QUARTERLY OF APPLIED MATHEMATICS
VOLUME LXXIV, NUMBER 3

SEPTEMBER 2016, PAGES 539-570
http://dx.doi.org/10.1090/qam/1432

Article electronically published on June 16, 2016

GLOBAL SMOOTH SOLUTION TO A HYPERBOLIC SYSTEM ON
AN INTERVAL WITH DYNAMIC BOUNDARY CONDITIONS

By

GILBERT PERALTA (Department of Mathematics and Computer Science, University of the
Philippines Baguio, Governor Pack Road, Baguio City, 2600, Philippines — and — Institut fir
Mathematik und Wissenschaftliches Rechnen, NAWI Graz, Karl-Franzens-Universitit Graz,
Heinrichstrasse 36, A-8010 Graz, Austria)

AND

GEORG PROPST (Institut fir Mathematik und Wissenschaftliches Rechnen, NAWI Graz,
Karl-Franzens-Universitat Graz, Heinrichstrasse 36, A-8010 Graz, Austria)

Abstract. We consider a hyperbolic two component system of partial differential
equations in one space dimension with ODE boundary conditions describing the flow of
an incompressible fluid in an elastic tube that is connected to a tank at each end. Using
the local-existence theory together with entropy methods, the existence and uniqueness of
a global-in-time smooth solution is established for smooth initial data sufficiently close to
the equilibrium state. Energy estimates are derived using the relative entropy method for
zero order estimates while constructing entropy-entropy flux pairs for the corresponding
diagonal system of the shifted Riemann invariants to deal with higher order estimates.
Finally, using the linear theory and interpolation estimates, we show that the solution
converges exponentially to the equilibrium state.

1. Introduction. Consider a horizontal elastic tube of length ¢ filled with an incom-
pressible liquid. Each end of the tube is connected to a vertical tank, each of which has
horizontal cross-section Ar. The velocity u(t, x) of the fluid inside the tube, the cross-
section A(t,z) of the tube and level heights ho(t) and he(t) of the fluid in the tanks are
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modeled by a hyperbolic PDE on (t,z) € (0,00) x (0,¢) with ODE boundary conditions

A +uA, + Au, = 0, t>0,0<z<d,
wy + K2ATT Ay + uugy = —fBu, t>0,0<z </,
Arh{(t) = —A(t,0)u(t,0), t>0,
Arhly(t) = A(t, O)u(t, ), t>0, (1)
A(t,0) = (ao + bho(t))?, t>0,
A(t,0) = (ap + bhe(t))?, t>0,
and initial conditions
A0, z) = A%(x), u(0,2) = u®(x), ho(0) = A, he(0) = hY. (1.2)

A prime ’ denotes a derivative with respect to time ¢.
Physically, the coefficients in ([IL1) are given by

2 sE 8mp p — o9V Ao

SaroA A s
o= /A (14 TI0Y g g (14 T2

where 7 represents the inner rest radius of the circular tube, Ag is the corresponding rest

cross-section, F and s are Young’s modulus and the thickness of the tube material, p and
w are the constant density and viscosity of the fluid, pyo and py, are constant pressures
above the fluid in the left and right tank respectively, and g is the gravitational constant.
All parameters appearing in the model are positive except for the viscosity u, which is
only nonnegative. However, for global existence the assumption p > 0, or equivalently
B > 0, will be reinforced. For the derivation of this model we refer to [15}19].

The first two equations in () have the same form as isentropic flow in Eulerian
coordinates of a thermoelastic polytropic fluid in a duct, e.g., [B, p. 198]. Models similar
to (I)) have been considered in the literature both for bounded and unbounded intervals,
for instance, [2BL715L20]. In a recent work [I§], the linearized model has been analyzed
with respect to stability and controllability. We will use the stability result to prove the
exponential convergence of the state to the equilibrium for the nonlinear system (LT).

The goal of the present paper is to use the local-existence theory together with en-
tropy and energy methods to prove a global existence result and describe the asymptotic
behavior of the solution, at least for sufficiently smooth data close to the equilibrium
state, for the nonlinear system (LI]).

It is well-known that in general, solutions of first order quasilinear hyperbolic partial
differential equations even with smooth initial data may not exist globally in time and
singularities may develop in finite time, such as shocks, mass explosion, etc. However, it
is observed that the presence of a linear damping term can prevent shock formation at
least for small and smooth initial data. A simple example illustrating these phenomena
is given by Burgers’ equation; see for instance [5, Section 4.2]. Necessary and sufficient
conditions for the existence of global solutions both for general and physical systems have
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been developed in the past years; see [4,8[1011L20]. However, there are only a few works
dealing with bounded domains. In one-space dimension, Ruan et al. [20] investigated
the global existence of smooth solutions of a network of 2 x 2 systems of balance laws in
bounded intervals under a dissipative condition on the boundary conditions. This condi-
tion is similar to what has been considered in [10, Chapter 5]. However, the dissipative
condition is not satisfied for instance by the isentropic Euler system, by systems with
relaxation, for boundary conditions arising in blood flow models, nor by system (L]).

Two main tools are used to prove the global existence of solutions, namely, the entropy
and energy methods. The energy method was used by Nishida [I4] and Kawashima
[9) for hyperbolic and hyperbolic-parabolic equations. This was then used by several
authors for isothermal Euler equations [4], partially dissipative systems with convex
entropies [IL[8l23], relaxation models with nonconvex flux [I3], systems arising in blood
flow models [20] and others. The main idea is to define an energy functional and to derive
an estimate for this functional. Lower order estimates can be obtained using the relative
entropy method [§]. The relative entropy associated with a strictly convex entropy,
loosely speaking, can serve as a distance between solutions, e.g., classical, strong, weak,
of conservation laws or balance laws; cf. [5]. For higher order estimates involving terms
that do not have a dissipative term, one useful criterion, at least for Cauchy problems, is
the Shizuta-Kawashima condition, which was formulated in [21I]. However on a bounded
interval, a different method was used in [20], namely the construction of entropy-entropy
flux pairs for the Riemann invariants in deriving higher order estimates. In the case
of bounded domains, boundary terms arise, and this causes some difficulty in obtaining
the necessary estimates. The dissipative condition plays a crucial role in the proof of
the estimates. Most of the existence results use the smallness assumptions on the initial
data. Even with this restriction the proofs are not trivial.

Here, we will also use the relative entropy method to obtain lower order estimates for
the energy functionals and use appropriate entropy-entropy flux pairs for higher order
estimates. The main idea is to construct entropy-entropy flux pairs (7, ¢) such that

nt+QI:M

for some source term M which is, roughly speaking, dominated by the damping term,
which is the velocity u in our case, or its derivatives. We will not assume the dissipative
condition as in [20], but we use the special structure of the boundary conditions in (LI]).

2. Equilibrium and statement of the main result. The volume of the fluid
inside the tube and the tanks at time ¢t > 0 is given by

V(t) = /OZA(t,:z:) dz + Arho(t) + Arhe(t). (2.1)

If (A, u, ho, he) is a smooth solution of (L)) on [0,77], then V() is conserved on [0, T,
ie., V(t) = V(0) for all t € [0,T]. This can be seen immediately by taking the derivative
of V and using the first, third and fourth equations in (II]). In this paper, by a smooth
solution we mean that each state component is at least continuously differentiable. The
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equilibrium state of (LIJ) is given by (A, 0, hge, hee) where
A, = (ao + bh()e)2 = (ag + bhze)2. (2.2)

For a given fixed volume and with the assumption that the pressures psg or ps, are given
(not too large), the equilibrium is uniquely determined. Indeed, if V denotes the fixed
volume, then we have Vj = Al + Arhge + Arhge. The latter equality together with (2:2])
provides explicit expressions for A., hg. and hy. in terms of V.

In [I7], the mth order compatibility condition of the initial data is defined and the
following local-in-time existence result and blow-up criterion are shown.

THEOREM 2.1 (Local existence and blow-up criterion). Let (A% u% hd, 1Y) € H™(0,¢) x
H™(0,¢) x R? be compatible up to order m — 1 for some integer m > 3. Suppose that
the range of (A% u%) lies on a compact and convex subset of U := {(A,u) € (0,00) x R :
lu| < kAY*}. Then there exists T > 0 such that (CI)-(L2) has a unique solution
(A, u, ho, he) such that A,u € (], C™*([0,T); H™(0,¢)) and ho,h, € H™T1(0,T).
Furthemore, if the maximal time T™* of existence is finite, then either (A, w, hg, h¢) leaves
every compact set of U x R? or

lim (/| Az (8)|| oo, + lua (Bl Lovj0.6) = 00

T

If the maximal time is finite, the first scenario is typical for ODEs, while the second
one is called shock formation. For the first one, the state approaches the boundary of
U, and as a result the flux matrix will become singular. In the region U, there is one
negative eigenvalue and one positive eigenvalue for the flux matrix, and the flow in this
case is subsonic. On the other hand, the shock formation is a typical behavior for first
order quasilinear PDEs where waves are compressed within finite time, and therefore
wave profiles can have arbitrarily large slope. However, for data close enough to an
equilibrium state and with dissipative terms these will not happen. This assertion with
regard to ([LI)) is the main result of this paper.

THEOREM 2.2 (Global existence). In the framework of Theorem 2] and 5 > 0, there
exists 6o > 0 such that if Eg:= [|A% — A% + [[u®]|%2 + |h) — hoe|® + |hY — hee|? < b0,
then there is a unique global solution (A, u, ho, he) of (LI)—(L2) such that

A u € C([0,00); H(0,£)) N C([0,00); H'(0,€)),  ho, hy € C?[0,00),

and

sup ([[A(#) — Aclf + lu()ll3r2 + Tho(8) = hocl? + [he(t) = hee|?)

o0
[ IO + @l e < CEy
0
for some C' > 0.
3. Entropy-entropy flux pairs. Entropies of the system (LIJ) can be obtained by
solving a wave equation as shown in the following. For a more general result of a similar

model and in the case of 8 = 0 we refer to the paper of Lions, Perthame and Tadmor
[12).
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PROPOSITION 3.1. Let n € C?((0,00) x R) N C1(]0,00) x R) satisfy the wave equation
Pn
0A2

Then any smooth functions A and u satisfying the first two equations in (I]) also satisfy

the entropy dissipation identity

2
(A,u) = FFA*%%(A, w),  in (0,00) x R. (3.1)

0 0 0 .
En(Aa ’LL) + %Q(A7’U,) = —6’“'8_’&77(147”)’ m (07 OO) X Rv (32)
where ¢ € C%((0,00) x R) is given by
u A
q(A,u) = / Ny (A, v) + Ana(A,v) dv +/ nza_%nu(a,o) da. (3.3)
0 0

Proof. The regularity of ¢ stated above follows immediately from the regularity of 7.
Since u and A satisfy the first two equations in (IT]), the PDE (B2 is equivalent to

ug;(qu—unu—AnA)—l—Am(qA—HQA*%nu—unA) =0. (3.4)

The first term vanishes due to the construction of ¢ since ¢, = un, + Ans. We show that
the second term also vanishes. Differentiating the latter equality with respect to A and
using ([B.I) we have

1
QAu = Qua = Unua + 1A + Anaa = (una + K2 A721,) 4. (3.5)
Integrating ([BA]) twice, first with respect to « and then with respect to A, we have

A 1
9(A,u) = / una(a,w) + k%a= by, (a,u) da + F(A) (3.6)

for some function F. Taking v = 0 in (33) and (B6) shows that FF = 0. Thus, differ-
entiating ([B.6]) with respect to A shows that the second term in (34)) is identically zero.
Hence (B4 is satisfied and so is (B2)). O

The function n is called an entropy and ¢ is the corresponding entropy flux. The
entropy dissipation identity ([B:2]) is commonly called a companion law to the first two
equations in (). Let 7, = aju+ a2 A + asuA + aq where the a;’s are constants. Notice
that the wave equation is invariant under perturbations of the form n,; i.e., if 7 satisfies
B1), then so does 1 + 1.

A common entropy of the above system is

1 4
n(4,u) = §Au2 + g/{QA%,

called the mechanical energy, and it is strictly convex in the variables (A4, Au) € (0, 00) X
R. This particular entropy satisfies the boundary conditions 1(0,u) = 0 and 1n4(0,u) =
%uz. Such entropies are called weak entropies [12]. However, for our purpose we will
modify this entropy. We want an entropy 79 such that 19(Ae,0) = 0 and Dng(Ae,0) =

(0,0). This can be done by choosing
770(‘47 u) = U(A’ u) - n(Aea O) - (Dn(Aea 0)7 (A - A, u))

- %Au2+ 352(14% CAZ) - 2k2AZ(A - A,). (3.7)



544 GILBERT PERALTA aNnpD GEORG PROPST

In the literature, ng is referred to as the relative entropy with respect to the state (A, 0).
Notice that the difference of the mechanical energy n and its modified version 7 is a
function of the form 7, stated above. By invariance, 1 also satisfies the wave equation
BI), and therefore if (A, u) satisfies the first two equations in (L1J), 7o also satisfies the
entropy dissipation identity (B.2]) with the corresponding entropy flux

I 3 2/ 41 3
qo(A,u) = §Au +2k%(A? — A2 )uA (3.8)

obtained from ([B3]). Moreover, 1o is also strictly convex in the variables (A, uA). This
entropy-entropy flux pair will be used in the next section to obtain zero order estimates.
By a second order Taylor expansion we can see that there exist constants cx,Cxg > 0
such that

cx (JuAl? + A — Ael*) < mo(A,u) < Crc([uAl” + A — Acf?) (3.9)

for every (A,u) € K where K C (0,00) x R is a compact set containing (A.,0). Thus
the relative entropy serves as a distance between the smooth solutions of the system and
the constant equilibrium state.

The next step is to develop entropy-entropy flux pairs to deal with first order and
second order estimates as done by Ruan et al. [20]. This will be done using an appropriate
d1agona1 form of the system. The eigenvalues of the associated flux matrix of (IHI) are
N =u—KAT and o=u+ kA%, Multiplying the first two equations in ([CI) by (kA~ 1 , 1)
and by (kA~1,—1) we obtain a diagonal system

Wy + N1, 2, = g(z )
e s B
Zt+M(waz)Zac = _§(Z_w)
where @ = —u + 4k AT, = u 4 4k A%, )\———w—|— zand,u——% + 32, If (A u) is

1
close to the equilibrium state (A.,0), then (w, z) is close to (4/4143 ) 4/@ &). With this in
1
mind, we shall consider the shifted Riemann invariants w = w — 4/<;A§‘ and z = 2 — 4k Ad
so that
w:—u+4/<;(A% —Aé), z:u+4/<;(A% —Aé). (3.10)

Therefore the state variables (A, ) and the shifted Riemann invariants (w, z) are related
according to

u:%(z—w), A%—Aé = —(z+w). (3.11)
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Using the Riemann invariants, the system (LI can be written in diagonal form:

wt—l—)\(w,z)wx:g(z—w), t>0, 0<x <Y,
zt+u(w,z)zm:—§(z—w), t>0, 0<z<d,
/ — _
hy(t) = —60(w(t,0), 2(t,0))(2(¢,0) — w(t,0)), t >0, (3.12)
hy(t) = 0(w(t, £), 2(t, £))(2(t, €) — w(t, L)), t>0,
2(t,0) + w(t,0) = Co(ho(t))(ho(t) — hoe), t>0,
2(t,€) + w(t, ) = Co(he(t))(he(t) — hee), t>0,
where the coefficient functions are given by
1 1
Mw,z) = —gw + gz - ZC’e, Ce = 4rAS, (3.13)
1
plw,z) = —gw + gz + ZC’e, (3.14)
1 4
O(w,2) = m(w—l—z—l—?C’e) ) (3.15)
G(h) = b(var+0bh+ar+bh)"t, kE=0,0 (3.16)
Differentiating the first two equations in ([BI2]) with respect to « once and twice we have
(8];111),5 + A(w,z)(@fw)w = [y, (3.17)
(052)e + pw(w, 2)(952). = Gy (3.18)
for k = 1,2 where
_ B
= - w, + E(zw — W) (3.19)
_ B
G1 = — g2y — E(zx — Wy (3.20)
Fy = —2)\pWap — AWy + g(zm — Wyy) (3.21)
G2 = _2Mx2zx — Hgzlx — g(fzzz - wmz) (322)

Consider differentiable functions ¢ = ¢i(t,x, W) and ¢y, = Vi (t,x, Z) for k = 1,2.
Using the equation ([BI7)) we have, for a smooth solution (w, z) of the system BI2I),
Orpr(t, z, OFw(t, x)) + 0, (\(t, 2) i (t, z, OFw(t, x)))
= ¢pe(t, , O%w(t, ) + dpw (t, z, 08w (t, x))0p (0% w(t, x))
+ Ao (t, )P (t, , 08w (t, 2)) + A(t, 2)bro(t, x, OFw(t, )
+ At 2)dpw (1, 2, Dgw(t, )9, (O5w(t, x))
= ¢pe(t, , 0% w(t, ) + Mo (t, )i (t, , OFw(t, x)) + N(t, ) Ppa (L, 2, OFw(t, x))
+ orw (b, z, O w(t, z)) Fy(t, x) (3.23)
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for k = 1,2. Similarly, using B.I8) we get

Oy (t, 2, 05 2(t, @) + Op (u(t, )i (t, 2, 05 2(t, x)))
= Yy (t, x, 8fz(t,x)) + g (2, x)wk(t,x,ﬁiz(t,x)) + pt, ) e (t, x, 8§z(t,x))

+ Yz (t, x, 08 2(t, ) G(t, 2) (3.24)
for k = 1,2. Subtracting (3.23) from (B.24) we obtain the partial differential equation
(Y1 — k) + Oz (P — Adr) = Mi(Yre, P1) (3.25)

where

My (Yr, 0k) = (ke — Ore) + (BatVr — Xadr) + (ke — APka)
+ (YkzGr — dpw Fr)- (3.26)

Integrating ([B:25)) over [0,¢] x [0, ¢] and using Fubini’s theorem we have

¢ t
/ e (t, ) — ne(0,2) doe + / qi(7,0) — q(7,0) dr
0 0

t 14
0 JO

where

Uk(taﬂﬁ) = @bk(t,x,ﬁﬁw(t,x)) - ¢k(t7x,8’;w(t,x))
qr(t,x) = u(t,z)@/}k(t,z,ﬁﬁw(t,x)) - A(t,z)d}k(t,x,@ﬁw(t,x)).

The point is that solutions (w, z) of [B12) that are sufficiently smooth satisfy [3.21) for
k = 1,2. Equation [B27) will be of great importance in deriving the energy estimates.
This is done by choosing appropriate functions ¥, and ¢y such that the term My will
be, in some sense, dominated by the velocity u or its derivatives.

4. Energy estimates. For T > 0 define the solution space
X7 = (C([0,T); H*(0,£)*) nC*([0,T); H*(0,£)%) n C?([0,T]; L*(0, £)?)) x C*[0,T]>.

By using classical embedding results we can see that Xp is continuously embedded in
C([0,T] x [0,£€])% x C?[0,T)?. All throughout this section (A, u, hg, h¢) will be a smooth
solution to the system on the time interval [0, 7], provided that such solution exists on
such interval. Define the energy functionals Ny : [0, 00) — [0,00) for K =0,1,2 by

NR(t) = sup (Ju(m)|3e + | A5 (r) = AZ |30 + [ho(7) = hocl® + [he(T) = heel?)

T€[0,t]
t
+ / ) 2+ B (AS) o ()]s i

In the following estimates, Cs and Cjs will denote generic positive constants that depend
on the system parameters and may depend on § > 0, and

Cs and Cjs remain bounded as long as § stays on a bounded set in (0, co). (4.1)
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Before we proceed we state the following equivalence of norms of the state variables u, A
and the Riemann invariants

2/|0Fu(t)|[7: + 327(|0F (AT (1) — Ad)|7= = |05w(®) 72 + 195207 (42)

for k = 0,1,2 and for t € [0,T]. This follows immediately from the identity 2w? + 222 =
(z—w)?+ (2 +w)? in R and the transformations given in (ZI1]). This norm equivalence
will be used in converting an estimate involving the Riemann invariants into an estimate
involving the state variables and vice versa. Furthermore, if 0 < § < A, then |[A—A.| < §
implies that

CislA — Ac| < |AY — A¥| < OuslA — All. (4.3)

This can be seen from the elementary identity A — A, = (A% — Aé)(A% —I—Ae%)(A% + Ae%)
whenever A, A, > 0.

LEMMA 4.1 (Zero order estimate). There exist § > 0 and Cs > 0 such that for any
solution (A, u, ho, h¢) € X1 satisfying N2(T) < §, it also satisfies the energy estimate

Ng()<05< 5(0) + sup [lu(r ||H1/ ()17 dT) (4.4)

T€[0,t]

for all ¢t € [0,T).

Proof. Recall that 1y and ¢g given in B7) and (B8], respectively, satisfy the entropy
dissipation identity (8:2). Integrating [32) over [0, ] x [0, £] and using Fubini’s Theorem
yield

¥/
/O no(A(t,2), u(t, ) — 0(A(0, 2), u(0, 2)) da (4.5)

t t ¥/
— T u(T T=— u?) (7, z) dz dr.
+/0 d0(A(r, £), u(r, 0)) — ao(A(r,0), u(r, 0)) d /3/0/0<A )(r, ) ded

Let us estimate the left hand side of ({X) from below and its right hand side from
above. According to (8.9) and ([@3)) it holds that, choosing ¢ > 0 sufficiently small,

4
/0 no(A(t, z), u(t, x)) — no(A(0, z), u(0, z)) dz (4.6)
> Cs(I(wA) (D122 + AT (1) = A2 |32 — [ (wA)(©0) 32 — A3 (0) — A [22).
Using ([2.2) and the last four equations of (LI]) in (B:8) we have
(AT, 0),u(r,0)) = 5(Au)(r,€) + 24rs?b(Ie(r) — hee) ()

D(A(,0),u(7,0)) = 2(Au*)(7,0) — 247w°D(ho() — hoe (7).
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Plugging these into the second integral in (4.3]) and using the Sobolev embedding theorem
we have

/0 qo(A(T, €),u(r,£)) — qo(A(7,0),u(r,0)) dr

> C((ho(t) — oel> + [Re(t) — heel® — B — hool? — B — heel?) (4.7)
t
~ Gy sup u(r) / ()12 dr.
T€[0,t] 0

Moreover, the Sobolev embedding theorem again implies that

t l t
— u?) (7, z)dedr < — u(T)||2, dr. .
6/0/0<A ><7>ddsma/ou<>uLd (48)

Now it can be seen that (Z4) follows from (3)-(8) and the fact that the L2-norm of
(uA)(t) and u(t) are equivalent for each ¢ provided that § > 0 is small enough. O

The next step is to derive estimates involving the spatial derivatives of the state
components u and A1. To this end we recall two classical inequalities frequently used
in deriving estimates. The first one is Young’s inequality: For each real number a,b
and € > 0 we have ab < Sa® + 2%1)2. The second one is the following modified Sobolev
embedding.

PROPOSITION 4.2. Let a < b. For every ¢ > 0 there exists C(a,b,?) > 0 such that

[ullF e 0y < Olluall7egap) + Cla,b,9)]ul 22y (4.9)
for all u € H'(a,b).
Proof. Let a < zo < %%, Consider the linear multiplier m(z) = b_zxo (x —x9)—1
satisfying [[m|| poozo,5) = 1. Thus
b 9 b b
lu(xo)|* + |u(b)* = / (mu?), dz = / u? dx—|—2/ mut, dx
xo b— Zo zo zo

4 1
sl + (5 + 5 ) Il

IN

where we used Young’s inequality in the last step. A similar process can be done for the
case %2 < zy < b, now using the multiplier n(z) = IO2_a (x — xp) + 1 and integration
over [a,xg]. These estimates imply ([@3). O

The proposition is useful when dealing with higher order estimates. For example, in
obtaining estimates for z, and w,, we will put a small factor, if necessary, to these terms,
but the drawback is the occurrence of a large factor to lower order terms. However, this
will not cause problems when we have already derived estimates for the lower order terms,

specifically, the one given in Lemma ATl
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LEMMA 4.3 (First order estimate). There exist § > 0 and Cs > 0 such that for any
solution (A, u, ho, h¢) € X satisfying N3(T) < & we have

lua (0)1172 + 1A )2 ()72 +/0 lug(7)[|72 dT < CsNt(0) (4.10)

1 t 1
+ Cs sup ([lu(r)]la= + [[AT(7) —AeZIIH’z)/0 lu() 7+ 1(AF)o (1) 172 dr

7€[0,t]
for all ¢ € [0, 7).

Proof. To prove the lemma we will utilize the system satisfied by the (shifted) Riemann
invariants ([BI2]). Let us consider the entropy n; = ¥ — ¢1 where

Uit e, Z) = O(w(t,x), 2(t, @) ult, ) Z°
1 (t, 2, W) = O(w(t,x), 2(t, x))\(t, z) W2

We will estimate each integral in (827 with these particular functions.

Suppose that N2(T) < §. If § > 0 is sufficiently small, then there exist positive
constants Cjs such that Ci15 < (i(hi(t)) < Cos for k = 0,4, —Cs5 < A(t,z) < —Clys,
Css < pu(t,x) < Cgs and Crs < O(w(t, ), 2(t,z)) < Cgs for all (t,z) € [0,T] x [0,£]. We
shall use these properties throughout without mentioning them anymore.

We estimate each of the integrals on the left hand side of B.217) from below and
estimate the integral on the right hand side from above. For ease of reading, we divide
the process into three steps. To make the terms more compact we also introduce the
variable V' = (w, 2).

STEP 1. ESTIMATE FROM BELOW. The preceding remarks about 6, A and p show that

Crs(w(t, ) + 22(t,x)) < m(t, o) < Oos(w2(t, x) + 22(t, 1)) (4.11)

for all (t,x) € [0,T] x [0,4]. Thus

¢
/O m(t,x) = m(0,z)dz > Cs(||Va (7)1 72 — [IVa(0)[|72)- (4.12)
Next, we deal with boundary terms. Let us note the identity

q = 0w, 2)((nz)* (/\ww))

e (o= o) (o o))
2

= O(w, 2) (27 — w? +5(Zt+wt)(z_w))

obtained from the first two equations in ([BI2). Each term of the above equality is
evaluated at either (¢,0) or (¢,£). Consider the case where it is evaluated at (t,0).
Differentiating the fifth equation in (8I2]) and using the third equation we arrive at

2¢(t,0) + wi(t,0) = [G(ho(t))(ho(t) — hoe) + Go(ho(£))]7 (%) (4.13)
= —5,(t)(2(t,0) — w(t,0)) (4.14)
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where S1(¢t) = 0(w(t,0), z(t,0))[¢(ho(t)) (ho(t) — hoe) + Co(ho(t))]. Thus we have
_ql(t O) e(w(tvo)az(tao))(zg(tao) - w?(tvo))
— BO(w(t,0), z(t,0))S1(t)(2(t,0) — w(t,0))? =: Uy (t) + Up(t).  (4.15)

Using the estimate in Propostion 2] the Sobolev embedding theorem and the equality
2u = z — w we have

/0 Uo(r)dr > —0519/0 lue (7) |32 AT — 05,19/0 lu(7)||32 dr. (4.16)
Differentiating the third equation in [BI2]) gives
B() = — Oa(u(t,0), 2(1,0)(z0(t,0) + wi(t, 0)) (=(1,0) — w(t, 0))
— O(w(t,0), 2(t,0))(2:(¢,0) — wy(t,0)) (4.17)

where 0 (w, z) = 211nA (w+ z + 2C,)3. Multiplying the left hand side of ([@I3) by the
right hand side of ([@I7), rearranging the terms and then using ([@.I4) we obtain

W1 (1) = So(1)(=(1,0) — w(t, 0))° + 3 Sat) W (1) (4.18)

where Sa(t) = 61 (w(t,0), 2(¢,0))S7(t) and S3(t) = ¢} (ho(t))(ho(t) — hoe) + Co(ho(t)). Let
us integrate ([@I])) from 0 to t. The first term of the integral can be estimated as

/SQ(T)(Z(T,O)—U)(T,O)) dr > —Cs sup ||u(r ||H1/ [lu( ||H1d7' (4.19)
0

T€[0,t]

For the remaining term we integrate by parts, use the the third equation in (1), and
apply the Sobolev embedding and Proposition to obtain

1

¢ d ! 2 _ 1 ! 2 1
3 | SOZI R =SSm0 -

= S Ss(OI1(0)

1

- 5/0 (66 (ho(T) (ho(T) = hoe) + 2G5 (ho(7))]hg(7)* dr

>—0Cs (19||Uw(t)||2m + Cyllu(®)172 + [u(0)[13
+ sup [lu(r |H1/ [lu(r ||H1 dT) (4.20)
Therefore, [@I5]) and the inequahtles (IZ]EI), #I9) and [20) give us the estimate
t t t
—/ q1(1,0)dr = / \Ill(T)dT—i—/ Uo(r)dr
0 0 0
t t
> - G (ﬁnum(t)n; 40 [ el dr + Collu@ +Co [ luoldr
0 0
t
O+ sup ) | ) dT).

T€[0,t

In an analogous manner we can obtain the same form of estimate from below for the
integral fg q1(7,¢) dr. Combining the estimates that we have obtained so far, we have
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the following estimate from below for the left hand side of (3.27):

Y4 t
(/nﬂt@—wﬂ&@dw+/wmﬁl%—m@ﬁﬁh
0

0

za{u—ﬁmwa»;—ﬁA|WAﬂﬁﬂh—cmwané (4.21)

t
—Ca/o lu()l[Z2 dr = [V (0)[IF: — sup [fu(r ”Hl/ (7)1 7 dT)

TE,

STEP 2. ESTIMATE FROM ABOVE. First we will express the derivative of the eigen-
values X\ and p with respect to ¢ in terms of the Riemann invariants w and z. A straight-
forward calculation and application of the two PDEs in (812) give us

3C’ 5C, B

TR L
5C 3C, 8
A R R A L e
where R = cpiwwsg + Cra2Wy + Cr3Wzy + Crazzg, k = 1,2, for some constants cy;.

Therefore, each term of p; and A; contains at least one factor among z — w,w,, 2;.
Consequently, the same is true for w; and z; according to the PDE and in turn for
0t (w, z) = 01 (w, z)(ws + z¢). This observation is important because we want to avoid the

term fot |A% (1) — A2|| 2 d7, which is not present in the energy functional Ns.
Now the first three pairs appearing in (3:20]) for £ = 1 are given by

V1e— d1e = (Oppr+ Og)22 — (0N + ON)w?
a1 — Aapr = 9/1/112320 - 9)\/\3071}3
p1e = Abre = p(0op+ Opiz)zs — MO A + OA; Jw
From the previous remarks we notice that the factors of 22 and w? appearing on the right
hand sides of the last three equations are polynomials of degree at least 1 in z, w, z,,, w,.

Applying the Sobolev embedding theorem for these factors and then taking the supremum
over [0,t] we have

¢t
/ / (V1 — d1¢) + (a1 — A1) + (12 — A1) dT da
0 Jo
< ¢y sup |[V(r HHQ/ Vo (r)|2s dr. (4.22)
T€[0,t]

The last term in M; is more delicate since it contains second order terms. Indeed, we
have

PizG1 — grwFr = 20pz,G1 — 20w, Fy

=20z, <—umzz - g(zm - wz)> — 20w, (—)\Iwz + g(zz — wz)>

= — —gcieﬂ (22 — wm)z + R3 (4.23)
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where 6, > 0 is the constant term of §. Here R3 are terms of degree at least 3 that

. . 2 2
contain either 22, wz, or w;z,. Hence

t pl t
/ / ’(/leGl — ¢1WF1 dT d.’L’ S — C/ ||’LLI(T)H%2 dT (424)
0J0 0

+Cs s V)l / V()22 dr

T€[0,t

where C' = W >0, if 8> 0, independent of §. Adding [@22)) and [@.24]) we arrive at

t l t
// My (11, ¢1)drdz < —C/ |tz (7)|32 AT (4.25)
0JoO 0

G5 s Vi ||Hz/ IVa(r) 22 dr.

STEP 3. Let us combine the estimates obtained from Step 1 and Step 2. Choosing
¥ > 0 small enough so that C' — Cs¥ > 0 we have

t
IV ()17 +/O lus ()72 dr < Cs|V()Z2 + CsllV(0)I7 (4.26)
t t
+ C&/ lu(r)|Z2 d7 + Cs sup, HV(T)||H2/ IVa(DI1Z + llu(7)lI2 .
0 T€[0,t 0

We can use Lemma[d ] to bound the first and third terms on the right hand side of ([€.26)
from above. Consequently, (£I0) follows from (£28]), [@4) and 2). O

To complete the estimate for the energy functional Ny we need the following additional
estimate.

LEMMA 4.4. There exist 6 > 0 and Cs > 0 such that for any solution (A, u, hg, hy) € X1
satisfying N2(T') < 6 we have

[ iz ar < cavzo) (a.27)
1 t 1
+ s s1;3>t]<\|u<f>\|H2+||Az<7>—A§||H2> [ el + 1A ar
T7€|0,
for all t € [0,T7.

Proof. The proof of the lemma is basically the same as the proof of Lemma 3}
the main difference is the particular choice of the entropy appearing in (327). In the
current situation, we consider the entropy 7, = w1 (;51 with corresponding entropy flux

1 = by — Mgy where

(&1 (t, Z, W) =

Oyt @, Z) = ) (,u(t,x)Z + g(z(t,x) - w(t,:c)))
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Let Fy = %(z — w). Using Young’s inequality
o= 0p " (W22 + 2uFoz, + FOQ) — NP (VN w? - 20 Fyw, + FY)
=0 (uzi — /\w2 +2Fyz, + 2Fgw, + (™t — )\*1)F02)
> Cs(w? + 22) — Os(e22 + 2¢ L F} + ew?) + CsF}
> Cs(wj + 27) — Cs(w® + 2°)

for some € € (0,1) small enough. Similarly, 7; < Cs(w2 + 22 + w? + 22). Thus

L
/0 it x) = 71(0,2) dz > Cs([|[Va ()22 = IV O)IZ2 = [V (0) 7). (4.28)

From (312), (@I8)), (@I9) and [@20), and according to the statement following (£20)

we immediately get

t
/ q1(1,0) — g1 (7,0)d / O(w(r,0),z(r,0))(z (T,O)—wz(T,O))dT
0
>—Cs (19||um(t)||2L2 + Collu®) |72 + u(0)3
+ sup u(r)ll / )l dr ). (4.29)
T€[0,t]

The remaining task is to obtain estimates from above. As in the previous lemma, we
need to look carefully at each pair appearing in M, since some of them contain terms of
degree only 2. For the rest of the proof R; will denote terms that are degree at least 3
and contain at least two factors among z — w, wy, z,. Note that using (BI2) we have

zt—wt:—%(zw—l—wg;)—ﬁ(z—w)—kRo (4.30)

where Ry = ciww, + cozw, + c3wz, + cazz, for some constants ¢;. Thus we have

2 ,u9t — Hut 20
2

Y1t — b1t = (uze + Fp) +— u (w2 + Fo)(peze + For)

A0 — O 20
— (g — F)? 22— — Z(wy — Fy)(Mvze — Foy)
A2 A
1 1 1
= — Ceﬁ@ (2 + wgc)2 - ﬂ29(zw + wy)(z —w)
620 1 BSG 1 9
3 T (2o + wg)(z — w) — T D (z —w)
1
+ _)\QMQ Rs.

By Young’s inequality and the Sobolev embedding theorem we have

0.C.B
<_ 4

7/;115 - ¢~71t < + 05€> (Z:c + wac)2 + Cé,e(z - ’LU)2 + Rs. (4'31)

1
222
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For the second pair we can see that

~ - 0 0 1
fat1 — Aapy = ;m(uzx + Fo)” = e (Nwy — Fp)? = 3 e (4.32)

The third pair can be computed as in the first pair and we get

B 20(uz + Fo) (Hoze + For)

~ Oy — Fo)zw —20(Mws — Fo)Aatws — For)

=20 ((wea 4 56— w)) + (- S - )} ) S - wa)

- ~ 0, —0
/“blz - )‘¢1:L’ = (/'I’Z:L’ + FO)QHT

1
—R
+ " 7
0.Ce 1
- 7 (20 — we)® + )\_MRS' (4.33)
Finally, for the last pair we use (319) and ([3.20) to obtain

2

) _ 20
PizGL — owF1 = ;(uzx + Fo)uGq — 3 Awy — Fo)AFy

= 20 <%zm + g(z —w) + Rl) (‘Mmzz — é(zx — wz))

2
—26 <—%wz - g(z —w) + Rg) (—)\mwaC + g(zz - wx)>
_ 808, pon, o

where ]:21, RQ are of degree 2 and have the same form as fio.

Taking the sum of ([@3I)-(@34), choosing ¢ > 0 small enough so that C; = %2

Cse > 0, using the Sobolev embedding theorem and the transformations (B.11]) we obtain

¢l ot )
// Ny (0, ) dedr < — cl/ I(AD)(7) 122 dr (4.35)
0JoO 0

t
+ Cs sup IIV(T)HH2/ IVa(r)l[72 + lu(r)lI72 dr.
0

T€[0,t]

Now it can be seen that (L27) follows from (£2]), ([£.29), [@35), Lemma L] and from
the equivalence of norms in (£.2]). O

REMARK 4.5. It is worth pointing out that by an appropriate modification of the
entropy-entropy flux pair we saw in the proof of Lemma [.4] that the term u2, or equiv-
alently (z, — w,)?, which appears on the right hand side of ([3.27) cancels when adding
([@33) and ([@34). Moreover it was replaced by a term involving (A%)2, or equivalently
(22 +wy)2. The appearance of (A3)2 is precisely what we want in order to prove Lemma
[44]l This observation will also be used in the following two lemmas.

Before we proceed in obtaining estimates for the second spatial derivatives of the state

variables, we will derive some identities from the two PDEs in the diagonal system (B.12]).
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In the following, we concentrate on the linear terms and state only the properties of the
higher degree terms. Differentiating the first equation in ([B.I2]) with respect to t we get

AMgp = =Wy — MWy + g(zt — wy). (4.36)
However, we note from (BI7) for &k = 1 that
MUtz = —N2Wep + AFY. (4.37)
Thus, according to ({38), [@37) and B.I9) we have
A
Wiy = Ny + g(zt —wy) — %(zm — W) + AWy — Apwy. (4.38)
In a similar way we have the following equation for z;:
2 = WP 2py — g(zt —wg) + %(zz —Wy) + Pl Ze — Mt Ze- (4.39)
Taking the derivative of both sides of ([@30]) with respect to x, we have
C .
Rty — Wty = _Ze(zmw + wazm) - B(ZLE - wx) + R3 (440)

where Ry = D jih=2 cjk(02w)(0%2) for some constants cjz. Subtracting {38) from

#39) and using @30) we have

C? C .
Zi — Wy = 1—;(219; — Wgy) + /82 ©2n + ﬁ2(2 —w) + Ry (4.41)

where R, are terms of degree at least 2 and contain at least one factor among z —
W, Wy Zgy 2oz, Wer- HOWever, each term has at most one factor among wg,, 2,z

LEMMA 4.6 (Second order estimate). There exist § > 0 and Cs > 0 such that for any
solution (A, u, ho, h¢) € X7 satisfying N3(T) < § it holds that

[

[uze (B)][72 + (A )m(t)lliﬁ/O [tze (T)][Z2 dr < C5N3(0) (4.42)

1 t 1
+ Cs Sl[?ﬂ(IIU(T)Ilm + [[A%(7) _A§||H2)/O lu() I + (AT)o (1) 132 dr
T7€|0,

for all ¢t € [0,T).

Proof. Again we will proceed in the same manner, now with the entropy 72 = 19 — ¢o
where

2
VYo(t,x, Z) = a(sz) <N2Z - g(zt —wg) + B—;(zz — Wg) + Pz e — m%)
2
pa(t,x, W) = M ()\QW + g(zt —wi) — %(zw — W) + AW, — /\twm> .

We estimate (3.27) with these particular functions and as before we divide the procedure
into three steps, namely, the derivation of estimates of the left hand side of [B.27)) from
below, estimates of the right hand side of (3.27) from above and finally combining the
two.
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STEP 1. ESTIMATE FROM BELOW. For brevity let us set

N = —g(zt —wy) + ﬂ_éu(zm — Wg) + fifha e — HtZe (4.43)
P= g(zt —wy) — %(zx = Wg) + AgWe — AWy (4.44)

Using Young’s inequality we have, for § > 0 small enough,
Ya(t, @, 202 () = eﬂfl(lﬁzim + 2:”‘223096]\7 + N2)
> 0us22, — Ou(ez?, + C.N?) + 0 'N?
= (Op® — Ope)22, — (OuCe — O~ ') N?
for every € > 0. We removed the arguments (¢, z) on the right hand sides for simplicity.

Using the definition of Ny and replacing the term z, —w; by the right hand side of E30),
we can see that

N(t,z)? < Cs(w(t,z)? + 2(t, 2)% + wa(t, 2) + 22(t, )?).

This follows immediately from the fact that N consists of terms that are at least degree
1in w, z, Wy, 2z, and so N2 will have at least degree 2 terms in these variables. Then we
retain two factors and take the supremum of the rest, employing the Sobolev embedding
theorem to estimate the supremum and finally use the assumption that N3(7) < 4, for
0 > 0 small enough.

Now, choosing € > 0 sufficiently small we have

P (t, T, Zaw (t, ) > Co22, (t, ) — Cs([V (8, 2)]> + [Va(t,2)?) (4.45)
for all (¢,x) € [0,T] x [0,¢]. Recall that V' = (w, z). Similarly, we have the upper bound
Yo(t, @, 20 (t, ) < Cs22,(t,3) + Cs(|V (¢, 2)|? + |Va(t, 2)[?) (4.46)

for all (¢,2) € [0,7] x [0,£]. Doing the same process with ¢, and recalling that X is
negative for small enough § > 0 we have

~Cswi, — Cs([V +|Val?) < ¢2 < —Cswi, + Cs([V +|Val?). (4.47)
From ({40)-@A7) we have

0
/0 n2(t, ) = n2(0,2) dz > Cs(||[Viw () 122 = [V (0)[772)- (4.48)

According to ([A38) and ([@.39) we can see that

- / 42 (7, 0) dr = — / 0(w(r,0), 2(r, 0)) (22, (. 0) — w2 (r,0)) dr. (4.49)
0 0

Let us use the boundary conditions to rewrite the integrand in terms of w, z and their first
derivatives with respect to z. For convenience, the functions in the following discussions
are to be evaluated at (¢,0) or ¢, or with other variables representing time, where they
make sense. First, we notice from (£I3]) that

2z +wy = S(ho)f(w, 2)(z — w) (4.50)
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where S(ho) = —C(/)(ho)(ho — hOe) — é'o(ho) Let

C. 5
pl(wvzawz,zm) = _Z(Z:c +wm) _B(Z_UJ)'f'R(), (451)
and from [@30) we have z; — w; = p1(w, 2, Wy, 2,). Using @E0) in ({I7) yields
hg = =S(ho)01(w, 2)0(w, 2)(z — w)* = O(w, 2)p1 (w, 2, wa, 20)
= pZ(w,Zawmazm)- (452)

Taking the derivative of both sides of ([£I3]) gives us

z +wi = [ (ho)(ho — hoe) + 2¢)(ho)](h)? + [¢) (ho) (ho — hoe) + Co(ho)]hy
=: S1(ho)(h)? + Sa(ho)hg. (4.53)

Thus, (@52) implies that

2o +wy = S1(ho)f(w,2)*(z — w)? + Sa(ho)p2(w, 2, Wy, 2
=: p3(w, z, Wy, 2z). (4.54)

We also take the derivative of ([@I7)) and apply (50) and [@54) to obtain

h(()B) = —0y(w, 2) (2 +w)*(z — w) — 01 (w, 2) (26 + wie) (2 — W)
=201 (w, 2) (2t + we)(ze — wy) — O(w, 2) (20 — wyt)
=: pa(w, 2, Wy, 25) — O(w, 2)(2ee — W) (4.55)

where 0 (w, 2) = 42 (w + z + 2C.)? and

pa(w, 2, Wy, 2,) = —S(ho)*02(w, 2)0(w, 2)*(z — w)?
— 01(w, 2)(z — w)ps(w, z, Wy, 25 (4.56)
— 261 (w, 2)S(ho)B(w, 2)(z — w)p1 (w, 2, Wy, 2z).
Note that py, p2 and p3 contain terms that are degree at least 1 and have at least one
factor among z — w, wy, z,;, while py has terms with degree at least 2 that contain at
least two factors among z — w,w,, 2,. Moreover, we note that each .S; is bounded as

long as its arguments stay on a bounded subset of (0,00), which is the case due to the
assumption that |ho(t) — hoe|? < § for small enough § > 0.

From (L53), @54) and [@5H) we can now rewrite ([L49) as
t ¢
~ [ 0rdr = [0 = paluw 2, 2)) (51 (ho) 0P + Salho)f)
0 0

t 1 t
— / Sl(ho)(h6)2hg3)d7+—/ 32(h0)3\hg|2d7

t
_/ p4(wvz;w$7Zﬁf)p?)(wvzawxazw)dT
0
= J1+Jo+ Js.
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Integrating by parts and using (£52]) we get

Ji = Si(ho())hy(T)?hy (T)

_ t
= [ S y)*h + 25 oy 4
0

T=t

= S1(ho(7)0(w, 2)*(z — w)*pa(w, 2, Wy, 22)

7=0

" / S (ho)(w, 2 (2 — w0)ps + 251 (ho)B(uw, ) (= — w)pd dr-

Applying Proposition to the terms having either z,(7,0) or w,(7,0) appearing in the
first term of the above last expression and using the Sobolev embedding theorem for the
rest, we obtain the inequality

Ji = = C50|[Vao (1) 72 — ConllV (O Fr — CsV(O)] 72

G5 sup V()| / V(o) + ()2 dr.
T€[0,t]

In the above computations it is important to note the properties of ps.
In a similar way we can integrate by parts and use the same techniques to obtain

Jo = = C50|[Vao (t)[72 = CoallV (D)7 — Cs|V(O)]72

— Gy swp V() / V(P20 + lu(r)][2 dr.
7€[0,t]

Furthermore, invoking the properties of p3 and ps we have
sz =Cs sup V() / V()3 + () 3 dr.

Adding the lower bounds for Ji, Jo and J3 gives us a lower bound of — fot g2(7,0) d7, which
has essentially the form of the lower bound for J;. We can repeat the same process for
fot g2(7,¢) dr and obtain a lower bound having the same form as stated above. With
these, we finally obtain

t
/0 ¢2(7,0) = ga(7,0) dT > — C50|[Vau (8) 172 — Ol — CslIV(0)II3

- Cs s IV (r ||H2/ IVa()llZn + llu(r)l|72 dr. (4.57)

Inequalities (£48) and ([LET) give us the desired estimate from below.

STEP 2. ESTIMATE FROM ABOVE. In this step R; will denote terms of degree at least
3 containing at least two factors among z — w, wy, 24, 2z, Wy and containing at most
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two among 2., Ws,. First, we have

~ 0, — 6 20
¢2t — ¢2t = (/,(,2ng; + N)2¥ + ; (,uzza;m - g(zt - wt) + %(Zw - w:l))
+ pzZe — /ltzm) <2ﬂﬂt2m - g(ztt —wy) + g,u/t(zz —wy) + B—éu(ztx — Wey)
- S A0 — O 20
+ (pproze — Mt%)t) - ()\me + P)Q% BN ()\QUJM + g(zt — wy)
- %(Zac - w:c) + Mgwg — Ath) (2)\/\twacm + g(ztt - wtt) - §>\t(zac - w:c)
A
- %(th - wtz) + (>\)\zwx - )\th)t)
8% (1 1
= — 08(UZpz + MUzz) (242 — Wit) + % (— - —> (2 — wy) (21 — wye)
nooA
03> R
+ 96(//'2za;m + Awam)(th - wtm) + %(M - A)(Zm - ww)(zt;ﬂ - wtw) + )\2—;2
Ry
=L+ L+L+1,+——= (4.58)

22
Consider each I;. According to (£41)) and Young’s inequality we have

__0:.Cp C? BCe 2
Il - 4 (ZLMU - wa;;ﬂ) (1_6(me - wmw) + D) Zg + ,8 (Z — U}) + R2
3
< (— 9c6/3406 + C&e) (2o — Waz)? + Cs(22 + (2 — w)?) + Ro. (4.59)

Also, from (&30) and (E4T)
0.62 (1 1\ [ C. Cc?
I, = 25 (— — X) (_I(Zx +wx) - 5(2’ - w)) (1_6(211’ - wzx)

I
C.
+ 52 ze + Bz — w)) + R3
< Ose(2an — Waz)? + Cse (22 + w2 + (2 — w)?) + R3. (4.60)

From (@40) we see that

6.8C? Ce
I3 = fﬁ < (Zwac + wmw) (_I(zwaz + www) - 6(Z1 - ’U}w)) + iy
- _906063( + )2 _ 00620@2( + )( — ) + R (4 61)
= o Zpx + Wey 16 Rexz T Wz )\Zz — Wy 4 :
and
0.8°C. Ce
= P20 e = ) (= ) = B w0) ) + B
0.82C> 0.8°Ce
_ 61606 (Zow + Was) (20 — Wy) — 640 (22 —wy)? + Rs. (4.62)
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Adding (#59)—-([4£.62) we have

0.5C3 0.5C3
w2t - ¢2t S - 6 = + 056 (wa - www)z - 6 = (wa + www)Q (463)
64 64
0.5%2C?
OO ) (20— ) + (2 4w (2 — )
R7

+ Cg(Zm — wm)z =+ A2—,u/2

It can be checked that
Vs — My — R (4.64)
HxP2 xz P2 — )\'u 8- .

Similarly for the third pair we have

X 9m - 0 T
/1'1/}21: - )\¢2m = (,LLQsz + N)2% + 20 </~522mx - g(zt - wt)

+ %(zx - wx) + HphgZe — UtZ:c> (Zuﬂaczacx - g(zt:c - wt;c) + gﬂx(zac - w;c)
~ o A0, — 0N,
+ %(zmx - ’U}ww) + (/J//J/wzw - ,utza;)a:> - ()\Zwmx + P)27>\
— 20 ()\2wm, + g(zt —wy) — %(zz —Wy) + AW, — )\twm) (2)\>\mwm
A
+ g(ztx - wtac) - g)\x(zx - wac) - %(Z;m - w:cac) + (/\/\xwac - At“’x)x)
2 2 03
= _aﬂ(ﬂ Zyax + A wmx)(ztm - wtz) - 7(,“4 - )\)(zm - wz)(ztx - wtz)
3 3 03
082 2 12 Ry
+ T(u — A (22 — wy) (Zag — Wae) + e
Ry
= Is+Ig+ I+ 1Ig+ Iy + )\2[1,2- (4.65)
From ({30), ([@40) and Young’s inequality we have
—0.8C? C.
Is = 1§ < (Zacac + w;cac) <_Z(Zxac + wacac) - B(Zac - wac)) + Ry
6.5C3 0.5%C?
= ﬂ < (Zacac + wacac)z + L(zwx + wxw)(zx - wx) + Ry (466)
64 16
0.3%C, Ce
I = _BT(Zac - wx) <_Z(Zacx + w;cac) - B(Zac - wx)) + R
0.5%C? 6.83C.
— ACe (zzz + Wea) (2o — wy) + p (2o — wm)2 + R (4.67)

16 4
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0.5C3
I7 = gfe (wa - www)2 + R12 (468)
0.6°C.
I8 = _BT(Zt - wt)(zwx - wmw) + R13
0.5%C, Ce
= - BS (wa - wazw) <_I(Zm + ww) - B(Z - w)) + R13
< Cée(zacx - wxac)z + Cé,e((zac + w;c)2 + (Z - w)2) (469)
Iy = Ru. (4.70)

The last equation is due to the fact that the terms in p? — A2 are of degree at least 1.

Therefore from (66— T0) we have

QCﬂCS 2 Ocﬂce?’ 2
_ < — e .
6.5%C?
+ PP e )2 — ) + a4 0 (2 = 0)?)

+ Cg(Zx — ’wm)2 + R15.

Finally for the last pair in My we use (B21)) and [B22]) to obtain
20 . 3
w2ZG2 - ¢2WF2 = I(MQwa + ZV)/J/2 <_§(wa - wazw) - 2/.11121 - ,ua:wza:>

2 -
—TH()PwM + P))\? (é(zm — Wy ) — 2Xp W, — )\wa)

2
- Gcﬁ(_,ulszxx(zzx - wzx) - Aswzz(zxz - wmz)) + RIG
0.8C3
- - 54 (wa - www)z + Rl? (472)
= IlO + R17.

Adding [@63), [@6d), @TT), [@T), choosing e > 0 small enough so that Cy = Gcgff -

Cse > 0, where the first term is independent of § and €, using the Sobolev embedding
for the terms R; and finally invoking [B.I1]) yield

/olt /OZ Ms(t2, 2) dzwdr

t t t
<Gy / ||um<7>|%2dT+ca( / () 123 dr + / (A (1)[122 dr

t
+ Sl[lopﬂlV(T)Ile/O Ve (D) + llu(r)lI72 dT)~ (4.73)
T7€|(0,

STEP 3. The estimate ([£42]) immediately follows from ([@48), (£E51), [@73), Lemmas
EIHZA, [A2) and by choosing ¥ > 0 in Proposition small enough. O

As in the case of first order estimates, we shall also need the following estimate in
order to complete an estimate for the full energy functional Ns.
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LEMMA 4.7. There exist 6 > 0 and Cs > 0 such that for any solution (A, u, hg, hy) € X1
satisfying N2(T') < 6 it holds that

1

/ [(A)u(r) |22 dr < C5NE(0) (4.74)

,;;

1 t 1
+ Cs sup ([Ju(r)]|m= + [[A%(7) —Aezlle)/0 ()7 + 1(AT)o (7)1 72 d7

T€0,t]
for all ¢ € [0, 7).

Proof. We modify the entropy of the previous lemma. We consider the entropy 72 =
19 — ¢ with corresponding entropy flux ga = pups — Ao where

7 9 12 Bu ?
¢2(t,$7z) = [ Z+ — ( waz) + e 2y — Ut 2y

- 0 2
po(t,z, W) = 3 </\2W — %( Ze — Wg) + AAgwWy — )\th) )

Doing the same process as in the first step of Lemma we can show that

¢
[ elti) = a(0,2) do = Cs(IVer (D — VO (4.75)
0
Using ([£39) and [@39), a simple computation gives us

G2 = 0(w, 2)((zee + (8/2) (2t — wr))® = (wir — (B/2) (2 — wy))?)
= 0(w, 2) (25, — wiy) + BO(w, 2) (210 + wir) (20 — wy)
g2 + BO(w, 2)ps3(w, z, Wy, 2. )p1 (W, 2, Wy, 2z) (4.76)

where ¢, is the entropy flux in the previous lemma and p; and ps are defined by (£51])
and ([@54), respectively. A straightforward calculation gives

p3(w7 Z, Wg, ZI)pl (’LU, 2, Wg, Za:) = —9(’11), Z)p%(wu Z, W, zz) + RS
— Cs(zg +wy)? — Cs(z —w)? + Ry

V

where R3 and R4 are terms of degree at least 3 and contain at least two factors among
Z — W, Wy, z;. By the estimate Proposition f2] and ([@2]) we have

/ B(Bpspr)(7. £) — B(6papy) (. 0) dr

>—caz9/ 1(A%),e ||L2dT—cw/|| AR ()20 + Ju(r) |2 dr

- Cs e IV(r ||H2/ Ve (D)ll7n + llu(7)lI72 dr. (4.77)
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Integrating (E.76) from 0 to ¢ and using (@.57) and (A.11) we have

Ol = CsllVO)72

/ Bl 0) — o(r,0) dr > — Cs9|[Vaa ()25 —

1 1

—cw/ (A ||L2dT—05«9/|| AR, (7)[2 + ()20 dr

— Cs sup [[V(7 |H2/ Ve ()7 + [lu(r)[[Z2 - (4.78)

7€[0,t]

Observe that the deviation of ¥, and ¢s from ¥y and ¢, respectively, is that the
former terms contain g(zt — wy) while the latter terms do not. This means that Mg will
consist of the same terms as M, but without those that stem from g(zt — wy). Thus,
crossing out the terms that appear due to the said extra term, a careful analysis in the

second step of the proof of Lemma shows that

Rig

A242

where Ryg is again terms of degree at least 3 containing at least two factors among

Z— W, Wy, Zg, 2oz, Wee and containing at most two among 2., wy,. Therefore we have,
according to Young’s inequality,

2 22
i, < _ 0eBCE 6.5%C?
64 8

- éS(sz + wzz)2 + C(Z:L’ - wx)2 + R19

My=1Is+ 14+ I; + Iy + I +

(ZQZLIJ + wwx)z - (Z;Ew + wxw)(zw - ww) + R19

for some Cs > 0. With the same explanations as above we have

//M2 Ba, &2) da dr < 03/ (Ao (7) 122 dr (4.79)
+Ca</ l[ug (7)[|72 d7 + Sl[lp IV (r ||H2/ IV (D) I3 + llu(r )|L2dT>

From (@70), @7]), ET19), choosing ¢ > 0 in Proposition small enough and using
Lemmas ETHAG, the estimate (4] follows. O

5. Proof of the global existence and stability in H' x H' x R2. An immediate
consequence of the results in the previous section is the following estimate for the energy
No.

COROLLARY 5.1. Let T' > 0 be such that (II]) has a solution that belongs to Xo. Then
there is a § > 0 such that if N3(T') < §, then N3(t) < Cs(N3(0)+ N3(t)) for all ¢t € [0, 7]
and for some Cys > 0 independent of T'. In particular, there exists a 4 > 0 such that if
N3(T) < 6, then N3(T) < CsN3(0) for some Cs > 0 independent of T'.

Proof. According to Lemmas EIl E3HAT there is a § > 0 such that N3(t) <
Cs(N3(0) + N3(t)) for all t € [0,T] whenever N3(T) < §. In particular, N3(T) <
C5(N3(0) + VSNZ(T)). Since [@I) holds, one may choose § > 0 small enough so that
Cs = Cs(1 — C5v/6)~ > 0 and thus NZ(T) < CsN3(0). O
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Proof of Theorem 2.2l The proof is standard; however, we include it here for com-
pleteness. According to Corollary [5.1] we have a § > 0 such that N3(T) < CsN3(0) for
some Cs > 0 whenever N2(T) < §. Take &, = min(6/(2C5),8/4) > 0. Suppose that
the maximal time of existence T* > 0 is finite. Then either (A, u) leaves every compact
subset of U or ||(Az,us)(t)||L>j0,q — o0 as t T T*. Classical embedding results imply
that

(A, u) — (Ae, 0)[lw1.o (0,4 x[0,)2 < CsNa(t).

In any case, by continuity there exists 0 < Ty < T* such that N3(T1) = § and N3(t) > 3
for all t € (T1, Ty + €) where € > 0 and T} + ¢ < T*. Because N3(T}) < &, there exists
Ty € (Ty, Ty + €) satisfying N2(T3) < §. Corollary 5.1l implies that N2(T3) < C5N3(0) <
s
2
global-in-time solution exists. Furthermore, we have the estimate N3(t) < CsN2(0) for
allt > 0. (]

By applying the PDEs, the estimate in Theorem implies the following estimate on

the time-derivatives of the state.

which is a contradiction. Therefore we must have T* = 400, and this proves that a

COROLLARY 5.2. In the situation of Theorem 2.2] there exists a Cs > 0 such that

sup (LA + 1A @72 + lueO I + lue®)]I72)

o0
+/O (1A= (D) F + [ Arr (D122 + llur (Dl + Jrr (7)1 22 d7) < C5Eo.
Now we are ready to prove the following asymptotic behaviour of the solutions.

THEOREM 5.3 (Asymptotic stability). In the framework of Theorem [22] we have
J ([A(8) = Aell 0,0 + ) m10.0) + 1ho(t) = hoe| + [he(t) = hee]) = 0. (5.1)

Proof. As functions of time Hu(~)||§{1(0 ¢ and HAI(-)||2LQ(07L,) belong to W1(0, ) ac-
cording to Theorem and Corollary B.J]. Hence

lim ([Jw(®)| z100,0) + |1 A2 ()l 22(0,¢)) = 0. (5.2)

t—o0

Using a Gagliardo-Nirenberg-Moser interpolation (see [22]) we have

IA®E) = Acll(0.0) < CellOu A | Farg 0 I A®) = Acll Farg -

Theorem 2.2 implies that [|A(t) — A¢| £2(0,¢) is uniformly bounded in ¢ € [0, c0), and thus
from ([@.2) we get [[A(t) — Acllz=,e) — 0 as t — oo. In particular, this implies that
|A(t) — Aellz20,0) — 0, A(t,0) — Ae and A(t,£) — A as t — oo. The latter two further
imply that ho(t) — hoe and he(t) — hge as t — co. Combining these with (5.2]) we obtain
GI). O

The decay rate at which the state converges to the equilibrium can be shown to be
exponential, however, if one uses the norm in L2(0, £)? x R2. This is the goal of the next
section.
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6. Exponential convergence to the equilibrium in L2(0,¢)? x R2. The expo-
nential stability result for (II]) is based on linear stability and treating the higher order
terms as perturbation of the linearized system. The basic ingredients are the exponen-
tial stability derived from semigroup theory, the variation of parameters formula and
interpolation estimates. However, care should be taken since the linearization yields a
nontrivial kernel, and therefore stability for the linearized problem is only possible in a
factor space. The smallness of the data and the order of nonlinearity play an important
role in the proof, specifically the applicability of a Gronwall-type estimate. In this way
the decay rate for the nonlinear system is the same as the decay rate for the linearized
system.

First, we revisit the stability result in [I8]. Define the following constants:

K2

a0
Let X = L%(0,£)? x R? be equipped with the weighted norm

o =

= 2b(ag + bhoe) = 2b(ag + bhye).

'VAT(

1A, u, ho, he) |3 = HAHL2(0 ot _HUHL?(O ot [hol? + [hel?).

Consider the linear operator A : D(A) — X with domain D(A) = {(A4,u, ho,he) €
H(0,0)? x R? : A(0) = vhg, A({) = vh,} defined by

A —Acty

U —aA,; — Pu
A pr—

ho _ﬁ; (0)

he f; u(¢)

This operator is obtained by linearizing the system (L)) including its boundary condi-
tions about the equilibrium state (Ae, 0, hoe, hige). The operator A has a nontrivial kernel
N(A) = {¢(+,0,1,1) : ¢ € R}. The orthogonal complement N'(A)" of N(A) coincides
with the kernel of the volume functional V : X — R,

Y4
V(A, u, ho, h[) e / A(l‘) do + Arho + Arhy.
0

In the following theorem o (.A) will denote the spectrum of A, which consists of eigenvalues
since the operator is discrete. For the proof and explicit values of o and k we refer to
[18].

THEOREM 6.1. The operator A is a discrete spectral operator that generates a strongly
continuous group T'(t), t € R, on X. If 8 > 0, then there exists M > 1 such that

1T paysy € MO+ e t>0,
where 0 = —supyc,(4) ®A > 0 and k is either 0 or 1.

To use this result for the nonlinear system (L.I), we need further tools. The first one
is the following Gronwall-type lemma, whose proof can be found in [6].
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LEMMA 6.2. Let u € Lip([0,00), R, ) and suppose that for some C' > 0,
t
u(t) < C(1+ tF)e=u(0) + c/ (14 (t - 8)")e="y(s)eds, ¢ >0,

0
for some o > 0, o > 1 and nonnegative integer k. Then there exist ¢ > 0 and C > 0 such
that if w(0) < €, then

ut) < C(1+the ", t>0.

The next tool is a simple interpolation estimate derived from the well-known Gagliardo-
Nirenberg inequality; see [22] for example.

THEOREM 6.3 (Gagliardo-Nirenberg). Let m be a positive integer. There exists Cy > 0
such that for all uw € H™(0,¢) and j < m we have

) 1—j/m j/m
||u(a)||L2m/j(O’£) < Cg||u||L93(/07@||U\|;I/m(o,6)'

As a consequence, we have the following estimate.

COROLLARY 6.4. There exists C' > 0 such that for all u € H?(0,¢) it holds that

7/8 1/8
et o (0,09 < Cllull o011l ot

Proof. Using the Gagliardo-Nirenberg-Moser estimate in [22], Holder’s inequality and
Theorem with m = 2 and j = 1 we have, for generic constants C > 0,

[uzllze 0, < CHum”m(oz)”“me(oz)

1/2 1/2

< Olltaal 5.0 luall .0
1/2 1/2 1/2

< Clltaa | oo (Nl 2 0.0 1l o002
1/2 1/4 1/4 1/2

< Clluaall o 0 (It o 1l 0.0 1l Hag.0) /2.

This clearly implies the estimate given in the corollary. O

Now we are in position to prove the following stability result.

THEOREM 6.5 (Exponential stability). Consider the framework of Theorem There
exists dg > 0 such that if Fy < dp, then the solution of (1)) satisfies

JA®) — Acllrz2(0,0) + 1u(®) || 22(0,0) + [ho () — hoe| + |he(t) — hee| < C(1 +tF)e 7"

for all t > 0 and for some constant C' = C'(Ep) > 0. The constants k and o are those of
Theorem

Proof. Let z = (B,v,n9,n0) = (A= Ae, u, ho— hoe, he — hye) denote the deviation of the
state from the equilibrium. The system (II]) can be rewritten in terms of the deviations
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as
By = —Acvy — (A= A)uy — ud,,
ve = —aBy — v+ @A~ 3 (A3 + AT)THA — A)A, — uuy,

m(t) = —F=0(t,0) — 2= (A(t,0) — Ac)u(t, 0),
420 (t, ) + 2= (A(t, €) — A)u(t, 0),
B(t,0) = ymo(t) + b*(ho(t) — hoe)?,

B(t,0) = yn(t) + b*(h(t) — hee)*.

In order to use the results for abstract homogeneous linear time-invariant systems via
semigroup theory, we consider a new state variable w := z — (¢, 0,0,0) where

{—x

o(t, ) =

This is introduced in order to compensate for the nonlinearity in the boundary conditions.
It is easy to see that w(t) € D(A) for all ¢ > 0 and it satisfies the system

(ho(t) — hoe)? + %b2(hg(t) — hee)?.

w(t) = Aw(t) + F(t), t>0, (6.1)
where
—(A(t) = AcJua(t) — u(t)As(t) = ¢1(t)
P(t) = QA(t) "5 (A(t)? + A2)HA() — Ae)Au(t) — u(t)ug () — agy(t)

_AL(A(L O) - Ae)u(ta O)
a7 (At 0) — Ac)ul(t, 0)

Because u € C'([0,00); H(0,¢)) it follows that uu, € C'([0,00); L*(0,¢)). Using the
regularity of A,u,hy and hy stated in Theorem together with a similar argument
as in the previous statement, one can show that F € C1([0,00); X). A standard result
in semigroup theory (see [16, Section 4.2] for example) shows that (G.I) has a unique
solution in X and it is given by the variation of parameters formula

w(t) = T(t)w(0) + /0 T(t — s)F(s)ds. (6.2)

By uniqueness, this function w must coincide with the function z — (¢, 0,0, 0) above.

Since the semigroup T'(¢) is exponentially stable only in A (.A)J', we will decompose
the solution w into two parts. First decompose F as a sum F = F| + (F»); where
Fy = (—¢,0,0,0). By construction, Fy(s) € N'(A)" for all s > 0. This can be easily seen
since Fi(s) lies in the kernel of V for all s > 0. Let IT : X — N(A) be the orthogonal
projection of X onto A'(A). Conservation of volume implies that V(AJ, u®, 3, hY) =
V(Ae,0, hoe, hee) or equivalently z(0) € N(A)". Furthermore, we have Fi(s) + (I —
IT)(Fy)i(s) € N(A)* for all s > 0. We write

wlt) = wy () + wa(t)



568 GILBERT PERALTA aNnpD GEORG PROPST

where
wi(t) = T(#)(=(0) + (I — 1) F3(0)) + / T(t - $)(Fy(s) + (I — IT)(Fy)q(s)) ds

wa(t) = T(t) T F5(0) + /O T(t — s)II(Fy).(s) ds.

Because T'(¢)II = II and II(F3):(s) = (IIFs(s)): we actually have wq(t) = IIFy(t).
Using (6.2) and Theorem [6.1] we have
o)l < MQ+)e™|2(0) + (1 — 1) Fa(0)]|x + [ 1T Fa(t)]|x

+M/ (t— )")e "D Fy(s) + (I — ) (Fy)e(s)||lx ds.  (6.3)

The next task is to estimate each term of (G.3]) in terms of the norm ||z(¢)||x of the
deviation z(t). Since |1 — IT||zx) < 1 it holds that for all ¢ > 0,

1/2
(I = B x < Clé®)l 20,0 < Cllz®)l3 < CEY?[12(1)] (6.4)
for some C' > 0 independent of Ey. Similarly, for all ¢ > 0,

lw(®)lx = [|12(t) + Fa(t)||x = (1 — CEY?)||2(t)]| - (6.5)

From Corollary we obtain
7/8 9/8 7/16 9/8
(s ()22 < lJul@)] 2 llus ()| 2= < Cllul®)|5s lu@)| 2 < CEYC2(6)]55.

The other terms in the first and second rows of F} can be estimated similarly. Now we
estimate the third and fourth rows of F;. By Sobolev embedding we have

[(A(t,y) — Ac)u(t, y)| < C([(A®) — Ac)u(®)l|L2(0,0) + [I(A(E) — Ae)u(t)]allz2(0,0))

for y = 0,£. Expanding the term [(A(t) — Ao)u(t)]s = Az (®)u(t)+ (A(t) — Ao)ug(t), it can
be seen that each term can be estimated in the same manner as we estimated w(t)u(t)
above. For the first term, we apply the Gagliardo-Nirenberg-Moser interpolation once
more to get

[(A() = Ae)u(®)llL2(0,0)

IN

|A(t) — Acllz20,0)|u(t) | o= 0,0)

< ClIA() = Acll 20,0 1 (8) | ot 1) 15700,
< C(E)|lz)1%° < C(Ey)|lz(t)|1%°.

Combining all of our estimates yields
9/8
IR (®)]l2e < C(ED) (1)1 (6.6)
The next step is to estimate [[(1 — IT)(F3):(t)||x. Using the differential boundary
conditions, the derivative of ¢ with respect to ¢ is given by
bi(t,x) = — 2A7b* 01 (0 — ) (ho(t) — hoe) A(t, 0)u(t,0)
+ 2A702 0 2 (ho(t) — hee) A(t, O)u(t, £)
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and by interpolation we can estimate its L?-norm by
l6e(O) 20,00 < C(lho(t) = hoel + [he(t) — hee ) A || oo 0,0 [1w() || o< (0,0)
1/2 1/2 1/2
CEy([ho(t) = hoel + [he(t) = hee DIAW® 550 0 (Bl 500.

A

IA

< O(E) =)
Consequently,
11 = 1) (F2)i(t)l| 2 < C(Eo) |25, (6.7)
Using (64), (6.5), (6.8), 6.7) in (63) we have

MC(E ) ot
Izl < £t (@ + el
¢ —g k efcr t s 9/8
+ [ase-sm ()% ) (6.8)

whenever C’Eé/2 < 053/2 < 1.
Finally, we check the Lipschitz continuity of the map ¢ — ||z(t)|| x. From the continuity
equation, it holds that

IIA®) = Aellzz(0,0) — [[A(s) = AellL2(0,0)]
< [JA(t) = A(s)ll L2(0,0)

‘ /t T u(F) A (7) + A(r)ua(r) dr o

L
6= sl max [u(r) Az (7) + A(r)ua () | 200,

IN

IN

IN

Clt — s Ifgg(HU(T)HHl(O,Z)HAz(T)HL?(O,Z) + 1A | 220,012 (T) | £20,0))
C(Eo)|t — s|

IN

for all s,t > 0. The same estimate can be obtained for u and hg, hy using the mo-
mentum equation and the ODE boundary conditions, respectively. Therefore ||z(-)||x €
Lip(]0, 00),R4). The result now easily follows from (G.8]) and the Gronwall-type estimate
Lemma [6.21 O
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