”‘7) (F(a_)n3 )y

2
+A0 (e—aacle(W—W—_»wow))y))

D G
= clxlwf(:c;0)‘7;(0)6<f’(ﬂ—> <f’<ﬂf”3)y
2
yeralel (i 7 ) (o) (2 1) + 0(1))
_ <E,\ EA,y)+<RA R/\7y)
E/\,w E)x,wy R)\71 R>\7$y '

Thus we have those representations as claimed.
For y <x <0,

@ &)

G)\,z G)\,my

AT (N~ (T NP (1 N) + ¥ (@ Y (1 )

= dTWWy (@ )W (5 A) + Wi (2 )W (y; A)
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= Oox! (W;(x;oHAo (e—alw\)) (e(ﬁ—ﬁwm)y%(o)

+00 (6 f’(gf) (f’ (u ))3+0()\) ))

+ (V A\ +0 ( *a\rl)) ( ST +OOB))

D U C R
= CoA'Wy (:E;O)‘N/f(o)e(f/(ﬁ*) ”'“‘*”3>y
(%—%)y 3
te— ozl \ F) (@) (O()\_l) (eO(A Y _ 1) + 0(1))

+ (Vl_(o) +0(\) +0 (e“i'”\)) e<_ﬁ+ﬁ+ou3)>m

2 2
e(f%%—) ~ T +0(’\3)>y‘71_ (0) +AO <e<f’(i-> ~ T +O(A3))y>1

- S —
- CQ)lezi(f;O)Vf(O)e(f @) (“'*))3>y

+efa\z|e<ﬁ*ﬁ>y <O(>r1) (eO(A3)y _ 1) + 0(1))

D U C AR WO
A o
(—%—i—*,iz) (z—y) 3 5
+e\ 7@ T GT@)? [0 (60(/\ N@—y) _ 1) +0(\)+0 (e—a\w|>]
_ C2A—1W2—(x;0)‘/1—(0)e<f (@_) (f (uf))?’)y
2
+‘/1— (O)Vl— (O)e<_ﬁ+(f’(;\1—_))3>(w_y)
(%—%)y o(®
te @l \TED TG @) (O()\fl) (e My _ 1) + 0(1))
2
+6(* f/(i\i_)+(f"(2r7))3>(ziy) [O (QO(AS)(z*y) _ 1) +0\)+0 (efd\zl)]
(5 B2 S &)
E)\,z E)\,xy S)\,z S)\,xy R)\,z R)\,xy
(2 B+ ( 2 (8 )8 B
E/\,w E)\,wy S)\@ S)\,wy R)E\,z RE Rf,m R§ ,TY

A, zy

Then this gives (6I8))-(G.21).
Next we derive the derivative bounds ([6.22))-([6.24]). We utilize the estimates (6.6)).
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For y <0<z,
G)\,y(xvy)

= O e (4 ) i ()
= (1 0)mt VW (3 \) (a%) Wi (g \) (tl))
— oy t(1 o) (Wfr(a:;o)+)\o (efam))

7,{‘ */§72 o\’ 7 ?
><<6<““—) AN )>yV1_(O)(f’>\ - = 3+0<A3>>

@) )
cone 7SO0 )y +ea'y>> 1)

and the remainder term R ,(x,y) should be

(#_L)y 3
Ry, = e~ 0l3le\ TG " TGy (O (eO(A W _ 1) n 0(/\)) .
The Ry y(x,y) estimates for the case y < o < 0 are similarly derived. O
—/
REMARK 6.6. In Proposition[6.5] in fact we can take W, (z;0) =W, (x;0)= (;,,iig) .
REMARK 6.7. The derivative bounds (622)-(624) are valid only for Lax and the
overcompressive case; they do not hold in the undercompressive case. See [MaZ].

7. High-frequency bounds. Now we derive the bounds for large |\| on any sector
contained in the resolvent set.

PRrROPOSITION 7.1. Assuming the Lax condition, it follows that for some C, 5, R > 0, and
01,05 > 0 sufficiently small,

1 _1 1
|Ga(z, )| < CA|"7e# 22—yl
_1 1 o N
(G, y)| < Cem P2 1Gy  (a,y)] < Cen P ERIER L,
for all A € Qg \ B(0, R).
(Here, we may choose any ﬁ_% < minyeq, iz Ry Re( ﬁ))
Proof. Setting & = |)\|%x,5\ - ﬁ,uﬁ(;ﬁ) = w(|>\j\cl) = w(x), we obtain w” = D+
2
O(|A|~2) (@ + @) or

W' =BW + O(|A\" %)W, (7.1)

0
that the eigenvalues of B are fi = FVX. We know that there exists some 3 > 0 such that

[ReV/A| > 57 (7.2)

where W = (w,w')T, and B := <§)\ 1> B’ = O(|A\|"2),|A] = 1. It is easily computed
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for all A € Qy; hence the stable and unstable subspaces of each Bz are both of dimension
n and are separated by a spectral gap of more than 26*%. Since B(\, z) varies within a
compact set, it follows that there are continuous eigenprojections Py (B) taking W onto
the stable and unstable subspaces, respectively, of B, with [PL| = O(|x|~2).
Introducing new coordinates z4+ = Pyw, we thus obtain a diagonal system

/
ze\ _ (f(ay) 0 24 1 (#+
(z) B ( 0 flas)) \z- +0 (l/\‘ 2) z_ ) (7.3)
We choose 8 large enough such that Ref’(a+) < :FB’% and hence
|@]
C
From (Z3]), we obtain the “energy estimates”

(2 22) = (2, 2Ref ()2 + O (IA7F) (s 24) + (2, 2)

< lzf < Cla. (7.4)

(7.5)
S 367 (2, 20) + O (IN7H) (4, 20) + (2, 20).
In consequence, the ratios ry := EZZ; and r_ := % satisfy
2 £487 3 FONTE(1+re +73) (7.6)

for some C' > 0. From (70) it follows easily that the cones K := {0 < ry <

5

e IA|z} are invariant under forward and backward flow, respectively, of (Z3), pro-

vided that C|\|"282 < 4. Since the stable/unstable subspaces of (f,(é”) f’(?i )>
at © = too are precisely {z; = 0}, we have that the stable/unstable subspaces of
(f "(u+) 0

0 f(a—
vided |A| is sufficiently large. It follows that the stable/unstable manifolds of solutions
of (3) lie within Ky for all . Plugging this information back into (ZX), we find
that (|z4|2)’ < F2872|24|? for any solution (z4,z_)7T decaying at = +oo; hence
% < 6_57%“”_3”, where 0 < 8 < 8, and thus tg;l‘ < C’le_ﬁ%'%_y'7 for any z < y,
provided |}| is sufficiently large. This gives

)) +0 (|/\\*%) at x = +oo lie within the respective cones K4, pro-

Y\ o cRe A Rl (7.7)
W(y)

where C'is as in ([(4)). Further, untangling intermediate coordinate changes, we find

ProposITION 7.2. (K) The stable/unstable manifolds of solutions of () lie within
angle O (\)\|*%> of the stable/unstable subspaces of B(x).

. . . G
Now, recall the coordinate-free representation of the Green function as ( G A ) =
A,z

FY7eIL, (y) (B?(y)> . Translating the bound (1) back to the original system (2.1),
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we obtain
= 1

|[FV77) < C1C%e P 2=yl (7.8)

Likewise, the projection II; can be related to its counterparts I, for the rescaled sys-
1 0)\- [1 0 ~

tem by the factorization I1; = II d similarly for IT_. Si
em by the factorization I1 (O |>\|%) + (0 )\|_%>,an similarly for ince
the stable/unstable manifolds stay separated by Proposition (K), and A varies within
a compact set, the projections I, and II_ are uniformly bounded. Thus, we have

) (B?@)) B (cl) AO|%> o G) |A|O%) (B?<y>> - (O (oA<|1_))> Combit-

ing with (Z8) and recalling that 0 < § < 8 was arbitrary in (Z2)), we obtain the claimed
bounds on |G| and |Gy ;|. The bound on |Gy ,| follows by a symmetric argument ap-
plied to the adjoint operator L* or, equivalently, by using the symmetric representation
(Gx Giry) = (0 B y)) II_(z)F*7Y, where F*¥ denotes the flow of the adjoint
eigenvalue equation. O

8. Pointwise Green function bounds. In this section, let us recall the represen-
tation in [MaZ] and [ZH],

n+iT

n+ioco 1
Gz, t;y) —P V. / MGy (z,y)d\ = — lim MGy (z,y)dN,  (8.1)
21 T—oo Jp i

which is valid for n sufficiently large. We will spend this entire section proving Theorem
i

Proof of Theorem [Tl CaseI. @ large. We first treat the trivial case that @ >
S, S sufficiently large, the regime in which standard short-time parabolic theory applies.
Set

N
26t

where B is as in Proposition [ZJ] and consider again the representation of G: G(z,t;y) =
377 Jr o, €'GA(2, y)dA, where Ty := dB(0, R) Ny and 'y := 09 \ B(0, R). Note that
the intersection of I' with the real axis is Apin = R = 3a?. By the large |A| estimates of
Proposition [[I we have for all A € I'; UT'y that

R := Ba?, (8.2)

(Ga(ap)| < CA|7H/2e el (53)

Further, we have
Red < R(1-nw?), MeTly, (8.4)
Rex < Redg—n(JImA| — [ImAg|), A €Ty, (8.5)

for R sufficiently large, where w is the argument of A and Ag and Aj are the two points
of intersection of I'; and I's, for some n > 0 independent of a.

Combining [83), (84) and (82), we obtain

/ MG (z, y)d)\‘ < C\)\|—%6(Re/\)t—57§ A2 [z—yl 7
Iy Iy
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+M
< Ce_ﬁé‘zt/ R™2e ARt Ry, < Ct—3e Pt
M

Likewise,

/6’\tG,\(:ﬂ,y)d)\‘§/ O Ce®eni=67 a1 o=l g
I Ty

SCe(RcAo)tfﬁ*%|)\0|%|x7y|/ |>\|7%6(R0A7Rc)\o)t‘d>\|
I

< Ce P’ |Im/\|7%67"(“’“)“7“1“%‘)’5|dIm/\|
Iy
< Ct—3ePa’t,
Combining these last two estimates and recalling (8.2]), we have

ga2t _ (z—y)? (z—)?

Gz, ty)| < Ct 3¢ "7 ¢ 580 < Ct 3¢ e wht

for n > 0 independent of @. Observing that |w_gt_at‘ < |x;y‘ < Q‘x_?_atl for any bounded
a, for |z — y|/t sufficiently large, we find that |G| can be absorbed in the residual term

oy

2
O (e‘"te_ i ) for t > €, any € > 0, and in the residual term

z—y—f(a_)t)?
0 ((t-l—l)_%e_mﬁt_%e_%)

for ¢ small.

Case II. ‘mt;yl bounded. We now turn to the critical case where @ < S for some
fixed S. In this regime, note that any contribution of order e, > 0, may be absorbed
in the residual term R; we shall use this observation repeatedly. We begin by converting
contour integral (81]) into a more convenient form decomposing high, intermediate, and

low-frequency contributions.

LEMMA 8.1. If the Lax condition holds, we can use the following decomposition:

1 1
Gz, tiy) =1+II=— [ MG A+ -— [ MG X
(,’E7 JJ) + omi er )\(%y) + oi F/e )\(%y) )
where IV := [—n; —iR, n—iR]U[n—iR, n+iR]U[n+iR, —n1 +iR)], and I'y := 9 \Q with Qy
as defined in section[] for any n > 0 such that (81]) holds, R sufficiently large, and 71 > 0
sufficiently small such that Q \ B(0,r) is compactly contained in the set of consistent
splitting A for some small r > 0 to be chosen later, where Q := {\: —n; < Rel}.

LEMMA 8.2. The term II in Lemma B may be further decomposed as

. 1 —m—if —m+iR 1
II=11+1II= / +/ MGy (x,y)dN + — / MG (x,y)dA
r

21 \ J_p iR T 2mi

and T := [—n, —ig,n—ig5|Un—ig,n+ig|U[n+iz, —n +ig], for any n,r >0, and n;
sufficiently small with respect to r.

The proofs of these two lemmas are trivial. We are going to estimate terms I, IT and
IIT respectively.
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The term I may be estimated exactly as was term fm eMGy(x,y)d) in the large @

case (Case I) to obtain contribution O (t*%e”“t) absorbable again in the residual term

lz—y|? . .
Tyrl) for t > €, any € > 0, and in the residual term

(0] (e‘ﬁte—
T—y— a 2
o ((t+ 1)‘%%%—%—%)

for t small. To estimate the term IT, we use the fact that |Gy (z,y)| < Ce™ =¥l for A
on any compact subset K of p(L) N A, where C > 0 and 1 > 0 depend only on K, L:

-r R
‘ﬂ’ < 1 / 26(*m+i§)t€*nlr*y\d§+/ e(=mHi)te—nlz=ylge
27T —R é
_r R
- ie—mte—nlx—y\ / Qeiftd§+/ eiftdf
2 —R %
_ ie—nlte—'rﬂm—y\t—l ‘e—i%‘ _ iRt | iRt i%
2w
< zt—le—mte—nlw—yll
T

Thus IT can be absorbed in the residual term R.

It remains to estimate the low-frequency term III = 27” fr MG (z,y)dN.

Case. t < 1. First observe that estimates in the short-time regime ¢ < 1 are
trivial, since then |eMGy(z, )| is uniformly bounded on the compact set T', and we have
|G (z,t;y)| < C < e % for § > 0 sufficiently small. But, likewise, £ and S are uniformly
bounded in this regime, hence time-exponentially decaying. As observed previously, all
such terms are negligible, being absorbable in the error term R. Thus, we may add E+.5
and subtract G to obtain the result.

Case. t > 1. Next, consider the critical (long-time) regime ¢ > 1. For definiteness,

take y < x < 0; the other two cases are similar. Decomposing,

1

1 1 1
I Y At L Y I Y
o N B O R e I N

with Ey, S\ and R, as defined in Proposition [6.5, we consider in turn each of the three
terms on the right-hand side.
The Ey term. Let us first consider the dominant term i ff eMEy(z,y)d\, which by

([©I5) is given by C1 @/ (2)E(x, t; y), where Z(x, t;y) := 5= [n A7 teM <f(“ e ”3) oy
Using Cauchy’s theorem,

m—iy <%*Ls>y (/#,Ls)y
A A B A 2
5 / / A\ ) (@7 )TN — Resyo\ " teMe V) (@ )
i

ni+is

thus we may move the contour I to obtain
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1 <%*/§723>y
E(z, t;y) = —/~)\*16/\t6 F@ a7 @on® )Y gy
r

2me
L e I e ) L s (75—t )
— _ )\_16 te fla_) (@) d)\'f‘ReS)\:())\_le te ffa_)  (f(a-))
—m+ig

1 —i3 —mtis _ <—/ 2 _—{2 3)?!
_ 4 A LA\ FE) (@) d)\
211 L iz

2

—i5  pig ( A ,Ai"‘)y
_ (4 (@ 3
A 16)\t6 ffa_)  (f(a_)) d\
27T’L ir 5
t3

1 (%,%)y (/#,Loy
_ T (4 (a4 — a_ (a
+ —2 A leMe\ I (@) dX\ + Resy—oA\ LAt \ /e (/@)
Iy

where 7 is the left half circle y := {de” : T < 6 < 27}, for some 6 > 0. Notice that

P S G, P P S N, P
ResAfo)fle)‘te Fa)— G@on® )% — Jim eMe\ @) (7@N3 )7 _ q
- A—0
(%_xi"‘?)y
. _ 4 (a . .
and lims_,0 5= f,y Atere\ T (T )TN = — 2. Thus sending § — 0 in the above
calculations gives us
it &2
- ; T"'ﬁ)y
:(l’,t,y) _ —PV / ezfte<f( —) (fla_)) dé‘
3

m+ig ( N A2 3>y
- u ' (a
A LM\ T T @ won® )Y gy

(1L
+— +
21 —n—i% iz

r
2

A A2
4= ResA oA~ LeM (.f'(a,> <f/(ﬁ,)>3>y

= (21 PV. /+OO(Z§) (t‘Lf(?yz_)) s "% dE + 1)

</ / ) g1 () € et
—q — +_
-l-L /12 +/ n )\_16)‘t6<fl(é*)_(f/(zf”g’)yd)\.
211 —m—i% iL

2
The first term in the above equality may be explicitly evaluated to give

.
errfn y+ S , (8.6)

[

fra-) ’
where errfn(z) := ﬁ f_zoo eV’ dy, whereas the second and third terms are clearly time-

exponentially small for ¢ < Cly| and 7 sufficiently small relative to . In the trivial case
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t > Cly|, C > 0 sufficiently large, we can simply move the contour to [—n; —ig, —n1+ig] to
obtain a complete residue of 1 plus a time-exponentially small error corresponding to the
shifted contour integral, which result again agrees with (86]) up to a time-exponentially
small error.

Expression (86]) may be rewritten as

errfn (M\/g—)t) , (8.7)

plus error
ey =
errfn y+fla)t] errfn (M)
Vat

4

_y
fr(a-) ’ (8.8)
(y+f'(a_)t)?

= errfn’ (L\ﬂ%)t) (—2(y+ f’(ﬂ,)t)2(4t)_%) =O0(t e

for M > 0 sufficiently large, and similarly for z- and y-derivatives. Multiplying by
1@ (z) = O (e°l*!) we find that term (87) gives the contribution

Cvit (z)errfn (%) , (8.9)

whereas term (8] gives a contribution absorbable in R.
Finally, observing that

_ Yy — f’(ﬂ)t)
C1#' (z)errfn | Z—F——~ 8.10
is time-exponentially small for ¢ > 1, since f'(a_) > 0,y < 0, and |@'(z)| < Ce™°*l, we
may subtract and add this term to (3] to obtain a total of

Ble.tiy) = CF(2) (errfn (%) — errfn (%)) :

plus terms absorbable in R.
The Sy term. Next, we consider the second-order term ﬁ ff e’\tS)\(a:,y)d)\, which

A e
by @IJ) is given by CoZ'(,t;y) where = = - [x e)‘te( s e s? ) Y gy
Similarly as in the treatment of the E) term just above, by deforming the contour I" to

M= [-n —i%, —i5]U[—i5, +i5|U[+iF, —n1 +i5], these may be transformed, neglecting

time-exponentially decaying terms, to the elementary Fourier integrals
+oo . __w—y 2(_ 1 _ z—y—f'(a_)t)?
iP.V./ ez£<t f/(ﬁ*)>eg ( (f'<ﬂ*))3)(r y)d§ = (47Tt)_%€_( e
27 oo
Noting that for ¢t > 1,y < x < 0, there is

1 e—y=fa)n? e BRI G D
(4nt) " 2e EL 1——— || < (4nt) " z2e a e
et +e *
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for some a > 0, so is absorbable in error term R, we find that the total contribution of
this term, neglecting terms absorbable in R, is

1 (mmy—fl@o)e)? e ”
S(x,t;y) = X1y (dnt) " 2e L2 (W)-
The Ry term. Finally, we briefly discuss the estimation of error term

ﬁ ff eMRy(z,y)d\. We can decompose the above integral into a sum of integrals in-
volving various terms of RY and Ry given in (620) and (6ZI). By expanding the term

(0] (eoo‘g)(w_y) — 1), we get contour integrals of the form

2
L / P TR ) e gy (8.11)
r

211

It may be deformed to contour I' := [-n — ig,n. — ig] U [n. — i5,m + i5]U
[« 45, —n1 + i5], where the saddle-point 7, is defined as

%, if % <e,
(2, Y, t) :=
*+e, if % 2 *e,
with a := &= f @)t = ”ﬁ 52 > 0, so the integral (BIT) may be rewritten as
: (/“ . / . /mﬂ;) e ST )
2mi m—ig  Jn.—ig Neti%

With a bit of computation we can show that the main contribution lies along the central

vertical portion [, —i5, 7. + i3] of the contour I'":
Netig _ 2 _
1 2 e)\t/\qe< f’(2—>+(f’(:\2_))3>(m 2N (8.12)

211 Nu—i%

Now we estimate (8I2) and set A = 7, + i€ where —% < ¢ < 7. Because

Re (3 (g + <f'<22>>3> )

_ 2t (r—y—fl(a)t Nt (z—y)

- R (i () s raa)

7 2. A%t Rl aX a2

= ne (g e y) e (S )

_ _ t aRe . e 2 = — t aRe Z — (§] l 2

= ~Fiay (20Re(Y) —pRe(N?)) = — g (2aRe(n. + i) — pRe(n. +i€)*)
t t a?

- = 2 — -
=~y Qo i) = e
and A7 = |, + i€|7 < O(|.]2 + [€]9), we have

Lt (i) e
eMAe\ FED T @o))3 d\
n

211

.—i%
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IN
®

t _a% 3 ot g2
7T [ O+ e T ag
-5

(@ )? @—y—f@n* [ S b2y
< TR [ o gne T g

< O(tq“ (w—y—f'(u)t)2>
< 2 e Mt
if |[2]| <e, and
P
«+ig 2
L/n 12ext)\qe<_f/<3,>+<f'<2,>)3>(m_y)d)\
2mi Sy, iz
t o P g2
<@ [ ol lgme T ag
<0 (1)
if % (|
REMARK 8.3. The derivation of (8.0)).
i€ ( tt+ s e
To evaluate the integral 5-P.V. f+oo 1! ( ! (“*)>e£ (@ de, we make a
change of variable ( = 7 (, ))3§ Then (f,(gf)ﬁg? = —(¢%? and d¢ = ——1—dC.

/ —y
(f(@_))3

The integral becomes

" Y +C
/ VT (f \/ﬁiw S
-y
V (7 (@-))?
| oyt (@)t
too ¢ i SR ¢
— i l ( f/(u)> fCQdC

+oo —C
om ) it € _\/ﬁ\/_/

:\/LQ_ﬂ(fglf(C)) y+_f/(z‘)t =\/12_7T(fglf(<))(7):= L

‘d

2 Z<y+f’(uy_)t><
Vo @) dC

where f(¢) = i W and g(7) = (}'glf(g)) (7). By the inverse Fourier
fra_)
transform formulae, we have f(¢) = (Frg(7)) (¢) and i(f(¢) = (Frg' (7)) (¢) = e so

J) = (R == [ = S = “2_ en (7).
o

Then \/%g’(T) = ferrfn’ (3), and integrate this equation to get —= 7)=-errfn (3)—1
because g(0) = 0 and errfn(0) = . This completes the proof of (IEI)

REMARK 8.4. The reason that we made the excited term E(x,t;y) look like (L4 is
that we would like to have the Green function decomposition look similar to the scalar

Burgers.
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x

REMARK 8.5. The eziﬁ term in the scattering term serves as a smooth cutoff
function, which smoothly interpolates between different cases of solutions. For x > 0
and |z| large, ef_;% decays to 0; for < 0 and |z| large, eze_;% is almost 1.

Now it is time to give some LP estimates on Green’s function convolved with some

function f in LP(R) (1 < p < 00).

PROPOSITION 8.6. The Green function G decomposes as G = E+ S+ R = E+ G, where
G =S+R, E(x,t;y) = Cu/(z)e(y, t) and

e(y,1) = errfn (—y +5g)t) p—— <7y - 5%‘”) .

Then for some C > 0 and all ¢t > 0,

+o0
‘/ Cla,tyh(y)dy| < Ct7 2073 ||, (8.13)
-0 LP(x)
“+oo
‘/ Gy(x, t;y)h(y)dy < Ct= 207973y, (8.14)
—oo Lv(x)
+OO ~
’/ Gz, t;y)h(y)dy < C|h|Lw, (8.15)
—00 Lr(x)
+oo L
‘/ Gy(z, t;y)h(y)dy < Ct72|h|Le; (8.16)
—oo Lv(x)
and
+oo +o0 )
‘/ e(yvt)h(y)dy‘ S C|h|L17 / ey(yat)h(y)dy‘ S Ct—5|h|L1a (817)
+o00o L 400
’/ et(y,t)h(y)dy‘ < Ct™2|hpa, / ety(y,t)h(y)dy‘ < Ct_1|h\L1, (8.18)
+oo +o00 .
\ / et<y,t>h<y>dy\ < bl | [ eyt<y,t>h<y>dy] <Ol (819)

Proof. We prove ([BI3) first. Write G as G(x,t;y) = S(z,t;y) + R(x,t;y) and recall
z—y—f'(a_)t)2 o
from Theorem [[T] that S(x,¢;y) = X{tzl}(477t)7%677( Lo (e_) S0

eT e
1S(2 1 )] < (dmt)~ b~ T (8.20)

and R(z,t;y) = O (e’"te’ lwﬂ_ﬁp) +0 ((t +1)"ze " 4 6*’”“) t*%e’W o
|R(z, t; )| < Cemlaly—4 o= = + Ce " (lz=yl+D) (8.21)

for some 0 < 7’ < 7. By Minkowski’s inequality,

Ga.tiy)

by < 1@ D) 1oy + 1R
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We estimate |S(z,t;y)| 1, first:

+oo 1 (z—y—f’(ﬁ,)t)Q p %
|S(.’£,t;y)|LP(w) < (47Tt) 2e It dx
o0 1
(4rt) ( / e—%(x—y—f’wﬁ)zdx)
1

(4rt) "2 (\/7/%0 = dz)
= 47Tt_%(\/>\/—> — Oyt 2178,

Then we estimate |R(z, ;)| 10,

IN

c—y—f'(a 2
|R(x, ;)| 1 Ce i3 ¢ — =Ra+ Rp.
Lr(z) L (x)

n ’Ce—n’(\x—yH—t)

Lr(z)
In fact Ry is similar to [S(2,t;y)[1n(,), S0 we have Ry < Cot™ 7(1-3) | Estimate Ry as
+eo , » Feo ,
R = Cp/ (e—n (\w—y\+t)) de — Cp/ P (e=yl+t) g,
—o0 —o0

Y , +o0 ,
— Cp/ e P (y—w+t)dx+cp/ e~ P (=y+1t) 1.
y

— 00

? +oo
— (OPe Pt </U e~ P (W=2) 4o _|_/ epn'(zy)dx>
oo y

“+o0 —pn't
QCpe*pn/t/ e~ PNy — Qcpe—pn
0 pn

1
_ 2 \P 't
so Rg=C o) € .
Finally, we use the above estimates to derive

+oo

G(x,t;y)h(y)dy

— 00

LP(z)

+oo
[, i)y

o Lr(z)

IN

IN

—+oo
| (1860 ny + Bl t50) ) 1)

— 00

+oo > ,
/ (Ct 21-3) 4 Oyt 2 (- +C( 2/) e_"t> |h(y)|dy
—x o1

+OO 1 1
s/ (C1 + Co + C3)t 2073 |n(y) | dy = Ct~ == |h| 1.

—00

IN

For y-derivative bounds of C~7'7 éy(x, t;y), we just need to notice that we have the estimates

(z—y—t'"(a_)t)?
|Sy(z,tiy)| < Ct 7l w (8.22)
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(z—y—f'(a_)t)?

z—y|?
and Ry(z,t;y) = O (e‘”te_‘ it ) +0 ((t + 1)_%6_’7””Jr + e‘”‘””') tle” e
o

(z—y—f'(a_)t)? ,
IR, (z,t;y)| < Ce™ M=l e + Cen (z—yl+D) (8.23)

for some 0 < 1’ < n. With some similar computation as for é(az, t;y) we get

‘/_:O Gy (@, ty)h(y)dy

To prove ([B1H) and (BI6), notice that (820) implies that

1 (e—y—fla)t)?
- at

(a9 < [(470)

(BZT)) implies that

<t 207973 )
Lr(z)

<, (8.24)
L ()

(z—y—f'(a_)t)?

R(@, t59)| 1) < C e Mrlp= 3o N 4O e Uz=vl+t) e < C, (8.25)
L(z) i
[RB22) implies that
(2— —f’(a_)t)Q
19y, 659) 20y < C ‘tle—y i <ot (8.26)
L(z)
and (823) implies that
(w—y—f'(a_)1)? /
T, tY)| 1 S Cle” e 3 +Cle” - < tz,
R, Lia) C le—nl=l—1 C |le—7 (lz=yl+t) C
L (x) L' (2)

(8.27)
Using estimates ([824)-(827) and the inequality |f * g|r» < |f|r:|glrr we can derive

the estimates (BIH) and (BI6). To prove bounds (BI7)-(8I9) we need the following
lemma. g

LEMMA 8.7. For some C > 0 and all ¢ > 0,

y+t)2

le(-,t)|~ < C, (8.28)

ley (o B)e < Ct73073), (8.29)

e t)|e < Ct 203, (8.30)

ley (o )|e < Ct 707373, (8.31)
_y—1)? S 2

e G ) (5.32)
Cy—t)2 42

le(y,t)| < Ct? (e‘( R ) (8.33)

412
lew(y, 1) < Ottt (e_( R

Proof. Estimates ([828) follow directly from the definition of e(y, t):

e(y,t) = errfn <%) et (%)
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1 y+fa )t y—f'(a_)t 1 y+fa )t
T var T var 2 Vit _ 2
= — Zdz—— e dz=— , e % dz.
N L G
> Vit
Differentiating the above equation with respect to y we get
(ts'(a_))? = (a_))?
1 e~ 1t e~ It

ey(yvt) = ﬁ \/E - \/E )

yielding (8:32).

Differentiating with respect to ¢ we get

@ n? w—f@n?
e 4t e 4t
ey, t) = f'(u— +
t(yv ) f( ) \/m 47Tt
(y—f"(@_)t)? (y+t'(@_)n?
L (y=fayne o @+fayye o

+o 7 ;
2/t Vi Vamt Vit VAart
then we get (833) immediately if ¢ > 1. For the case when 0 < ¢ < 1, we use the mean
value theorem,

(y —

(y—f'(@_))? (y+f'(a_)t)?

Faoy e T g fasyy et
Vi Vit Vi Vi

1= 2 2

f(a-) o z e*i—t o z 7z4_t
/ — | 7= li=—y+ardf NN la=—y
—f(a_) 0z \/E\/47Tt \[

2

e~ |2t — y?| _(cy=0?  (cutn)?
200t—————=— < (C ct Ct
T mee S \C e ’
and we get ([833) again. Estimate ([834]) can be derived similarly.

Now the estimates ([829)-(831) follow as in the heat kernel estimates. O

Once we have the above lemma, (8I7)-(@I39) can be derived similarly as previous
estimates on G.

t < 2Cot | 5-

9. Nonlinear stability. In this section we will establish the stability results of the
viscous shock solutions of (I.1]), proving Theorem Let @ be a second solution of (1))
and define the perturbation

u(z,t) = t(z + a(t),t) — u(x) (9.1)

as the difference between a translate of @ and the background wave u, where the transla-
tion a(t) is to be determined later. After a bit of computation, we derive the perturbation
equation

— Lu= N(u), + &(t)(uz + 1), (9.2)

where Lu = ug, — (f'(@)u), is the linearized differential operator as before, and N(u) :=

(@
f@@) + f'(@u — fu+a).
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REMARK 9.1. From direct calculation N(u) ought to be N(u) := f'(@)u— f(u+a)+ay,
but notice that @y, = f(u),. Thus in ([@.2) if we substitute N(u) with the one defined
above it will make no difference.

Starting from the perturbation equation, we apply Duhamel’s principle to (9.2):

u(a,t) = eFug+ /Ot M7 (N () + é(s) (T + ur)) ds
= /:O G(,t;y)uo(y)dy
. / t / +: Gt - 559) [(V(0))ay, ) + 6 (s)ualy, )] dyds
. /0 t / :° Gla,t — 5:y)éls)is (y)dyds
- _:O Gz, t;y)uo(y)dy
-/ t / :" Gy(ar,t = 5:9) [(N(w)) (5, 8) + 6(s)uly, 5)] dyds

+ [ Gt = s (V@) 09) + a(s)uly. )] 3 ds
0

+ (/Ot d(s)ds) ( zo G(z,t—s; y)ua;(y)dy)

—+ 00
= Gz, t;y)uo(y)dy

_Oot +oo
- / / Gyl — 59) [(N(w))(y, 5) + 6(s)u(y, )] dyds + o), ().

To determine «, recall the decomposition G = Cugze(y,t) + G from Proposition B8]
and substitute this decomposition into formulae of u(x,t) derived above:

o0 ~ t “+ o0 _
wet)= [ Gty = [ [ Gyt i) N ) + o] dds
—+o00 t +oo
+Cuy () {a(t) + /7 e(y, t)uo(y)dy — /0 [ ey(y,t —s)[N(u) + du]dyds} )

So to make the term 4, disappear, we have to define o as

“+ o0 t —+ 00
alt) = - / ey, tyun(y)dy + / / eyt — 8)(N(u) (g, 5) + &ls)uly, s))dyds.

—0Q0

We obtain the integral representation

Jroo~ t +oo~
u(e, t) = / Gz, £ y)uoly)dy — / / Gy (@t — 5) (N(u) (g, 5) +(s)uly, )) dyds,

— 00

and differentiating «(t) with respect to ¢,

+oo t +oo
a(t) = — / eo(y, tyuo(y)dy + / / eyt (1 — 8)(N(u) (9, 5) + &(s)uly, 5))dyds.

— 00
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LEMMA 9.2. Define
(0= s (Julw ()1 +)070 +la(s)|(1+5)F). (9.3)

0<s5<t,1<p<oco
Then for all ¢ > 0 for which ¢(¢) is finite, some C' > 0, and Ey := |uo|r1nL.,
((t) < C(Eo +¢(1)?). (9-4)

Proof. Use Taylor expansion of f(u+a) in N(u) := f(@)+ f'(@)u— f(u+7a) to derive
N(u) = =5 /" (@)u* + O(u?) = O(u?).
We then have the following estimates for |N(u) + ¢u|pi(s) and |N(u) 4 dulrr(s):

[N () + éul 1 (s)
< Clulpa (s)(fuls= (s) + |a(s)])
< C (Julua () + 1a()I(1+ ) ) (14 5)7F (Jule (5)(1+ )8 + Jals)|(1 4+ 5)?)
< O¢(s)*(1+5) 72
and

IN(u) + aulzs (5) < Clulus () (Jul () + [a(s)])

< C+5) 20D (Juli(5)(1+ )30 + Ja(s) (1 + 9)})

x (14 8) 74 (Julpe
< O¢(s)2(1+5) 207

Since we already have the bounds of G’ and e, we can now estimate |u(-, t) | (z)- Utilize
the representation of u(z,t),

wmmmmscu+wﬂk?%+C/7vwrﬁkﬂ%wwmnmyww
0

+ C'/£ (t— 5)7%|N(u) + e (s)ds

2

<+ 2B + 0/2 (t—s) 279 5¢(5)2(1 4 5)"3ds
0

t
- c/ (t—5)"3¢(s)*(1+5) 2 70) 72 ds

< C(By+ ()1 +1) 2073,

Similarly, for |&(t)|, we have

&) < C1+ )% By + 0/05@ — ) YN () + dul g (s)ds

+ OA (t — $)"2|N(u) + cu|p~(s)ds

2

<C(l+1) 7By + C/§(t —5)71¢(s)*(1 + 5)"2ds
0
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+ c/i (t— $)=3C(5)2(1 + )~ 1ds

< C(Eo+C(t))(1+1)7.

Rearranging the above two estimates we obtain (@.4]). ]
Now we can prove our main result, Theorem
Proof of Theorem [[L2. The first two bounds are proved by continuous induction. The
third follows using (BI7) and (8I8). To show the last inequality, notice that

e, 1) - a(z) = u(e - a(t), 1) - (alz) - ale - a(t))

so that |a(-, t) — @ is controlled by the sum of |u| and @ —@(z — a(t)) = a(t)|a@’(x)|, hence
remains < CEy for all ¢ > 0, for Ey sufficiently small. O
This completes the proof of Theorem [[.2], giving the nonlinear stability.

10. Small-amplitude Green function bounds. In this section we consider the
small-amplitude stationary profiles 4¢(x) of the one-dimensional strictly parabolic viscous
conservation law (I0]) in a neighborhood of a particular state wo,

where u € C?(R? = R), f € C?*(R — R), u = u(x,t), u = a(x — st), lim, 4 u(2) =
u. After linearizing (I0.I)) about u€¢, we have
vy = Lv i= Uy — (A0)g = Vgy — G20 — aU, (10.2)

where a = a(x) = f'(u‘(x)). Here, € > 0 denotes the shock strength e := |uf — u®|,
and profiles @¢(-) are assumed to converge as € — 0 to ug. Under these assumptions, the
center-manifold argument of Majda and Pego yields convergence after rescaling of u° to
the standard Burgers profile (I0.4)) below, which we shall describe here.

We compare ([I0]) with the Burgers equation,

2
up + (%) = Upa, (10.3)

which approximately describes small-amplitude viscous behavior in the principal charac-
teristic mode to our general scalar conservation law (I0.)). In particular, the family of
exact solutions,

u‘(r) := —etanh (%) , (10.4)

gives an asymptotic description of the structure of weak viscous shock profiles in the
principal direction, in the limit as amplitude € goes to zero.

The rescaled profile equations. Let 7; := uf — %, € := |uy —u_|. We have the
reduced flow 77 satisfying

B = 5 — ) + O, (10.5)

where 8 and A are positive constants. After rescaling 7 — n = 7/e,& — x = Aex /5 we
get

o = S0 = 1)+ Q) (10,6
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where Q(n, ¢) € C*(R?) and ’ denotes d— Compare this to the exact profile equation of
Burgers:

I

7 =501 = 1), (10.7)
The Standard Implicit Function Theorem and stable/unstable manifold estimates give
us

ProrosITION 10.1. There holds
ne — x| < Ce, (10.8)
((n—ns) — (7 —72)| < Cee 1! (10.9)

for z 2 0 and for any fixed 0 < 6 < 1, and for some C' = C(#) > 0, where n+ and
7l = F1 denote the rest points of (0.6 and ([I0.7), respectively.

This suggests that we can expect similar stability results of profiles @¢(z) as those of
uf(x).

Using our former results on Green function bounds of the general scalar conservation
law, we can derive the Green bounds under the rescaled coordinates. First, let’s recall
Theorem [Tl and rescale it using & = Aex,t = A?e*t, 0 = Ao, G = ﬁa. Note that from
now on the coordinate system (z,t;y)-u denotes the coordinate system of the small-
amplitude problem (e-dependent case), and the coordinate system (i, ; §)-@ denotes the
rescaled small-amplitude problem (back to normal amplitude case or e-independent case).
We define @(z, 1) and the flux function f as a(z,7) = U (:E ), f()= oz f(Ae(r)). If
we replace u by v, a®, we get 0(Z,t) = -v(z,t), (&)= 1-a°(z). Now we can compute
the derivatives

- 0 ., = 1 01 1

uz(Z,t) = EF [a(z,t)] = e On {Eu(a:,t)} oo ug (1),

B 0 1 10 1
Uzz(Z,t) = B [A%Quz(x,t)] = 1% [AZ 5 z(x,t)] 13 3 Uz (T, 1),
s 0 (., = 1 01

U{(I,t) = E‘ [U(I,t)] = A262a |:Eu($at):| A3 3ut($at)

Thus (7, ) +a(Z, {)az (T
and notice that

t) —tizz(%,t) = A+§ [ue(z, t) + u(z, ug (2, t) — Uz (x,t)] = 0,

’Df(.’i,{) = AleS Ut(l'vt), 62(*’23 ~) = ﬁvr(xat)v ’ﬁii(*’za{) = A3153 Urz(l'vt),
@@ D)], = & et (@) 2o 0)], = ghs [0 @@ 1),

so 0(Z, 1) satisfies

53, 8) + [a(2)5(3, D], — 22, F) = % (v, ) + [ (2)0(z, 1)), — vaa(z, )} = 0.

The flux function f(@) = 12 f(u) = 3= f(Aed), so f(a) = A~ f/(Aew) = £ f/(u).
By the e-independent case (3.5) in section 3 of [Z1],

8

+o0 ~
ﬂ(f,f):/ G(&, &) h(i)d (10.10)

— 00
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where h(%) = 9(Z,0) = +v(z,0) = £ h(z), and § = Aey. From ([[0.10) we have

1 . oo |
—v(z,t) = 0(%, ):/ G(Z,t;9)—h(y)Aedy,
Ae oo Ae

SO

+oo B +oo B +o00
v(z,t) = Ae/ G(7,t;9)h(y)dy =/ AeG(Z,t;9)h(y)dy = G(z,t;y)h(y)dy,

— 00 — 00 — 00

where G¢(z,t;y) = AeG(Z,1;7) = AeG(Aex, A%%t; Aey), and E€ and S¢ can be carried
out explicitly as

E(x,t;y) = AeE(Z,t§) = AeE(Aex, A2e*t; Aey)
~ rr= g ~ 7
= CAeuz(%) <errfn (L(u)t) — errfn (L

i
Vit
_ 1. Aey + 1= f'(u-)A%e?t
= CA6A2—€2ux(:c) (errfn( NI )

(Ae — Aif'(ﬂ_)AQGQt)>
—errin <
V4AZe2t

_ cAieﬂ;(x) (erffn (%) - oo <L\/g)t>>

l§

Al i

£)

and
S¢(z,t;y) = AeS(%,1;7) = AeS(Aex, A2e%t; Aey)
= Ae [(47‘1'{)_%6_ il <76_ >

et +e %

- (3-5+5 (@_))? z
e |

et 4 e 7

2
Aez—Asy—ﬁf’(ﬁ_)A252t —Aex
= Ae [(4WA262t)_%€_( N2t ) ( c )

Aex—Aey+ L f/(a_)A2e2t 2 Aex

2 2,N—1 ,( A€2 > ) e

+(47TA6t) 2e 1AZe2y - -
eAe:c _|_€—Aex

L (e a)n)? e~ Aew
— (nt) "t m e
eAex + efAez

1 (v on? eher
+(4rt) " ze e el

eAex + efAez

Finally, R and Rj, can be similarly derived.
Now we have the following estimates by rescaling Theorem [[11

PROPOSITION 10.2. The Green function G(z, t; y) associated with the linearized evolution
equation (I0:2) may be decomposed as

G (a, i) = B (e, tiy) + 5%(a, t;y) + R (2, ) (10.11)
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where for y < 0:
Ef(z,t;y) = C’ﬁ;(x)i (errfn (%) —errfn <L\/i_f_)t>) (10.12)

. ., _(w,y,f (/a,)t)2 —Aex
S (J?,t,y) = (47Tt) 2e 4t W

and

_1 _mvrr@on? ehex (10.13)
+(47Tt) 2e It W 7
Re(l‘,t; y) =0 (Aeeanetfe\zfyO
I P S R o o LSS L (10.14)
+O((t+1) 2e” M 4 e )t 2¢e T ’
i 53) = © (Ao
o=@ )? (10.15)

+0 ((t + 1)_%6_’7””+ + e‘"lw‘) t~te” YE

Again by rescaling, we can recover all the estimates in the e-independent case for the
small-amplitude case. Here we give an example of how the rescaling argument works to
recover the bounds in Proposition Recall that we have the following estimate in the
e-independent case:

< CE 29| .
L (&)

Now we substitute 5~ LGe(z, t;y) for G(Z,1;7), -h(y) for h(3), Aey for §, A2€3t for £, and
we get

+oo

< O(A%2)H0D) / (@),

—00

+o00o 1

‘/ _Ge (, t;y) = h(y)Aedy
+oo +o0o 1 - 1 .
(/—OO ‘/_OO A_EGE(x,téy)A—eh(y)Aedy

(Ae)? ( / ” \ " G ty)h(y)dy

— 00 — 00

Lp (%)

% —+oo
Aedm) < C(A?e*)™ 2(1__ ‘Aih(y)’ Aedy,
o |Ae

P % . +o0o
dx) < C(Ae) 0Dy <*p>/ Ih(y)| dy.

— 00

When we cancel (Ae)%_1 on both sides, we get

( [ \ " Gty dx>

G*(z,t;y)h(y)dy

B =

1 1 +OO
<o 30-p / Ih(y)|dy

oo

or equivalently

<t 20D b

N
Lr(z)

—00

Similarly, we can recover all other estimates with the G¢ term.
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For the estimates with term e€(y, t), we note that é(g,t) = Aee(y,t) = Aeee(Ai, T7);
thus

P AP I T
@g(y,t) = ey(y7t)7 ef(yat) = Eet(yat)7 et~~(yat) = Wety(yat)'

Using these to substitute, for example, the following estimate:
o0 e L1~
[ et bt < i,
we get
+oo 1 s
[ e < cwren i,
o Ae
and this further simplifies to
+oo
[ o] < cade .
Other estimates can be derived similarly.

Now we record these results in the following proposition and lemma, which are corre-
sponding versions of Proposition and Lemma R7

PROPOSITION 10.3. The Green function G¢ decomposes as G¢ = E€+ S+ R = B+ G,
where G¢ = S€ + R¢, E¢(z,t;y) = CuS(z)e(y,t) and

(1) = o (errfn (ng”ﬂ ~ enfn (Lﬁ:)t)) .

Then for some C' > 0 independent of € and all ¢ > 0,

+oo
‘ G (z ty)hy)dy) < Ot 2D |n| L, (10.16)
—oo Lr(x)
+0<> = 1 1 1
‘/ Gy (@, ty)h(y)dy <Ct 207072 b, (10.17)
—oo Lr(z)
+oo
’ G(z,t;y)h(y)dy < Clh|Lr, (10.18)
—oo Lp(x)
+oo .
‘/ Gy (z, t;y)h(y)dy < Ct™%|h|L; (10.19)
—o0 LP(x)

—+o00
/ 6§(y,t)h(y)dy’SCe‘lt‘%|h|L1, (10.20)

— 00

and
+o00
\ / ef(y,wh(y)dy] < Ce iy,
—o0

+o00
/ eiy(y,t)h(y)dy‘ <Ct7 Y|, (10.21)

— 00

+oo
] / ei(y,wh(y)dy\ < Ot i,

+oo .
/ ezt(yyt)h(y)dy‘ < Ct™2|h|pe. (10.22)

—0o0

“+ o0
\ / ei(y,t)h(y)dy‘ < Olh|.~,
— 00
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LEMMA 10.4. For some C >0 and all 0 < e <1, and all t > 0,

e (oDl < —, (10.23)
e ()l < Cpt0-p (10.24)
€

les(,t)|r < Ct207%), (10.25)

les, (L) < Ct2079)7E, (10.26)
—y—t)2 —y+1)?

€5 (. 1) < %t‘% <e‘( e e e ) (10.27)
. 1 (y=w? _ (zytn)?

lej(y. 1) < Ct 2<e ot 4e o ) (10.28)
€ o1 —umw? _(uin?

leg,(y.t)] < Ct7'(eTer  +e o). (10.29)

11. Nonlinear stability in the small-amplitude case. Having the estimates in
Proposition and Lemma [[0.4, we are now ready to derive the nonlinear stability
results of the small-amplitude case. Similarly, define the perturbation as u(x,t) := a(x +
a(t),t) — af(x). Following some similar computation as the e-independent case, we have
the following representations:

-l—oo~ t —i—oo~
wwt)y= [ G (et yuoly)dy— / / G (2t — 53) (N (u)(y, 8) +&(s)u(y, 5)) dyds,

“+o0 t 400
alt) = - / (4, tuo(y)dy + / / 5 (5t — 5) (N (w)(y, 8) + (s)u(y, 5))dyds,

— 00

“+o0 t +o00
a(t) = — / €5 (9, o (y)dy + / / €5t — 8) (N () (. 8) + &(s)uly, 5))dyds.

—0o0

We are ready to prove Theorem [[.3] now.

Proof of Theorem [L3l The proof of the first two bounds follows exactly as the proof
of the fixed-amplitude (e-independent) case. Since the bounds on G*, é;, ey and ey, in
Proposition [[0.3] are exactly the same as the bounds on G, Gy, et and ey in Proposition
[B6lin the fixed-amplitude case, using the bounds on e€ and ey we obtain the third bound.
It is €' times the corresponding bound for |a(t)| because the bounds on e and € are
all €1 times the corresponding bounds on e and e, in the fixed-amplitude case.

To derive the fourth bound, we note that a(z,t) — @°(z) = u(x — a(t),t) — (a(x) —
u¢(z —a(t))), so that a(-, t) — @€ is controlled by the sum of |u| and | (z) — @ (z — a(t))].
By monotonicity of scalar shock profiles of the first-order scalar profile ODE, a¢(z) —
@¢(z — a(t)) has one sign, hence

+oo
|a(z) — u(z — a(t))|2 = }/_ (@(z) —a(z — a(t)))dz| = |a(t)]|as. —uZ],

and thus by bounds on |a(t)],
@(2) — @ (2 — )| 2 = 2€a()] < 2CEy,
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where Fy = | — @¢|p1qp~ |t=0. Similarly, by the Mean Value Theorem,

1°(2) — (e — ()] < Ja@l| (Y |1 < (CE2)() = CBoe

here we used the asymptotic (a€) ~ e2e=%%|. Thus, |a¢(z) — a(z — a(t))|L1nL~ < CEp,

and so |t(z,t) — a(z)|p1un~ < CEp for all t > 0, for Ey sufficiently small. This verifies

the fourth inequality, yielding nonlinear stability. |
This completes the proof, verifying nonlinear stability.
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