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Abstract. In this work, we study the initial value problems associated to some linear
perturbations of the KdV equation. Our focus is on the well-posedness issues for initial
data given in the L2-based Sobolev spaces. We derive a bilinear estimate in a space with
weight in the time variable and obtain sharp local well-posedness results.

1. Introduction. In this article, continuing our earlier work [8], we consider the
initial value problems (IVPs)

{vt + Vpge +nLv+ (0v¥), =0, x€R, t>0, (1)

v(z,0) = vo(z)
and
Ut + Ugge +nLu+ (uz)? =0, x€R,t>0, (1.2)
u(z,0) = up(x), .
where n > 0 is a constant; u = u(z,t), v = v(z,t) are real valued functions; and the

linear operator L is defined via the Fourier transform by Lf (&) = -2 f(&).
The Fourier symbol ®(§) is of the form

D(§) = —[¢P + 21(8), (1.3)

where p € RT and |®1(£)| < C(1 + [£]?) with 0 < g < p. We note that the symbol ®(€)
is a real valued function which is bounded above; i.e., there is a constant C' such that
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®(¢) < C (see Lemma 22 below). In our earlier work [8], we considered a particular case
of (&) in the form

n 2m
o(¢) = chz‘,jfi\ﬂja ¢ij €R, comm =—1, (1.4)
§j=0i=0
with p := 2m + n.
We observe that if u is a solution of ([2)), then v = u, is a solution of (1) with
initial data vy = (ug),. That is why (L)) is called the derivative equation of (L2)).
In this work, we are interested in investigating the well-posedness results to the IVPs
(1) and ([C2) for given data in the low regularity Sobolev spaces H?(R). Recall that,
for s € R, the L?-based Sobolev spaces H*(R) are defined by

H*R) :={f €8 R) : || fllm= < o0},
where

Il = ([ @+ lePr1f@ Pae)

and f () is the usual Fourier transform given by

FO =) = %27 /R =17 £ () da

The factor \/% in the definition of the Fourier transform does not alter our analysis, so
we will omit it.

The notion of well-posedness we use is the standard one. We say that an IVP for given
data in a Banach space X is locally well-posed if there exists a certain time interval [0, T
and a unique solution depending continuously upon the initial data and the solution
satisfies the persistence property; i.e., the solution describes a continuous curve in X in
the time interval [0,7]. If the above properties are true for any time interval, we say
that the IVP is globally well-posed. If any one of the above properties fails to hold, we
say that the problem is ill-posed.

The notion of ill-posedness used in this work is a bit different from the standard one.
If one uses the contraction mapping principle, the application data-solution turns out
to be always smooth (see for example [18]). There are many works in the literature
(see [B], [20], [21], [29] and references therein) where the notion of well-posedness has
been strengthened by requiring that the mapping data-solution be smooth. We follow
this notion of “well-posedness” and say that the IVP is “ill-posed” if the mapping data-
solution fails to be smooth.

The function space in which we work is motivated from the one introduced in [I4],
where the author proved a sharp local well-posedness for the IVP associated to the
Burgers’ equation by showing that the local well-posedness holds for data in H*(R) if
—1 < s <0 and uniqueness fails if s < —1. The new ingredient in [I4] was the use of the
function space with time dependent weight. A natural question is whether such a result
still holds true if one considers higher order dissipative equation, and what happens if
one uses dispersive term v, as in (ILI). Recently, analysis in this direction was carried
out in [I5], where the author considered the Ostrovsky-Stepanyams-Tsimring equation
that is a particular case of (ILI)) containing a dissipative term with leading order 3 and
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obtained a sharp local well-posedness result for data in H*(R), —% < s < 0. In this
work, we introduce suitable function spaces with time dependent weight and prove sharp
local well-posedness results for the IVPs (1) and (I.2) when the order of the leading
dissipative term is bigger than 3. More precisely, for p > 0 and ¢ € [0,T] with 0 < T < 1,

these spaces are defined with weight in time variable via the norms
lsl
Iz = s {150l + 05170l (15)

and

Il = sup {\|f<>\|Hs+t“p“ LS (0)]2 - (1.6)

The spaces X7 and Y will be used to prove local well-posedness for the IVPs (I1]) and
([L2) respectively. We use the notation (-) = (1+-|).

The first main result of this work is about the local well-posednness of the IVP (L)
and reads as follows.

THEOREM 1.1. Let 5 > 0 be fixed and ®(&) be given by ([3]) with p > 3 as the order of the
leading term. Then for any data vo € H*(R), s > —& there exist a time T' = T(||vo|| z+)
and a unique solution v to the IVP () in C([0,T], H*(R)).

Moreover, the map vy + v is smooth from H*(R) to C([0,T]; H*(R)) N X35 and
v e C((0,T); H*(R)).

The second result is the same for the IVP ([[2)), with low regularity data.

THEOREM 1.2. Let n > 0 be fixed and ®(§) be given by ([[3) with p > 3 as the order
of the leading term. Then for any data up € H*(R), s > 1 — L, there exist a time
T = T(|luo|lg=) and a unique solution v to the IVP (L2)) in C([0, T] H*(R)).

Moreover, the map ug — wu is smooth from H*(R) to C([0,T]; H*(R)) N Y} and
u € C((0,T]; H*(R)).

Our next task is to check if the well-posedness results obtained in Theorems [[T] and
are optimal. To have an insight into this issue, we analyze it by using a scaling
argument. As the regularity requirement for the IVP (2] is one more than that for the
IVP (T, we discuss only the latter. Talking heuristically, semilinear evolution equations
like viscous Burgers, Korteweg-de Vries (KdV), nonlinear Schrédinger (NLS) and wave
equations are usually expected to be well-posed for given data with Sobolev regularity
up to scaling and ill-posed below scaling. However, this is not always true, as can be
seen in the KdV case. For n = 0, the IVP (1)) turns out to be the KdV equation

U+ Vogr + (02, =0, z€R, t>0,
v(x,0) = vo(z),
which satisfies the scaling property. Talking more precisely, if v(z,t) is a solution of the
KdV equation with initial data vg(z), then for A > 0, so is v*(z,t) = A\2v(Az, A3t) with
initial data v*(z,0) = A2v(\z, O). Note that the homogeneous Sobolev norm of the initial
data remains invariant if s —1— > = 0. This suggests that the scaling Sobolev regularity
for the KdV equation is —5 But Kemg et al. [I7)[19] proved local well-posedness of the
IVP ([7) for data in HS(R) > —3 is sharp since the flow-map ug — u(t) is not locally

(1.7)
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uniformly continuous from H*(R) to H*(R), s < —3. This result is far above the critical
index suggested by the scaling.

Generally, for the dissipative problem the scaling index is better in the sense that one
can lower the regularity requirement on the data to get well-posedness. As can be seen
in the proofs of Theorems [[.T] and (below), our method depends on the leading order
of L. If we discard the third order derivative (dispersive part) and consider only the
dissipative operator L with the Fourier symbol |£[?, with p > 0 in (1)), i.e.,

{vt +pLlv+ (0?2, =0,  Lo(€) = [¢[PD(€),
v(z,0) = vo(x),

it is easy to check that if v(z,t) solves (L) with initial data v(z,0), then for A > 0 so
does v*(x,t) = NP~ lo(Az, \Pt) with initial data v*(z,0) = AP~"Lv(Az,0). Note that

(1.8)

[0 O) e = AP~ 25 [[0(0)]| 5. (1.9)

From (L3) we see that the scaling index for this particular situation is s. := % —p.
Observe that for p = 3 we get s, = —%, which coincides with the scaling critical regularity
of the KdV equation. In view of this observation, for p = 3, one can conclude that the
local well-posedness result proved in [I5] is up to the Sobolev regularity given by the
scaling argument. However, for p > 3, as can be seen in Theorems [[LT] and [[.2] the
regularity requirement for the local well-posedness is higher than s. (ie., s. < —%).
Since the regularity requirement for the IVP (L2) is higher by one derivative than that
for the IVP (L)), we see that the scaling index for this case is s. + 1.

A natural question is whether the local results obtained in Theorems [[.1] and can
be improved up to the regularity given by the scaling argument. The following results
provide a negative answer to this question.

THEOREM 1.3. Let p > 2, s < —5. Then there does not exist any 7' > 0 such that
the IVP (1)) admits a unique local solution defined in the interval [0, 7] such that the
flow-map

vo v (1.10)
is C2-differentiable at the origin from H*(R) to C([0,T]; H*(R)).

THEOREM 1.4. Let p > 2, s < 1 —£. Then there does not exist any 7' > 0 such that
the IVP ([[2)) admits a unique local solution defined in the interval [0, 7] such that the

flow-map
Ug — U (1.11)
is C?-differentiable at the origin from H*(R) to C([0,T]; H*(R)).

As described earlier, we recall that the contraction mapping argument applied in the
proof of the well-posedness theorems shows that the mapping data-solution is always
smooth. In light of this observation, Theorems [[.3] and [[.4] show that the well-posedness
results for the IVP (1)) and (2] proved respectively in Theorems [[.T] and are sharp
in the sense that one cannot employ the contraction mapping principle for given data
with Sobolev regularity below the one given by these theorems. As in the usual KdV case,
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local well-posedness cannot be achieved up to the scaling index (suggested by considering
only dissipative term) using a contraction mapping argument if p > 3 in (L3]).

As can be seen in the proofs below, our method in this article holds only for —£ < s <0
in Theorem [T and for 1 — £ < s < 0 in Theorem considering p > 3. However, for
s > 0 (Theorem [[.T] and Theorem [[L2)) we already have proved local well-posedness in
our earlier work [7] in a general setting (see also [8] and [9]). To make this article self-
contained, we reproduce the proof of local well-posedness results for s > 0, which suits
the case considered in the Appendix.

To obtain earlier results we followed the techniques developed by Bourgain [6], Kenig,
Ponce and Vega [19] (see also [27]) and Dix [14]. The main ingredients in the proof are
estimates in the integral equation associated to an extended IVP that is defined for all
t € R. The main idea in [§] and [J] is to use the usual Bourgain space associated to the
KdV equation instead of that associated to the linear part of the IVPs (II]) and (L2).
For the well-posedness issues in the periodic setting we refer to [I1].

In what follows, we present some particular examples that belong to the class consid-
ered in (1) and (I2) and discuss the known well-posedness results about them.

The first examples belonging to the classes ([LI)) and (L2) are the Korteweg-de Vries-
Burgers (KdV-B) equation

Vi + VUgpzpz — NMVaa + (UQ)JE =0, z€R,t20, (1.12)
v(z,0) = vo(x)

and
Ut + Ugpze — NUge + (U’I)Z = 0’ GRS R’ t 2 07 (113)
u(z,0) = up(x),

where u = u(z,t), v = v(z,t) are real-valued functions and 7 > 0 is a constant, ®(&) =
—[€]? and p = 2. Equation (II2) has been derived as a model for the propagation of
weakly nonlinear dispersive long waves in some physical contexts when dissipative effects
occur (see [23]). For motivation, we refer to the recent work of Molinet and Ribaud [21],
where the authors proved sharp global well-posedness for s > —1 in the framework of
the Fourier transform restriction norm spaces introduced by Bourgain [6].

The next examples that fit in (II)) and ([T2) are

{Ut + Vaag = N(H0p + Hopga) + (0%)2 =0, z€R, 20, (1.14)

v(x,0) = v (x)

and

1.15
u(z,0) = up(x), ( )

respectively, where J denotes the Hilbert transform

{ut + Uggar — n(j{uw + }Cuwmw) + (uw)Q = 07 MRS R; t Z 0;

Hg(z) =P.V.= / d§,

u = u(z,t),v = v(x,t) are real-valued functions and > 0 is a constant, ®(£) = —|£]3+[¢]
and p = 3.
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The equation in (LI4)) was derived by Ostrovsky et al. [22] to describe the radiational
instability of long waves in a stratified shear flow. Recently, Carvajal and Scialom [10]
considered the IVP (LI4) and proved the local well-posedness results for given data in
H?*, s > 0. They also obtained an a priori estimate for given data in L?(R), thereby
proving the global well-posedness result. The earlier well-posedness results for (LI4]) can
be found in [1], where for given data in H*(R), local well-posedness when s > 1/2 and
global well-posedness when s > 1 have been proved. In [I], IVP ([[IH) is also considered
to prove global well-posedness for given data in H*(R), s > 1.

Another two models that fit in the classes (I.2) and (L)) respectively are the Korteweg-
de Vries-Kuramoto Sivashinsky (KdV-KS) equation

Ut + Ugga + n(umr + umrzz) + (uz)2 - O; HAS Ra t> 07 (1 16)
u(x,0) = up(x) '
and its derivative equation
V¢ + Vg + n(vzz + /sz:r:z) + vv, = 0> T € R7 t> 07 (117)
v(x,0) = vo(z),

where u = u(z,t), v = v(z,t) are real-valued functions and 7 > 0 is a constant, ®(&) =
€[+ €l and p = 4.

The KdV-KS equation arises as a model for long waves in a viscous fluid flowing down
an inclined plane and also describes drift waves in a plasma (see [I3L28]). The KdV-KS
equation is very interesting in the sense that it combines the dispersive characteris-
tics of the Korteweg-de Vries equation and dissipative characteristics of the Kuramoto-
Sivashinsky equation. Also, it is worth noticing that (II7) is a particular case of the
Benney-Lin equation [21[28], i.e.,

V¢ + Vgae + N(Vaz + Vozas) + BUszzas + 00 =0, T €R, £ >0, (1.18)
v(x,0) = vo(x), )

when = 0.

The IVPs ([LI6) and (I7) were studied by Biagioni, Bona, Torio and Scialom [3].
The authors in [3] proved that the IVPs (II6) and (I.I7) are locally well-posed for given
data in H®, s > 1, with 7 > 0. They also constructed appropriate a priori estimates and
used them to prove the global well-posedness result. The limiting behavior of solutions
as the dissipation tends to zero (i.e., n — 0) has also been studied in [3]. The IVP (I Ig])
associated to the Benney-Lin equation is also widely studied in the literature [2]4]28].
Regarding well-posedness issues for the IVP (ILI8]) the work of Biagioni and Linares [4]
is worth mentioning, where they proved global well-posedness for given data in L%(R).
For the sharp well-posedness result for the KdV-KS equation we refer to the recent work
of Pilod in [25], where the author proved local well-posedness in H*(R) for s > —1 and
ill-posedness for s < —1. For recent work on the generalized Benjamin-Ono-Burgers
equation we refer to [24], where the author uses Bourgain’s space to obtain local well-
posedness for data with low Sobolev regularity.
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Now we consider the IVP associated to the linear parts of (LI)) and (L2,

Wt + Wz +nLw =0, x, t >0,
{ t K (1.19)

w(0) = wp.
The solution to (ILI9) is given by w(x,t) = V(t)wo(z) where the semigroup V(¢) is
defined as
V(tywo(&) = "1 Om5(). (1.20)
In what follows, without loss of generality, we suppose n = 1.
This paper is organized as follows. In Section 2] we prove some preliminary estimates.

Sections 3] and M are dedicated to proving the local well-posedness and ill-posedness
results respectively.

2. Preliminary estimates. This section is devoted to obtaining linear and nonlinear
estimates that are essential in the proof of the main results. We start with the following
estimate that the Fourier symbol defined in (3] satisfies.

LEMMA 2.1. There exists M > 0 large enough such that for all |£] > M, one has

(&) = —[¢]" + 21(8) < -1, (2.1)
(6 _ 1
<, 2.2
P =2 (2.2)
and
9
(8] > o (2.3)
Proof. The inequalities ([ZI]) and (Z2]) are direct consequences of
hm M =0 and hrn q)l(f) _ O7
Gl oo [EIP
respectively.

The estimate ([23) follows from ZI) and 22)). In fact, for || > M,

¢
2(0)] = lep — @1(6) > 5 (2.4
and this concludes the proof of ([2.3]). O

LEMMA 2.2. The Fourier symbol ®(§) given by (L3) is bounded from above and the
following estimate holds true:

|t ®) || oo < eTOM, (2.5)
Proof. From Lemma 2] there is M > 1 large enough such that for |£| > M one

has ®(¢) < —1. Consequently, e!®©) < et < 1. Now for |¢| < M, it is easy to get
®(&) < Cypr, so that et®(©) <  TCM Therefore, in any case

Het‘b(E)HLm < ETCM7

as required. O
The following result is an elementary fact from calculus.
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LEMMA 2.3. Let f(t) = t%® with a > 0 and b < 0. Then for all ¢ > 0 one has

a
f(t) < (%) e e (2.6)
LEMMA 2.4. Let V(¢) be as defined in (I20) and vy € H*(R). Then
V(-)vo € C([0,00); H*(R)) N C((0, 00); H*(R)).
Proof. 1t is sufficient to prove that V (t)vy € H* (R) for s’ > s. Now,
IV ol zer = 1) €+ O G 6) 12
=[14€)° @ (€) (€)* e 2 (27)
<€) oo o e
Let M > 1 be as in Lemma 21 Then we have
146" =€ @l < 146 €S e er<any + 1(6)* €™ L1501y

<Cu e FHE e <00, tERT 2

The continuity follows using the dominated convergence theorem. (Il
LEMMA 2.5. Let 0 <T <1 and ¢ € [0,T]. Then for all s € R, we have

IV (t)uollxz S e uollae, (2.9)

where the constant Cj; depends on M with M as in Lemma 211
Proof. We start by estimating the first component of the Xj-norm. We have that
IV (Euoll e = 1) €Ol 12 < 11" oo (2.10)
Using (23) in 2I0), we get
IV (Euoll e < T ol (2.11)

Now, we move to estimate the second component of the X7-norm. The case s > 0 is
quite easy, so we consider only the case when s < 0. Using the Plancherel identity, we
have

5 IV (ol g2 = 7 (|t g | 2
= £5)1(6) e O () | 1.2 (2.12)
< t7 [1(6)91eMO | o g -
Since <§>\s| <1+ ‘§|IS\7 from (2I2), one obtains
E7 |V (uollze < t7 €€ e + (1€ | o | o - (2.13)

From (Z3), we have [|e!®©)||p« < 7M. To estimate |||¢]1*1e*®©)|| L we proceed as
follows:

€111 oo < 1[€]11e"* O x e <ary Lo + 1E PO X (g5 a1y [l - (2.14)
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For the low-frequency part, it is easy to get
|||§|‘s|€t¢(§)X{\§|§M}||L°° < MlsleCuT, (2.15)

Now, we move to estimate the high-frequency part [|[£|*le*®© ¢ > ary | in @ID).
For this, we make use of the time weight in the definition of X#-norm. Define for || > M,

Is|
g(t, &) :=t » |£|l*let®©). Using the estimate (6] from Lemma 23} we get
sl

sl "o gl
6= () e Hlel (2.16)

Since M > 1 is large, an application of the estimate ([2.3]) from Lemma 2.Tlinto (2.16)

yields
Lsl

0.9 < (1) =g < (217 o (2.17)

In light of the estimate (ZI7), one obtains that

£ €171 O x g ary e < (2L|>%6%- (2.18)
Inserting estimates ([2.5]), 2.13) and (ZI8) into (ZI3]), we get
LIV (Buoll 2 < (%);e?nuoum S loll - (2.19)
The conclusion of the lemma follows from 211 and (2T9I). O
LEMMA 2.6. Let 0 < T <1 and ¢ € [0,T]. Then for all s € R, we have
IV (t)uolly; S €M luoll g, (2.20)

where the constant Cj; depends on M with M as in Lemma 211

Proof. The estimate for the first component of the Y;?-norm has already been obtained
in (2I1I)). In what follows, we estimate the second component of the Y -norm. We only
consider the case when s < 0. In the case when s > 0 the estimates follow easily. Using
the Plancherel identity, we have

14]s]
e 0.V (uoll 2 = e

u0||Lz
= TII&(@’Se“}(@ (€)°uoll 22 (2.21)

1+\s|
1€(€)!*e" @ oo lug | -

Now,

<>\t<1> )||L <t <>\t<1>(£)

(&)lelet® )X{\5\<M}\|Lm+t X{le|> Myl Lo

(2.22)
Since (€)Is1 <1+ |¢|¥], and ¢ € [0, T] with 0 < T < 1, we have

T < Out 7 < Cor. (2.23)



580 X. CARVAJAL axp M. PANTHEE

Now, we move to estimate the high-frequency part Jo. For this, we use the estimate
25) from Lemma 23 with b = ®(£) < 0 and a = HTJS‘ to get

o (i) &

Since M > 1 is large, (€)1* < [€]l*], an application of the estimate ([23) from Lemma
EIinto 224]), yields

a
P e (€T el seap < o 2.25
‘£| ‘(I)( )l ta ~ |£| ~ Y M ( . )

and consequently
Jo S Cur. (2.26)

The conclusion of the lemma follows from ZI1]), 210), 222)), (Z23) and 226). O

LEMMA 2.7. Let =% <'s, p >3 and 7 € (0,1]. Then we have

||§<5>S@T¢(E)||L2 N —1.s (2.27)
3 +
T2'P
and )
lee™® @1z < —- (2.28)
T72p

Proof. In order to prove ([2:27]), let M be as in Lemma[2]] and decompose the integral

lete ez, = [

§2<€>2362‘r¢’(§)d§ +/ §2<§>23627®(f)d€ — Il —1—12 (229)
[g1<M

€=M

In the first integral, since 1 + 2% >0 and 7 € (0, 1], we have

2M3 2C

I < / M2e207de < 2M3e20T < Tt (2.30)
le|l<M T

Now, we consider the second integral in ([2.29). For sufficiently large M, if we take

b=2®(¢) <0 (see Lemma21)) and a =1+ 25 > 0, then using the estimates (2.6) and
2.3), we get

1 1

=l T e < / €S s
T Jigl=m |[B(E)] T Jlgzar g2 02 EDE

where in the last inequality the fact that —2 — 2s + p (1 + 2s/p) = p — 2 > 1 has been
used, and this proves (Z27)).

The proof of ([228) is very similar. Again we consider M as in Lemma [ZT] and
decompose the integral

||§€T(I) ||L2 - /g 52627@(5)(15 + /|€ 6262T¢(£)d§ = Ji+ Ja. (2.31)
<M >M

Since £ > 0 and 7 € (0, 1], we have
2M362C

3t
T P

Ji < / M2e2C7de < 2M3e*CT < (2.32)
le|<M
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Similarly as in the case of I, using (Z8) with b = 2®(¢) < 0 and @ = £ > 0, and
estimate (Z3]), we obtain
1 1 1 1 1
J2§—/ fz—dﬁﬁ.—/ ———d§ S
7 Jiezm 12 22 Jiesm |§‘—2+p(%) i

where in the last inequality the fact that —2+p (%) > 1 has been used, and this proves

2.23).

where a = 252# > 0.

/ V(b — )0, () ()t
0

/t V(t —t")0 (uv)(t)dt’
0

Using a change of variable ¢’ = t7, we get

/ V(= )0, (w0) ()t
0

Similarly, inequality (2:28) in Lemma 27 and ([235]) give

tr
Again, performing a change of

Is|

tr

/ Yt — )0, () () dt
0

/ V(b — )0, () ()t
0 L2

O
PROPOSITION 2.8. Let —8 <s<0,p>3,0<T <1andt¢€[0,T]. Then we have
t
[ vie-to @] STl ;. (2:33)
0 X3
Proof. Using the definition of V' (¢) and Minkowski’s inequality, we have
t
< [ e et MO ol ar
Hs 0
t — —_—
< [ (e O ) ol
(2.34)
Young’s inequality, the Plancherel identity and the definition of X% norm yield
— — _2]s|
() * o) ()llzge <t 7 [lullxzllvllxs. (2.35)
Combining inequalities ([2.34]), (235) and inequality ([227) in Lemma 277 we get
t
1
S llullxs, UHX;/ PRI dt’. (2.36)
H* 0 Jt —¢|ZTw [t >
1
pt2s 1
SO ullploly | ——
Hs 0 |1—72"% |77 (2.37)
pt2s
< O ullxg ol
< T AN S
S llullxg vl xst o rdr (2.38)
o Je— v )
variable ¢’ = t7, one has
2pt2s—31 1 1
SEEE ullp oy | —— e
v 0 1% [
2p+2s—3+1
St lullxg vllxs.
(2.39)
O

We also need the following estimate.
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LEMMA 2.9. Let 1 — £ <5, p> 3 and 7 € (0,1]. Then we have

1
1(€)*e™ @z < py=rong (2.40)

T 2P

Proof. For M large as in Lemma [Z1] we have

1{6)%e™ @2, = / (€)% O de + / (€)%e?*©de = A+ B.  (241)
|¢|<M

|€]>M
Now, for 7 € (0,1] and a = # > 0, one has

A< Cyetom < L

NTa'

(2.42)

To obtain an estimate for the high frequency part B, we use estimate (Z0) with
a= ”72%25 >0 and b = 2®(£) < 0 to obtain

‘5'25 ( N )a 1 1 1
b= / L3S e ol S (2.43
lel>m T |2 (&)[* |€]>M |g|pa—2s 1@ T@ )

where in the last inequality pa — 2s > 1 has been used. O

PROPOSITION 2.10. Let 1 =5 <s<0,p>3,0<T <1landtec[0,T]. Then we have

/0 Yt — ) () ()

ST ullvg llvllvg, (2.44)
Y7

__ p—2+2s
where 0 = T > 0.

Proof. We start considering the H® part of the Y-norm. Using the definition of V'(¢)
and Minkowski’s inequality, we have

/0 Vb — ) () ()

< [ Were= O @)«
Hs

< [ gt O ) » DOl
0
(2.45)

Young’s inequality, the Plancherel identity and the definition of Y norm yield

— — — 20D
(e () * va () () e < lullyallvllv;- (2.46)
Using (2.40) and (2.40) in [2.45]), we get
t t
1
/ V(t - t/)(uwvw)(t/)dt/ 5 HUHYQZH’UHYQZ/ W 2(1+]s) dt'. (247)
0 - 0 Jt— ]8T
Making a change of variable ¢’ = ¢7, one obtains
¢ _a_204]s) ! 1
‘ / V(t —t") (ugv,)(t")dt’ S ¢ v [l Yy UHY;/ EIEEE) dr.
: z 01— 7?7

(2.48)
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For our choice of a = ”_2%23 and 1/2 > s > 1 — & the integral in the RHS of ([2.48)
is finite, so we deduce that

Now, we move to estimate the second part of the Y7-norm. Note that

p—242s
= ul

<t

~

Hs

v|

vallvllvz. (2.49)

/Ot V(t — 1) (ugvy)(t)dt

t —_— —_—
< / ng(tit,){)(g)u:c (t/) * Uac(t/)”L?dt/
0

/t OV (t — ) (ugvy ) (t)dt
0 L2

. (2.50)
S/ e (#) 5 0 (#) [ 1< [| €642 | L2t
0

201 +IS\)

We have Hzg(\) * vm( Mie <t [ullygllvlly;. Taking a = %, from (2.28) one
gets [|€e™®) |2 < 2. So, from (ZH0) one can deduce that

S [lul
L2

v

Yy

/t OV (t —t") (ugvy) () dt’
0

t

1

Y;/ ordt. (2.51)
L e N

Making a change of variable ¢’ = ¢7, one obtains from (2.5T])

1
1- (e 1
St a||u||Y; UHY;/ sy AT
0 |1—r7]e »

7]
(2.52)
For our choice of a = % and s > 1 — & the integral in the RHS of ([2.352)) is finite.
Therefore, from (2Z52)), we obtain

(1+\ D

/a Vit — ) (a0, (t')dt

L2

¢
H 2pt2e=
& H/ 0V (t — ) ugv) ()t | <t ullygllvlly
0 L2 (2.53)
< yb 7)| ys.
Combining ([2:49) and ([Z.53]) we get the required estimate ([2.44]). O

The following results deal with the gain of regularity of the nonlinear part.

PROPOSITION 2.11. Let =5 <s,p>3and 0 < pu < §. If

sl
3 3= sup {IFO+ 7 IOl < oo (2.54)
te
then the application
ts L(F /Vt—t A,  0<t<T<1, (2.55)

is continuous from [0, 7] to H5T#.

Proof. We start by proving that £(f)(t) € H5T#(R) for all f such that | f]|
We consider two different cases.

Z%<OO.
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CASEI (s >0). Let 0 <t <T < 1. Since (£)° < ({ —x)®(x)® and f € Z5., we have
t
IS Olon = 1) [ (0% ieF e fie )1
0
t
< [ W@ e () a sup I@Beat (250)
0 t'€(0,T)
[ 1
< - !/
S ||f||st/0 <o
where the definition of Z5-norm, Minkowski’s inequality and inequality (Z27) from

Lemma 2.7] are used.
CaAsE IT (s < 0). Similarly as in the proof of Proposition [Z8 we obtain

L win = |(€)SFH (00 6 RAvAE
IO = 10 [ (e ) i€« flearl,
t
s (=) 2 || , L /
< [ werre (e ")l I (2a

2 ! 1
ZST/ ——— o dt’ <o
0 |t

_t/|2 D

S

Now we move to prove the continuity. Let to € [0, 7] be fixed and let f be such that
| fll zs. < co. We will show that

lim [|£(f)(6) = £(F)(to) [ sro+n = . (2.58)

t—to

Let us use (Z53) and the additive property of the integral to get for ¢ € [0, 7] that
to

1O = £t =] [ Vito = )01 ¢ r— / V(=)0 (F2) ()t g1
< | / (fo — ') = V(t — ) 0a(2)# )t | v + | / Yt~ )0,(F2) () | e

=: I)(t,to) + Lot to). (2.59)
Consider the first term
t
L(t, to) = ||(€)* T / (e<fo-f’>q’<5> - e<t-f’>‘1><€>) iEf * f(€,8)dl || L. (2.60)
0
As (elto=t)®E) _ o(t=t)) 5 ( for ¢ — to, using Lebesgue’s Dominated Convergence
Theorem we have that
Ii(t,tg) — 0, whenever t — to.
Analogously, as
to
[ W= 00 @)t g < o0
0

we also have
Ir(t,to) — 0, whenever ¢ — ¢,

and this completes the proof. O
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The next result follows by using (2.40) from Lemma [2.9]and the procedure applied in
Proposition 2101

PROPOSITION 2.12. Let 1 =5 <s,p>3and 0 < p < L. If

14]s|
115, o= sup {IF@) e + 65 10 (D)1} < oo, (2:61)
t€(0,T]
then the application
t
(o B0 = [ Vi@, 0i<T <, (2.62)
0

is continuous from [0, 7] to H5T+.

3. Proof of the well-posedness result. This section is devoted to providing proofs
of the local well-posedness results stated in Theorems [[.1] and

Proof of Theorem [Tl Let s < 0 (for s > 0, see Appendix). Consider the IVP (1))
in its equivalent integral form

v(t) = V(t)vg — /0 V(t—t)(v?)(t)adt, (3.1)

where V' (t) is the semigroup associated with the linear part given by ([L20).
Define an application

t
U(v)(t) = V(t)vg — / V(t —t")(v?) ()t (3.2)
0
For —£ <5 <0,7>0and 0 <T <1, let us define a ball
By ={f € X3 [Ifllxz <7}

We will prove that there exists » > 0 and 0 < T < 1 such that the application ¥ maps
BT into BT and is a contraction. Let v € B!. By using Lemma 25 and Proposition 28]

we get
1 ()llxz < cllvollas +cT[v]%s . (3.3)

where a = 252# > 0.

Now, using the definition of BY, one obtains

[9()lx; < 7 +eTr < 3,

where we have chosen r = 4c||vg|| g and T > 0 such that ¢I'*r = 1/4. Therefore, from
([B4) we see that the application ¥ maps B into itself. A similar argument proves that
¥ is a contraction. Hence ¥ has a fixed point v which is a solution of the IVP (1) such
that v € C([0,T], H*(R)). The smoothness of the solution map vy — v is a consequence
of the contraction mapping principle using the Implicit Function Theorem (for details
see [18]).

For the regularity part, we have from Lemma [24] that the linear part is in

C([0,00); H*(R)) N C((0, 00); H*(R)).

(3.4)
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Proposition 2.17] shows that the nonlinear part is in C((0,7]); H*"#(R)), 4 > 0. Com-
bining this information, we have v € C([0,T]; H*(R)) N C((0,T]; H**#(R)). The rest of
the proof follows a standard argument, so we omit the details. O

Proof of Theorem [I.2l The proof of this theorem is similar to the one presented for
Theorem [Tl Here, we will use the estimates from Lemma and Proposition 2. 10 so,
we omit the details. ]

4. Tll-posedness result. In this section we will use the ideas presented in [21I] to
prove the ill-posedness result stated in Theorems [[.3] and [[L4l The idea is to prove that
there are no spaces X7 and Y} that are continuously embedded in C([0,T]; H*(R)) on
which a contraction mapping argument can be applied. We start with the following
result.

PROPOSITION 4.1. Let p > 2, s < =5 and T' > 0. Then there does not exist a space X
continuously embedded in C([0,T]; H*(R)) such that

IV @ollxs S lloolla- (4.1)
and
t
I [ vie= o < ol (4.2)
0

hold true.

Proof. The proof follows a contradiction argument. If possible, suppose that there
exists a space X% that is continuously embedded in C([0,T]; H*(R)) such that the esti-
mates (A1) and [@2)) hold true. If we consider v = V(t)vg, then from ([@I) and [@2) we
get

t
|| / V(t — )0,V (¢ yool2dt s+ < ool (4.3)
0

The main idea to complete the proof is to find appropriate initial data vy for which
the estimate (&3)) fails to hold whenever s < —£.

Let N> 1,0 <y <1, Iy :=[N,N + 27] and define initial data via the Fourier
transform

G (€) = N7 "% [x1) (€) + X{_13) (6)]- (4.4)

A simple calculation shows that ||vo|| gs ~ 1.
Now, we move to calculate the H® norm of f(z,t), where

Fat) = /0 Vit — )0,V (¢ Yo 2dt (4.5)
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Taking the Fourier transform in the space variable x, we get

FO© = [ et g (V) VT ) (€)a

0

t
:/ ei(t—t')£3+(t—t’)¢(£)i§/170(5_51)UAO(51)eit’£§+t"1’(£1)+it'(£—£1)3+t/‘1>(£—£1)d&dt/
0 R

t
= jgeite 1R (E) / o (€ — 51)1?0(51)/ it [~ HEH(E—E) I [2(E) — (O +2(6=E)] g/ g
R 0
(4.6)
We have that

t i — — _
/ it 3661 (61~ [B(E1) ~D(©)+b(6—g)] ggr _ €T @(5)@'(5 it B
0 (&) — @(&) + (§ — &) +1i38&1 (& —(54)7)

Now, inserting (4£.1) into ([4.0)), one obtains
eit38€1(E1 =)+t (§1)+tP(§—81) _ ot P(§)

—

— it [ w(¢ - &)h (4
7)) = ite / 0(¢ B 5 s TeE o) T B E — gl @Y
Therefore,
/2 €2 BIEEL (E1—€) F1D(61)+HD(E—E1) _ (tD(E) 2
2 . > 2s d d .
171 N/m@ Nior? /K%)—<1><£>+<1><£—§1>+3z’551<51—5) ] d, (49)
where

K={&; §-&eln&e—IntU{&; &G €lN,E—& € —In}
We have that |K| >~ and
[3661(&1 — &) = N*y. (4.10)
In order to estimate ([@9]) we consider two cases:
Case 1: £ —¢& € In,& € —In. In this case

[D(&1) — (6 + (€= &) == (&) + [P — (€= &)" + P1(&1) — P1(§) + 21(€— &)
<= 2(=1)PEY| + (€7 —peP e + -+ p(—1)P e
€+ @1(&1) — P1(§) + 21 (E— &) (4.11)
Therefore,
(1) — () + (€ —&)| S C(NP+ N") <2C0NP, 1 <p. (4.12)
Similarly we obtain |®(&1) — ®(§) + P(§ —&1)| > C(NP — N") 2 NP, r < p.
Hence
|D(&1) — (&) + (E — &) ~ NP, (4.13)
Case 2: & €Iy, —& € —Iy. In this case
|2(&1) = @(&) + (&) = | =& + €] = (=1)P (= &) + P1(&1) — P1(§) + 1(§— &)
<[ =287+ (1P — pP G + - (1P T
+ €7+ @1(61) — @1(&) + P1(E—&1)|- (4.14)
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In this way,
[®(&1) — (&) + ®(§ — &) < C(NP + N") <20NP, 1 <p, (4.15)

and analogously |®(¢;) — ®(€) + ®(¢ — £,)| 2 NP. Therefore,
[D(&1) — (&) + R(§ — &1)| ~ NP (4.16)

Similarly for any & € K, we get, for large N,
O(&) + @€ - &) =—[&al" —[§ = &P + P1(&1) + P1(§ — &) < —2NP + CON”

< _N? (4.17)
r<p.
Let
f BIEEL (E1—€)HB(E) T1D(E—E1) _ ot D(€)
9 (&) — ®(&) + P(€ — &) + 3ik&r (& — §)
then
Re{i}’ _ |[Ref Reg + Imf Img| S [RefReg|  [ImfImg| (4.18)
9 s gl gl
For v <« 1, one can obtain
Ref = Re {e3it551(51—5)+t<1>(£1)+t<1>(5—£1) _ et@(s)} < tPE)HB(E—E) _ —tr"/2
<e N _ et/ (4.19)
—e— /2
- 2
and also
Imf = Im {63it€€1(§1*€)+t‘1>(§1)+t‘1>(§*§1) _ et@(&)} < lP(E)HR(E—E) wa0)
4.20

< o INP
From (LI0), @I3) and @I6) we conclude that for any & € K, one has
Reg| = [B(E1) — B(€) + (€ — £)| ~ N7, [lmg| = 3EE1 (6 — ) ~ NPy, (421)
Using (@210, (E19), (£20) and (@I8) considering N very large, it follows that

f —_e—tYP/2 NP e—tN? —e— /2 NP
Rel L V| > — > i 4.22
’ e{ ~ N £ 42Ni NP +yN2 ~ N% 1 2N* (4.22)
Combining (@9), (2I) and (£I19), using that |z| > —Rez, we arrive at
_t'YPN2p
2 > . —2p7—4s 2s.2_ €
Taking v ~ 1 and N very large, we obtain
, o NP fpz2,
||f||Hs ~ N74S+2p,8’ lfp < 2’ (424)

and this is a contradiction if —4s —2p > 0 for p > 2 and if —4s+2p —8 > 0 for p < 2,
or equivalently s < —5 forp > 2 and s < £ —2for 0 <p < 2. O
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Proof of Theorem [L3l For vy € H*(R), consider the Cauchy problem

{vt + Vpwe + Lo+ (0v?), =0, x€R, t>0, (4.25)

v(z,0) = evp(x),

where € > 0 is a parameter. The solution v*(x,t) of (£25) depends on the parameter e.
We can write (£25)) in the equivalent integral equation form as

V(1) = €V (£)vo — /0 Vit — ) (0?)a(t')dt, (4.26)

where V(¢) is the unitary group describing the solution of the linear part of the IVP

B23).

Differentiating v(x,t) in ([@26]) with respect to € and evaluating at € = 0, we get

ove(x,t
%ﬂf’) _ = V(hu(@) = n(@) (4.27)
and , \
0% (z,t
Fv@h| 2/ Vit — )8, (v (z,¢'))dt’ =: va(z). (4.28)
862 e=0 0
If the flow-map is C? at the origin from H*(R) to C([-T,T]; H*(R)), we must have
o2l oo e ) S Ilvoll s (my- (4.29)
But from Proposition 1] we have seen that the estimate (f29)) fails to hold for s < —%
if we consider vg given by (&4]), and this completes the proof of the theorem. O

Now, we move to prove an ill-posedness result to the IVP (2.

PROPOSITION 4.2. Let p > 2, s <1— 5 and T' > 0. Then there does not exist a space
Y} continuously embedded in C([0,T]; H*(R)) such that

[V (®)uollvg < lluollae (4.30)

wﬂv&—wwawﬂw

Proof. Analogously as in the proof of Proposition Il we consider the same vy as
defined in ([@4]). We consider ug := vg and calculate the H® norm of g(z,t), where

and

v S llul %fT (4.31)

hold true.

t
g(z,t) ::/ V(t =)0,V (t)up)?dt’. (4.32)
0
We have
/? it 3881 (61 =)+t P (£1)+HtD(§—81) _ o1P(8) J
g(t)(§) = i&e /(f £1)00(€ — fl)fluo(fl) B(E)) — D) + BE — &) + BEar(Er — ©) &1
and

/ flf 51 3zt££1(51 ) FH®(£1)HP(E—€1) _ otD(€) 2

R A G GE
(4.33)

2
otz [ e
~ 7/2 N4s
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where

Ke={&; §-&Geln&e—IntU{&; & €IN,E—& € —In}
Similarly as in the proof of Proposition 1] we obtain

Nie—t”

25 > —2N—4s 2s,2_*Y %~ ) 4.34
lgllzs 2 v YNy ) (4.34)
Taking p > 2, v ~ 1 and N very large, one can get
gl 2 N~1o2H,
and this is a contradiction if —4s — 2p +4 > 0 or equivalently if s <1 — £. (]
Proof of Theorem [L4l For vy € H*(R), consider the Cauchy problem
Up + Ugze +NLu+ (uzx)? =0, T €R, >0, (4.35)
u(z,0) = eup(x),

where € > 0 is a parameter. The solution u¢(z,t) of [A35) depends on the parameter e.
We can write (£35)) in the equivalent integral equation form as

e (E) = €V (g — /0 Vit — ) (ua) (), (4.36)

where V (¢) is the unitary group describing the solution of the linear part of the IVP
(@.35).
Differentiating u®(z,t) in (£30) with respect to € and evaluating at e = 0 we get
ouc(x,t)
Oe

= V(t)ug(x) =: uy(x) (4.37)

and
2, € t
8“'676(;5’15) . = 2/ V(t - t,)(amul(x,t’))th’ —. u2(1’). (4.38)
€= 0

If the flow-map is C? at the origin from H*(R) to C([-T,T]; H*(R)), we must have

uall Lo ey S Iluollzrs r)- (4.39)

But from Proposition B2 we have that the estimate (£39) fails to hold for s < 1 — £ if
we consider ug := vy given by (4], and this completes the proof. O

Appendix A. Our objective here is to prove local well-posedness results for the IVPs
([CI) and ([2) for given data in H*(R), s > 0. However, our method of proof shows that
this can be achieved by proving for s > —1 and s > 0 respectively.

Let se R,0<t<T<1,p> % To deal with the IVP (1), we define

1£lleg == sup IOl + 65 (1FOllzs + 102 FO)llzs + D505 W)12s) } (A1)
te[0,T]

and introduce a Banach space

Xy = {f € C(0, T H*(R)) : ||
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To deal with the IVP (2)), we define
4y i sup @u<mHs+ﬂz@&Jumq+wu£&J@Mug} (A.3)
telo

and introduce the next Banach space
={f € C([0, T} H*(R)) : || fllys < oo} (A4)
The local well-posedness results read as follows.

THEOREM A.l. Let n > 0 be fixed and ®(&) be given by (L3) with p > % as the order
of the leading term. Then the IVP (L)) is locally well-posed for any data vy € H*(R)
whenever s > —1. Moreover, the map vg — v is smooth from H*(R) to C([0,T]; H*(R))N
X5
THEOREM A.2. Let n > 0 be fixed and ®(&) be given by (L3) with p > % as the order
of the leading term. Then the IVP (L2) is locally well-posed for any data uy € H*(R)
whenever s > 0. Moreover, the map ug — u is smooth from H*(R) to C([0,T]; H*(R)) N
Y53,

Before proving these theorems, we record some linear and nonlinear estimates. We
start with the linear estimates whose proofs follow in Lemmas and

LEMMA A.3. Let V(t) be as defined in (L20), 0 <t <7 < 1 and p > 5. Then for all
s € R, we have
[V () wol

xs < Cllwol| s (A.5)
and
[V (t)wol

vy, < Cllwolla-. (A.6)
Now we prove nonlinear estimates.

LEMMA A.4. Let V(t) be as defined in (L20), 0 < ¢t < T < 1 and p > 3. Then the

following estimates hold true:
t
H/ Vit =10 | < Tl Ve -1, (A7)
0 T

and
H/ Vit — ) (0eu)?(r )dTHyS < T¥|Juf, Vs >0, (A.8)
T

where w = 222

Proof. By using (AF) from Lemmalm we get

HjﬁtVXt—-T>ax< . < [ 1062wl

<c/|w )lze + 103012 dr

(A.9)

T
sc/|@(wmm+/nmwwmw
0 0
= Il + 123
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where § = 1 + s. In what follows, we will obtain an estimate for Is. Now, using the
fractional chain rule (see Tao [20], (A.15), page 338), for § > 0, i.e., for s > —1, we have

T
gsc/nwmwmmm
0
T
) 11
xs 5 T 5 d’r
T Jo 7% T3 (AlO)

T
1
%CS/ 5 dr
T 5
0 T2

< Gyl %CSTT“’.

< C|v|

<Cl

The estimate for I; will follow from that of I considering s = 0. In fact,

2 T

[ pdr <Gyl
0 T2

Inserting estimates (A10) and (AT into (A29) we obtain the required estimate (A7).
Now, we move to prove the estimate (A.8)). By using (A6]) from Lemma [A3] and the
fractional chain rule as in (AI0), for s > 0, we get

T
B<C [ ollsaloselidr <ol 2Te (A
0

| [ vee- o], < [ 0+ 1950000

vs
T
SOA(WML+MMMWWMMQM

T
1 1 A.12
és/ = —dT ( )
T Jo

< Cllul

T

‘2215 / o dr + C |yl
s 0
0 T4

T
1

%/ —dr

TJo T

< Gy [[ul %STTLU,

< Cful

as required. ([l

Using the linear and nonlinear estimates from Lemmas [A.3] and [A4] the proofs of
Theorems [A.T] and [A.2] follow using the same argument as in the proofs of Theorems [[.1]
and respectively. So we omit the details.
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