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Abstract. This paper develops two approaches to Lax-integrable systems with spa-
tiotemporally varying coefficients. A technique based on extended Lax Pairs is first con-
sidered to derive variable-coefficient generalizations of various Lax-integrable NLPDE
hierarchies recently introduced in the literature. As illustrative examples, we consider
generalizations of the KAV and MKdV equations. It is demonstrated that the techniques
yield Lax- or S-integrable NLPDEs with both time- AND space-dependent coefficients
which are thus more general than almost all cases considered earlier via other methods
such as the Painlevé Test, Bell Polynomials, and various similarity methods.

However, this technique, although operationally effective, has the significant disad-
vantage that, for any integrable system with spatiotemporally varying coeflicients, one
must ‘guess’ a generalization of the structure of the known Lax Pair for the correspond-
ing system with constant coefficients. Motivated by the somewhat arbitrary nature of
the above procedure, we therefore next attempt to systematize the derivation of Lax-
integrable sytems with variable coefficients. Hence we attempt to apply the Estabrook-
Wahlquist (EW) prolongation technique, a relatively self-consistent procedure requiring
little prior information. However, this immediately requires that the technique be sig-
nificantly generalized or broadened in several different ways, including solving matrix
partial differential equations instead of algebraic ones as the structure of the Lax Pair
is deduced systematically following the standard Lie-algebraic procedure. The same is
true while finding the explicit forms for the various ‘coefficient’ matrices which occur in
the procedure and which must satisfy the various constraint equations which result at
various stages of the calculation.
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The new and extended EW technique which results is illustrated by algorithmically de-
riving generalized Lax-integrable versions of the generalized fifth-order KAV and MKdV
equations.

1. Introduction. Variable Coefficient Korteweg-deVries (veKdV) and Modified Kor-
teweg de Vries (veMKdV) equations have a long history dating from their derivation in
various applications [I]-[I0]. However, almost all studies, including those which derived
exact solutions by a variety of techniques, as well as those which considered integrable
sub-cases and various integrability properties by methods such as Painlevé analysis, Hi-
rota’s method, and Bell Polynomials, treat vcKdV equations with coefficients which are
functions of the time only. For instance, for generalized variable coefficient NLS (vcNLS)
equations, a particular coefficient is usually taken to be a function of z [I1], as has also
been sometimes done for veMKdV equations [12]. The papers [I3]-[I4] are somewhat of
an exception in that they treat veNLS equations having coefficients with general x and
t dependences. Variational principles, solutions, and other integrability properties have
also been considered for some of the above variable coefficient NLPDEs in cases with
time-dependent coefficients.

In applications, the coefficients of veKdV equations may include spatial dependence,
in addition to the temporal variations that have been extensively considered using a
variety of techniques. Both for this reason, as well as for their general mathematical
interest, extending integrable hierarchies of nonlinear PDEs (NLPDESs) to include both
spatial and temporal dependence of the coefficients is worthwhile.

Given the above, we compare two methods for deriving the integrability conditions
of both a general form of variable-coefficient MKdV (veMKdV) equation, as well as a
general, variable-coefficient KdV (vcKdV) equation. In both cases, the coefficients are
allowed to vary in space AND time.

The first method employed here is based on directly establishing Lax integrability (or
S-integrability to use the technical term) as detailed in the following sections. As such,
it is fairly general, although subject to the ensuing equations being solvable. We should
stress that the computer algebra involved is quite challenging and an order of magnitude
beyond that encountered for integrable, constant coefficient NLPDEs.

However, this first technique, although operationally effective, has the significant dis-
advantage that, for any integrable system with spatiotemporally varying coefficients, one
must ‘guess’ a generalization of the structure of the known Lax Pair for the correspond-
ing system with constant coefficients. This involves replacing constants in the Lax Pair
for the constant coefficient integrable system, including powers of the spectral parame-
ter, by functions. Provided that one has guessed correctly and generalized the constant
coefficient system’s Lax Pair sufficiently, and this is of course hard to be sure of a pri-
ori, one may then proceed to systematically deduce the Lax Pair for the corresponding
variable-coefficient integrable system.

Motivated by the somewhat arbitrary nature of the above procedure, we next attempt
to systematize the derivation of Lax-integrable sytems with variable coefficients. Of the
many techniques which have been employed for constant coefficient integrable systems,
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the Estabrook-Wahlquist (EW) prolongation technique [I5]-[I8] is among the most self-
contained. The method directly proceeds to attempt construction of the Lax Pair or
linear spectral problem, whose compatibility condition is the integrable system under
discussion. While not at all guaranteed to work, any successful implementation of the
technique means that Lax-integrability has already been verified during the procedure,
and in addition the Lax Pair is algorithmically obtained. If the technique fails, that does
not necessarily imply non-integrability of the equation contained in the compatibility
condition of the assumed Lax Pair. It may merely mean that some of the starting
assumptions may not be appropriate or general enough.

Hence we attempt to apply the Estabrook-Wahlquist (EW) method as a second, more
algorithmic, technique to generate a variety of such integrable systems with such spa-
tiotemporally varying coefficients. However, this immediately requires that the technique
be significantly generalized or broadened in several different ways, which we then develop
and outline, before illustrating this new and extended method with examples.

The outline of this paper is as follows. In Section 2, we briefly review the Lax Pair
method and its modifications for variable-coefficient NLPDEs, and then apply it to three
classes of generalized veMKdV equations. In Section 3 we consider an analogous treat-
ment of a generalized vcKdV equation. In Section 4, we lay out the extensions required
to apply the EW procedure to Lax-integrable systems with spatiotemporally varying co-
efficients. Sections 5 and 6 then illustrate this new, extended EW method in detail for
Lax-integrable versions of the MKdV and generalized Korteweg-deVries (KdV) equations
respectively, each with spatiotemporally varying coefficients. We also illustrate that this
generalized EW procedure algorithmically generates the same results as those obtained
in a more ad hoc manner in Sections 2 and 3. Some solutions of the generalized veKdV
equation considered in Sections 3 and 6 are then obtained in Section 7 via the use of
truncated Painlevé expansions. Section 8 briefly reviews the results and conclusions and
directions for possible future work.

More involved algebraic details, which are integral to both the procedures employed
here, are relegated to the appendices.

2. Extended Lax Pair method.

2.1. The generalized variable coefficient MKdV (veMKdV) equation. In the Lax Pair
method [20] - [21] for solving and determining the integrability conditions for nonlin-
ear partial differential equations (NLPDES) a pair of n x n matrices, U and V, needs
to be derived or constructed. The key component of this construction is that the in-
tegrable nonlinear PDE under consideration must be contained in, or result from, the
compatibility of the two linear Lax equations (the Lax Pair)

o, = UD (1)
o, = VO (2)

where @ is an eigenfunction, and U and V are the time-evolution and spatial-evolution
(eigenvalue problem) matrices.



468 MATTHEW RUSSO anp S. ROY CHOUDHURY

From the cross-derivative condition (i.e. ®,; = ®;,) we get
U~V +[U,V]=0 (3)

known as the zero-curvature condition where () is contingent on v(z,t) being a solution
to the nonlinear PDE. A Darboux transformation can then be applied to the linear
system to obtain solutions from known solutions and other integrability properties of the
integrable NLPDE.

We first consider the following generalized variable-coefficient MKdV (veMKdV) equa-
tion:

U + A1 Upgs + 20?0, = 0. (4)

This equation, which we shall always call the physical (or field) NLPDE to distinguish
it from the many other NLPDEs we encounter, is considered to be Lax-integrable or
S-integrable if we can find a Lax Pair whose compatibility condition (B]) contains ().

One expands the Lax Pair U and V in powers of v and its derivatives with unknown
functions as coefficients. This results in a VERY LARGE system of coupled NLPDEs for
the variable coefficient functions in (). Upon solving these (and a solution is not guar-
anteed and may prove to be impossible to obtain in general for some physical NLPDEs),
we simultaneously obtain the Lax Pair and integrability conditions on the a; for which
@) is Lax-integrable.

The results, for which the details are given in Appendix A, are given in the following
subsection.

2.1.1. Conditions on the a;.

K
K
+3a1xma%a2x - 60’1170‘20’%1: + 3alza§a2zz =0 (5)

3 2 3 2 3
6aiay, — 6a1a202,02,7 + 10502550 — —= 05 + A502; — A5A 15z

where K (t) is an arbitrary function of ¢.

2.2. The generalized variable coefficient fifth-order KdV (vcKdV) equation. Here, we
will apply the technique of the last section in exactly the same fashion to generalized
vcKdV equations, but will omit the details for the sake of brevity. Please note that
the coefficients a; in this section are totally distinct or different from those given the
same symbols in the previous section. All equations in this section are thus to be read
independently of those in the previous one.

Consider the generalized fifth-order vcKdV equation in the form

2
Up + A1 UUz gy + Q2UUgy + A3U Uz + A4UUL + A5Uzze + A6Uzazes + A7U + agly = 0. (6)

As in the previous sub-section, we consider the generalized variable-coefficient KDV
equation to be integrable if we can find a Lax Pair which satisfies (). The results, for
which the details are given in Appendix B, are as follows:

az—s = Hy_sa; (7)

H H H H
o= (@) ) () e
Hl ay t a1 TTIT a1 TTTTT a1 x
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where H;_4(t) are arbitrary functions of ¢ and a1, as, ag and ag are taken to be arbitrary
functions of x and t. This form helps to give integrability conditions to sub-equations of
([®).

Having considered these two examples of various veMKdV equations, as well as the
vcKdV equation, we shall now proceed to consider whether these results may be recovered
in a more algorithmic manner. As discussed in Section 1, it would be advantageous if
they could be obtained without: a) requiring to know the form of the Lax Pair for the
corresponding constant-coefficient Lax-integrable equation, and b) requiring to generalize
this constant-coefficient Lax Pair by guesswork. Towards that end, we now proceed to
consider how this may be accomplished by generalizing and extending the Estabrook-
Wahlquist technique to Lax-integrable systems with variable coefficients.

3. The extended Estabrook-Wahlquist technique. In the standard Estabrook-
Wahlquist method one begins with a constant coefficient NLPDE and assumes an implicit
dependence on u(z,t) and its partial derivatives of the spatial and time evolution matrices
(F,G) involved in the linear scattering problem

VYo =Fy, Yy =Gy,
The evolution matrices F and G are connected via a zero-curvature condition (indepen-
dence of path in spatial and time evolution) derived by mandating ¥,; = ¥¢,. That is,
it requires that

Fy =G, + [F,G] =0
provided u(z,t) satisfies the NLPDE.

Considering the forms F = F(u, ug, Uy, . . ., Uma,nt) and G = G(u, ug, uy, . . ., Upg,j¢) for

the space and time evolution matrices where upz o = % we see that this condition
is equivalent to

Z]F“mz,ntum%(nﬂ)t - ZGujw,ktu(j+1)m,kt + [F,G] = 0.

m,n 7.k
From here there is often a systematic approach [I5]-[18] to determining the form for F
and G which is outlined in [I7] and will be utilized in the examples to follow.

Typically a valid choice for dependence on u(z,t) and its partial derivatives is to take

F to depend on all terms in the NLPDE for which there is a partial time derivative
present. Similarly we may take G to depend on all terms for which there is a partial
space derivative present. For example, given the Camassa-Holm equation,

Uy + 2kuy — Ugzr + Uy — 2UpUpy — Ulgge = 0,

one would consider F = F(u, uy,) and G = G(u, uy, Uz, ). Imposing compatibility allows
one to determine the explicit form of F and G in a very algorithmic way. Additionally
the compatibility condition induces a set of constraints on the coeflicient matrices in F
and G. These coefficient matrices subject to the constraints generate a finite dimensional
matrix Lie algebra.

In the extended Estabrook-Wahlquist method we allow for F and G to be functions
of ¢, x, u and the partial derivatives of u. Although the details change, the general
procedure will remain essentially the same. We will begin by equating the coefficient of
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the highest partial derivative of the unknown function(s) to zero and work our way down
until we have eliminated all partial derivatives of the unknown function(s).

This typically results in a complicated partial differential equation (in the standard
Estabrook-Wahlquist method, this is an algebraic equation) which can be solved by
equating the coeflicients of the different powers of the unknown function(s) to zero. This
final step induces a set of constraints on the coefficient matrices in F and G. Another
big difference which we will see in the examples comes in the final and, arguably, hardest
step. In the standard Estabrook-Wahlquist method the final step involves finding explicit
forms for the set of coefficient matrices such that they satisfy the contraints derived in
the procedure. Note that these constraints are nothing more than a system of algebraic
matrix equations. In the extended Estabrook-Wahlquist method these constraints will
be in the form of matrix partial differential equations which can be used to derive an
integrability condition on the coefficients in the NLPDE.

As we are now letting F and G have explicit dependence on x and ¢ and for notational
clarity, it will be more convenient to consider the following version of the zero-curvature
condition:

D,F -D,G +[F,G] =0 (9)
where D; and D, are the total derivative operators on time and space, respectively.
Recall the definition of the total derivative

of Of Ouy  Of Ous af Ouy,
Dy f(y,z,ur(y, 2), uz(y, 2), - . ., un(y, 2)) = oy o ay + Dy Dy +oF Fu, 0y
Thus we can write the compatibility condition as

Fe+ Y Fupy iU nit)t — Gz — Y Gy U+ 1)ake + F, G] = 0.
m,n 7.k

It is important to note that the subscripted x and ¢ denote the partial derivative with
respect to only the x and ¢ elements, respectively. That is, although u and its derivatives
depend on x and t this will not invoke use of the chain rule as they are treated as
independent variables. This will become more clear in the examples of the next section.

Note that compatibility of the time and space evolution matrices will yield a set
of constraints which contain the constant coefficient constraints as a subset. In fact,
taking the variable coefficients to be the appropriate constants will yield exactly the
Estabrook-Wahlquist results for the constant coefficient version of the NLPDE. That
is, the constraints given by the Estabrook-Wahlquist method for a constant coefficient
NLPDE are always a proper subset of the constraints given by a variable-coefficient
version of the NLPDE. This can easily be shown. Letting F and G not depend explicitly
on = and t and taking the coefficients in the NLPDE to be constant the zero-curvature
condition as it is written above becomes

Z Fotr e Uma, (n41)t — Z Gujp iU+ 1)a ke + [F,G] = 0,
m,n 7,k
which is exactly the standard Estabrook-Wahlquist method.
The conditions derived via mandating (@) be satisfied upon solutions of the ve-NLPDE
may be used to determine conditions on the coefficient matrices and variable-coefficients
(present in the NLPDE). Successful closure of these conditions is equivalent to the system
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being S-integrable. A major advantage to using the Estabrook-Wahlquist method that
carries forward with the extension is the fact that it requires little guesswork and yields
quite general results.

In Khawaja’s method [14]-]22] an educated guess is made for the structure of the
variable-coefficient NLS Lax Pair based on the associated constant coefficient NLS Lax
Pair. That is, Khawaja considered the matrices

| fit+feq f3+ fag
IF_U_[Jc5+fs7" fr+ fsr

and
GV { g1+ 920+ 934s +9ama g5+ ged + 970 + 9574
g9 + giro7 + G117z + g127q¢  g13 + G147 + G157 + G167¢

where f; and g; are unknown functions of  and ¢ which satisfy conditions derived by
mandating the zero-curvature condition be satisfied on solutions of the variable-coefficient
NLS. In fact, in a previous paper Khawaja derives the associated Lax Pair via a similar
means where he begins with an even weaker assumption on the structure of the Lax Pair.
This Lax Pair is omitted from the paper as it becomes clear the zero-curvature condition
mandates many of the coefficients be zero.

An ideal approach would be a method which does not require knowledge of the Lax
Pair to an associated constant coefficient system and involves little to no guesswork.
The extended Estabrook-Wahlquist does exactly this. It will be shown that the results
obtained from Khawaja’s method are in fact a special case of the extended Estabrook-
Wahlquist method.

We now proceed with the variable coefficient MKdV equation as our first example of
this extended Estabrook-Wahlquist method.

4. The variable coefficient MKdV (vceMKdV) equation reconsidered. For
this example we consider the mKdV equation given by

Ut + b1 Uggs + bav?v, = 0 (10)
where by and by are arbitrary functions of x and ¢. Following the procedure we let
F="F(z,t,u), G=G(x,t,u,u, Uzy)-
Plugging this into (@) we obtain
F; 4+ Fov; — Gy — Gy — Gy, ey — Gy, Vage + [F, G] = 0. (11)
Using ([I0) to substitute for v; we have

F; — Gy — (Gy + b2F02) v, — Gy, Vaw — (G, + 01Fy)Vpee + [F,G] =0.  (12)

Vpx

Since F and G do not depend on v,,, we can set the coefficient of the v,,, term to zero
from which we have

Gy,, +iF, =0= G = =01 Fyvy, + KO (2,8, v, v,).

Vzax



472 MATTHEW RUSSO anp S. ROY CHOUDHURY

Substituting this into (I2)) we have

Ft + (bl]Fv)xvmz - Kgog +b1Fvv7}m7}zx _KO

v

Uy — baF 0?0, — KO 05y — b1 [F, FoJuae + [F, K] =0.

(13)

Since F and K° do not depend on v,, we can equate the coefficient of the v, term to
zero from which we require

(01Fy)s + b1F v, — Ko, — b1 [F,F,] = 0. (14)
Solving for K° we have
K° = (b1F,) 00 + %bllﬁ‘wvi — b1 [F,Folvs + K (,t,v).
Substituting this expression into (I3]) we have

1 1
]Ft - (bva)mem - E(bvav)mvi + (bl [Fa Fv])wvm - K;lp - (blﬁvv)xvi - Ebvavvvg

1
—Klv, + b1 [F, Fpplv? — boFyv?v, + [F, (01F,)]v, + b1 [F, Fyo]v2 — by [F, [F,Fy, v,
+[F,K'] = 0. (15)

Since F and K! do not depend on v, we can equate the coefficients of the v,, v and
v terms to zero from which we obtain the system

OW2) : Fppy =0 (16)
1 1
O(Ui) : §(b1Fvv)m + (bIFvv)m —b []F,Fm;] - §b1 [IF, Fvu} =0 (17)

O(vg) : (01Fy)ew — (01 [F,Fy])w + KL + boFyv? — [, (b1F,) ] + b1[F, [F,F,]]=0. (18)

Since the MKdV equation does not contain a vv; term and for ease of computation
we require that F,, = 0 from which we have F = X (x,t) + Xy(z, t)v. For the O(v,)
equation we solve for K! and thus have

1
K' = — (01X2)z0v + (b1 [X1, Xo])ov + [Xy, (01 X2) o]0 + §[X27 (b1X5),]v?
(19)
1 . 1
— b1 [Xl, [Xl,XQHU — §b2X21}3 — 5()1 [XQ, [Xl,XQ]]Uz -+ Xo(l',t).
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Substituting this expression for K! into (&) we obtain

1
Xl,t + (b1X2)xwa - (bl [XlaXQ])mcU + g(bQXQ)wU3 - ([Xla (b1X2)w])mU

— 5%, (432 )a]) 0 o (05, [, Kl + 5 (015, K1, Kol ) — Koo

— Xy, (1X2)za]v + [Xy, (01[Xy, Xo])oJv + Xg v

— Sbals, oo o [, 5, (%)l 20)

+ 5060, [, (aX)alle? = 01X, K1, (K1, Xolllo — 30100, [, X2, X Jo?
— [X2, (01Xa)a]v® + [Xa, (b1[X1, X))o v + [Xo, [Xi, (0:X2)4]J0? + [Xy, Xo]
5106, [, (b Ka)alo® — b0, 4, K0, Kalllo? — 30100, [, K0, Kol 1
+ [Xz, Xo]U =0.

Since the X; do not depend on v we can equate the coefficients of the different powers
of v to zero. We thus obtain the constraints

0(1) : Xl,t - XO,z + [Xl,XO] (21)
O(v) : X — ([Xq, (01X2)a])e + (01[X1, [X1, X)) — [X1, (01X2)aa] + [Xi, (01[X1, X3]) 4]
—(01[X1, X9])ze + (01X2) paa + X1, [Xi, (01X2)2]] — 01Xy, [Xyq, [Xq, Xo]]]

+[X2,Xo] =0 (22)
1

OW?) + —5 (1%, (Ko)al)e + 3 (0a[Ka, (K, Kal]e + 5K, (Ko, (1o )e]] — Ko, (b1 Ko)e
—%bl (X1, [Xo, [Xq, Xo]]] 4 [Xa, (01[X1, Xo])2] — 01[Xo, [Xy, [Xq, Xp]]]
+[Xo, [Xi, (01X2),]] =0 (23)

1 1 1 1
O(Ug) : g(bng)m — gbg[xl,XQ] + §[X27 [Xg, (b1X2)mH — 5[)1 [Xg, [Xg, [Xl,x2]]] =0. (24)
Note that if we decouple the O(v?) equation into the following equations:

b1[X1,Xa] — (01X2), =0 (25)
ba[X1, Xo] — (02X3), =0 (26)

we find that the O(v?) equation is immediately satisfied and the O(v) equation reduces
to

(X2, Xo] + Xz = 0. (27)

Therefore utilizing the generators

_ gl(xvt) gg(ﬂ?,t) _ 0 fl(xat) _ 0 f3(l‘,t)
o = 93(x7t) 94(xat):| = |:f2(l‘,t) 0 :| = |:f4(x7t) 0
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we obtain the system of equations

Jifs— fafs =0 (28)
(blfj)r = (b2fj)z =0, .7 = 3a4 (29)
J393 — f192 =0 (30)
fjt+(_]—)jfj(gl _94) :Oa j :3,4 (31)
Gjz + (_1)j(flg3 - f2.g2) = 07 .] = 154 (32)
fit = 9G+1e + (1) filga —g1) =0, j=2,3. (33)
Solving this system yields the following:
Fi(t) bijfi = (34)
i) = R0 (3)
hley = HORED (36)
gi(z,t) = Gi(t) (37)
ga(z,t) = Galt). (38)
Subject to the constraints
(ﬂ> +(-1)(G1 —G4) =0, j=3,4 (39)
b1 ),
b2F5\
<T>x_o j=34 (40)
fit =9G4+ + (1) f5(Ga—G1) =0, j=2,3 (41)
Solving ([B9) and Q) for Fy,by,bs and G4 we obtain
Fa(t) = Clgz(%) (42)
bl(I7t) = Fl(I)FQ(t) (43)
_ () F3(t) — () F5(t) + Gi()Fa(t) F3(t)
= AOTA0) ()
ool ) = / [f1(x, )] F5(t) Fa(t) — fl%(tt))%z(g)FQ(t) + fi(z, 1) F5(t) F5(t) dz + Fo(t)
(46)

where F and F5 are arbitrary functions in their respective variables and ¢, is an arbitrary
constant.
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The Lax Pair for the variable-coefficient MKdV equation with the previous integra-
bility conditions is thus given by

F = Xl + XQU (47)
1
G = —biXovg, — ngXQUS + Xo. (48)

We should note that had we opted instead for the forms

Xo = gl(x7t) g4(I,t):| X; = |:f1($at) fg(l‘,t)] Xy = |:f2($,t) f4($,t):|
gio(z,t)  gis(w,t)]’ fs(z,t)  fr(2,t)]” fo(z, 1) fs(,t)

we would have obtained an equivalent system to that obtained in [22] for the mKdV.
The additional unknown functions which appear in Khawaja’s method ([22]) can again be
introduced with the proper substitutions via their functional dependence on the twelve
unknown functions given above.

Next, we illustrate our generalized Estabrook-Wahlquist technique by applying it to
the generalized fifth-order veKdV equation.

5. The generalized fifth-order KdV (vcKdV) equation reconsidered. As a
second example of the extended EW technique, let us consider the generalized KDV
equation

2
Ut + Q1 UUzzy + QU Uzy + A3U Uy + A4UUL + A5Uzzs T G6Uszrrs T A7U + A8UL = 0 (49)

where a;_g are arbitrary functions of x and ¢t. As with the last example, we will go
through the procedure outlined earlier in the paper and show how one can obtain the
results previously obtained for the constant coefficient cases. Running through the stan-
dard procedure we let F = F(z,t,u) and G = G(x, t,u, Uy, Uzy, Uzrzs, Uzers ). Plugging
this into (@) we obtain

]Ft ‘HFuut _Gw _Guuz _Gux Ugq _GuxL Ugzx _Gu“u Ugrzx _G Ugzrzrs + [Fv G] =0. (50)

Uszws

Next, substituting ([@3]) into this expression in order to eliminate the u; yields
IE‘lt - Fu (aluuzmr + a2UgUgy + a3u2ur + aquuy, + a5z + AUgrrre + aru + a8uz)

Uszne

Since F and G do not depend on ;.. We can equate the coefficient of the uypp0s
term to zero. This requires that we must have

Guwzwm
Now updating (EIl) we obtain

+ aﬁlFu =0=>G= _aﬁFuumrzz + KO (.’[, tv Uy Ugy Uz urzz)

2
Fy — Fu (a10tges + Q2UgUey + azu’ty + aqutly + a5Uaee + a7t + agty) + a6 Fulizas
0 0 0 0 0
+ QGquumwmaz - Kx - Kuuw - Kul Ugpx — Ku“:uwmx - Ku“u Ugzax + aG]Fuuua;u;Ewwx

— [F,Fy]agtzzzs + [F, K°] = 0. (52)

Since F and K° do not depend on ., Wwe can equate the coefficient of the ugzpe
term to zero. This requires that we have

a6zFu + a6Fau + acFuuty — K  — [F,Fy,Jag = 0. (53)
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Thus, integrating with respect to uz., and solving for K we have
K® = a6, Futizze + 06Foulivee + 6 Fuutiztizee — [F, Fulastore + K (2, t, U, Uy, Upe). (54)
Now we update (52) by plugging in our expression for K! to obtain
Fy — Fu (01UUg0s + G2Ua Uy + a3u™Uy + Q40U + G5Ugss + 70 + gUs) — G6gaFulizs
= 2062 Frutizes — A6Fzoulaze — G6aFunticUaze — @6FpuntizUszs + [Fa, Fulasuass
+ [F, Foulatians + [F, Fulagetier — K; — toaFuntietiare — 06F syt tiars
— aF i tzes + [F, Fuu)agtatiore — Ko — 06Fuutizatiore — Ky e — Ky tUzae
+ a6 [F, Foultoes + a6[F, Foultaws + a6[F, Fuultotoes — [F, [F,Fulastee: + [F, K] = 0.
(55)

Since F and K! do not depend on 4., we can equate the coefficient of the uyg, term
to zero. This requires that we have
_]Fu(alu + a5) - aGa:m]Fu - 2a6x]Fa:u - aﬁ]Fa:xu - a(im]Fuuua: - a6quuuz
+UF:C7 IE‘u]aG + [Fa qu]afi + [Fa Fu]aﬁx — a6 Fyu iy — agF pyutly — aﬁFuuuui
+[IF7 ]Fuu]aﬁuw - aG]Fuuuxw - K’llh; + a6y [IF7 ]Fu] + ae [Fa qu] + ae []F; IFuu]uw

—[F, [F, Fu]]ag = 0. (56)
Integrating with respect to u., and solving for K' and collecting like terms we have
K' = —Fyu(a1u+ as)uee — (06F ) sotize — 2(a6Fun) ptiatize + 2(ag[F, Ful)ptizs
—a6F Uy + 206[F, Foyy JUptipy — %aﬁFuuuiw — ag[Fy, Foltigs
—ag[F, [F, Fylluge + K2 (2, t, u, uy). (57)

Plugging (57) into (B3) and simplifying a little bit we obtain
Fy — Fu(a2ustizs + asuu, + asuug + azu+ agug) + (a1Fy) pttze + (asFu)ptae
+ (a6Fu)zzmuxz + 2(a6]Fuu)xzuxumz - (aﬁ []Fa Fu])xmuzz + (aﬁFuuu)zuiuzz
1 2

+ §(a6Fuu)xumx - ([]Fa (QGFu)x])xuxac + (aﬁ [Fv [Fa Fu]])wuacx - Ki + Fuuaiutgtipy

+ Futy gtz + Fuutstatze + (a6Fuu)catiztizr + 2(a6F ) e Uates + 06F uuuntiy s

— a6[Fu, Pttty — ag[F, Fy U2 gy + gaGFuuuUfmum = [Fu, (a6Fu) 2] tztics

—2[F, (a6Fuu)z|totize — a6[Fu, Fuult2tee — agF, Fuuu]t2tee + ag[Fu, [F, Fulltp e,

+ ag|F, [F, Fouy)|tatizs — Kiuz + 2(a6Fuu)Iuim — gag [E]Fuu]uim — Kiz Uy

— a1 [F,Fulutg, — as[F, Fyluzs — [F, (a6Fw) o) tar — [F, (a6Fuu)z]tstize

+ [F, (a6[F, Fu])a)tizs — a6[F, Fuuuluztzs + 2a6[F, [F, Fyuullus e,

+ [F, [F, (a6Fu)e]|tee — 3(as[F, Fuu))etiztize — ag[F, [F, [F, Fyllluee + [F, K2 = 0. (58)

Now, since K2 and F do not depend on u,, we can start by setting the coefficients of
the u2, and the u,, terms to zero. Note the difference here that we have multiple powers



INTEGRABLE SPATIOTEMPORALLY VARYING KDV AND MKDV EQUATIONS 477

of u,, present in (58)). Setting the O(u2,) term to zero requires that

3 5 3
§(a6]Fuu)z + §G6Fuuuuz - 5046[F7Fuu] =0. (59)

Since F does not depend on u, we must have that the coefficient of the u, term in this
previous expression is zero. This is equivalent to

1
Fouwuw =0=F =X (2,¢t) + Xo(z, t)u + §X3(x,t)u2.
Plugging this into (B9) we obtain

3(a6X3)s — 3ae([Xy, X3] + [Xg, X3]u) = 0. (60)

Now since the X; do not depend on u we can set the coefficient of the u to zero. That
is, we require that Xs and X3 commute. We find now that (G0) reduces to the condition

(CI,GX‘g)z — a(g,[Xl, X:ﬂ =0. (61)

For ease of computation and in order to immediately satisfy (GII) we set X5 = 0. Plugging
into (B8) our expression for F' we obtain

Xy ¢ + Xou — Xo(aguptize + azuuy + asuuzazu + agug) + (01Xo) p Uty

+ (a5X2) 2 Use + (a6X2)zz0Ues — (a6[X1, Xo])zaUoe — K2 + Xoa1Uptizy

— [Xg, (a6X2) o Jurtize — (X1, (a6X2)2])2tze — (X2, (a6X2)2]) s Utize

+ (a6 X1, [X1, Xa]]) o Use + (a6[Xa, [X1, Xo]])sttttsr — K2ug — K2tz — a1[X1, XoJutg,
+ as[Xg, [Xy, Xo]Jugtzr + [Xao, (a6[Xy, Xo])z|utize — a5[X1, XoJtze — [X1, (a6X2)za]Uze
— [Xo, (a6Xa) g utize + [X1, (a6[X1, Xa])z|tze + [X1, [X1, (a6X2) ]| tza

+ [X1, [Xg, (a6X2)a]|uties + [Xe, X1, (a6X2)s]Juties + [X1, K?] — ag[X1, [X1, [X1, Xo]]Jteq
— ag[X1, [Xo, [X1, Xo]|Jutge — a6[Xa, [X1, [X1, XoJutizs + [Xz, [Xa, (a6X2)a]]u s

— a6[Xa, [Xo, [X1, Xo])Jutuyz, + [Xo, K*Ju = 0. (62)

Now again using the fact that the X; and K? do not depend on u,, we can set the
coefficient of the u,, term in ([62)) to zero. This requires that

(a6X2) zax — (a6[X1, Xo])ze + a1Xou, — [Xa, (a6X2)]ue — a2Xou,

—([X1, (a6X2)s])s — (X2, (a6X2)z])ou + (as[X1, [X1, Xa]])s + (a6[Xe, [X1, Xo]])su
—Kiz — a1 [Xq, Xo]u + ag[Xa, [X1, Xo]Jus + [Xo, (a6[X1, Xa])z]u + (a5X2) s

—a5[X1, Xo] — [Xy, (a6X2)ea] — [Xo, (a6Xo)za]u + [Xq, (a6[X1, X)), ]

+[X1, [Xq, (a6X2)a]] + [X1, [X2, (a6X2)o]Ju + [Xo, [Xy, (a6X2)s]Ju + (a1X2)su
—ag[X1, [X1, [X1, Xo]]] — a6[Xy, [Xy, Xy, Xa]]Ju — a6[Xz, [Xy, [Xy, Xo]]Ju

+[Xa, [Xa, (a6X2) 2 ]]u? — ag[Xz, [Xa, [X1, Xo]]]Ju? = 0. (63)
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Thus integrating with respect to u, and solving for K2 we have

1 1 1
]Kz = (a6x2)xzmum + §G1X2’ui — §[X2, (GGXZ)x]Ui — 50,2X2’ui. =+ ((lﬁ[Xg, [Xl, Xg]])zuux

— (a6[X1, Xa]) gotis — (X1, (@6X2)2]) wtts — ([Xo, (a6X2)s]) sty +(a6[Xq, [X1, Xo]]) ptin
— ar[Xy, Xoluug + %GG [Xa, [X1, XalJu2 + [Xa, (a6[X1, Xa])aJutis + (a5Xa)atie

—as [Xl, XZ]Uz - [Xl, (%Xz)m}um - [XQ, (%‘X2)m]uux + [Xl, (aﬁ[X17X2Dx]u1

+ [X1, [Xq, (a6X2) ) Jus + X1, [Xa, (a6X2),]|uus, +[Xa, [X1, (a6X2) 2 |Juts 4+ (a1X2) s uu,
— Qg [Xla [Xla [Xl’ XQH]U':& — Qg [Xla [X27 [Xl’ XQH]UUZ - aﬁ[XQa [Xl’ [Xla XQmuuﬂC

+ [Xa, [Xa, (a6X2)]]uu, — ag[Xa, [Xo, [X1, Xo]|Ju?uy + K>(z,t, u). (64)
It is helpful at this stage to define the following new matrices:

Xy =X, Xs], X5 =[X1,Xy], Xg=[Xg,Xy, (65)

X7 = [X1,X5], Xg=[Xg,Xs5], Xo=I[Xy,X¢], X10=[X2,Xg]. (66)

Now we update ([62]) by plugging in ([G4)). This yields a long expression which is (CJJ)
in Appendix C.
Now since K? and the X; do not depend on u, we can set the coefficient of the ui
term to zero (C)). Therefore we require that
1

1 1
_5(G1X2)m + 5([X2, (a6X2)g))s + 5(02X2)m — (a6Xg)s + a1Xy

_%(aﬁxﬁ)x + (X2, (a6X2)z])a + a6Xo + [Xo, (a6X2)ya] + %GGXIOU
—[Xh [Xz, (G6X2)z]] - [X2, [le (%‘X2)xﬂ - (G1X2)m - [X2, (a6X4)z]

1 1
—Q[XQ, [XQ, ((lﬁXQ)mHU =+ 2Q6X10U — 50,2X4 —+ G,ng + §G1X4

— 5[0, (Ko, (a6Xa)e]] + 5aoXKs — £[Xo, K2, (asKa)alJu = 0 (67)

Further since we know that the X; do not depend on u we can decouple this condition
as follows:

3 3 1 3 3 3
5([X2, (a6X2)z])s — 5(G1X2)m + §(G2X2)x - §(Q6X6)z + EG1X4 + i%‘xg
3
—5 X1, (X2, (a6X2)s]] — [Xa, [X1, (a6X2)]] — X2, (a6X4)o] + [X2, (a6X2)ue]
1
—50,2X4 + asXg =0, (68)

a6X10 — [Xg, [Xg, (a6X2)xH = O (69)
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Taking these conditions into account and once again noting the fact that K3 and the
X; are not independent of u, we can simplify and equate the coefficient of the u, in (CI))
to zero. Thus we now obtain the condition (C2)) in Appendix C.

Now we update (CI)) by plugging in (C3)). Upon doing this we will have a rather large
expression which is no more than an algebraic equation in u. We will find our remaining
constraints by equating the coefficients of the different powers of u in this expression to
zero. This updated version of (C)) is very lengthy, and omitted here.

Now, in the final step, as the X; do not depend on u we can set the coeflicients of the
different powers of u in this last, lengthy expression to zero. Thus we have

0(1) : Xl,t - Xo’m + [Xl,XQ] =0. (70)

O(u) : [X2,Xo] — ag[Xy, X1, Xr]] + [Xy, [Xy, [X1, (a6X4)2]]]

(X1, [X1, [Xq, Xy, (06X2)a]]] + (X1, (X0, (a5Xe)o]] — (X, (X, (X, (a6XK2)0a]]]

X1, (a6X7)a] — [X1, [X1, (06X4)aa]] — asXr — [Xy, [X1, ([X1, (a6X2)a])a]]

(X1, [X1, (a6X2)zaa]] — [X1, (X1, (a6X4)a])e] — X1, (X1, [X1, (06X2)2]])2]
(X1, (a5Xy)2] + X, ([Xq, (@6X2)2z])2] — X1, (@5X2) 2]

— X1, (a6X5) wa) + [X1, (06X4) paa] + [X1, (X1, (a6X2)2])2z]

—agXy — [Xy, (a6X2)pzaz] + (X1, X1, (a6X5)e]] + (a6[X1, X7]) s

— (X, (X1, X1, (66X2)2]]])a — (X1, [X1, (a6X4)s]])e + (a5X2)a

(X1, X1, (@6X2)zz]])e — (X1, (a5X2)2])s — (@6X7)2z + ([X1, (a6X4)2a])w

([ ([ (a6X2)w])w])w - ([Xla (a6X2)mw])w + ([Xla [le (a6X2)wH)M

(a5X5)e + Xo ¢ — ([X1, (46X2)2z)) ez — (@5X4) gz + (a5X2) za

(a6X5)zze — (X1, (a6X2)z])zaz — (X1, (a6X5)2]) 2 + (06X2) srzaa

(@6X4)zeaz — arXa + ([X1, (a6X4)z])zz = 0. (71)

5
PR
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o asXg + 2a6[Xo, [Xy, X7]] — 2[Xo, [Xy, [Xy, [Xy, (a6X2),]]]]

—2[Xo, [Xy, [Xi, (a6Xa):]]] + 2[X2, [X1, [X1, (26X2)44]]]
—2[Xo, [X1, (a5X2)s]] + 2[Xa, [X1, ([X1, (a6X2)2])o]] + asXy
—2[Xo, (a6X7)s] + 2[Xo, [X1, (@6X4)z2]]
—2[Xs, [X1, (a6X2)saa]] + 2[Xo, ([X1, (a6X4)s])s]
(Ko, (X1, [X1, (a6X2)2]])2] — 2[X2, (a5X4)2] — 2[X2, ([X1, (a6X2)z2])x]
(X, (a5X2)ze] — 2[X2, (a6X4)zza] — 2[X2, ([X1, (a6X2)2]) ea)
(X2, (a6X2)zeea] — 2[X2, X1, (a6X5),]] + 2[X2, (a6X5)zz] + a5Xg
—[Xy, [Xe, (a5X2)a]] — [Xy, [Xo, [Xy, [Xy, (a6X2)2]]]]
+[X1, [Xo, Xy, (a6X2)ea]]] — [X1, [X1, (a1X2),]]
X1, X2, (X1, (a6X2)a])a]] — [X1, [X1, [X1, [X2, (a6X2)s]]]]
+[X1, [Xo, (a6X4)ea]] — [X1, [Xo, [Xy, (a6X4)2]]]
+ag[X1, [Xq, Xo] — [Xy, [Xo, (a6X2)z02]]
—[Xy, [Xy, [Xo, [Xy, (a6X2)a]]] — [X1, [X2, (a6X5).]]
+[X1, [X1, [X2, (a6X2)ea]l] + [X1, [X1, (X2, (a6X2)2])a]]
+a6[X1, [X1, Xg]] — [Xq, [X1, [Xo, (a6X4)e]]] + a1 X7
—[X1, [X1, (a6X6)s]] 4+ [X1, (X2, [X1, (a6X2)2]])a] — [X1, (a6Xo).]
—[X1, (a6Xs)a] + [X1, (a6Xe6)wa] + X1, (X1, [X2, (a6X2)s]])]
—[X1, ([X2, (a6X2)0a])a] + [X1, ([X2, (a6X4)2])e]
+[X1, (a1X2)0a] — [X1, (a1Xa)a] — [X1, ([X2, (a6X2)0])wa]
+ag[Xq, [Xo, X7]] + ([Xg, (a5X2)2])e + ([Xo, [X1, [X1, (a6X2)2]]])
—([X2, [X1, (a6X2)zz]])e — (a5X6)e — ([X2, ([X1, (a6X2)z])2))x
+([X2, (a6X5)a])e + (X1, (a1X2)s])e — ([X2, (a6X4)zz])x
a6[X1, Xo])z — (a6[X1, Xs])o + ([X2, Xy, (a6X4)2]])s
(X2, (a6X2)waa])x + (X1, [X1, [Xo, (a6X2)2]]]) e
(X1, X, Xy, (a6X2)a]]))e — (X1, Xz, (a6X2)22]])
(X1, [X2, (a6X4)a]])e — (X1, ([X2, (a6X2)s])a])z — (@1X5)s
[
[
[

_|_

+

+ +

X1, (a6X6)z])z + (a6X9)wa + (a6X8)za

X1, (X2, (06X2)z]])ze — (a6X6)aae — ([X2, X1, (a6X2)2]]) 2z

X2, (a6X2)zz))ee — ([X2, (46X4)2))ee — (01X2) 2z

a1X4) 20 + ([X2, (06X2) ) waz — (a6[X2, X7])s — (asX3), = 0. (72)

_|_

(
—(
(
(
(
(
=(
(
(

+
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O@W?) = —=2([Xz, (a6X6)a])s + 3[Xz, [Xa, [X1, [X1, (a6X2)]]]]
—3[Xo, [Xao, [X1, (a6X2)za]]] + 2(asX2), — 3[Xs, [Xz, (a6X4)22]]
+3[Xs, [X2, (a6X5)2]] + 3[Xs, [X1, (a1X2).]] — 3[Xs, [Xo, ([X1, (46X2)2))2]]
—3ag[Xa, [X1, Xo]] 4 3[Xo, [Xy, [Xo, [Xy, (a6X2)]]]] — 3as[X2, [Xi, Xs]]
+3[Xo, [Xo, [X1, (a6X4)a]]] + 3[Xo, [X1, [X1, X2, (¢6X2)]]]]
+3[Xy, [Xg, (a6X2)paa]] — 3[Xg, [X1, [Xa, (a6X2) 2]
—3[Xo, [Xy, ([X2, (a6X2)s])a]] — 3a1Xs + 3[Xo, [X1, [Xo, (a6X4)]]]
+3[Xa, [X1, (a6X6)a]] — 3[X2, (a6X6)aa] — 3[Xe2, ([X2, [X1, (a6X2)s]]) ]
(X2, (a6Xg)a] — 3[Xa, ([Xy, [X2, (a6X2)z]])a] + 3[X2, ([X2, (a6X2)a]) ]
—3[Xs2, (a1X2)a] + 3[X2, ([X2, (46X2)s])aa) + 3[X2, (a1X4)q]
+3[X2, (a6Xs)a] — 3[X2, ([X2, (a6X4)a])a] — 3as[X2, X2, X7]]
—2a6[X1, [Xo, Xo]] 4 2[Xy, [Xo, (a1X2)s]] + 2[Xy, [Xy, [Xo, [Xy, (a6X2)]]]]
—2[X, [Xy, ([X2, (a6X2)a])a]] + 2[X1, [Xo, [X1, [Xa, (a6X2).]]]]
—2[Xy, [Xo, [Xo, (a6X2) 2] — 2a6[X1, [Xo, Xs]] + 2[X1, [Xs, (a6X6).]
+2[Xy, [Xs, [Xs, (a6X4)]]] — 2a1Xg — 2([X2, (a1X2)2]) 2
—2a3Xy + 2(ag[X2, Xol)z + 2(ag[X2, Xs])z — 2([X2, [X1, [Xa, (a6X2)2]]])z
—2([X2, [Xo, [X1, (a6X2)a]]])s + 2([X2, [X2, (a6X2)a2]])a
+2([Xs, ([X2, (a6X2)a])a])e — 2([X2, [Xo, (a6X4)z]])s + 2(a1X6)s = 0. (73)

O(uh) + [Xy, [Xy, Xy, Xy, (a6X2).]]l] — as[Xo, [Xo, Xs]] + [Xa, [Xa, [X1, [Xa, (a6X2).]]]]
—ap[Xa, [X2,Xo]] — [Xo, [Xo, [X2, (a6X2)2z]]] — [X2, [Xa, ([X2, (a6X2):])s]]
+[Xa, [X2, (a6X6)2]] + [X2, [Xa, [X2, (asX4).]]] = 0. (74)

Note that if we decouple (68)) into the following conditions:

(X2, (a6X2)z])zs — (a6X6) e + a6Xo — [X1, [X2, (a6X2),]] =0 (75)
[Xa, [X1, (a6X2).]] + [X2, (a6X4)s] — [Xg, (a6X2)sa] — a6Xg =0 (76)
((ag = 3a1)X3), — (a2 — 3a1)Xy =0, (77)

then the O(u*) equation is identically satisfied. To reduce the complexity of the O(u?)
equation we can decouple it into the following equations:

[Xa, X1, [Xy, (a6X2):]]] — [Xo, [X1, (a6X2)2e]] — [Xo, (a6X4)2z] + [Xo, (a6X5)2]
+ [Xy, (a1X2)a] — [Xg, ([X1, (a6X2)4])2] + [Xo, [Xy, (a6X4)2]] + [X2, (46X2) r00]
—a1X5 — (01X2)za + (a1X4)s — a6[X2, X7] = 0. (78)
(a3X2)z + [X1, [Xo, (a1X2)2]] — a1Xo — ([Xa, (a1X2)2])e — a3Xy + (a1Xg) = 0. (79)
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From this last condition, we can use ([75) — (T9) to reduce the O(u?) condition to the

following:

—a5Xg — ag[Xa, [Xq, X7]] + [Xo, [X1, [X1, [X4, (a6X2).]]]] + [X2, [X1, [X1, (a6X4).]]]
=X, [X1, [X1, (a6X2)zz]]] + [X2, [X1, (a5X2):]] — [Xo, [X1, ([X1, (a6X2)z])x]]

+[X2, (a6X7)s] — [Xo, [X1, (a6X4)zz]] + [Xo, [X1, (06X2) zaa]] — X2, (X1, (06X4)2])]
_[X2a ([Xla [Xla (GGXZ) ]])x] + [XQa (a5X4)m} + [XQ, ([Xla (a6X2)mm])z] - [X27 (a5x2)zz]
+[Xs, (a6X4) paa] + [Xa, (X1, (a6X2)2])za] — [Xe, (06X2) pawe] + X2, [X1, (a6X5)4]]
(Ko, (a6%s)ae] — 55K + 5K, (Ko, (a5%o)a]] — 5([Ka, (a5%a)al)e + 3 (a5%o)s
—%G4X4 + %(sz)x =0. (80)

Decoupling this equation allows for the simplification of the O(u) equation. Thus we
write the previous condition as the following system of equations:
—[X1, (a6X4) ] — [Xp, [Xq, (a6X2) )] + asXy + [Xy, (6X2) 0] — (a5X2)2
+(a6X4)mz + ([Xh (G/GXQ)I])I - (a6X2)x:}cz - (GGXS)ZL’ =0. (81)
1
—asXg + [X1, [Xo, (a5X2)al] — ([X2, (a5X2)al)s + (a5X6)e — 5a4X4 (82)
1
+§(G4X2)m =0.
Using this the O(u) equation is reduced to
X27t =+ [Xg, Xo] — G8X4 =+ (CLgXQ);E — G7X2 =0. (83)

We therefore find that the final, reduced constraints are given by (69)), (73]) — (79) and
BT) — [®B3). In order to satisfy these constraints we begin with the following rather simple
forms for our generators:

Sl o o PR B R

To get more general results we will assume ag # 3a;. Again we should note that had
we instead opted for the forms

_ gl(x’t) 912($7t) _ fl(xvt) fB(xvt) _ f2(xvt) f4($,t)
XO‘[g%(x,w g34<x,t>]’ Xl‘{mx,w f7<x,t>]’ XQ‘[%(M) fs<x,t>]

we would have obtained an equivalent system to that obtained in [22]. The additional
unknown functions which appear in Khawaja’s method [22] can be introduced with the
proper substitutions via their functional dependence on the twelve unknown functions
given above.

Taking the naive approach of beginning with the smaller conditions first we begin with
(), which, utilizing the given forms for Xy, X3, and Xs, becomes

(a2 —3a1)(fifs — fafs) =0 (84)
((a2 —3a1)fj)e =0, j=3,4. (85)
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Solving this system for fs, f3 and f, yields

F3(t)

falast) = as(z,t) — 3a1(z,t) (86)
_ Fy(t)

L@t = e (87)

I (59)

where Fj4(t) are arbitrary functions of ¢t. With these choices we've elected to satisfy
X4 = 0 rather than as = 3a;. Looking next at (83]) we obtain the system

Fj _ Fja7 + Fj&g +1 ﬂ
az —3a1 /), a2—3a1 az—3a1 /), 2\az—3a1/,

Fi(gs —
+(—1)Jfl(g473agl) =0, j=34. (89)
2 = 1
F F
393 492 _ (90)

as — 3&1 ag — 3@1
Solving the second equation for g3 yields

F4(t)92 (J?, t)

9= F3(t)

Considering the O(1) equation next, we have the following system of equations:

91z = G4z = 0 (91)
Jit — 920+ f1(ga —91) =0 (92)
F3(Fyf1)e — fiFuFs — goa FaF3 + F3Fy f1(g1 — ga) = 0. (93)

It follows that we must have g1 (z,t) = G1(t) and g4(z,t) = G4(t) where G; and G4
are arbitrary functions of ¢. Since ([@2]) and ([@3]) do not depend on the a; we will postpone
solving them until the end. At this point the remaining conditions have been reduced to
conditions involving solely the a; and the previously introduced arbitrary functions of ¢.
The remaining conditions are given by

<(12 — 3(11

),
(a25) =
= 3@1) (96)
(a5), =0

a9 — 3(11

_|_

(o 3a1> 0 (94)
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One can easily solve the system of equations given by (89), [04) — (@) yielding

F, = 61F362f (Ga—Gr)dt (98)
s = [+ F(G=G)do+ Fig (99)
(3F1 —1- 3F2x)a1
= - 1
“ For — By (100)
Fsa,
= L 101
4 ng — F1 ( 0 )
_ Fgay
as = Fox — Iy (102)
(Fr + Fyx + Fox®)ay / / a5 z, t dz dy
= 103
“ Fox— F as(z,t) — 3ai(z,t) (103)
o = 2N, ) a—s +G, -Gy (104)
T F3 ags — 3(11 t 2 ! ag — 3(11 x 4 !

where Fy_qg are arbitrary functions of ¢. Note that ai,as and ag have no restrictions
beyond the appropriate differentiability and integrability conditions.

The Lax Pair for the generalized variable-coefficient KdV equation with the previous
integrability conditions is therefore given by

F = X+ Xou (105)

G = —asXoUpzes + (GGXQ)xexx - X2(a1u + a5)uxw - (QGXZ)xwumc — agXou
1 1 1 1
+§a1X2ui - 5a2X2ui + (a1Xs) puuy, — gnggu?’ — §a4X2u2 +Xp.  (106)
This completes the extended EW analysis of the generalized fifth-order vcKdV equa-
tion. Next, we consider some solutions of these new integrable equations derived by two
different methods in the preceding sections.

6. Painlevé analysis method. Next we shall consider methods to derive some solu-
tions of the generalized integrable hierarchies of NLPDESs derived in the previous sections.
Given a nonlinear partial differential equation in (n+1)-dimensions, without specifying
initial or boundary conditions, we may find a solution about a movable singular manifold

¢—¢o=0

as an infinite series given by

w(Ty, ... Ty, t) =~ Z U @™ (107)
m=0
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Note that when m € (Q — Z) ({I07) is more commonly known as a Puiseux series.
One can avoid dealing with Puiseux series if proper substitutions are made, as we will
see a little later on. Plugging this infinite series into the NLPDE yields a recurrence
relation for the u,,’s. As with most series-type solution methods for NLPDEs we will
seek a solution to our NLPDE as (I07) truncated at the constant term. Plugging this
truncated series into our original NLPDE and collecting terms in decreasing order of ¢

will give us a set of determining equations for our unknown coefficients uy, . . ., u, known
as the Painlevé-Backlund equations. We now define new functions
Co(xo,. .., &, t) = o (108)
P
_ 9a
Crlwo,. -y 1) = (109)
P,
(110)
_ Pa,
Cpn(xoy...,Tn,t) = —= (111)
Pz
_ ¢$0$0
Vi(zg, ... xn,t) = —22 (112)
P,
which will allow us to eliminate all derivatives of ¢ other than ¢,,. For simplicity it is
common to allow C;(xq, ..., Z,,t) and V(xq,...,x,,t) to be constants, thereby reducing

a system of PDEs (more than likely nonlinear) in {C;(z,t), V(z,t)} to an algebraic system
in {C;,V} for (i =0,...,n).
6.1. Analytic solutions for genmeralized inhomogeneous KdV equation of form (@9).
Consider the following example:
L0HLE(1) 2+ 26 6H 1
’U/U/x umumx u
F([n(t)dt+x F([n(t)dt+ =z F([n(t)dt + )
LOH5¢ (1) 4(3H: +2)£(t)° ( 1 ) ( / )
F([n(t)dt + 5F([ n(t)dt + z) &(t) n(t)
{( ) ( 2(8H1 — 3) — 250001 (H4 + 3001H1 - 501)) w
S5F([ n(t)dt + x) *

Ut —|— Uy

+ (Hﬁ(t) +

10H4&(t)

_ S =0 113
F([nydt+z)"" (113)
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W{W and Hi(t), Hy(t), H5(t) and n(t) are arbitrary functions of

t and ¢y, co are arbitrary constants. As with our last example the leading order analysis
yields a = 2. Unlike our last example we will not force the us term to be 0 initially. The
first orders of ¢ which determine the wu; are as follows:

O(¢™7): =BT6(3H; +2)&(t)%uods —2(6 Hy — 1) uj by —24 Hyug ¢ —24(3+2H: )E(t)ugd = 0.

0(¢7°)

(114)

1440 Hy H2 2 ug, — 288 Hy HZ ¢3uy + 600¢2 H uug, — 1300¢2 HEudug,
+6H1Hfu(2)uogg + 5000%¢mu(2)u1 + 2001H4ugu0x + 5Hf¢mu(2)u1

—840¢; Hsp2uguoy + 84H, Hsp2uguos + 600cy Hsp2uouy — 60Hy Hsd> uguy
—3000¢? H} ppudug + 6500¢2 HE ppuiug + 120c; HE Hyudug,

—4000¢3 Hyppuduy — 140¢y Hy Hyudug, — 30H HE pruduy — 100c) Hyguduy
—192HZ¢2u; — 10063 uguo, — Hiuduo, + 960H2 prug, + 1920HZ ¢3¢ g
+2880H 1 H2$3 hrpio — 240¢1 Hs b ppul 4+ 24 Hy Hs o bl
+1960c1 H Hs o — 1720c1 Hy Hs ¢y s

+2360cy H Hsp2 uguo, — 1520¢) Hy Hs 2 uguo,

+236 Hy Hy Hs 2 uguo, + 2800c1 Hy Hsd>uguy — 340H Hy Hs > uguy
—600c1 HY Hydpuduy + 700c Hy Hygpuduy + 800¢3 Hyugug,

+196 Hy HyH5 ¢ — 3400c1 H Hs g2 uguy = 0. (115)
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: — 600c; Hs 2 upu1s + 60H, Hsp2uguy, + 200¢; HyHspoud — 1003 uuy ,
— Hiuduy, — 68H HyHs¢2u? — 80cy Hy Hsdpud, + 204H) HyHys 2 uop s
+ 192H2 ¢y, — 384H2 3 upre — 680c) HE Hspu? 4 560c1 Hy Hs ¢S u?
— 2400¢2 H? ppudug +5200¢3 H dpuus — 320062 Hy dpuiug — 240062 Hi ¢pugu?
— 2600c3 Hiuguggur + 5200¢t HE ppugut — 24H, Hi ppudug — 80c; Hydrudug
— 2400cy Hy H2 3 ug — 2320c1 Hy Hs ¢ hptiouy + 256 Hy Hy Hs ¢ tio iy
+ 2560¢1 H? Hsyp duatiouy — 400¢y Hy Hs 2 ugur, + 100H, Hy Hs 2 uguy .
— 16H, HyHs ¢ ud, —360c) Hsd2uozuq +120c1 HY Hyuduy, —140c) Hy Hyuduy,
+ 12000?Hfu0u0mu1 + 16000?H1u0u01u1 —32000%H1¢zu0u% + 12H1Hfu0u01u1
— 24H1Hfgzﬁxu0uf + 40c1 Hyupuoz g — 8001H4¢Iu0u§ + 36H4H5¢§uoggu1
— 160cy Hf Hspul, + 200c1 Hy Hsbpppug — 20H HyHs il
—200¢1 H} Hs izt + 5601 Hy Hygpuoui — 5T6 Hy HZ G2 druatio
+ 120¢; Hs ¢ tioUoze — 1728 Hy HZ G2 rpting + ST6H HZ 3 dppuin
— 864 H, HZ ¢, 2 o + 120¢1 Hs prptioos — 12H s HsbpptioUios
+ 24001H12H4u0u01u1 — 48001H12H4¢Iu0u% — 280c1 H1 Hyuguozuq
— 480c1 H Hydpuiug + 1000cy HE Hs 2 uguy, — 1680c1 Hy Hs g2 uppuy
— 12H4 H5$ptuotozs —200ctuguoguy +240cy Hsppud, +2400cy Hy Hs 3 ugus
— 2400c1 H Hs 3 ugug — 200cy Hy Hy Hsdpul + 2040c1 HE Hs ¢ ug,uy
+ 4000%¢mu0u% — 2Hfu0u()mu1 —|—4Hf quuou% +4OOc§¢mugu2 +4Hf¢mu(2)uz
+2400c; H2 ¢3ug — 240H, H2 $3ug + 120c1 Hs¢p2u? — 12Hy Hs 3 u?
— 24H Hsbpub, + 600ct Hiuduy, — 1300cf Hiuguy, + 800¢3 Hyiudu .
+ 6Hy Hiugu1, — 384HZ §5 drantio + 24 Hy Hs by tio
+ 20c) Hyuduy, — 20H] Hsppud + 288Hy HZ iy + 384HZ 3 dppuiy
— 576 HZ2 ¢ 2 g —5T6 Hy HZ 921000 — 1152HZ G2 rptioe — 68 Hy Hy Hs g Uoy
— 680c1 HY Hs 5 oUozs — 680c1 HY Hs¢pytigtioy — 240¢1 Hs ¢y yptiotin
+ 560c1 H1 Hs ¢ tboUors — 68H1 Hy Hs¢puoUoze + 560c1 H1 Hs¢prtioos
— 240 H1 Hy Hs¢2uoua + 560c1 Hy Hydpudus = 0. (116)
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Upon solving the O(¢~7), O(¢~%) and O(¢~?) equations for ug, u; and uy respectively
we find that

- 12[-1'5(;53c B 9
w00, 0) = — T e = 126(1)6 (1)
up(x,t) = el — 106, T H, 12€(t) Pue (118)
_ (4¢w¢mazm B 5061¢i B 3¢g2m)H5 _ (4¢w¢azmw - 5061¢i — 3¢iaz)€(t)
up(@,1) = = (10c,Hy — 10¢, + Ha)¢2 92 (119)

which similarly lends itself nicely to a representation of the solution as

u(z,t) = 12£(t)[log(d(x, 1)) wa + ua(, ).

Further, if we let C(z,t) = B(t) and once again V(x,t) = 1 the choices for coefficients
reduce the remaining orders of ¢ to an identically satisfied system. Solving the deter-
mining equations for ¢(z, t) we have that ¢(z,t) = ¢y + czel BOdt+z,
the solution

Therefore we have

£(t) (cg(l — 50¢1) — 10cz¢3(1 + 10¢; e BOU+T 1 2(1 — 50¢,)e? B<t>df+2w)

u(z,t) = —
(1) (ca + cgel BO)dt+z)?

(120)

7. Analytic solutions for generalized inhomogeneous MKdV Equations of
form (). The a;, (i = 1,2), and all other quantities in this section refer to equation ().

Allowing as(x,t) = F(2)Go(t) (separable) and using the results of Khawaja’s method
we find that a; takes the form

ar(z,t) = (F(x) / %x2M(m,t)da:> _ (w(x) / a;M(x,t)dx)

+ <x2F(x) / %M(:v, t)d:v) + F(2)(G1(t) + Go(t)x + G3(t)z?) (121)

where M (x,t) = H “fg%g&gﬁﬁo(ﬂ and C, F and G_3 are arbitrary functions in their

respective variables. Letting F(z) = e=*, G1_3(t) = 0 and keeping all other functions
arbitrary we have the following veMKDV:

g + (H(t)Gé(t) — H'(1)Go(t)

—z 2
H(t)GO(t) ) Ugzy + € Go(t)u u, = 0. (122)



INTEGRABLE SPATIOTEMPORALLY VARYING KDV AND MKDV EQUATIONS 489

Leading order analysis yields « = 1. Therefore we seek a solution of the form wu(z,t) =

12’((;;)) + uy(x,t). Plugging this into (I22]) and collecting orders of ¢ we have
_ _ H(t)Gy(t) — H'(t)Go(t)
10 4 A . e 2 6 0 2 123
_ _ H(t)Gy(t) — H'(t)Go(t)
3y . P 2 0 2
—2e " Goudui ¢ (124)
O((b*Q) : ef"EGOu%ulw + 2e " Gouguopur — efg”Gouou%gi)ac — UpPy (125)

N (H(t)Gé(t) — H'(1)Go(1)
H(t)Go(t)
(H(t)Gé(t) — H'(t)Go()
H(t)Go(t)
e Goupput + uos (127)
H(t)Go(t) — H'(t)Go(t) -

0 . 0 x 2

O(@°) + wun+ < H{DGo®) Ulgpee + € FGo(t)uiuyz. (128)
Solving the O(¢~*) and O(¢~3) equations for uy and wu; respectively we obtain the
following results:

> (3qu¢m + 3Ugzpr Pz + uo(ﬁmw) (126)

) Uozzs + 26~ *GoloU Uty

! _ / 1/2
ug(x,t) = <—6efH(t)G§;Z) Gﬁt)(?GO(t)) o (129)
(e HOGH(0) — HOGo)\* | (b0
up(z,t) = ( 6 H(1)Go(1)? ) m(%) (130)

Substituting the equations for C(z,t) and V(z,t) into the remaining orders of ¢, solving
the new system for C(z,t) and V(x,t), and mandating that H(t) satisfy

\/ —24G! (£)Go(t) M (£) + 6Go(£)2M (£)2 + 24G2 M (t) = M()Go(t)

where M (t) = HOGW—H ()G e therefore have

H(t)
H(t) = 22Ga(?) 575 (131)
(51 J Go(t)dt + 1)
53Go(t)
t) = 132
) T15 [ Go(t)dt + 721 (132)
1 1 53 5
Viat) = —gtanh (12 - (ﬂ /Go(t)dt + c1)> . (133)
Solving the coupled pde system for ¢(x,t) we get

1 53

¢(x,t) = tanh <Ex - @ <24 /Go t)dt + cl>> (134)

Therefore, after a bit of simplification, we have the solution

ie’c/2 1 53
’U,(J/'y t) = coth /Go dt +c (135)
5/ Golt)dt + 240, 2 180"\ 2
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8. Conclusions and future work. We have used two direct methods to obtain
very significantly extended Lax- or S-integrable families of generalized KdV and MKdV
equations with coefficients which may in general vary in both space and time. Of these,
the second technique which was developed here is a new, significantly extended version of
the well-known Estabrook-Wahlquist technique for Lax-integrable systems with constant
coefficients. Some solutions for the generalized inhomogeneous KdV equations and one
family of Lax-integrable generalized MKdV equations have also been presented here.

Future work will address the derivation of additional solutions by various methods, as
well as detailed investigations of other integrability properties of these novel integrable
inhomogeneous NLPDEs such as Backlund Transformations and conservation laws.

Appendix A. Lax integrability for generalized MKdV equation. The Lax
Pair is expanded in powers of u and its derivatives as follows:

fi+ fav o fz+ fav

U = Al
[f5+f6v f7+f8”:| (A1)
i Vs
pu— A.2
V= |y (A2
(A.3)
where
Vi = g1+ 920+ gav?
Vo = ga+g5v+ gev® + grv° + g3y + govan
Vi = g0+ 9110 + g12v* + 9130° + 9140, + 1500
Vi = gi6+gi7v + gisv’.
The compatibility condition gives
. 0 p1(z, t)Fv]
U —V,+[UV]=0= Ad
' U, V] pa(z, ) F[u] 0 (A44)

where F'[v] represents the MKDV equation.
A.1. Determining equations for the MKdV equation. Requiring that the compatability

condition yield the F[v] gives fi = p1, fs = p2,97 = —3p1a2,go = —p1a1, g13 = —3p2asz,
g15 = —p2a1, f2 = fs = g12 = g6 = 0

fap2 — fsp1 =0

918z +Pp1g11 — p2gs =0

93z +P295 —p1g11 =0

917 + f3914 — f598 = 0

2918 + p1914 — p2gs =0

92+ f598 — f3g14 =0 (

~ o~~~
o
© 00 J O O
T O T — T T

>
=
o
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293 + p29s —p1914 =0 (A.11)
f5(918 — g3) + p2(g17 — 92) =0 (A.12)
f3(g18 — g3) + p1(g917 — 92) =0 (A.13)
Jit = g1z + f3910 — f594 =0 (A.14)
Jrt — 16z — f3g10 + f594 =0 (A.15)
911 + G1az — g1a(fr — f1) =0 (A.16)

g5 + gsz + gs(fr — f1) =0 (A.17)
98 — (p1a1)e —prai(fr — f1) =0 (A.18)
914 — (p2a1)z + p2a1(fr — f1) =0 (A.19)
g17e + f3g11 — f595 + p1g10 —p2ga =0 (A.20)
92z — f3911 + f595 — p1g10 + p2g1 =0 (A.21)
é(maz)m + %p1a2(f7 = f1) +pi(g1s —g3) =0 (A.22)
1 1
g(maz)m - §p2a2(f7 — f1) —p2(g1s —93) =0 (A.23)
fst = 910 — 9a(f7 = f1) — f3(g1 — g16) = 0 (A.24)
fst — 9100 + g10(f7 — f1) + f5(91 — g16) = 0 (A.25)
p1t — 95z — 95(fr — f1) — p1(g1 — g16) — f3(92 — g917) =0 (A.26)
P2t — 911z + 911 (fr — f1) +p2(91 — g16) + f5(92 — 917) =0 (A.27)

A.2. Deriving a relation between the a;. In this section we reduce the previous system

down to equations which depend solely on the a;’s. We find that
C(t)

geo=g1=fr=h=g0=9a=9171=092=fs=f3=0,p2 = —p1 = ——
_ __C(t)gs
g18 = =93 = —
as

gi1 = —9gs = g8z
aj

g14 = —gs = —C(t)(a:)w

which leads to

K,
3 2 t 3 2 3
6aiay, — 6a10202,02.5 + 10502500 — Nde + a3az; — A3Q140z
2 2 2
+3a1,20302; — 6010203, + 301,0302,, = 0 (A.28)

where K (t) and C(t) are arbitrary functions of ¢.

Appendix B. Lax integrability conditions for generalized KdV equation.
As mentioned in the text, the notation and calculations here refer to the treatment of
the generalized vcKdV equation of Section 3 ONLY.
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The Lax Pair for the generalized veKdV equation is expanded in powers of u and its
derivatives as follows:

fi+ fou  f3+ fau

v = L%-f—fﬁu f7+fsu} (B-1)
o W
o[y 0

where V; = gk + gr+10 + Grrou® + gr3u® + Grtatls + Gri5U2 + Grt6Usz + Ghr7Ulzy +
k+8Uzza + Ght9Ulzze + Gh+10Uazaa, B = 11(1 — 1) + 1 and fi_g(x,t) and g1_44(2, 1) are
unknown functions. The compatibility condition

U —V,+[U,V]=0= [ (@D F[u] (B.3)

pa(x,t) Fu] 0

where F'[u] represents (49) and p;_s(x,t) are unknown functions requires that

1
P21 =g2=fr=04=g10=011= fs =g3r =943 = gaa =0, f4 = p1,915 = —gpla?n

1
g21 = —Pp1as, f6 = P2, 926 = ~3P206, Y33 = ~P20s, Ja1 = —2g39 = gs = —24s,

P2917 — P1g2s =0

P2919 — P1g3o = 0

g19 + 2917 = —p1az

930 + 2928 = —paaz

gox + f3928 — f5917 =0

gox + f5917 — f3928 = 0

2925 + p2(g38 — g5) = —p2a4 (

919 +p1(g99 — ga2) = —prax (

gs + p2g20 —p1gs1 =0 (

—296 + p1931 — p2g20 = 0 (

930 + p2(g942 — 99) = —p2a1 (

go +as(p2fs —p1fs) =0 (

ga2 +as(p1fs —p2fs) =0 (B.16
(
(
(
(
(
(

TETEE D

w @ @

2914 + p1(g5 — g3s) = —p1aa
293 + p2916 — p1g2r =0

2936 + p1gor — p2916 =0

g2 + g5z + f5916 — f3gar =0
935 + 93sz + f3927 — f50916 = 0
g7 + 9oz + [5920 — f3931 =0
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Jit — 91z + f3923 — f5912 =0
Jrt — 9340 + f5912 — f3923 =0
g5 + g7z + f5918 — f3920 = 0
938 + a0z + f3920 — f5018 =0
940 + a2z + f3931 — f5920 = 0

1 1
D1 <925 + §f5as> — p2 <914 + §f3a3> =0

(p2a6)x — g31 + p2as(fir — f7) =0

935: + P1923 + f3g24 — p2g12 — f5913 =0
936z + P1924 + f3925 — P2g13 — 5914 =0
g2z + P2g12 + f5913 — 1923 — f3924 =0
93z + 2913 + f5914 — 1G24 — f3925 =0
=296z + P2918 + [5919 — P1929 — f3930 = 0
—296x + P1929 + f3930 — P2g18 — f5919 = 0
gosz + g2s(f1 — f7) =0

gi7z — g17(fr — fr) =0

g20 — (p1a6)z + prag(fi — f7) =0

zl))( 203) s + ;pza?)(fl f7) +p2(g3 —g3s) =0

fst — 9230 + g23(fr — f1) + fs(g1 — g34) =0
919z + g19(f7 — f1) + p1(g7 — gao) =0
930z + g30(f1 — f7) + p2(g10 — g7) =0
Graz + g1a(f7r — f1) + p1(92 — g35) + f3(93 — g36) = 0
g5z + gas(f1 — fr) + p2(g3s — g92) + f5(g936 — 93) =0
pit — G13z + g13(f1 — fr) +p1(g3a — 91) + f3(g35 — 92) = pray
P2t — 9240 + goa(fr — f1) +p2(91 — g34) + f5(92 — 935) = p2a7
G24 + 9212 + go7(f1 — f7) + f5(g38 — g5) = —Dpoas
( ) )
( ) =

/\/-\

—~

f3t — g12e + g12(f1 — fr) + f3(g3a — o1

929 + 931z + g31(f1 — f7) + f5(ga2 — go
%(p1a3)m + %p1a3(f7 — f1) +pi(gs6 —93) =0

g1s + 9202 + g20(f7 — f1) + f3(g0 — ga2) = —p1ras
13 + gi6x + g16(f7 — f1) + f3(95 — g3s) = —p1as
916 + 918z + g18(fr — f1) + f3(g7 — ga0)
( )+ fs( ) =

927 + 920z + g20(f1 — fr) + f5(g40 — g7

—

—Pp2as
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B.0.1. Deriving a relation between the a;. In this section we reduce the previous sys-
tem down to equations which depend solely on the a;’s. We find that
G142 =99 = gs = ga1 = g39 = g6 = Ga0 = g3s = 97 = g5 = 935 = g2 = gse¢ = g3 = 0, fr =
f1,f5 = f3,923 = 912,934 = 91,930 = —g19 = P1a1, 925 = J14 = —%P1a4,931 = —g20 =
—(P1a6)z, 916 = —gor = —G182, P2 = P1

g18 = —@g29 = —p1a5 — (p1a6)m
1
gos = —g17 = —§(H2(t) — Hy(1))
g24 = —g13 = —(p1a5)m - (p1<l6)mm — pias
_ Hi(@)
1 0

as—y = Hy_4(t)ay

which leads to the PDE
H Hia Hia Hia Hia
(), (), (), () M
ai t ai TXTT ai TTXTITT a1 x ax

for which one clear solution (for Hy # 0) is

H H H H
oo () s (o) Cor) () o
Hl alt ay TTT ay TTTTT ay x

where a1, a5, ag,as and Hy_4 are arbitrary functions in their respective variables.
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Appendix C. Intermediate results for fifth-order equation. The intermediate
results mentioned at the appropriate places in Section 3 are given here, with the derivation
and the use of each detailed there. These intermediate results are:

Xy + Xou —Xo (azu?uy + aguu, 4 aru + agug) — (asXe)ru? + ayXqu?

1 1 1
§(G1X2)xui + 5([X27 (a6X2)a])ous + §(G2X2)m%

(a6X4)xacmu;c + ([Xh (a6X2)x])xwux + ([X27 (QGXQ)x])xwuux - (a6X5)ac$uw

- (a6X2)wxmwuw -

a1Xy) Uty — %(GGXG)mUi — ([Xa, (a6X4)z])ovtiz — (a5X2)pptiz — (a1X2)pputiy
a5X4) gtz + (X1, (a6X2)z2]) 2tz + ([Xo, (06X2)za]) stz — (X, (a6X4)2]) 2 s
(X1, [X1, (06X2)a]])ate — ([X1, [X2, (a6X2)a]])autis — (X2, X1, (a6X2)o]]) 2wt
(Xs, [Xa, (a6X2)m]])mu2um (aﬁxlo)xu Uy — K?’ + ([Xe, (a6X2)z])mui + G6X9U§
— [Xo, (a6X4) o Ju? + [Xa, (a6X2) o]t + asXsu? + (a6Xo)putty + (a6Xg)utty

-

X1, [Xa, (a6Xa)a]Jus — [Xo, [X1, (a6X2)]]ul — (a1X2) st — (a6X6)zaUtle

+ o+ o+

(
(
—(
—(

1
— 2[Xo, [X2, (a6Xo),)Juu? + 2a6X1oun’ — K3u, + Xy, (a6Xs) 4|tz — §a2X4u§

1 1
+ (X1, (a6X2) zoa e + §G1X4Ui - 5[X17 [Xa, (a6X2),]]u2 + [Xi, (a6Xe)s|ut,

— X1, (a6Xy) galuz — [X1, ([Xy, (a6X2)z])o]ue — X1, ([Xg, (a6X2)2]) o Juty
— a1 Xsuty, + %aGXg;ui + [Xy, [Xo, (a6Xq) o )Juug + [X1, (a5Xo)z]us + (a6X7) 2ty
— asX5u, — [Xy, [Xy, (a6X2)zzJue — [Xi1, [Xo, (a6X2) e |Juu, + [Xq, [X1, (a6X4)2]|us
+ X1, Xy, X, (a6X) o) Jug + [Xn, [X, Ko, (a6X2) ] [Juu, + [X1, [Xo, [Xy, (a6X2)]]Juu,
— ag[X1, X7]u, — ag[Xq, XoJuu, — ag[Xy, Xgluu, + [Xo, [X1, (a6Xy):]|uny,
+ [X1, [Xa, [Xo, (a6X2)2)]Jutue — as[X1, Xio]u?u, + [X1, K] + [X1, (a1X0) 0] uny,

+ [Xg, (CL@XQ)MM]U,UI — §[X2, [Xz, (GGXZ)JUHUU'?U + [Xz, (a6X6) ]’U, Uy + [Xg, (CL@X;',) }U’U,w

— X2, (a6X4) aalure — [Xo, ([X1, (a6X2)z))o]utte — [Xa, ([Xa, (46X2)])a]t uq
— a1 Xguuy + ;af;XlOuu + [Xa, [Xo, (a6X4)]]uus + [Xo, (a5X2) e uty,
— asXeuu, — [Xo, X1, (a6X2)za]Jut, — [Xo, [X2, (a6X2) 2] |0’ Uy
+ [Xo, [X1, [X1, (aeXo)o]Juns + [Xa, [Xi, [Xo, (a6X2)o)]Juus + [Xa, (a1Xo)oJuu,
+ [Xo, [Xa, [X1, (a6X2))]Jutu, — as[Xo, Xr]uu, — ag[Xo, Xoluu, — ag[Xa, Xs]uu,
+ [Xo, [Xa, [Xa, (a6X2)])Jutus — a6 [Xa, Xio]uPu, + [Xo, K?Ju =0, (C.1)
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- X2(G3U2 + agu + ag) — (46X2)zaze — ]K;i + [X1, (a6X5).]
+ (a6X4)zzz + (X1, (46X2)2])za + (Ko, (46X2)z])zat — (a6X5)zz
+ (a1X4)u — ([Xo, (a6Xa)2])ou — (a5X2)ze — (a1X2)zpu — a1 Xgu”
+ (a5Xy), 4+ (X1, (06X2)2e))e + ([X2, (a6X2)2a])2u — ([X1, (06X4)2)) e
= (X1, [Xy, (a6X2)o]])2 — (X4, [X2, (a6X2)z]])au — ([X2, [X1, (a6X2)2]])ou
+ (a6X9)zu + (a6Xs) st — (a6X6) 2ot + [X1, (a6X2) goa] + X1, (a6X¢)z]u
— [X1, (a6Xa)za] — [X1, ([X1, (a6X2)2])a] — [X1, ([X2, (a6X2)s])a]u
— a1 Xsu + [X1, [Xo, (a6Xa)]]u + [X1, (a5X2)s] + (a6X7)z + [Xo, [Xo, (a6X4),]Ju?
—a5X5 — [Xq, [Xy, (a6X2)20]] — [X1, [Xo, (a6X2) e ]|u + [Xi, [X1, (a6Xy),]]
+ X1, [X1, X, (a6X2)a]l) + (X1, [X1, [Xa, (a6X2)o]]Ju + [X1, [Xa, [X1, (a6X2)]]Ju
— ag[X1,X7] — ag[X1, XoJu — ag[X1, Xg|u + [Xo, [X1, (a6X4)]]u
+ [Xa, (a6X2)zza]u + [Xo, (a6X6) o]t + [Xa, (a6Xs5)z]u + [X1, (a1X2)4]u
— [Xa, (a6Xa)aalu — [Xo, ([X1, (a6X2)z])2]u — [Xao, (X2, (06X2)q])o]u’
— a5Xeu — [Xo, [X1, (a6X2)ra]Ju — [Xo, [Xo, (06X2)es]Ju? + [Xa, (a5X2),]u
+ [Xa, X1, [X, (a6Xa)2l]u + [Xa, (X1, [Xa, (a6Xe).])Ju? + [Xa, (a1X2),]u?
+ [Xo, [Xo, [X1, (a6X2)o]]Ju? — a6[Xa, X7]u — ag[Xa, Xo]u? — as[Xa, Xglu? =0, (C.2)



INTEGRABLE SPATIOTEMPORALLY VARYING KDV AND MKDV EQUATIONS 497

— %(2a3X2u3 + 3a4Xou? + 6asXou + 6(a6Xo) praatt — 6[X1, (a6Xs)z]u
+ 3a6[Xo, X7]u? — 6(a6X4a) zest — 6([X1, (a6X2)z])zatt — 3([Xa, (a6X2)s]) zati®
+ 6(a6X5) 2ot — 3(a1X4)u? + 3([Xa, (a6X4) ) et + 6(a5X2) et 4+ 3(a1X0) ppu’
+ 2a1 Xgu® — 6(asXy)u — 6([X1, (a6X2)zz])zt — 3([Xo, (a6X2)szzu2
+6([X1, (a6Xa)a])ou + 6([X1, [Xi, (a6X2)a]])au + 3([X1, [Xz, (a6X2)s]])2u
3([Xa, [X1, (a6X2)2]])2u? — 3(asXo),u? — 3(asXg)su? + 3(a6Xe)wrt”
— 6[X1, (a6X2)gaz]u — 3[X1, (a6Xe)o]u® + 6[X1, (a6X4)ga)u
6X1, ([X1, (a6X2)2])a]u + 3[X1, ([X2, (a6X2)s])e]u? + 3a1X5u?
— 3[Xq, [Xa, (a6X4)]Ju? — 6[X1, (a5X2)z]u — 6(acX7)u — 2[Xs, [Xo, (a6Xy) )]’
+ 6asXsu + 6[X1, [X1, (a6Xa) za]]u + 3[X1, [Xa, (a6X2) 2z Ju?
— 6[Xy, [X1, (a6Xa))Ju — 6[X1, [X1, X1, (a6Xa)x]]Ju — 3[X1, [X1, [Xo, (a6X2).]]]u?
— 3[Xq, [Xa, [X1, (a6X2)]Ju? + 6a6[X1, Xr]u + 3a¢[X1, Xo|u? + 3ag[X1, Xg|u?
— 3[Xg, [X1, (a6X4)]u? — 3[Xa, (a6X2)see]u? — 2[Xa, (asXe)s|u
— 3[Xy, (a6Xs),)u? — 3[X1, (a1Xo) o ]Ju? 4 3[Xa, (a6X4) pe)u?
3[Xa, ([X1, (a6X2)2])2]u? + 2[Xa, ([X2, (a6X2)s])e]u® + 3asXeu?
3[Xa, [X1, (a6X2)ea]]u? + 2[Xs, [X2, (a6X2)zz)Ju — 3[Xo, (a5Xs),|u?
[
[

[
— 3[Xa, [Xu, [X1, (a6X2)|Ju? — 2[Xq, [X1, [Xe, (a6X2).]]Ju’ — 2[Xo, (a1X2)]u®
— 2[Xy, [X27 [Xh (a(;XQ)m]]]’Uf3 + 2aq [Xg, Xg]u3 + 2ag4 [Xg, Xg]u3 — 6X0(£L‘, t))

(C.3)
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