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Abstract. In this paper we introduce a program to construct the Green’s func-
tion for the linearized compressible Navier-Stokes equations in several space dimensions.
This program contains three components, a procedure to isolate global singularities in
the Green’s function for a multi-spatial-dimensional problem, a long wave-short wave
decomposition for the Green’s function and an energy method together with Sobolev
inequalities. These three components together split the Green’s function into singular
and regular parts with the singular part given explicitly and the regular part bounded
by exponentially sharp pointwise estimates. The exponentially sharp singular-regular
description of the Green’s function together with Duhamel’s principle and results of
Matsumura-Nishida on L* decay yield through a bootstrap procedure an exponentially
sharp space-time pointwise description of solutions of the full compressible Navier-Stokes
equations in R™(n = 2, 3).
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1. Introduction. The compressible isentropic Navier-Stokes equations (NS),

{(atp+ V- (pii))(@,1) = 0, 4D
(0u(ptd) + V - (pt @ 4) + Vp(p) — pAd — (V(V - 4))(Z,t) =0,

for (€,t) € R™ x Ry is a fundamental mathematical model for viscous isentropic gas
flow, where p stands for density, p(p) = p7, v > 1, is for gas pressure; p and ¢ stand
for dissipation constants. This nonlinear problem has been extensively studied in [6}[7]
TTHI3I 5L IR, 24H26LB0LB5].

It is important to have a precise qualitative and quantitative mathematical descrip-
tion for the solutions of NS because of its practical importance in fluid mechanics and
physics. In the classical result of Matsumura-Nishida [24], it was shown that small per-
turbations around a constant state for NS equations converge to the constant state in
the Hs-norm space by use of spectral properties of the semi-group of a linear system
and the classical energy method; see also [TTHI3L25126L[30]. Kawashima [I21[13] and later
Shizuta-Kawashima [3I] generalized the method in [24] via an approach characterized
by a stability condition called the Shizuta-Kawashima condition for hyperbolic-parabolic
systems. This general approach has been applied to various problems such as relaxation
models, etc. (see [ILBLB2] and the references therein). The Sobolev norm analysis also
applies to the time-asymptotic stability problems for both a viscous shock profile and
boundary layer problem undergoing planar wave perturbations; cf. [3LI0L14,16.27].

The Green’s function for NS was investigated in [6,[7)I5/18]. In [6], Hoff-Zumbrun
derived the asymptotic behavior of solutions by analysis involving the Fourier multiplier
and Paley-Wiener theory. In [7], they studied a unique “effective artificial viscosity”
system which approximates the behavior of the compressible Navier-Stokes equations as
shown in their previous work [6]. They separated the system into a hyperbolic system and
a parabolic one. Based on this separation, entries of the Green’s function could be repre-
sented as convolutions of the wave operator and heat kernel and a scaling argument and
integration by parts yielded the pointwise estimates. In [I8] and [I5], the isentropic case
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and the NS system with the additional energy balance equation were studied respectively.
The authors developed the contour integral method for the inverse Fourier transform in
the 1-D case and used the micro-local analysis to achieve algebraic wave structure for the
long wave components in the multi-D case. They also adopted micro-local analysis for
short wave components to give a description about the singularities of the Green’s func-
tion. Those works are sufficient for nonlinear stability problems around constant states.
However, they are not sharp enough to bound the dispersive wave motion so that one
might fail to understand the interaction between the interior dispersive wave motions and
the viscous shock front. Thus, as a preparation for the treatment of dispersive behavior
along the shock front for the nonplanar wave perturbation problem for a viscous shock
profile, it is important to obtain uniformly exponentially sharp pointwise structure of
the Green’s function. This is the main purpose of this paper. The program introduced
in this paper for construction of the Green’s function with exponentially sharp estimates
is called Program A.

This program involves three sequential steps mixed with Fourier, complex, and real
analysis, and introduces a new ingredient so that the singularities in the Green’s function
of NS equations can be removed completely for all time ¢ > 0. The other ingredients of
this program (which were first used in [20]) are a combination of spectral analysis and
energy estimates. This program is rather universal in the sense that it should work for
the Navier-Stokes equations with an energy balance equation. For the sake of simplicity,
we restrict the calculation to the case of isentropic flow.

In summary there are three steps in Program A:

STEP 1. Singularities removal.

STEP 2. Long wave-short wave decomposition.

STEP 3. Weighted energy estimates.

The basic principle of this program is due to Liu-Yu [I9-21], for the purpose of reso-
lution of the coupling of d-functions and the collision kernel of the Boltzmann equation.
This coupling was first realized in [35], and resolved by extracting approximated singu-
larities. However, the resolution in [35] is neither sufficient for the Boltzmann equation
nor NS in multi-D, since there are no known equations to approximate the singulari-
ties. The principle of resolution of this coupling by Liu-Yu in [19421] is to identify the
mechanism of the singularities and its interaction with regular wave structures for the
analysis of the Boltzmann equation. The mechanism for NS is completely different from
the Boltzmann equation. Here we follow the idea in [I9H2TI] and split singularities before
the long wave-short wave decomposition and modify the original spirit of [35] via the use
of a more generalized approach to remove singularities by introducing “singular support
functions” based on Taylor expansions. Unlike the studies for the Boltzmann equation,
the “singular support functions” are not constructed from the equations directly. They
are based on an asymptotic analysis of the spectra of the linearized problem. In this
sense, it seems that such a singularity removal step should work in other situations. This
is Step 1. The other two steps are similar to those in [I9H2T].

After the precise structures of the Green’s function is obtained, we use the procedure
used in [35] to analyze the solutions under a priori estimates given in [13241[25] and
obtain the time asymptotic pointwise convergence to the constant state.
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We outline the basics in this paper:
Without loss of generality, one considers the unit constant state (p,4) = (1, 6) The
linearized equations around this state are:

i +~vVp — pAid — (V(V - 1) = 0. '

By rescaling space-time variables, the system ([2]) can be transformed into the form:

o+ Vp— /A —¢'V(V-4d)=0. '

For convenience, we still use (v,¢) to denote (¢/,(’) for the rest of this paper.
The Green’s function U(Z,t) = (Uij(Z,t))(n+1)x(n+1) of ([L3) is the solution of an
initial value problem for (L3 with a matrix-valued initial data:

0 VL 0 0 0 0 -
(at+ (vﬁ 0 ) _”<0 I)A_<<O Vﬁvi:))U_o’ (1.4)
U(iv 0) = 571(5)}17

where T'is an (n + 1) x (n + 1) identity matrix; d,,(Z) is an n-dimensional d-function; A
is the Laplacian in & € R™; F[U](7,t) is the Fourier transform of the solution of (L)

FUIG) = [ TR i

with the Fourier variable 77 = (n',--- ,n™)* € R™; and eA(D? is the semi-group

F[U](7,t) = exp(—A()t), A(7]) = (37 M|ﬁ|§7 +1r>’

where I is an n x n identity matrix and the stress tensor
T(ﬁ) = (Tkl(ﬁ))nxna Tk:l(ﬁ) = annl7
with 77 = (nt, 7%, -+ ,n™)!. The semi-group exp(—A()t) is, [6],

)\+e>‘*t—k,e>‘+t LAt Aty
AV — P I v ] 15
exp(_ (77) )_ LAt Aot — |t AperttoA_er-t e i ( . )
—E = g e Mt 4 (RS 2=t e HIT i
Ap—A- Ap—A- |7

where

/’(‘ + C —| 1 = =
A = ===l & v/ (e + Ol - 4l
The Green’s function U(&,t) can be represented by

1 B _
U({é,t) = W/ Eln.weiA(n)tdﬁ.

This function U(&,t) contains singularities for all ¢ > 0, due to the degeneracy of Ay
at 77 = oo ie. Ay — —v ! as 7 — oo so that the limit lim 31— 00 e~ ANt oL (. The

Mt at 77 = oo causes a d-function in the Green’s function and
At

nondecaying component e
the factor Ay /(A— — A;) cancels the parabolic singularity in e*~* when ¢ is small. This

d-function singularity was first realized in [35] for a 1-D problem. In this paper, Step 1
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is designed to remove such singularities caused by the degeneracy of the eigenvalues of
the matrix A(7) at 77 = oo for any finite spatial dimensional problem properly. This step
starts from establishing the relationship between e*+! and the initial singularity 6, (%)
at t = 0. From the representation (LH]) for the matrix exp(—A(7)t), one needs to remove
the singularities in the functions Ho(&,t) and H;(&,t),

Ho(f, t) = F_l[(/\+eA7t - )‘—e)urt)/(/\-i- - )‘—)]a (1 6)
Zt)=F '

(Mt — e/ (Ap — A,

which relate to the entries of the Green’s function U(&,t) = (Us;(Z,1)) (nt1)y (n+1):

U1 (2,t) = Ho(Z,1),
Urj+1(&,1) = Ujy11(&,t) = 0, Hi(Z,t) for j =1, .

Here, the expressions in (L) in terms of the Fourier variable 77 give the complete in-
formation on the singularities inherited from the initial data 4, (Z)I. Hence we see the
approximate spectra A% (77) (given by Definition 1.1 below) to Ay (7)) at 7 = oo is local
analytic around the real azis in the Fourier variable 77 so that one can assert that the
singularities of H;(Z,t) are contained in the singular support functions H; (Z,t), 1 =0, 1,

{H5<£,t> = F (A" = Am e /(A = A7),
Hi(&,t) = F (M — A1) /(N5 =A%),

Here, the notion “singular support function Hj for H;” means that H; — H is a
CF(R™ x R,) up to some integer k > 1.

DEFINITION 1.1 (Local analyticity around the real axis). A complex-valued function f(77)
is locally analytic around the real axis if and only if there exists do > 0 such that f(7})
are analytic in the region [Im(n¥)| < &y forall k =1,---  n.

The singular support functions H and Hf can be constructed in terms of §, (%)
functions, Yukawa potential Y,, and j;(&,t), which are functions with exponentially
sharp pointwise estimates described by the following theorem.

THEOREM 1.2. Let n = 2,3 be the spatial dimension. There exist distribution functions
Hy(2,t), j5(2,t), HY (Z,t), j7(Z,t) and constants C,, > 0 satisfying

136 (@, )], 157 (&, 1)] < CpLn(t)e” (FHED/Cn for ¢ > 0, (1.7)
‘Hg(a?,t) @) — e T (E) — (V3 + v R)e Y, (&) (1.8)

< 0, e~ (E+0)/Co.

1 - .
‘Hf(i,t) —Ji(& 1) = —e™" Y, (&)| < Cpem(BHD/Co,
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Furthermore, the singular support functions Hj(Z,t) and H; (&,t) satisty

(02 — (1 + vd)A)H| < Cre1ZFD/Cn for | =0, 1, (1.9)
F[(07 — (1 +v0,) A)Hg](77, 1) = O(1) /(1 + |7]%)*, (1.10)
F[(07 — (1+v8) A)H{](77,t) = O(1) /(1 + |7]%)°, (1.11)

where v = p + (. Here, Y, (&) is the n-dimensional Yukawa potential with unit mass
(i.e.,Y, = (A, +1)716,(2)):

i
e
Yi(2) = o=,
2v2
I )
Yo (2) = Z—BesselK0(|w|), (1.12)
5 efli‘
Y3 (&) = ek

where Bessel Ko(x) is the modified Bessel function of the second kind with degree 0; and
the function L, (t) is defined by

1, n=1,
Ln(t) = {log(t), n =2,
t_%, n = 3.

A fundamental fact given by (1) and (L.]) is that the parabolic singularity at ¢ = 0
is not present in U11 (&, t)(= Ho(&,t)) for 0 < t < 1. Here, a parabolic singularity means
that the singular structure can be bounded from above and below by heat kernel type
singularities Ce~1E°/(C+t) §n/2 and ¢=C-121°/t /(C_t"/2). This illustrates the difference
between NS and parabolic systems.

The properties (L9), (II0), and (I assure that Hj(Z,t) and Hf(Z,t) completely
absorb the singularities and the truncation errors (87 — (1 + (1 + ¢)0:)A)Hj for k = 0,1
decay exponentially in the space-time domain and possess sufficient regularities. Then,
one can apply Step 2 and Step 3 to H;(Z,t) — H;(&,t) to yield the global pointwise
structures of H;(Z,t) — H; (Z,t) for { =0, 1.

THEOREM 1.3 (Main Theorem I). There exists Cy such that for ¢ > 0 and 0 < |a| < 3,
|0z (Ho(&,1) — Hy(Z,1))],[05 0, (H1(Z,t) — Hy (Z,1))]

(&|-1)2
pken ey 3}
< O(1) |~y + I/
1+t 2
- 428y H(t — |@
L 5/4 (t — ) + e (ZIH+D/Co for p = 2,
LoQ) 1 1+t 1+ t(t — &)+ VE)1/2

1+t

0 for n = 3,

where

) 0 for 7 < 0,
1 for 7 > 0.
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After obtaining the global pointwise structures of Hy and Hi, one needs to sepa-
rate the mechanisms due to the heat dissipation, d’Alembert wave propagation in the
long wave, and the singularities in H} together to obtain the pointwise structure of
F-! [(()\+e)‘+t — AN/ (AL —A) — e’“‘ﬁ‘%)ﬁﬁt/mz} in the space-time domain. One
rearranges

ALeM bttt 2 = .

. #Mf)\e_e wll™t . . eVt _ o—nlil®t .
F — m| = J+F — |,
|7 |7

NaeMt_n it a2
Apelti oA et |t

J= Fl Ap—A_ _,7_]¢ .

- b

Uik
and uses Hi to represent J = (Jxi)nxn by
—=12
ef%

T.t) = —0 H{(2,t — -
Ju(@,1) ot Ot H1 (2, )(;t) (4mvt)z

The singular support matrix J* = (J};)nxn for J is defined by

13|12

. __1#2
e 4wi-7)

f (2 = 0.0 o (& ——— = dr.

Jkl(wa ) zk IZ/O 1(%,7’); (47T7/(t_7'))5 ’

Apt A_t
Ape AT e

Subtract J* from F—! M_LW‘Q it

, and one can apply Step 2 and Step

3 to yield the following theorem:

THEOREM 1.4 (Main Theorem II). There exists Cy > 0 such that

122

’]F_l K)\Jre,\g M-t - e—u|ﬁ|2t> ﬁ] (@ )‘ <Gy e—(B14+4)/Co o= Cr

XA 72 @t e
R o _y#—t?
H(t - ) H(t - ) ey
orn =2,
e L4+ (|8 +V1)?2  1+tt— |2 +VE)/2  1+5/4
(z|-t)?2
H(t — |2)) H(t — |Z)) e 0D
— — — + 5— forn=3.
L+ (1€ +VE)® 1+ (|Z+ VDt — &)+ V)2 1+t
(1.13)
For |a| <3,
5|2
A 6)\+t_>\_6>\_t o = e Cot
o (p-1 + Zemmlle ) M ) oz -
8 () ) o <
(z|-t?
H(t — |Z)) H(t — |2)) e ot
- - + for n = 2,
+Co 1 1+ (2| + V1?2 1+t(t— &+ V)12 1+t5/4
Lo (z|-t?
1+t= H(t — |# H(t — |Z T CoGFD
(t — 1)) (t - [2) PGP

L+ (|2 + V)P 14+ (2 + V)-8 +vH? 1+t
(1.14)
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and
e—(1E]+1)/Co

[T (Z, 1) < Co T (1.15)

Theorems [[3] and [[4] give the pointwise structures of the Green’s function U (&, t) for
the spatial dimension n = 2 and 3 and one can decompose the Green’s function U(&, t)
into singular and nonsingular parts:

U(&,t) = U*(&,t) + UR(&,1), (1.16)

where

g ((H@ED  (VaHi(E)
ven=(iiey rwn )

and the matrix U (&, t) satisfies that for 0 < |a| < 3 and some constant Cy > 0,

_l=2
o R (%, 1) = e o —(I1@+1)/C
03U (E, )| = O(1) rqapye +O(e (1&[+)/Co
_(#=t)?
H(t —|Z) H(t — | &) P i eea
+ + for n = 2,
00 )T (E v 1ttt - F v e "
@|—1)2
L+de2 ) g2 N H(t — |Z|) +6*(c‘0‘(1+1> e 3
+ (|8 + V13 1+ (& + VOt —|Z)+ V)2 (1+1)? '
(1.17)

With the structures (LI6) and (LIT) of Green’s function, one can treat the nonlinear
wave couplings. Since NS is quasi-linear, one needs a priori estimates for the closure of
the nonlinearity. We quote the following theorem for a priori L*® bounds for the high
order derivatives of the solution.

THEOREM 1.5 (Matsurmura-Nishida [24,25]). Let s € N and
ESE/ ‘p_1|+|p_1|2+|’ﬁ‘+|’ﬁ‘2+ Z |8%P|2+|a%ﬂ‘2 (f,O)d:ff.
’ 1<|a|<s

Suppose that s € N is sufficiently large. Then, there exist g > 0 and N(n,s) > 2 such
that when F, < g¢ the solution (p,d) of (L)) exists for ¢ € (0, 00] and

1G(, ) o ey + [19(8) = Ul Lo ny < O()E2V/E,
Hagﬁ(.,t)llmo(w) + Hagp(.,t)HLw(Rn) < O(l)t—(n-i-\a\)/Q /_Es for o] = 1,2, , N(n, ).

Let V(&,t) be the perturbation of (p, pti) around (1,0) for the system (LII):

V(Cl_f,t) = (Voa Vlv e avn)t(a_fvt) = (P - 1apﬁt)t(iat)a
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and the perturbation V (&, t) satisfies
O Vti 0 0 0 0
at v (0 I) A-¢ (0 vwg)) v
0
V-VS +90,J1 —Vgz- mlm (1.18)
V-VS; + arzjg Vg m2m ,
V-VS, +3wn.] —Vz -m'm
where
(mlum ’ '>mn)t5mzpﬁ7
1 i
Si = ﬂ(m - 1)m’, k
n i
Ji = —(p(p) — p(1) — p'(1)V° O [ ) = midem )
0le) =90~ OV + 3 (e (g ) — e
One can rewrite (LI8)) in the following two forms:
0 Vi 0 0 0 .
(o W) D)2 <0 wm)) 77
0 Vi 0 0
(at+(v£ o>_“<o I)A <<o VVT>) Za’“’y’“
where
0 0 0
n mkml Jlé’f Sl
=30 | M | p o | R02 | A S, (1.19)
= z s z
mFmn Jn6k Sn
0 0 0
mkml Sl J15’f
ykR(j’ t) = _ mka + awk SQ _ J2512€
mkmn Sy, Jnéfl
By Duhamel’s principle and the splitting of the Green’s function U(&,t) = U*(&,t) +
U®(#,t), one has the representation of the solution V (%, t) as follows:
V(&) = U(Z,t) « V(&,0) + (U (&,t) + UR(Z,1)) & » Z D S B (&, 1)
z Xt
= U(&,t)  V(&,0) + U* (&, 1) o I (& Za OR@ )« SR@ ). (1.20)
z Z,t)

(93 t)
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This representation gives a bootstrapping procedure to obtain a precise pointwise
estimate.

By both (LI7) and Theorem [[3] the initial data gives the structure of U(&,t) ( * :
Z,t

V(&,0), for || < 2:

03U (&,1) + V(&,0)] < Gp——— A, (1),
& 1+tz
H( — jg) Hi-jg) o
A2(j,t) = — + + )
L+ (&) + V)2 4y /t—\:i’|+\/¥ (1+1)5/4 (1.21)
(& -2
H(t — |2 H(t — |2 iveIsE=))
PREPIS . () (t — |&)) ¢

1+ (|12 + Vt)? 1+(\:i:‘|+\/i)(t—|55|+\/5)2Jr (141)2°

which gives a fairly good upper bound of V(&,t) for the nonlinear closure up to second
derivatives. From this structure one forms the ansatz assumption for 93V (&, t):

||

—1
03V (&, )] < 25, (1 + tT) A, (&,t) forn=2,3 and 0 < |o] < 2.

To justify this assumption, one simply differentiates the representation (L20)):
FV(&,t) = 03U(&, 1) » V(&,0)
€T

n 1.22
+ U@, 1) x 0377 (&,t) — > (050U (@ 1) = (&, 1). (122

@) pot (@)

The 0g derivatives of nonlinear terms .%* and .}/ with |a| < 2 in (L22) can be written
as a sum of products of a lower order derivative term with order less than 2 and a higher
order derivative term. This together with a priori assumption, and Theorem yields a
sufficiently strong pointwise decaying structure of 93.* for the representation in (L22]),
though 0%.7* contains factors with derivative up to the order |a|+ 2 and one does have
pointwise structure for such factors. With computational lemmas for nonlinear wave
couplings given in Appendix [C] one has the pointwise structure of the nonlinear wave
propagations.

THEOREM 1.6 (Main Theorem). Suppose that both s € N and 1/e > 0 is sufficiently
large; and
/ N 103V (2,0)%dE < . (1.23)
R 0<|a|<s

Then, the solution V(&,t) of (II8) satisfies
[V (&,t)] = O(1)e A, (Z,t) for n = 2,3,
where A, (Z,t) is given by (L21]).

In Section 2, we prepare the complex analysis tool for the inverse Fourier transform, the
representation of the solutions of d’Alembert wave equation in 2-D and 3-D, the parabolic
waves, and basic properties of the Yukawa potentials, which are used to construct the
singular support functions.
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In Section 3, we perform Step 1 to construct the singular support functions H; for H,
in terms of §-function and the Yukawa potentials.

In Section 4, we perform Step 2 and Step 3 to obtain the global pointwise estimates
of Hy — H in the space-time domain.

In Section 5, we use the singular support function H; to construct the singular support
matrix for F~1[nFnl (et — er)/|7]?]. The key issue in this section is to yield the
pointwise space-time structure in F~1[n*n!(e*-* — e*+*)/|ij]?] with the presence of the
operator 0,k 0, A~ (=F~1nknt/|7?]).

In Section 6, we use the singular and nonsingular decomposition of the Green’s function
U(&,t) and Duhamel’s principle to bootstrap the result of [24] into pointwise ansatz
structure.

In the appendix, we give the proofs of computational lemmas; and we also give the
lemmas for computing the nonlinear wave couplings and the proofs of those lemmas.

2. Preliminaries. In this section we prepare some basic analytic tools for further
development in the paper.
Inverse Fourier transform.

One denotes

s ={if € C" | [Im(n*)| <6 for k=1,--- ,n}. (2.1)
LEMMA 2.1. Suppose a function f € L'(R") and its Fourier transform F[f](7]), 77 =
(nt,--+,n") is analytic in %, and satisfies
E, -
F[f1(7)| < =———=—— for |[Im(n’)| <vpand j=1,--- ,n.

Then, the function f(z) satisfies
|f(@)] < Breml#l/C,
for any positive constant C' > 1.

Proof. By both inverse Fourier transform and analyticity property together, one has

that
1

@r)"

s / TR + i) dif
E,

1 R
< e Mo
- (@2m)n / (L + |7+ iro] )"+

for all 7y € (—vo,v0)™ C R™. This concludes the lemma. a
Fourier transform of the fundamental solution.
The Fourier transform of the problem (4] is a system of ODE:

{ (8, + A(7)F[U] =0,
F[U](7,0) =1,

— / TR ) dif / e/ TEIRYER(f(7 + o) (7T + 7o)

dif < Bye” 0@
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where
~ 0 it
Al = (r |*|21+'1r> ’
e (n+1)x(n+1)
I= (52)n><n>
- — (pokol
(Tkl(n))nxn = (Cn n )an
The solution F[U](,t) is the semi-group e~ 4!, By a straight computation, e~ 4(M? is,
[6]:
Aper—ta_eMt —Z‘e/\“_eXitT_]'t
FIU] (77, t) = S . N N | (22)
where
— _ Y2 1 2(74 =P
Ap = =51l £ 5Vt = A2, (2.3)
v=p+G,

with
and I is an n X n identity matrix.
Solutions of the d’Alembert wave equation in R”.
Let W(&,t) be the solution of the d’Alembert wave equation for & € R"
(02 — A)W(&,t) = 0 for (Z,t) e R® x R,

W(Z,0) = Wi(Z),
0 W (E,0) = Wo(E).

The representation of the solution W (Z,t) in terms of the sine transform and the

FW](7,t) = F[S,] (77, )F[Wo] (17) + F[Cn] (7, ) F[W1](77)

cosine transform is as follows:
sin(|7lt)

b

FIS,(7,t) = — =
171
FIC,](7,t) = cos([ilt)-
When the space dimension n = 3, the solution W (&, t) of the d’Alembert wave equa-

Kirchhoff formula.
tion can be represented by the 2-dimensional surface integral and the Kirchhoff formula
1 _
|g—&|=t

together:
W 1) = — Wo(§)dAg + 0

* T dmt Jio oty v "\ ant

|g—Z|=t
where Ay is the 2-dimensional area element of the surface integral.
The above representation of W (&,t) yields the kernel function of the sine transform:

1 .

o(|&| —t). (2.4)

"~ dnt

83(57 t)
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This formula and the Hadamard’s method of descendent yield the kernel function of the
sine transform for the 2-D case:

1
—— for|@] <t
So(E,1) = § 2m\/t? — |Z[? (2.5)

0 for |Z| > t.

Large time behavior of a parabolic wave.

LEMMA 2.2 (Parabolic wave, [20]). For a given function h(z) analytic in z around z = 0
with the property h(0) = 0, there exist &g > 0 and Dy > 0 such that for & € R™ with
|Z] < 4(c+1)

. N 9
[l nasimtoqg | [ g cos(nate)e T £ T ai
7l <eo0 17l 7l<<0
_ =2
e Dole+1)

Here, 7* =n{" -+ 02 and |of = Y a;.

The proof of this lemma will be given in Appendix A.
Singularity of the Yukawa potential.

LEMMA 2.3. For n = 2, 3 there exists Cp such that the Yukawa potential functions Y,,(Z)
given in ([CI2)) satisty

log |B|| + 1 . log |2]| + 1 .
% S |Y2($)| S COW for |w| < 1,
Yo (2)] < Coe™1E/2 for |& > 1, n = 2,3,

o 1@/2
V¥a()| < Co
e—@bz

VY3 (2)| < Cp——==—.

[VY3(Z)| < Co BE

REMARK 2.4. This lemma assures that both Y,, and VY,, contain an integrable singu-
larity at & = 0 for n = 2, 3. ]

3. Singularity removal (Proof of Theorem [1.2]).

3.1. Spectral approzimation. In [35], for a 1-dimensional compressible NS equation,
the fundamental solution contains singularities, which are J-functions. It is due to the
fact that the factor e*+(M! does not decay to zero as 77 — oo, where Ai(7) are the
spectra of the linear Navier-Stokes equations given in ([2.3]). In this section, we present
an effective and universal method to remove the singularities without compromising
global space-time structure, i.e. to construct sharper singular support functions.
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The Taylor’s expansions of Ay (7) at |7j] = co are
e e 1 It 7 e B e 7 B o A 7 R 1O DI et
(3.1)
N (3.2)

v=pu+<C.
By the expansions (B.1]) and (B.2)), one has that the (1,1) entry of the semi-group F[U]
in ([2.2) satisfies

i >\+€)"t _ )\,6)‘+t . )\,e)urt
1m e E——

fT—o0 Ay — A T oo A — Ay

¢ Aper—toA_et
PV
in (22) contains singularities in spatial variables. In order to realize the singularities,

one starts to approximate Ay at 77 = oo by introducing A% :

This nondecaying property results in that the inverse Fourier transform o

N () 1 3 v 342075 3 44y S 45077
M=—v" == - oy =
* L+ (14 |7]?)? (1+[7]2)?
v 34600+ 15077 4+ 14079
(1+ |772)* ’
(3.3)
-3 -3 -5 -3 -5 -7
+ 2v v +4v7° +bv
N (7)) = —pli2 -1 v v
= T e T AT ee
v 46070 + 15077 4+ 14077 Jo
(L + |71%)* (L4 |7]%)>"

Here, Jy is a chosen sufficiently large positive number so that there exists J§ € (0,v71)
such that the spectral information satisfies

sup Re(NL(7) < —J;. (3.
UISZW

and
inf A () = XL > 0. (3.5)
NE€ED1/2

The approximated spectrum A% (A*) is up to degree 10 approximation of A (A_) for
77— 00, i.e.

sup 771" (A+(77) — AL(7) < o0,
TE€ED1 2

where 7, /5 is defined by (Z.1]). This degree 10 approximation yields the following lemma:
LEMMA 3.1. The approximated spectra A% given in (B.3]) satisfy

Aped-t— At Aertt et
A — Ao A= Ar

<O)(1+ )1 for je R™ (3.6)
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This lemma yields that for n < 3,

et [t oA et et o xeetit) _on
Ay — A AR =¥ ) B )
+ - + - Loo(Rn)

. . 1 )\*ekit—)\*exit . .

This estimate asserts that F~° |=—z—F——| contains the singular part of
T

1 [ Aper—toa_er?

o[t
w ATt yw ALt A_t At
It remains to analyze the structures of F—1[2+ Aifige "~ Jand F_l[% -

ATt M
*A*%A’] in the space-time domain.
AR

3.2. A differential equation associated with F~'[e*+!]. The system (L3)) can be re-
duced to a scalar equation. One applies 0; and V- to the first equation and the second
equation in (3] respectively to yield another two equations. These two new equations
and the conservation laws yield that

Pt = -V ﬁu
V-t + Ap—vA(V-14) =0,
which results in
02p — Ap — v Ap = 0. (3.7)
The Fourier transform of B.7]) is

(92 + |7i1>(1 + vd,)) Flp] = 0.

For convenience, we denote

At _ At
- o1 [Aper-t—a_et+t ] =1 i
Ho(Z,t) =TF [H#} Hy(z,t) =F [ A — A |

w ATt w A%t ANt A*t
Hy(#,t) =F ' |2 0 “@)=F |
0(17, ) |: AL—AL ’ Hl (wat) =F )\i — 2\ ’

and H,’C"(lym_'bolx, t) are introduced as the singular support function for Hy(Z,t) for k =
0,1. The functions Hy(Z,t) are the solutions of [B.7) corresponding to different initial
conditions:

(02 — A — vO,A)Ho(&,t) = 0 for (&,1) € R" x Ry,
Hy(&,0) = 6,(F),
0, Ho(,0) = 0,

(02 — AN —vO,A)H,y(#,t) = 0 for (2,1) € R x R,
H,(2,0) =0, (3.8)
O H1(&,0) = 0,(F),

where §,, (&) is the n-dimensional delta function.



448 SHIJIN DENG anp SHIH-HSIEN YU

Denote

E(F,t) = —(02 — A — vd, A H} (&, 1),
{ (#,) = Ho(Z,t) — Hi (&, 1).
{34*(:5,15) = — (32 — & —vd,N) Hi (&,1),
m*(&,t) = Hy(Z,t) — Hf (Z,1).

The functions & (&, t) an
support functions for Hf (&,

Z,t) can be realized as the truncation errors of the singular
t) and Hy(Z,t):

o
Hl&g

(02 — A — v, A)H (E,1) = —&(&,t) for (Z,t) € R™ x Ry,
Hy(Z, 0)75 (@),
atHO (CE,O) 0.

(02 — A — vO,A)HE (#,t) = —F(%,t) for (&,t) € R" x Ry,
Hi(Z,0) =0,
O H; (%,0) = 0, ().

The error functions h*(Z,t) and m* (&, t) satisfy the equations

(02 — A — vO A)h* (%,t) — &(%,t) = 0 for (&,t) € R" x R,
h*(Z,0) =0,
Och*(€,0) = 0.

(02 — A — vO AN)ym*(&,t) — .F (Z,t) = 0 for (Z,t) € R" x Ry,
m*(Z,0) =0,
Oym*(&,0) = 0.

One needs to access both structures of &(&,¢) and .# (Z,t) in the space-time domain
as well as the transform domain. The Fourier transforms F[&£](7, t) and F[.%](7, t) satisfy

* At A* 6)\115
FIE7.1) = —(08 + 171+ v0) A=
+ -

_ (Ao P X)) M = (A4 P vA)) At
i )

FLZ1(7,t) = —(0F + |i*(1 + Vat))W
+ T N

= (2 TP+ vAy)) e = (V)2 + [P+ vAn)) et

B ML — \F '
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3.3. Truncation errors and singular support functions.
3.3.1. Truncation errors. To access the truncation error F[&](7],t), one uses the ex-
pansions (33)) and (BI0) to obtain the following lemma:

LEMMA 3.2. The approximated spectra A% satisfy that there exists Cp > 0 such that

(A2 +1APA+ A ) | (A2 + 720 +vA5)) | Co
N — AT N — AT = (L + (72

b

By Lemma 3:2] (31I0), and (34]) one has the following lemma:

LEMMA 3.3. The Fourier transforms F[&](7,t) and F[.Z](7],t) of truncation error func-
tions are analytic in &/, and satisfy

o—Jot
RISl =00 g
FLZ107.0)] = O0) Ty

for 17 € P 5.
With Lemma B3] and Lemma 2] one has the following lemma for truncation errors:

LEMMA 3.4. For n = 2,3, there exists Cy > 0 such that
6@, )|, |7 (@,1)| < Coe IFIF/ o,

z le% > T B 2
/n I/ |03 6 (&, 1) *dE < O(1)e "% for o] <8 — (3.11)

/ el21/<0108 7 (&,0)/2di < O(1)e ™/ for |a] < 10— 2.

REMARK 3.5. This lemma asserts that there is no singularity in &(Z,t) and .# (&, t); and

the truncation errors decay exponentially fast in the space-time domain. ]
. . A% ek*—tf)\* exit
3.3.2. Singular support functions. One breaks ——=—=+ as follows:
T
* ATt * ANt * * ATt
Aler=t = Aets _(1_ AL A4 Alet- .
AL =A% A= A% A =A%
Apply the representation of A in (B.3) to yield that
v—3 v=3 v—5 v—3 v—5 w7 v=3 v—5 v 7 v—9
At = o T T TR T e T Gt et
-3 -3 -5 1.,,—6
_ —v 1t —v 1t v —v 1t (V + 2v B §V t) g
Here, the function & (7, t) is analytic in 77 € 2,5 and satisfies
e—yflt/Q

6 (77,1)| = O(1) for i € D1 /o (3.13)

(L +[7%)?
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We denote Y, (Z€) as the Yukawa potential in n-dimensional space with a unit mass:

1

=) — -1 - =~ mn
Y.(&)=F L‘FWP} (Z) for & € R™.

They have explicit forms for n = 1,2, 3, etc.:
eflm‘
B 21\/27#
Yo (&) = Q—BesselK0(|£|),
—||
e

T 4rld|

where Bessel Ko(z) is the modified Bessel function of the second kind of degree 0.
Apply Lemma 21l to (BI3) and [BI2)) concludes that there exists Cp > 0 such that

F' M ](@,¢) — e 16, (&) — v 3te™ Y, (&)| < Coe(BHD/Co, (3.14)

o ANEt ARt
Due to (B.5)), the denominator A} — A* of the function /\+(e/\* _/\f )
T

77 € 12 and the function is analytic in %,,5. This analytic property, the following
decaying properties:

is nonzero for

A% —y~2 —v2 -3
= — + — + O(|7]7%) as |7] — oo,
I Ol B AN e 0 R
1 vt vl 43073 » -,
= + +O(|77°) as [7] = oo,

AL A L+ (L ?)?

and (3I2) together result in the following asymptotic behaviors:

/\j_e)‘it —y 2T
= O, (17, t
)\i_)\t 1+|77|2 + +(77’ )7
At B (3.15)
e vle -
= + ﬁ+ (777 t) )

JNEEDU R ERY P

with the functions & (77, t) and & (i, t) analytic in 77 € 9, /2 and with properties similar
to (B13):
e—t/CU
(1+71%)
for Cy > 0. It together with Lemma 271] yields that there exists Cy > 0 such that

|ﬁ+(ﬁ7 t)|7 |ﬁ~+(ﬁ7 t)| S CO

[F~Y0, (&, 1), [FL[0,)(&,1)] < Coe(FIFTD/Co for p = 2,3
The function F_l[)\ie/\it/()\’i — A% )] does not contain singularities in & variable due
to its asymptotic when |7j] — oo for t > 0:
o~/ Ko— T3t

A\ A*t AF — A <K
+€ /( — Jr) = £2o 1+|7ﬂ2
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for some Ky > 0. One has that there exist Cy,C7 > 0 such that for € € (—=1/2,1/2)

* ATt —|7%t/Cr—Jgt oo —r?t/C1—J5t
[ |E5s|ase [ Saamer o= one [ S
g
S Coe_t/COLn(t)’
(3.16)
where
1, n=1,
Ly (t) = { log(t), n =2, (3.17)
tfé, n=3.

Thus, (316 together with Lemma 21 results in that there exists Cy > 0 such that
o (@,1)] < Coe 18V Comv 2L (1), (3.18)
Here, one denotes
{j(’;(:z-:t) =F A/ (0 = A,
J(@,0) = —F 1 - a0
and thus obtains the estimate for H} by combining the estimates [BI4), (3I5) and
BI8):

HE(#,1) — e 16,(&) — (v 3t +v72) e Y, (&) — ji (&,1)] < Coe™ (1BF0/Co,

(3.19)
Similar to (3.18), since
[FL51T, 0)] < Ce™ 1T/t /(1 + |i?),
there exists Cy > 0 such that for ¢ > 0
155 (&, 8)] < Coe™ (FHD/Cop, (1), (3.20)
Combining (BI5) and ([B:20]), one has
Hi(&,t) —v e ™ 'Y, (&) — j7(&,1)| = O(1)e (1F+0)/Co, (3.21)

Thus, we have finished the proof of Theorem

4. Long wave-short wave decomposition (Proof of Theorem [I.3]). We intro-
duce a long wave-short wave decomposition

f(@ 1) = fo(@,t) + fs(Z, 1),

Flfz) = A () Fly)

Fifs) = (1A (2)) s,
with the parameter g < 1, where

A(r)y=H@1 — |r]).
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4.1. Splitting of hyperbolic and parabolic waves in long wave component. For |7j] <
)\+e>‘*t7)\_e>‘

t
g0 < 1, one substitutes (23] into ﬁ to yield that

Aper-t — A_eMt
N — A

gz, (Vi sin (1T =21/ t)
=e 2t + cos (|ﬁ| 1—v2|7]2/4 t)

20ily/T— 2T /4

Then, one expands
V1= 122 4= 1+ h(|i?),

where h(z) is a locally analytic function around z = 0 with the property hA(0) = 0 so that

Mt e (L (veos (AAGTE)) s (71072
X L+ (i) i

v|7| sin (|7]h(|7]?
+cos(|ﬁt)< ] H('}:](“;T;;' ) +cos(ﬁ|h(lﬁl2)t)>>- (4.1)

Here, since the functions cos(z) and sin(z)/x are even functions, every term in [{I]) is
locally analytic in 77 around 77 = 0. Thus, we have the following identity:

At )\ At
Hou(@t) = [ T2 2 (il o)
712, [ veos (|7h(|7]? sin (|77 (|77
_ /"ew<A<|ﬁ|/eo>e—%t< ST | o (Al )”)wﬁ)
(s
() e
b e <A<|ﬁ|/50)e#t (”'”'?ﬂ,j("f;('?’; M 4 co (|ﬁ|h<ﬁ|2>t>>) (eos (1716) i
([ g g (veos (ARG sin (R0 |
—(/ All/z0)e ( (R )'”'Qd”>

(r 22)

72, [ v|f|sin (|7)h(|7]?
([ s N )]

i (B [eos (1))

& &



GREEN’S FUNCTION FOR NS AND APPLICATIONS 453

where S,, and C,, are the hyperbolic waves, the sine and cosine transforms (the sine
transforms are given explicitly in (Z3) and [2.4) for n = 2, 3 respectively); and

veos (h(a)t) | sin (AT | | o
1+ h(|7]?) 7] ’

- i _ _vlal?
Dy (&,1) = / SETN (|7l /<0)e (

- v 7] sin (|7)h(]7]%)t
Dy (3, 1) = / eETN(|7|/20)e™ % t<”|nsm(|" (1))

1+ a(|72) + cos (77|h(|77|2)t)> dif

are the parabolic waves. The notion * denotes the convolution in the space variable &.

T
4.2. Long wave component in a finite Mach region |Z| < 3t for Hy.

LEMMA 4.1. For space dimension n = 2,3 and for |#| < 3t, there exists Cyp > 1 such that

1+ -1
03 h3(&, D] 105 How (&, 0] = O(1) (1+ 75 )  Ka(@ 1: Co), (43)
where

H(t — | &) e
KQ(futch) + 3
1+\/t+\m| (t—|& +v7) (L+1)3

K ( C) e wﬁgi

Z,1; = —

’ Y 1)l

Proof. By (2.6), there exists Cy > 0 such that for |&| < 4t

|22
82D, (Z,1)| < Co(1 + 1)~ +2+lal /2~ ol |
| | (4.4)

5|2
09D (#,1)] < Co(1 +¢)~(nFleD/2e~marn

By the fact that S, (Z,t) = C,,(&,t) = 0 for |Z| > ¢, one has the following estimates from
#4) for |Z| < 3t for the cases n =2 and n = 3.
CASE. n =2 and |Z| < 3t. From ([@4)) and Lemma [B1l one has that

}a;:ml i Sa(3, t)]

/ So(& — B, 1)03. Dy (Z,, t)d.
R2

1 1
= ———— 0% D1 (B, t)dB,
o N
|5—%.|<t
1 eic‘oi(+fl)
=0(1 d@,
0 VE_E_Z O+ Oren
|B—3, | <t
1 H(t — || -t
— 0(1) ( — |$ ) €

1+ tlel/2 1+t3/2(t—\:‘c‘\+\/f)1/2 (1+6)7/4 )"
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and

Oz * CQ(ivt)‘ =

Co(@ — B, 1)03. Do, 1) dT

R2

|03 VzDa(&,,t)| dZ.

on| | Z=p

|2—&.|<t

1 1 Y B
+O(1)1—+t / m‘% 2 (8., t)| dZ.,
15—, |<t
\:z:*\2
e Tolt) i
\/W (1+ )@Han2
|B—@.|<t
- gal-n?
oy H(t — |&)) R hGay

L+t \ T e~ 12l + V2 T+ 07"

CASE (n =3 and |&| < 3t). Similarly, from (£4)) and Lemma [B.1] one has that

8%]])1 ﬁS3(ivt)‘ =

S3(& — @, 1) 02Dy (%, )d,

R3
a2 _ysi-y?
_o() g —o)—
= O H(1+ ¢)BHaD/2 0 = PN T Grab 2

0z Dy >E(C3(CE,t)‘ =

/ C3(& — B, t)0F Do (B, t)dE
]RS
c‘m(1+ ) _(C‘i‘(ji)li
e Coll+t _— e Colt
=0 / i1 3 e 4 = OV e

T—3.|=t

The above cases conclude ([@3) for 03 H,(Z,1).
The choices of A} and A\* in [B3) and (3.4) yield

03 Hy (8, )] < / il R LHE] (7, 8)] dif = O(1)eg T le= 751, (4.5)
|71 <eo

The identity Ho(&,t) = h*(&,t) + H(€,t), and the above estimates result in that for

|Z] < 3t,
1

1+ t+lal)/2
The lemma follows. |

4.3. Short wave component in a finite Mach region |&| < 3t. In Lemma Il and (5],
we have the long wave components Hor(Z,t), b} (&,t) and HJ; (Z,t) for |Z| < 3t. Next
one considers the short wave components h(Z,t), H}q, Hos(%,t), and the whole wave
Hy(&,t) for the finite Mach number region |Z| < 3t.

SR (2, 1) = O(1) K, (&,t) for n = 2,3. (4.6)



GREEN’S FUNCTION FOR NS AND APPLICATIONS 455

By B19), @.3) and Hjg + H; = H§, one has that for || < 3t

His(#,1) — e 46,(&) — (v 3t +v72) e 1Y, (&)

< [Hop (2, 1)] + 170 (2, )] (4.7)
FH (@0~ e 0 (@) — (v ) e @) - ()
= 0(1)6_(|i‘+t)/C°Ln(t).

This estimate, (0], and (£3)) give the short wave component Hig(Z,t) in the region
|Z| < 3t.
By the property of Ay one has that for |n| > & there exists £; > 0 such that

Aot ) At
(1 = A(I71/=0)) ()\+ Ay — :\\_ )

It follows together with (3.0 that there exists e > 0 such that for n < 3 and 0 < |a| < 6,
0z hs(Z, 1)

L A e)\_t _ /\_6)‘+t A* e)\):t O ekjt
77 (1 — A(|7] el + M+ — |
=i Aol ( e vy ol K

= O(1)e .

= O(1)e 2"
(4.8)
From (€6) and (L), one has the pointwise estimates of h*(&,t) in the region |#| < 3t
by h*(&,t) = h}(Z,t) + h5(Z,t); and one has the pointwise estimates of Hy(&,t) for
|€| < 3t by Ho(&,t) = Hor(%,t) + Hig(Z,t) + hig(Z,t) with Hor(Z,t) given in Lemma
A1 H(2Z,t) in (@7) and h5(£,t) in ([AF) to conclude the following lemma:

LEMMA 4.2. For n =2,3, 0 < |a| <6 and |F| < 3t,

1

ap* iz )| — —(1&+1)/C - -
03h* (&.1)] = O(1)e "+ O() e

1), (4.9)

Ho(&,t) — e '6,(8) — (vt +v7 %) e 'Y, (7)

\/%Kn(i, t).

4.4. Energy estimate for obtaining wave structure in |€| > 3t. It remains to construct
the wave structure in the region |&| > 3t. It is sufficient to study h*(&,t) outside the
finite Mach region since the global structure of Hj(Z,t) is clear by (819). Since the error
function h*(&,t) contains no singularity, the energy estimate for ([8:9) can be applied to
yield exponentially sharp estimates.

Outside the finite Mach region, we apply the weighted energy method to (8:9). The
weight function is chosen to be

=O0)e BHD/Cor, (1) + 0(1)

w(Z,t) = eEI=M1)/Co with Cy > 1,

with
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Consider
/ w(@ O3 (E, 1) (02 — V-V — w0,V - V)" (&.1) - £(F,1))dF =0,  (4.10)

and the divergent theorem ensures that the following estimate holds under the assumption
1/CO <L

1d
—— Oh*|? + |Vh* ) wdz 4.11
it [ (0" [Vh[?) wa (411)
M * 2 * 2 = * 2 =
=—— (10:h*)7 + |VR*]?) wdi — v VO, h*|*wdd
200 R™ R”
1 -
—— [ o Zw (VR 4 vVORYdE+ | Oh*Ewdd
CO Rn \:l:\ Rn
M—-1 *|2 * *|2 3/2 2 =
< - e (|0:h*|? + [VR*|?) wdd — 3 |V8th [“wdZ + Cy E wdE.
0 Rn R
From BI1I) and (£I1]), there exists C > 0 such that
/ (19:h° 2 + |VA*[2) wd < Cet/C-.
One can also get similar estimates for higher derivatives:
/ (10:05h*|? + |VIZh*|*) wdE < Cie™ "/ for |a| < 8 — % (4.12)

Let M = 2 and from ([@IZ) together with the Sobolev inequality for 1 < n < 3, there
exists Cy > O such that for 0 < |a| < 4,

sup  elBIT3YD/Cn (19,03 0" (&, )| + |[VOSh* (&,1)]) < Coe™ /0. (4.13)
(&,t)eR™ xR+
For |&| > 3t,
T r 15t t
& — 3t/2 = % + (5|””| 3t/2> % v < > 3t/2> —3|‘”|8+3

Thus, there exist positive constants Cy and Cy such that for |Z| > 3t and 0 < |a] < 4,

(10:03h* (&, 4)| + |VOgh*(&,1)]) < Cre” 0/, (4.14)

|h*(:E,t)|§/ ‘Vh* (i+si,t)
0 |Z|
The estimates [@I4) and ([@I5) together with (L) yield that there exist positive

constants Cy and Dy such that for 0 < |a| <4 and & € R"(n = 2,3),

1
1+ t(tlaD/z

and

ds < Coe™1E1+t/Co, (4.15)

021" (@,1)] = O(1)e~ 1710/ 1 O(1) K, (&, Do).

The estimate with ([BI9) concludes the theorem for Hy(Z,t); and H;(&,t) follows by a
similar argument.
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THEOREM 4.3. For n = 2,3, there exist positive constants Cy and Dg such that for all
T € R",

Ho(#,t) — e 16,(&) — (v 3t +v72) e 'Y, (&) — i (&, 1)

) Co
< Cope~BIFD/Co 1 DK, (&,t; D),
- Vit+1

‘H1(£7t) - V_le_yiltyn(j) - 31*@715)‘ < Coe_(‘£|+t)/co + COKn(fvt; DO)7

and
175 (&, )| < CoLy(t)e” 1EFTD/Co for | =0, 1.

Furthermore, for 0 < |a] < 4,

z C
o = * (= —(|2|+t)/C 0 = .
35 (Ho(m,t) —Ho(m,t))‘ S 006 (IZ]+)/Co + 1+t(1+‘a‘)/2KH(mat7D0)a
fe% — x [ = — (|2 CO —
555xk (Hl(ili,t) _ ]—[1 (w,t))‘ < C()e (|&|+t)/Co + mKn(w,t; Do)

This theorem concludes Theorem [I.3]

5. Global wave structure of auxiliary function (Proof of Theorem[I.4]). It re-
/\+6>‘+t—)\_6>‘_t #|ﬁ|2t) ﬁﬁ’t
s e S

Ay —A_ |72

mains to invert the space-time structure of the symbols ( 72
n

by the rearrangement

<)\+e/\+t — At eu|ﬁ|2t> i

XA 72
_ (Mem BESAY (e - ewzt)) i
=12
Ay — Ao 7]
and a differential equation approach. Here, for the sake of the differential equation

2 .
vIl*t. and introduce the

approach, we replace the factor e~HI*t in the expression by e~
function U(Z,t) as follows:

1 [ ApeMt — ) _ert I
i) =F "' | = [ 2F — eIt 1
e =5 | (B | ol

which solves the problem

(0?2 — A —vO, N U(Z,t) = — 5, (Z,t) for (&,t) € R® x RT, (5.2)
U(&,0) = 8,U(&,0) =0, '
where
_ 132
e 4vt
I, (B,1) = .
(@1) (47t)n/2

Then, one has that
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In this section, we will mainly discuss the pointwise structure for 9,19, U(&,t).
The remaining symbol % (e”"m% - e’“"ﬂ%) can be estimated by the following
lemma:

LEMMA 5.1. For given v > p > 0, there exists Cy > 0 such that for ¢ > 0 and k,l =

1’ DY 7n,
(B [ (e AT — et 2] (@, )| < Colw — (/)" 246, (F Co, ).
Proof. The identity
Y PN S M g
n"n (e —e == [ n"ne dr,
pnt
yields

_ A2 _ 2 . o
[ [ (e — e ] ()|
vt

6wk 6301%1(15, T)dT

nt

vt
g/ 10,0, H0,(3, 7)|dr
pt

vt
< / ﬁ%’ﬁz(:ﬁ/Cl,T)dT < Colv — u|(u/,u)"/2%”n(£/co,ut).
“w

= . T

O
5.1. Two representations for F[U]. By substituting A+ given in (Z3) into (&.1I), one
has that

Fwwmw:E% (5.4)

A2 _ vlil?
—e Vlnl t _|_ e 2 t

<_ﬂ n w) QLI <_M _ —\/117‘7'—471) o A,
2

2 2 2

V2]t — 4f?

. 2 ] 7. /1 - VA2,

- _e—V|TI|2t e—%t . - V2|2 v _sztSlIl (77| 4

= —— + ——5—cos | |7]{/1— ——t ez .
7] 7]
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It is used for the pointwise structure in |&| < t — v/t. One also needs to rewrite the
symbol as follows to resolve the symbol 1/|7|? for U(%,t) in the region |&| € (t — V/t,4t):

12
- -

. [ e
FE + FE (cos <|ﬁ| 1—Tt> —1) (5.5)

. | 2|72
sin { |7]] 1—%15
vo_vli?,
— —e 2

5 2|2
[y 1 = ==

csin (111 - 215

a2 _ vlil?t ot
_ e t:|2e g, (1 - v2|477|2> / ds
77 N 2|“|2
0 lily/1 = = 4n

. ) 2|7]2

sin { |77]4/1 — 1= ‘477‘ t
vo_va?,
_um?

- 212
[l 1= ==

F[U)(i7, ) = —

5.2. Wawve structure inside the cone |&| < t — +/t. One starts from the lemmas for
inverting the symbol nknle_aW'zt/\rﬂQ with a positive constant a.

LEMMA 5.2. There exists Cy > 0 such that

LA (17 Jea n*nte=al @t /1721 (2 1 :

Proof. One has the identity

F A =0)n"n'e T /i2)(@, 1) = O(1) 'F [A(ﬁvso)nknl / ) d]
_ 132

° e
/t 8wk ledT

~0(1)

~(2
||

* e ar i 1 1
<C 7(17':01/ ———dr=0(1)——.
<G| St =00 | gt~ O G
(Il
The Kirchhoff’s formula together with Lemma yields the estimate for

FL A7l /20)nn' e 1T cos(|lt) /|17]2]:
LEMMA 5.3. For |#| <t — /1,
— | —_ |72 N ) -
[~ A7 /20)e™ T Pt cos(liflt) /7] (&, )|

1
/ 3d§5* forn =2,

V& - & VE (@] VD)

|z—z.|<t

=0(1)
1
(12 + V1)(t = |&] + V1)

for n = 3.
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Proof.
CASE (n = 3). By the Kirchhoft’s formula in 3-D,

1 if]-& - - 1 oL
o [ e eosmorll@an = o, | = [ ol -@d4,
ﬁeRS i*eRS
\55*|:r r=t
1 . 1 .
=0() | l9(2.)|dAg. + 5 Vg(Z.)|dAz, |, (5.6)
%, ER? %, €R?
|&—2&.|=t |&—&.|=t

and by substituting ¢ = F~L[A(|7/e0)n*n'e~ 1T /|i7|2] into (5:6) together with the esti-
mates

. & [ Co
o0 = O | || anedn gt < o 5.7
L Co
Vol ) <

one has that for vt < |#| <t — /1,
— ) - | ) —
FH A /e0)n*n'e ™17 t005(|ﬂ\t)/|77\2](93,t)’

1 1
~ow| [ (i)

&, —T|=t

Let 6 be the angle between & and &, — & and 7 = |Z.| = \/t2 + |Z|? — 2t|&| cos §. Thus,

2+ |Z[2 — r?

0= —F ——
o8 N
sin 0df = L_,dr
2t| 2|
Then,
1 1
dAg
/ (t SENERNTENT > :
1B, —&|=t

t
( (12 + |22 —2t\m\c059)3/2 (t2 4 |&|? — 2t|F| cos )2

r 1 1
( > = oW (t|£|<t— B :f:>2>
B o)
= @+ 1@ - Vi

) sin 0d6

o
o
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When |Z| < v/, the computation is straightforward and we omit the details. The lemma
for the case n = 3 follows.

CASE (n = 2). In this case we use (5.0 together with Hadamard’s descending method
to extend a 2-D problem into a 3-D problem. For any X € R3 and & € R? with m X = &,
we set

o) =F [Afz0) [t ] @) = o) [ 000

where 7, is the projection operator from R? to the x-y plane. Similar to (5.1), there
exists Cy > 0 such that

Co
(2] +C\ﬁ)2,
Vg(Z,t)| < (@5 Vi

Thus, there exists C' > 0 such that for |#| <t — /%

lg(@,t)| <

[F- [ (1 /=)' e tcos<|*\t>/|ﬁ\2ﬂ<az>

-2
0(1) < ¢ G
X, €R3 X, eRr3
XX |=t |X-X.|=t
~0(1) / 1 N o(1) / 1
t? (1Z.] + V1) t (|18 + v~ X
X .cR® X, cR®
| X —X.|=t \X'f_i'd:t
O( /
Vi |9c—av*|2 Iw*|+\f
|&—, | <t
+0() ! i@
VE—E =& (|5 VT
|&—. | <t
~oQ) / L i
02 /t— @ — 2] (18] + Vi3

|-, |<t

LEMMA 5.4. For n =2 and |&| < t — /%, there exists Cy > 0 such that

1 Co
« <
| e S e

|&—&.|<t

The proof is given in the appendix.
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In Lemma [3] and Lemma [B.4] we have obtained the pointwise structure of
Ffl[nknle*”“ﬂ(zt cos(|71t)/|7]?] in the region |#| < t — v/t. It remains to estimate the
structure of the inverse of Qy;, defined below, in the region |Z| < t — V/t:

_vlal®, =2
- - e 2 . v _
mmwzmmmmw<ﬁw—ﬁm<ml—‘ﬂg—mawo

v _uge, MQ”V ) sin(liTo)
e

_ 2l |77]
4

|77

By a similar decomposition to that in (£Z), one has that

k lefu@% V2|l
nn TR cos [ |77]4/1— Tt — cos([7]t)

o B TE )

=nne 2 =
712

in (7] (/1 —22 —1)¢
gmm0”< : sin(lt)

7]

cos(77]t)

—nfple"

One can apply Lemma to define the parabolic wave

g@wzwlemmwf2“<m<m<1—f¥3ﬂ>Q—QAW]

and it satisfies that for |Z| < 4t,

Casen =3
S Co
l9(Z,t)| < —
(|w\+\f)
Vg(Z,t)] < —
(|12 |+xf)
Casen =2
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Then, one substitutes them into the constructions in Lemma [(.3land Lemma [5.4] to result
in that for |&| < t — /1,

Casen =3
. _ vl ) V2|72 o
A7l o)rrte— 23 ( (m (\/1— 22 _ 1) t) —1) cos ([t
= 7P (1)
B o)
1@+ VDt — |7 + VO
Casen =2
. _ vl o V2|72 o
A7l eo)rrte T ( (m (\/1— e _ 1) t) —1) cos ([t
= 7P (1)
1

=0(1)————.
( )t2\/t — |&|
The rest of the parts in Q; contain no singularity for || = 0 and can be treated similarly
to ([@2) and we conclude the pointwise structures of F~1[Qy]:

LEMMA 5.5. For |#| <t — /1,

1

——forn=2
2/t — |&| ’

F~ Q] (2,t) = 0(1)
1

t(12] + VOt — 2] + V)2

5.3. Structure in the region |&| € (t—+/t,4t). Next, one continues to establish sharper
estimates for U(Z,t) in a region outside the cone, |#| € (t —/t,4t) by the representation
(EX). This approach is based on the rearrangement of the hyperbolic waves in contrast
to the rearrangement of the parabolic waves in Lemma

From the representation (5.5]), we have the following basic lemma.

for n = 3.

LEMMA 5.6. There exists Cp > 0 such that for |Z| € (t — v/, 4t)

_Us|—t)2
e Co(t+1) f 2
———— forn =2,
L 2 b sin(|i7]7) L+t
(ST t/2 / SN graif < Gy (5.8)
- 0 |77| _(31-0?
fl<eo e Co(t+1)
for n = 3.

(1+1)2
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Proof. When n = 2, one has that

/ BTVt 2kl /t SinTLﬁT)deﬁ
0 n

|77l <eo
¢ e~ |7/ (Co(t+1))
=0(1)(1+ t)_Z/ / ——dZ.dr
g <r ¥ -l -
o[ (|| —t+t—7)%/(Cot) ——3/4 € gﬂtﬂi
For n =3,
t gin(|7] t o—(I1Z=7)%/(Co(t+1))
eiaz-ﬁ—um?t/znknl/ 51n(|17|7) drdij = O(1)(1 + t)_3/2/ e dr
q! o Il 0 (T+1)
n<€o
_Us—0)?)
. 0(1)6 Co (t+1)
B (1+41)?
The above cases conclude (B.8]) and we finish the proof. O

Similar to the procedure to obtain the estimate of F~1[Qy;] in Lemma [5.5] it follows
for |&| € (t — V/t,4t),

S

. - 2|72
a3 ; sin <77| 1-— T”s)
t / d
0 1—

F=U | Al feo)n™n'e™ "=
7]

s t . .
S e |
0 n

o e (s (11
+[F1 | A7 o) nte 2 /
0

) sin (|77]s) ds

- 2]7)2 |77
|Ti\ 11— z 417
1 _<|:Ec\—:>2 . 5
— ¢ ot orn =
(1+t)5/ ’
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Finally, we conclude a theorem for the long wave components 0,10, U (&, t) from

Lemmas (5.1 - and (B.9):

THEOREM 5.7. There exists Cy > 0 such that for |Z] < 4t,

O 0 UL (2, 1)

H( - 7)) H(t—|3) e St
- 5t + 1 5/ for n = 2,
— o(1) 1+ (1% + V1) 1+ty/t —|Z|+ V2 (L+1)
|&|—1)2
H( - |7)) H(t - |]) eamy
L+ (128 + V1) 1+ (& + VOt — |3 +vD)? (1+1)? '
(5.10)
V0,10, Uy (%, 1)
H(t - [#) H-J#) S
+ + forn =2
= 7/4 ’
= 0(1) LV £ VP2 L+ t3/2y [t — & + vVt L+)
(3| —t)2
H(t - |2]) H(t - |2]) enmE
T R R W = = Y R )
(5.11)

REMARK 5.8. The calculation for obtaining the estimate (5.I1)) is almost identical to
that for (BI0) except that there is an extra operator V. This causes an extra factor 7]
in the symbol for F[U.]. Acting on e"’“ﬂzt, this factor produces one extra decay rate
t=1/2. The estimate (5.11)) follows. The computation is omitted. [

5.4. Short wave component in a finite Mach region |€| < 4t. To obtain the short wave
component in the finite Mach region |Z| < 4¢, we need to use the solution H;(Z,t) of

B3). By (53), one has that

t e/\+(t—7') _ eA,(t—T) o
"0 F[U)(in, t) = —F[0,x 0,0 U] (in, t) :n’“nl/ V. e VT dr (5.12)
0 + A

One breaks 9,x0,: U as follows:

00U = 0,0 (HY +m™) x . (5.13)
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We introduce the short wave components as follows:

Mo (@, 1)
+/2 e A% (t=7) AT (t—7) =2 N
= (271r)n 0/ e ETEL A;—ij nknle=1T07 dijdr,
|77]>€0
Mg, (@,1)
t e A% (t=7) AT (t—7) =2 5
= (271r—)n ft/z f e ETEL )\i—ij nknle 1l Tdrdr,
771>€0
myg (2, 1)
57 —T) A (b7 Tt=7) _ NS (=) P
=@ | T (eu(z e - e )77’“7716*""7‘2Td77dT-
|7i1><0 T
By the expansions of Ay for 7 — oo, ([BI]), one has that
6A+(t77—) o e)\,(tf‘r) 6)\1(15—7') o e)xi(t—r)
Ay — Ao A=A
—(t=7)/C. e~ (t=T)/Cu _toT
€ I+7]'° -
< C, - + — for > 1.
B < 1+ |77 1+ i
Thus there exists Cy > 0 such that short wave component mk' satisfies that for 0 < |a| <
6 and n < 3,
t —(-7)/C. e~ (t=T)/Cu_t=T__
kg ol [ € A0\ v =
ogmi@nl<co [ [ i ( T o e R
[7]>e0
< Coeit/co.
The component ME! satisfies
¢
| Mg} (Z,1)| = 0(1)/ / e (=7 Co =172 giigr — O(1)t=(=D/2e=t/Co  (5.14)
t/2\7ﬂ>80
For the component MEL(Z,t), one rearranges it as
12
t/2 1 o eAer(t=T) L A x(t=T) o~ B
kl (= _ -k _id-if N
Mo (2. 1)] = /0 @) / e Noor ) % gy ™
[7]>e0
t/2 1 1 o eMr(t=T) Ak (t-T)
o %/ = .k . -
= (/1 +/0> 8IkH1(m,t—T)—(2ﬂ_)n / e Y drj
[7l<eo
e lf‘Q
z Oar (4mrT)n/2 dr
| -t
9]
= +OL)e /% for n=2,3. (5.15)

_ —(t+12])/Co
=0(1)e ZT + EIGE
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From (512), (513), (5I4) and (5I5), one concludes the following theorem:

THEOREM 5.9. For a given g > 0 there exists Cy > 0 such that for |€| < 4¢, and n = 2, 3,

o~ (1&+1)/Co

REMARK 5.10. The short wave component 0,, 0;,Us contains an integrable singularity
bounded by e_(|j‘+t)/co/|£|n—1. >

5.5. Outside cone. Theorem[5.7and Theorem[5.91do not give the structure at |Z| = oco.
One needs to use (5.2) to resolve the structure in the region |&| > 4t.
The following theorem is for the singular part of 0«0, (H by ( * : %/n) (#,t) and can
Z,t
be obtained by a straightforward computation based on ([B2I)) and we omit the details:

THEOREM 5.11. There exists Cy such that

) 3 ¢—(1@1+0)/Co
axk ! (Hl K )%) (w,t)‘ < COWT for n = 2,3

(@,t

Taking hp(Z,t) = 00, (m* ( * : %), and from (B.9), one has the equation
&t

(83 —A— Z/Aat)hkl = 8xk T (ﬂ\ ("*t) %) s
i (,0) = 9,y (#,0) = 0.

Similar to (£I0), one has the following estimates for n < 3:

/ (10:0¢haa|* + |V G hia|*) wdd < Cre ™ for |af < 8 — g

sup  eEIT3YD/C (19, (&, 1)] + |V (Z,1)]) < Coe /0. (5.16)
(&, t)eER™ xR

Lemma 5.l Theorem B Theorem [£.9) Theorem (.11l and (5.16) conclude (LI3) in
Theorem [l The estimates (L.I4]) for high order derivatives can be obtained by a similar
procedure and the details are omitted.
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6. Duhamel’s principle and pointwise convergence (Proof of Theorem [1.6]).
For the solution V (&, t) of (I.I8]), we have the representation given by Duhamel’s principle
(L20)). This representation gives that

ISV (Z,t) = U*(Z,t) x 02V (&,0) + 05U R(&,1)

* 0z
X

V(,0)

*
FUE, 1) = 8;%*(i,t)+26wkUR(i,t)(4*)3317,5(5,15). (6.1)
x,t

(@) k=1

In ([G.1)), the assumption of the initial data (23], the decomposition (L13), (LI6), (TI7),

and Main Theorem I for H; with £ = 0,1, yield that there exists JZ5 > 0 such that for
la <2

0%U(&,1)

V(:I:’,O)‘ < Hoe(1 4t/ A, (2, 1), (6.2)

8L %

AGU* (&, 1) 0%V (&,0)| < Hoee  (BIFD/Co (6.3)

* Uz
x

8%

V(zi:’,O)‘ = ‘U*(i,t)

Here, A, (Z,t) is defined by (LZI)). In the representation (6.I]), to close the ansatz for
oV (Z,t), the term U*(Z,t) : 057" requires the information on derivatives of the
%t

)

solution V(&,t) up to order |a| + 2. By the explicit form for the nonlinear term .7*
in (LI9), it is possible to use the ansatz of 3§°V for |Bo| < (la]/2 + 1) together with

uniform time decay rates of 8§1V for |51] € (Joo|/2 + 1, || + 2) to obtain the ansatz of
0%V. Thus, for the closure of the nonlinearity, it imposes a condition:

ol = (laf/2+1),

to ensure that one can obtain the higher order ansatz by the lower order one. It results
in the condition |a| > 2.

By (@2) and (6.3]), one makes the following a priori assumption on the solution V' (Z,t)
for all £ € R™ and ¢t > 0:
Ansatz assumption.

For any o with |a| < 2, there is ¢y > 0 such that

|03V (Z,1)] < 440e(1 + 11271 A4,,(&,1). (6.4)

Justification of the ansatz assumption (G.4]).
This ansatz assumption is used for evaluating 93.7* and 92.7/F in (G.I) with |a| < 2.
When 8§V with |8] = 3,4, involved in .#* and .7, one applies Theorem for 8£V.
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When |5| < 2, one applies the ansatz assumption (6.4) for 5‘§V. This yields that for

0<]al <1,

|03.7F (@, 1) = O(1) A2 2121+0/Co

(%8| -1)2

H(t - |&) H(t—|&) | H(& —t)e orn
for n =2,
1+ (|12 + V)4 1 +2(t — |&] + V1) (1+)5/2
Lo | H(t—Ja) H(: — |&])
TR ) T (@] + VP 1+ (@] + VEPR( = [a] + Vi)
(z|-t?
H(|2| — t)e” CotD
(2] = t)e & for n = 3,
(1+¢)*
(6.5)
and for 2 < |a| < 3,
|03.7F (@, 1)| = O(1) A2 2121+0/Co
_(s|-v)?
1 H(t—|#)  He-[8) | H(z|-ne oo
L2\ T (@ + VO I+ lal V) (05
L1 H(-|#) |, H(-[a)
L elt9/2 \ 14 (|8 + V)2 L+ it — | &+ VE)Y/2
(@ -2
H(|Z| — t)e” oD B
1+ 1)/ for n = 2,
2 2 1 H(t — |Z]) H(t — |Z|)

+O(1) %y e

az|

502
H(|&| — t)e CotiD

+

THE T (@ + VD0 1+ (@] + VAR(— [7] + V)

for n = 3,

(141t)*
. 1 H(t —[Z|) H(t —[Z|)
L t0oF 02 \ T (& + VD? T 1+ (@] + VDt~ ] + Vi)
(3| -12
H(@| — e S0
(1+1¢)2

(6.6)
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for |a| =0,
057" (@,1)] = O(1) 262620/
1 H(t — |2)) H(t — |2))
L4+ tOHaD/2 \ 1 4 (|8 + V) 1+ 82— |Z] + V)
(\‘\—)
H(|&| — t)e” oD _
(3 iz | orn=2
+ O(1) A2
1 H(t — |Z]) H(t — |Z[)
2 + = -t
T \ T (@] VDS 1 (8] VDR - (@] + VD)
(z|-n?
H(|Z| — t)e” S0
(2] ~t)e for n = 3,
(1+1t)4
(6.7)
for 1 < |a] <2,
|03.77 (&, 1)| = O(1) Ay e 2(F+1)/Co
1 H(t — |2)) H(t — |Z))
L4 t(HaD/2 \ 14 (|8 +VH)* 1+ 82t — |Z] + V1)
_gsl-n?
H(|@| = t)e o
+
(1+ t)(Ial+3)/2
n 1 H(t — |Z]) H(t — |Z])
L tlal+D/2 \ 14 (18] + V82 1+t — |&] + VE)1/2
(&[—1)2
H(|Z| — t)e oD _
A3 05/ for n = 2,
+O(1). A2
1 H(t—|2]) H(t — |Z])
1+ tAHel/2 \ 14 (|8 +vE)S 14 (1] + VH2(t — |&] + Vi)
(z|-t?2
L H(|#] - e ST
(1+1t)4
L1 H(t — |&) H(t — |&)
L telt2)/2 \ 1 (|&] + Vi) 1+ (|8 + VE)(E - |&] + VE)?
(@|-)2
H(|&| — ) &0
f =3.
+ TEDE orn

(6.8)
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To complete the ansatz assumption, one needs to verify that

U*(&,1) EA 09.*(&, 1)+ Y _ 0, U™ (2,1) A 3.7 (Z,1)
* k=1 z
< 240e(1 +t11/2) 7L A (&, 1)

for |a| < 2 with .#* and .72 satisfying (65), (6.6), (6.7), and (6.3).

By the space-time exponential decaying structures in Hj, V. H{, and Q*, and expo-
nential decaying structures of 0%.7*(&,t) in the region |Z| > ¢ with |a| < 2, thus one
has that

‘U*(i,t) s agy*(ﬁ,t)‘:0(1)%252(1+t@/2)—1An(£,t)

(&,t)
< (1 + 11721 4, (@, 1)
if e < 1.

It remains to show that for e < 1,

< He(1+tlel/2) "1 A, (&,1). (6.9)

n
> 0.UR (@ 1) * 037 (&,1)
=1 (&,t)

Justification of the ansatz assumption for n = 2.
For |a| = 0, one has

|&|—t)2

(
H(t - |2) H(t — | %)) ) H(|Z| — t)e Cotior
L+ (|8 + VD4 1+ 2t — |&] + V) 1+ ¢5/4 '

By (CI) with k =2, (C4)), (C.8) and (CII)) with n = 2, one has that for |Z| < ¢,

t
/ / 0, UR&E — &, t — 7)| | A7 (@s, 7)| drdr
0

|2, |<T
|B—&.|<t—T

t
:0(1)%252/ / |awkUR(55—5*,t—T)|<
0

|8, |<T
|B—&.|<t—T

SRE.1) = 0 A2 (

1
L+ (J&.] + v/7))*

+ 1 )d;i'*dT
1+ 72(7 — |Zs| + /T)
— 0(1).#2¢ /t / ! ( 1
0 T+ vVE—7 \1+ (| — &,| + Vi 1)

|&.|<T
|B—&.|<t—T

1
+
1+(t—7)\/t—|i—i*|+\/t—7>

2 « AT
(|:[*‘ \/_|) ( |:[*| \/_)

1 1
201%252< +
WA 1+ (|8 + V1) 1+t(t—|& + V1)/2

) . (6.10)
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One also has the following estimates for |Z| < ¢ from (CI5), (CI8) with n = 2 and

(C21):

t
/ / 0, UR(E — &t — 7)| | SR (@, 7)| dEodr
0

|@|>T
|[B—&.|<t—T

_0(1)%252/; / 1+\}ﬁ <1+(|55—55*1|+\/t——7)2

|@|>T
|B—&.|<t—T

1
+
1+(t—7)\/t—|i—i*|+\/t—7>

_ (B2
e Colt—m+1)

1+—5/2 + e~ (&:1+7)/Co d&..dr
T

1 1
+
1+ (|8 +V1)2  1+t(t—|& + V1)/2

= 0(1)x2e? ., (6.11)
( )

and

t
/ / 0, UR(&E — &, t — 7)| | A7 (@s, 7)| dbrdr
0
|&,|<T
|B—& .| >t—T

_(B—@s|—t+7)?
e Co(t—7+1)

t
1 Lo
= 2.2 —Co(|B—&.|+t—T7)
_0(1)%5/0 / 1+vEt—7\ (1+t—7)5/4 e

| & |<T
|&—&.|>t—7

1 1
= + -
(1+72(T—Iw*|+\/?) 1+ (|&.] + v7))*

_ 2&_2 1 1
= 0% <1+(il+ﬁ)2 ! 1+t<t—|az|+\/%>1/2>‘ (6.12)

) d@.dr

Thus, ([€I0), (6I1), and (6I12) justify (69) for |a| = 0 for |Z] < t.

For 1 < |a| < 2, integration by parts yields

t
/ 020Ul (% — ot — 7).SF (X, 7)dT o dT
o Jrr

< / 020, UR(E — &t — 1) (&0, 7)dudr
0 Rn

+ . (6.13)

t
/ / UR(& — &, t — 7)0%0ux S (X, 7)dE dT
% n
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By (C2), (C3), (C3), and(CI2) together with [ = |a|, one has that for |&| < t,

/ : / 02O UR(E — &t — 7). (&0, 7)dEadr
0

| & |<T
|E—&|<t—T

z 1 1
=0(1);{252/ / _ ( -
e N L (t— )5 \ 1+ (|8 - & + Vi —7)
Ty |<T
|B—&|<t—T

1
_|._
1+(t—7)\/t—|£—£*|+\/t—r>

1 1
— + — dZ.d
(1+r2<r—|m*|+\/?> 1+<|m*|+\/¥>4> T

22 1 1
=0(1) 0|m< — S+ - 12).
1+ ¢5% \1+ (&8 + VD)2 14ttt — |2 + V)Y

By (C.3), (C.0), (CI0), ([C.I3) together with I = |a|, and when |a| =2 by (C.7), (C.14)

with [ = |a| one has that for |Z| < t,

t

/ / UR (& — &.,t — 7)030,6 S F (&, T)dZ dT
.
3

|&.|<T
|B—&|<t—T1

¢ 1 1
:01%262/ /
WA, LB \TH (-l Vi

|&.|<T
|B—&|<t—T

1
+
1+(t—7)\/t—|a‘:'—a'5*|+\/t—7>

( 1 n 1 >did
«aT
L+ (|8 + 7Dt T+ 72(7 — |24 + V/7)

He? 1 1
=0(1) Ta] = 2 T - 1/2 |-
1+ ¢53 \1+ (@8 + VD)2 14ttt — |2 + V)Y

The other parts can also be justified by (CI6), (CI9), (C22) and (CI7), (C20),
([C23) for 7 € (0,t/2) and T € (t/2,t) respectively.
The justification for |#| > ¢ is similar by using Lemmas [C.5] -
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Justification of the ansatz assumption for n = 3.
For |a| = 0, one has

H(-[a) H(t - |3

R(= _ 2 2
Zi (@ 1) = 0" Ao L+ (|28 +VE)® 1+ (@] + V)2t — & + Vi)

(z|-n?

_ys=
H(|@| — t)e” S0
1+2

so that by (CII) with n = 3, (C24), (C21) and (C.31)), one has that for |Z| < ¢,

int!, / 0, UR(E — &t — 7)| | SR, 7)| dEdr
|[&.|<T
|&—&, |<t—T
t
1 1
=0(1 %262/ / < —
(A 0 1+vVEt—7 \1+ (| —Z.|+Vt—7)3

|2, |<T
B, |<t—T

1
+ - ——
1+(|m—m*|+\/t—7)(t—a:—a:*+\/t—7)2>

< 1 + 1 )d:i'*dT
L+ (2] +v7De 1+ (8] + V7)1 — |2 + v7)*

_ 2 2 ]‘ 1
_Om%5(Hﬂﬁ+ﬁP+Hwﬂ+ﬂw—f+¢W> (6.14)

One also has the following estimates for |Z| < ¢ from (CI8) with n = 3, (C34) and

(C37):

t
/ / 0, UR(E — &t — 7)| | SR (@, 7)| dEodr
0

|@|>T
|[B—&.|<t—T

_ouﬂfgﬂt /’ 1+%ﬁ7<ru@—fj+ﬂtﬁs

|@|>T
|B—&.|<t—T

1
+ —— "
1+ (|8 — 2| +VEt—7)(t— | — Z.| + \/t—T)2)
(18] =7)2

67 Co(t—7+1)

T e (B dadr
T

(6.15)

9 9 1 1
:Om%g(Hﬂﬂ+ﬁﬁ+ﬁwﬂ+ﬁw—i+ﬁV)
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and

t
/ E/ 0, UR(E — &t — 7)| | SR (@, 7)| dEodr
0

|&.|<T
|B—&.|>t—T

_(B—@y|—t+7)?
e Co(t—7+1)

2.2 /t / 1
0 l+vi-r |\ (Q+i—71)2
| &) <T
|B—&.|>t—7

1 ¢=Co(|&—&.|+t-7)

1 1 .
(1 T (N R 2 ) A W (- B o ey ﬁ)‘*) -t

_ 2 2 1 1
= o) Ae (1+<|oz|+ﬂ>3+1+<|oz|+ﬂ><t—£+ﬁ>2>'

(6.16)

Thus, (@I4), (615), and (EI4) justify @3) for || =0 and |&| < ¢.
For 1 < |a| < 2, one also uses ([G.13). By (CI2), (C25), (C28), and(C32) together

with [ = |a], one has that for |Z| < ¢,

/ : / D20 UR(E — &t — 1), (&0, 7)dEadr
0

|&.|<T
2.2
DAy / / = T)(1+\a\>/2

|E—&|<t—T
|&.|<T

|B—&.|<t—T

1 1
(= qwm) <f—f*+m><t—|oz—z*|+m>2>

1 N
( |w*| T T T (B T VR — [ ﬁ>4> @-dr

2.2 1 :
= 008 (v * TR VAT
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By ([CI3), ([CI14), ([C240), (C29), (C30) and (C33) together with I = |a|, one has

that for |Z| < t,

/ / R(& — &,,t — 7)030,0. S F (X, T)dE o dT
|&.|<T
|B—&|<t—T
2.2
DAge / / (t— 7)1/2
|&.|<T

|B—&.|<t—T

1 1
+
(1+(|a‘c’—£*|+\/—t—7-)3 1+(:E—§:’*+\/—t—7)(t—|a‘c’—£*|+\/—t—7)2>
L + L dZ.d
*aAT
e (A R M R (AR e FA R

1 1
= 0(1)%252 (1 +tlal/2(|Z] + v7)? T 1+ tled/2(|&8] 4+ V) (t — | 2| + \/1_5)2> '

The other parts can also be justified by (CI9), (C35), (C38) and (C20), (C34),
(C39) for 7 € (0,t/2) and T € (¢/2,t) respectively.
The justification for |Z| > ¢ is similar by using Lemma and Lemmas [C. TTHC. 12

Appendix A. Asymptotic structure of parabolic waves (Proof of Lemma

2:2)). We only prove ([20) for [ ﬁa%ﬁ(ﬂmzm &= 517t 47 The proof for the es-
[7]<eo

timate for ’f~|<€ 7> cos(|lh(|7*t)) e’
One decomposes

<ot =[7esi] oo <on [ 5])

and there exists €1 > 0

=_ U

Qﬁ

7| will follow by the same procedure.

|

e~ 1 N _}2
/ e@.ﬁe-#awWW
Y

({|ﬁ|<60}\[ m,;(’ﬁ]”)

UEZ
= O(1)e” 7 ol gir — O(1)e—c1o el
' dn o
[il<eo

= @2 sin( 1711712

To estimate the iterated integral, i ei® e 3= Wﬁadﬁ, we in-
[~ 5]

troduce a sequence of paths in the complex domain C, I'*, k = 1,--- ,n, for a given &,
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(%] < 4(o +1)),
2k k
Iy = { 3\/_ +iz|z € (0, 50 )} U {iéox— +z|z € (—36—\;_, %)}
U {3\/_ +iz|z € (50— 0)}
i@-i7,— 12 o sin(|TR (%))  1\a, n\an .
where 0 < §p < 1. Since e'®"e™ T( ) (n™)*n is an analytic func-
tion in each n*, the iterated integral path integral satisfies
2 gin (IAIA(A12
) 7]
_ 0 =0 "
[- 5% 5]
o 0 o
NG vrnooo.o o u]if? S h 7|2
[T gz i3S (AUTT) 1y myan gt gy
5 ek i

_2 gin (171R(172
[ o, 550 (AGT)0) e,
Iy T

(™) mdnt - dn®

" |77]
_ / eiﬁ.ﬁe_@gsm (I71h(71%)) (1)
|77
[~ 32% 5 Fido (25,25 -, £2)

(") dif + O(1)e =17 2D

_ / o2 e (i) 7-i2)) S Al ) o) (|77||h(”| Jo )(nl)al
n
(- 53%, 5% | +ido (5, 22 -, 22)

(i) dif 4 O(1)e 172100,

(A1)
For 77 € [—%, %] + 150(W, IR %), one has the estimate
B2 (i i) S (TAT)) | e
7l (A.2)

— (1= (1=80)?) EE — x2lB2 L o(1) (|72 +| Z[*)or| 7]
— O( ) 21/(7 3 o |77|

with 0 < g < 1. Substitute (A2) into (AT) and one has

/ T 5%@—@»@—%))%( )
n
— 5 g nbidg (22, 22 22
(nn)andn|

= O(1)e” "= min (07(”+‘a|)/2)753+|a\) _
It together with (A yields the lemma for f

o sin(( 7R (|77 8) i
[7]<eo

o = 12
et E=5171°t g7,
Ei n
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Appendix B. Computational Lemmas I.

LEMMA B.1. For |&| < 3¢, there exists Cp > 0 such that

CASE (n = 2).
1%y
c S
(L+ )k /12 — |& — Z.|?
|F—&.|<t
. _(s|-t?
H(t — |#) e 4Rt
< Co - + k—1/4 | °
L+ (L +t)=12(t — |Z| + VB2 (14 t)k—1/
CASE (n = 3).
-4 -8kt
e 2 e 0 (t+1
———dE, < Cho——7—.
/ (1 + ) 0 = 20 k1

|8 —2.|=t

Proof. First, one considers the case n = 2:
CasE (|Z| <t —2V/1).

One has
- C1&)2 442
( - 6*74'51‘; ; o - 174, et .
14+¢)” —_—d¥, = 11+t7/— X
V2= |E— T, R Vi Y

t—Vi<|B—3.|<t

_@—1a)?
e Co(t+1)

and

&y |2

e Co(t+D)

1+¢)7" e ——Eh
(1+1) JE_|E P

|E—&.|<t—VE

@

~ by
o) (1+1t)7* / + / c 0 g,

Vit —|% — Z.]

|8—&. |<HE R g g, | <t—vE
i -
_ e ol - e Colt S
Vit |E] ) ¢
|&—3. | < HE S @&, | <t—VT

_ (-8

(L8 k12 oG

+
Vi@ e

=0(1)
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CASE (t — 2Vt < |Z| < t +V/1).

B |2

/ e 3D .
T
(1+t)k\/t2 — |& — &, ?

|E—&. |<t

2

12,12 vZ
e~ Tottin) e~ Totn)
<Co(1+t)7" - d%, d,
<Gl +o) / Vitt/4 - / Vit —|T — T,
T3, |<t—t t—Vt<| B3| <t

_ 0(1)(1 + t)fk+1/4.

CASE (t+ V't < |E| < 3t).
When |& — #.| < £, then |, > |#| — & — &.| > [&] — ¢ > 0. Thus,

L st
e I(1+t e o(t
1+t)7F dd, < Cop—--—r.
o I R e B e (e
€T—IT

The above cases conclude the lemma for n = 2. The calculation for the case n = 3 is
similar and we omit the details here. O

Proof of Lemma [5.4l The region | —&.| < t is divided into two parts: {|&.| < %m}
and {|&.| > =%,

1 1
d&.
/ 2/t =& — Z.] (12| + V1)?

|Z—3.|<t

IR IR P =T e
= XLy .
112/t — & — &,| (|8 +V1)3

When |Z,| < t_f‘, due to the triangle inequality, one has that

Ct43E  3(t—|F)
4 4 '

t—|&— @] >t — || — & >t

When |&,]| > =2l denote &, = (z.,y,) and one has

4
Lo V2

and

—

V2 .
2] 2 T5 (12| + ly. ]+t = |Z]).



480 SHIJIN DENG anp SHIH-HSIEN YU

Thus,

/ ! 1 da <4C / 41 dz
0 i— 18 =& (B + VP 02— [a] (] +vip ™

|Z—&.|<t, |[B—&.|<t,
. |< =5 [ |< 7
C
<=
t\/t — |2
(B.1)
1 1
d,
12/t =& = Z.] (|12.] + V1)?
|Z—&.|<t,
|&.|> =12
1 1
=01 dx.dy,
W / O (o] + g+ t— @]+ VP
|8—&.|<t— V%,
|5, | < =2l
1 1
+0(1 / dx.dy,
W N P A PR E = FaV) i
t—VI<|B—&.|<t
|5, | < =2l
3/4 ' 1 1/4 ' 1
=0t~ / = dy, +O(1)t" / - dy.
—t (ly. ]+t — |2+ V1)? —t (Jy.| +t = 2|+ V1)
1
=0(1 .
( )t3/4(t— |&| + V1)
(B.2)
Combining (B) and (B.2)), one finishes the proof. O

Appendix C. Computational Lemmas II: Coupling waves. In this section we
prepare computational lemmas for analyzing nonlinear wave couplings through a funda-

mental solution and Duhamel’s principle. The proofs of the lemmas will be presented in
Appendix

LEMMA C.1. For & € R?, it is satisfied with |Z| < ¢ and k,[ = 1,2,

K 1 1 .
/ / i 5/2d:c*d7
0 1+ (t—7) (=T — |@— | +VI—T)/21+T
|2 — &, <t—71
|2, <7
_ o) .
L tR2(t — & + V)2

(C.1)
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t/2 1 1
/ / T = dE.dr
0 1+ (t—7)eta(t—7—|&— & |+ Vi—71)/2 1+ 1%
| — & <t—7
|2 <7
o) (C.2)

St — | @+ VO V2

¢ 1 1 .

—— dZ.dt
t/2 L+ (t—7)t—7— |8 — B+t —7)V/21 4 7046)/2
|2 - &, <t—71
|Z.| < T
_ o)

L+ 145 (t — |&] + VE)/2

Here, (CJ)) was obtained in [22]. The computation is basic for obtaining most of the
coupling waves. For the readability of this paper, we include the proof in Appendix

(C.3)

LEMMA C.2. For & € R?| it is satisfied with |#| <t and [ = 1,2,

t
/ / lﬂ — _,1 d@.d1
: T R Ry NN R FARSVC
|€ —&.| <t—7
|Z.| < T

B 1 1
_QUQ+%HﬁV+Hﬂ%@HﬁWJ’m@

t/2 1 1
dZ.d
/0 / L+ (-GG -7 — |8~ @]+ VE- D21 (@l VDT
|8 — 2| <t—T
|£*| <T
1
=0(1) (C.5)

141402 — |&| + \/5)1/2’

¢ 1 1
d@.d
/t/Q / T+t —T)t =7 — |8 —Bu| + VE—7)1/2 1 + 7D /2(|&8,| + /7)4 Lear
& —&u| <t—7
|£*|<T
1 1
=01 + , (C.6
()(1+tl/2(|i|+\/Z)2 1+t1+l/2(t—|5c|+\/i)1/2> (C.6)
Lo ] R NEN 1 *
d@.dr
)2 1+t —T)t—7— |8 — &s| + VE—7)V/2 1+ 70+D/2(|&8, | + /T)2
& —&u| <t—7
|£*|<T

1 1
—ow (1 T ViR L R ] ﬁ)W) - (€7
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LeEMMA C.3. For & € R?| it is satisfied with |Z| <t and [ = 1,2

t
[ I e
0 T3 (6= N)2(% — Bal T VE= )2 1+ 72(r — [l + V)
| —Z«| <t—T
|Z«] < T
1 1
=0(1 + ), C.8
()(1-*-(\55\4‘\/5)2 L+ t(t — |&] + VE)1/2 (C8)
t/2 1 1
/ / — = d&.dr
0 T (- NOD2(Z — & 4 VI 7 1+ 72(r =[] + v/7)
|8 — 2| <t—T
|Z«| <7

1 1
:o(l)(Htw(kmﬁ)2 +1+t1+l/2(t_|£|+ﬁ)1/2), (C.9)

t 1 1 1
d@.dr = O(1 .
/t/z / 1+ (J& — @] + Vi—7)2 1+ 76107277 ()1+t1“/2(t7\5\+\/5)1/2
|Z — & <t—T7
‘iﬁ*‘<7’
(C.10)

LEMMA C.4. For & € R"(n = 2,3), it is satisfied with |€| < ¢ and [ =1, 2,

t
1 1
/ / — - d@.dr
0 L (t = m)2(|& — &)+ VE— 1) L+ (|8] + v7)*"
|2 - &, <t—71
|2, <7
1

~ T @ v

(C.11)

t/2 1 1
/ / — — d@d.dr
0 14+ (t—7)AD/2(|8 — B, | + vVt — 1) 1+ (|2 + /7)%"
|2 —Z, <t—7
|Z.| < T
1
=0(1)

L+ #/2(|1Z) + Vi

(C.12)

t 1 1
/ / - = H0/2(1 2 5 ZdT
t/2 1+ (|8 — @, +VE— 1) 1+ 7EED/2(|8, | + /7))
|2 — & <t—7
|Z.| <7
1
=0(1)

1+ t1/2(|&] + Vi)’

(C.13)
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t
1 1
/ / — = d& . dr
t/2 1+ (|8 — Z| + VE—7)" 1+ 7Un+2)/2(|18, | 4 /T)"
|2 — &) <t—71
|2, <7

— o(1) 1

1+ t/2(|3) + V)

(C.14)
LEMMA C.5. For # € R?, and | = 1,2,

(CAEDS

/t / 1 e Ci1(+n) oy
L s
0 T4 (t—1)32(t— 7 — & — @] + VE—1)1/2 (L1 r)pr2 T

|2 — &, <t—7

|Z.| > 7
3|—1)2
RS : (| R G L
=0(1) Y , (C.15)
/t/2 / 1 e (C‘?*l‘j:ﬁ IE.d
L
0 T+ (t—7) B2 (t—7—|@— . |+l — 7)/2 (147)52 T
|€ — & <t—7
|Zs| > 7
3|—1)2
PR : (| R G L
- (1) 1+t(3+l)/2 I ( 16)
¢ _(Be]—1)2
/ / 1 e Ci+n) di.d
B.dT
/2 I+(t—7)t—7—|%— B+ VE—7)V/2 (14 7)06+D/2
|2 — &, <t—71
|2, > 7
3|—t)2
BURS : (| R G L
=0(1) T (G . (CaT)
LEMMA C.6. For & € R"(n=2,3),and [ = 1,2,
t _U3x]-t)?
1 e C1(I+7m) .
/ / — d&.dr
0 14+ (t—1)V2(|8 — & + VI — 1) (1 + 7)Bn=1)/2
|2 - &, <t—7
|Z.] > 7
(&[—1)2
H(2-n)H(t — |Z H(t — |2 H(|Z| —t)e €o0+H
o [HE-wHE-lE) | He-a) | H(# o o

L+t(t— |& +VHY2 14 (|8 + Vi) 1+ ¢(Bn—1)/4 ’
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_UB]—t)2

t/2 1 e CiFm)
/ / dZ.dt
0 + (t—7)HD/2(|8 — B, |+ VT —7)" (14 7)Bn—D)/2
|€ — &) <t—7
‘Ii:*‘ >T
(z|-n?
—o() 1 H(2 —n)H(t — |Z]) H(t - |Z|) H(|&| — t)e Cot+n
B LHe2 \ 1 t(t — &+ vVOY2 1+ (|2 + Vi) 1+ tBn=1)/4 ’
(C.19)
t _(@«|-0)?
/ / 1 e~ Ci0Tn _di.d
Z.dT
t/2 + (|1 — &, + vVt —71) (1 + 7)BntD/
|2 — 2. <t—7
|2, > 7
_yz=0?
— o(1) 1 H(2 —n)H(t — |Z|) H(t — |Z]) H(|Z| — t)e “o0+n
SOOI et — @+ VOV T 1 (1] + V) 1+ tBn-1)/4
(C.20)
LEMMA C.7. For € R? and | = 1,2,
¢ _UB=@s|-(t=7)?
e Ci(1tt—7) 1
/o / Lot (= 7)o/t (1 + (2. + v7)*
|Z —Z.| >t —7
|2, <7
+ ! >d§3’ d
= «dT
T+ 27— [+ V)
Us|=n?
H(t - |2 H(t — |2 —t Co(ATD)
—0(1) ( - |Z]) (# |Z]) H(|Z| —t)e < (o)
L+t(t — &+ VD)2 1+ (|8 + V)2 1+4¢5/4
B—@y|—(t—7))2
/0 / L+ (t — 7)5/4+0+0/2 <1 + (|&4] + 7)*
|& — & >t—71
|Z.| < T
+ ! >d§3’ d
= «dT
TP @+ V)
(IR0
—0(1)—" H(t — |&]) H(t—|@]) | H(|Z] —t)e o0
B L+t/2 \ 14 t(t— |&]+ V)2 1+ (|&] + V1)? 145/4 ’

(C.22)
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UB—@x |~ (t—7))2

/t / e Ci(tt-7) 1 ( 1
t/2 L+ (t=7)5 1475 \1+ (|2 + v7)*

| — & >t—7

|i*| <T
5 ) d&.dr
14+72
T = o _gal-n?
=0(1) 1 H(t — |Z|) H(t — |&|) H(|Z| — t)e” o0
(C.23)

The above lemmas are mainly for the closure of the nonlinearity when n = 2. The
following lemmas are for case n = 3.

LEMMA C.8. For & € R3, it is satisfied with |#| < ¢ and [ = 1,2,

‘ 1
/0 / 14+ @E—T)2(|8— B+ VE—T)E—7T— |8 — Zu| + VT —T7)2

|€ — .| <t—T

|Z.| <7
_ R _dF.dr = O(1) ——— LI . (C.24)
L4 (|&.] + v7)2 (7 — [&] + V7) L+ (|&] + V) (t — & + V1)?
t/2 1
/0 / 14+t —7) D218 — |+ VE—T)t — T — | — & + VT —T)2
|€ —&.|<t—T
|Z.] < T
_ R _d@.dr = O(1) _ . (C.25)
L+ (|&:] + V72 (7 — [&+] + v/7) L+ 6/2(1@| + Vi) (t — | 3| + V1)?
¢ 1 1 .
/ / — — d@.dr
/2 14+ (|8 - & | +VE—T)(t =7 — |8 — Bs| + VI —7)2 1 + 74+01+1)/2
& —&u| <t—7
|£*|< T
1
=0(1 . (C.26
( )1+tl/2(\{é\+\/f)(t—|£|+\/f)2 ( )
LEMMA C.9. For & € R3, it is satisfied with |#| < ¢ and | = 1, 2,
Lo : —
e asd<t L4+ (t— /218 — @u| +VI— )t =7 — |8 = Bu| + VT=T)2 1+ (J8e| +VT)O
X — | <t—T7
|2+ < T

1 1
- 2
ow <1+(\i\+\/¥)3 + 1+(\£\+\/Z)(t,‘5‘+\/g)2> ) (C 7)

t/2 1 1
d@ . d
/o / T+ (t—n)HD/2(F — By [+ VE—T)(t =7 — | — @ |+ VT =) 1+ ([Ba| + )0 T

|& — 3| <t—7
@] < T

1
= O TR T G A v (C.28)
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t 1 1
/ / d& . dT
t/2 L (I8 = @] + VE— 1)t — 7 = |& — &i| + VT — D)2 14+ 7UHD/2(18, ] + v7)0
|& — Bu| <t—7
[@x| < T
1
—om)——m——, (C.29)

L+ /2(1@] + Vo3’

t 1 1
d@ . d
/t/z / 1+ (2 —Br AV (-7 — B =@ |+ VE=7)2 14 700 2([&, |+ v7)B T
|8 — @B <t—7
B < T
1
— o) og(1+t) (C.30)

1+ tHD/2(1@| + V)3

LeEMMA C.10. For & € R3, it is satisfied with |Z| <t and [ = 1,2

T

|€ — & <t—7

|Z.| <7 (C.31)
1
=01)———,
W+ vy
t/2 ) . )
e d®.dr
0 14 (t—1)HD2(|& — &,| +vE—7)3 L+ 7
|2 — 2. <t—7
|2, <7 (C.32)
1
=0(1 ,
D@ vy
/t / ! ! dZ.d
«dT
42 1+ (|& — @] + VI —7)3 1 + r4+0+0/2
|€.| <7 (C.33)
1
=0(1 )
R ENTE Y
LEMMA C.11. For £ € R3, and [ = 1,2,
_ (@] =)
' 1 e C1(1Fm) iy
/0 / T+ (-1 2(8 -G |+ VI (=7 —|F— | + V=72 (L m)d o
|8 —&.| <t—T
\5*\ > T
H(tf\i\)Jre*QC%‘(l;itﬁ)
=0(1) . (C.34)

1+ t2
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By |—t)2
t/2 1 ei(‘cl(‘l‘*’i}) .
/o 5 ‘/<t7 T GO/ g s Vit —r— 7 — a1 Vi=T)2 (i &
|[@s| > T
H(t — |&]) + Biiai
— o) ey , (C.35)
_ U@« —t)2
t 1 e C1(I+7)
d@,.dr
/t/z / LT+ (18— &u| +VE-T)(t— 7 — |& — &u| + V- 7)2 (1+7)6FD/2
|8 — & <t—7
| @] > T
H(t — |&]) + 7%
— | €
=0(1) T G (C.36)
LEMMA C.12. For 2 € R® and [ = 1,2,
i ! ! 425
e 1 - e 0
= + dd.dr = O0(1)——,
[ L. s (G ) NTEE
(C.37)
F—@u|—(t—7))2
t/2 e_w+ﬂ» 1 1 .
/ / — + dZ.dr
0 Jiger T+ E- PO \TH (@470 1470
2 (C.38)
T|—t
e (C‘O|(1+)t)
- 0(1) (1 +t)2+l/2’
" _ (BB |—(t=7)?
[ o (et e e
= + T, aT
2)ig)<r 1HE=7) 1475 \1+([Z]+ V7)) 1+74
2 (C.39)
T|—t
6_ (C“O‘(1+)t)
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Appendix D. Proofs for coupling waves.
Proof of Lemma [CIl. When 7 € (0, (t — |&] + Vt)/4), for |#] < t, | — &.| <t — T,
and |&.| < 7, it follows from the triangle inequality

t—T—|E =&, |V — T > t—7—|Z|—|B.| +V3t/2 > t—27—|&|+V3t/2 > (t—|Z|+ V1) /4.

Thus,

d®.dr

/(ti|+\/f)/4 1 )

0 B e e e

T—L, |<t—T
|8, |<T

(t—|&|+V1)/4 1 1
_ 0(1)/ / i
o T
’ @ gt LH(E=T)32/t =& + Vi
\55*|<‘r
(t—|Z[+/D) /4 1 2 1
- 0(1)/ T _dr—00)
0

N IV L= [+ Vo

When 7 € ((t — |&| + V/1)/4,t/2) and |Z| < /2, one uses the polar coordinate (r,8) for
T — T,

t/2 1 1
/ / — 5/2d:5*d7'
(t—|&|+v7) /4 1+(t—T)3/2\/t—T—|w—m*|+\/t—71+T

|B—&.|<t—T
|&.|<T

drdr

t/2 t—7 r 1
= 0(1)/ / =73
(—lglvi/ado 1+t —732t—7—r+Ji—71+7

t/2 1 .
:Ol/ —— _dr=0(1) (1+ (t — |& + Vt)*/? —O(1)(1+ 3/%)~1,
W (1@ viy/a LT ( )( (=12 ) ) (1) )

When 7 € ((t — |&| + v/t)/4,t/2) and |&| € (t/2,t), one uses the polar coordinate (r, )
for & — &, and takes the angle into consideration. Then, by the diagram in Figure 1 the
integration interval of the angle Af is of the order 7/|&|.
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<t—-7

F-%.

Fic. 1. The diagram for &, with |& — Z«| <t — 7 and |Z«| < T

Thus,

t/2 1
/ / d&d.dt
(t—|Z|+/1) /4 L+ (t—7)32\t =7 — | — &y + /T —7 L+ T2
|&—&.|<t—T
|&.|<T

t/2 t—1 1
= 0(1)/ = (/ s 7 dr> dr
ii@evpa 8 \Jo 1+ -7)32T—T—pltT

t/2 1 1
=01 / ———5dr
W (t—|@|+vD) /4 || 1+ 73/2

1 1
o(1) —o(1) :
1+ &/t — & + Vi 1+ ty/t — &+ Vi

When 7 € (¢/2,t),

! 1 1 B
— 5/2dm*d7
t/2 T+ (t—7)32\/t—7—|&—&,|] - Vt—71+T
|B—&.|<t—T
[@. |<T

r

_O(l)/t /t—T 1
2do 14 (t—T)32t—T—r 4 JE—T LT

t
_ 1 _ 3/2\—1
_0(1)/t/271”5/2617_0(1)(1“ =

drdr

The above cases conclude (CI)) for k = 2. The estimate (CI)) for k = 1 will follow by
the same calculation.

The estimates (C2) and (C3)) for derivatives follow directly from (CIJ), since the
extra factors (t —7)~"/2 and 7712 are O(1)t~*/? in the regions for the integrations. The

lemma follows. O
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Proof of Lemma [C2. When 7 € (0,t/2), it is trivial:

t/2 1 1
/ / — = dZ@.dr
. T (=)= 7 — |7 =Bl + VI D)2 L+ (@] + V7]
| — &.|<t—T1
|24 < T

t/2 T 1 r
=0(1 drd
( )/O /0 1+t3/2+1/41+(r+\/7__)4 rat

t/2 1 1
— — 7/4\—1
_OU)A AT = O+ T og(1+ 1),

(D.1)

When 7 € (t/2,1), if |Z| < v/1, it is also trivial:

t
1 1
/ / — — dZ.dT
” RN AR
| — Z.|<t—T
|8 <7

t t—T1 r 1
— o drd
()/W/O L+ (732t -1 -1+ Vi) 21+ (VDA
t
1

=0(1) /t/Z H—tzdr =0+t =011+ (|Z+Vt)}) .

If |# > /t, one takes the integration interval of the angle into consideration after using
the polar coordinate:

t
1 1
/ / — — d@,dr
t/2 L (¢ —7)32(t =7 — |& — & + V= 7)1+ (J&.] +V/7)*
| — Z.|<t—T
|8 <7

t T 1 r t—T1
=0(1 drd
“/t/z/o [T (P PHATS (g vt 7 T

! 1 11
= ok —dr = O0(1)(1 + £3/4E)) "
ol )/t/z 14+ (t—7)3/41+t |2 T=01)(1+t7|Z)

If t1/2 < |&| < t3/4] then
(1+4E) " < (1422 < C(1+ (|2 + V)~
If t3/4 < |&| < t, one has
L+ 542) T < (L4327 <O+t — 8]+ V)27

The above cases conclude (C4)).



GREEN’S FUNCTION FOR NS AND APPLICATIONS 491

The estimates (CH) and (C.6) result directly from (D)) and (C4) respectively. The
final estimate (C)) can be obtained by a similar computation: if |Z| < v/,

t 1 1
dZ.d
/t/g / T+ (-1t —7 [~ &+ VI D2 L+ 7O 2@ + V)2
|8 —Z. | <t—7
|Z.| <7

t t—7 r t 1
=o@ drdr = O(1 - __d
()/t/z/o T+ (-t —7—rt Vi1 1 vz @) vyo 1+ 19727

=0(1)(1 +t)*(l+3)/2 =0(1) (1 +t(l+1)/2(\:i:‘| + \/2)2)_1 )

If |& > /t, one takes the integration interval of the angle into consideration after using
the polar coordinate:

t 1 1
4, d
/t/z / T+ G- —7— |8 —Bs| - VE=D)/Z 1+ 70FD/2 (|3, |+ vr)2 T
|8 — @B <t—7
|B.| < T
=0o(1) /t /r 1 s tf-rd dr = O(1) t 1 log(1 + t) 1 J
B P o S T e ¥ S R (Y Py R T R Py PR sV A (Y T
1 1 1
—o(n)lest Y

14 ¢1/4 14 ¢(+2)/2(18) + VE)

The above cases conclude (C7)) and thus we finish the proof of the lemma. O
Proof of Lemma [C3l When 7 € (t/2,t), the decay is fast:

¢
1 1
/ / — - dZ.dt
t/2 L+ (t—7)12(|8 — 2| + VT —7)2 14+ 727 — |Z.| + /7)
€ — & <t—7
|2 <7

=0l /t/2/0 7 1+t — T(:: +Vi—-7)21 +lr5/2 drdr = O(1)(1+¢)7". (D2)

When 7 € (0, (|& + v/7)/4), one has

& — &.|+ VE—T > || — |8+ V3t/2 > |&] - 7+ V3t/2 > (|| + V1)/2,

and
(1&|+v7) /4 1 1
/ / — — d@d.dr
0 14+t —1)V2(|2 — Zu| +VE—7)2 1+ 72(T — |B+| + V/7)
| — &« <t—7T
\i*\ <T

oa /(\i\+\/¥)/4/T 1 . .
= () o 0 1-‘,—\/%(‘(3‘4—\/{)21"1‘7—2(7—1”—‘,-\/?)7”7-

y [ (ehvors 1 log(1 +7) (log+0)2 1 (
0 1+ VE(|E| + VD)2 147 L+t1/2 14 (& +v1)2

dr = O(1)

D.3)
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When 7 € ((|Z] + Vt)/4,t/2), one has

t/2
/ / 1/2 *1 = 2 2 1* d@.dr
(1Z+VD) /4 L4 (t = T)V2(|& — @] +VE—7)2 1+ 72(7 — || + V/7)

| — & <t—7
|Z.] < T

Y A A |
-ou / / drdt
(1&|+v1)/4 Jo 14+ Vi(r +v1)2 1+ 75/2

t/2 log(1+1t) 1 log(1 +t) 1
O(1 / dr = 0O(1 . 4
W (&+vi/a L+ 1+75/2 e L+t1/2 14 (|@| + v1)3/2 (D-4)

If t17/24 < |&| < t, one has

log(1+1t)
L+ 0721 + VB

log(1+t) 1
1+ ¢1/16 1 4¢3/2°

= 0(1)

If |Z| < t17/24 one uses

t/2
/ / _,1 - 14 d®.dt
(131+v%) /4 T4 (t—7)V2(|& — @] + VE—7)2 1+ 72(1 — || + V/T)
|8 — 2. <t—7
|5*| < T

t/2 . 1 .
B 0(1)/ / drdt
(@+vD/ao T+ 1+72(r+/7)

_ log(1 +t) 1 _ 1
=00 er < OW e =0W (12 + V1)

This together with (D.2), (D3) and (D.4) results in (CS).
The estimates (C9) and ([CI0) are trivial conclusions of (C8) and (D-2)) respectively.

Thus we finish the proof of the lemma. O
Proof of Lemma [C4l This part is similar to a heat kernel and (C.I1)) can be obtained
by direct computations:

¢
1 1
/ / — = dZ.dr
0 14+ (t—7)V2(|Z — | + VE— 1) 1+ (|&| + /7))
|2 - &, <t—7
|2, <7

t t—T1 n—1
o [ ([
o 1+ (t—7)2\Jy 14+@F@+Vt—7)"1+ 2>

+/T L e dr) dr
o T+ (&)™ 1+ (r+v7)*"

1 <\/Zlog(1+t) 1 (10g(1+t))3”> 0.5)
T+|Zn \ 1+ 2" 1+ t(n=1/2 1+ 1172 T

= 0(1)
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When |#| > v/t, (D.5) is fast enough to yield (CIT). The case for |Z| < v/ is trivial:

t
1 1
/ / — — dZ.dT
0 1+ (t—7)V2(|2 — Z.| + VvVt — 7)" 1+ (|8 + V/7)2"
|€ — & <t—7
|Z.| < T

t/2 1 ,rnfl
1
)/ / 1+t7l+1/21+(r+\/?)2"drd7

o [ et e
t/2 1+\/t—r(r+\/t—7)n1+tan

_ o1 (log(1 +¢))3™" log(1+1t)
- ( ) 1 4 t(n+1)/2 1+ ¢n—1/2°

+0(1) (D.6)

The cases in (D) and (D.6) yield (CII) and (CI2) and (CI3) are direct results of
([CI11).
The proof of (CI4) is similar to (D.5):

t
1 1 .
/ / T — .|+ T)" n+2)/2(|F A2 dr
t/2 1+ (|8 —Zu| +VE—T)" 147 (|2« + /7)

& — &, <t—71
|2 < T

0(1)/t - : /” A
= T‘
b2 LA E o 14+ (r+VE—T7)"
T ,,,nfl
+ [ ——————dr)d
/o T+ (r /o) > '

:0(1)log(1+t) 1

1+t/2 1+ t/2|@n

Thus, we finish the proof. O
Proof of Lemma [C5. When |Z| < t,

_(Bx|—7)?

t 1 e Cq1(147)
/ / — d&.dr
0 14+t —7)32(t —7 — |& — &s| +VE—T)V/2 (1 +7)5/2
|& — 2| <t—T
|Zs| > T

t/2 1 t—1 r 1
=0(1 ——d O(1 drd
W[ ‘)/t/z/o T T S DN (R ek

= omﬁ. (D.7)

When |Z| > ¢, for |& — Z.| <t — 7, one has

&, —7 > @] — [ — & |+ (t—7)—t > [&]—t >0,
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and similar to (D),
(%] =7)2

¢ 1 e Ci10+7) Ji.d
/0 / T4 (t—1)P2(t— 7 — |@ — @] + VE— )2 (L7207

|&— & <t—7

& > T
(3]-0)? t2 1
= 0(1l)e Co(+H — —d
(e % (/0 T+t/A1+r

t—7 r 1
drd
+/t/2/o T+ (-2t —7—r i) (1 + 02T

_ (@ =t?
e Co

1+¢3/2 7

=
(1+t)

= 0(1)

The above cases yield (CI5) and (CI6) and (CI7) can be resulted directly from
(C.13). O

Proof of Lemma [C.6. We first consider the case |&| < t: when 7 € (t/2,1),

(x| —7)2

! 1 e~ Ci(l+m)
/ / = = d@.dr
t/2 1+(t—7)1/2(\m—m*| +Vt—T)" (1—1—7’)(3"—1)/2
& — &, <t—71
|Zs| > T

t—7 = 1
1
drd
//2/ =) 2+ E— ) (14 ez
log(1 +¢) 1
1+t1/2 14 ¢Bn=3)/2

= 0(1)

When 7 € (0, (|#| + v/*)/8), one has

(B |—7)2

(t—|&|+V1)/8 1 e Ci(l+7) .
/ / e dZ.dt
0 T+ (=)@ — @]+ Vi7" (L4 7)En D72
|2 — 2. <t—7
|2+ > T

(1)/(%\5\%/?)/8 1 1 . 0 (10g(1+t))37n 1
= 7— f— .
0 L+ 072(|&] + Vo) 1+ 772 L+ 82 11 (@ V"

Here, we use the following facts: for 7 € (0, (|& + v/t)/8) and 7 < |&,| < 27, one has
% — | +VE—7 > |&| — 37+ /7t/8 > (|1Z] + V1) /2.
For 7 € (0, (|Z| + v/t)/8) and |&.| > 27, one has

|& — &,| + VE— 7+ @] —7 > |&| — 7+ /Tt/8 > (|Z| + V1)/2.
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When 7 € ((|&] + V/t)/8,t/2), one has

(& |—7)2

/15/2 /’ 1 ei Cy(1+7) dit. d
L« QT
(t—|&+v/D)/8 L+ (t—1)V2(|Z - &+ VE—7)0 (14 7)Bn 0/
|8 — 2. <t—T
|2+ > T
:0(1)/”2 log(1 + 1) 1 _ (1)10g(1—|—t) 1
(—l@ltvis L2 14 rBnmD/2 L+ 12 1 4 (@] + V) Bn—3)/2’
(D.8)
and
B |—7)2
t/2 1 e U . d
L« QT
/(tf\fc\w%)/s / Lt (t = 7)V2(1E — @] + Vi —7)n (14 7)Bn D/
|8 — 2. <t—T7
|2+ > T
t/2 1 1 log(1 + £)>~™
= O(l) \/(\t7‘5|+\/{)/8 1 + t(n+1)/2 1 + Tn/2 dT = O(l)w (D.Q)

When n = 3, (O.) is fast enough. When n = 2, for |&| € (t'7/24,t) and |&| € (0,t'7/24),
one uses (D.8) and (D.9) respectively to yield

(B« =12

t/2 1 e ©C10+7)
/ / — d@.dr
(t—|&|+v/7) /8 L4 (t = 7)V2(|& — & + VE—7)2 (1+7)5/2
€ — & <t—7
|Zs| > 7
1 1

=O(1)W+O(1)m.
When |Z| > ¢, since |& — &.| < t — 7, one has
|B| —7 > |&| — | —Zu|+(t—7)—t > |&] -t >0,
and similar to (D),

_UBs|-7)2

t 1 e~ CiaTn) .
/ / — dZ.dr
0 1+ (t—7)V2(|8 — & + vVt — 1) (1 + 7)Bn=1)/2
& — & <t—7
|Z.| > 7

oS ([ 1 Ly,
- ( )6 0 /0 14+ ¢(nt1)/2 1 4 7n/2 T

t t—T ’I"n_l 1
+/ / 73 G _1)/2d7“d7
t/2Jo 14+t —7)Y2(r+Vt—1)" (1 +1¢)Bn
_(&—t)?
e Co+D
14 $+(B3n=1)/4"
The above cases yield (C.I8) and (C19) and ([C.20) can result directly from (CI8). O

= o)
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Proof of Lemma [Cl When |Z| < ¢ and 7 € (0,¢/2),

_(B=@.|—(t=7))2

t/2 e Cr(lFt—7) 1
/ [ e (e

| — & >t—7
|2 <7

1
+ =
T+ P2 =&+ V)

) d@.dr

_UB=@x|—(t—7))?
t/2 7o ci(Ti—m) r r
:/ / 5/4+1/2 ( it 2 ) drdr
o Jo 1+ (@t—7)3/4H2\ 1+ (r++/7) 1+ 72(1 —7r++/T)

EE | 1 log 7 (log(1 +1))?
:()(1)/0 1Hm(1+T+1+T>df_0(1)41”7/4 .

When 7 € (t/2,t), one has

t _UE @ —(t=7))?
12 T+ (=R T 2 (= @]+ V)
|2 — 2| >t—7
|2, <7
i
1 1 1
()/t21+(t_7)1/41+t5/2 m=O0W
/
t _(E—@u|—(t—7))?
t/2 14 (t —7)5/441/2 1 4 (|&,] + /7)4 T, AT
|Z — 2| >t—7
|2, <7
t—|a@|/8 1 ] . . X
Wl D=7 i O g T =07 L il + v
1 1

- 0(1)W + O(1)m. (D.10)

In (D.10), one uses the following triangle inequalities: for 7 € (¢t — |&|/8,t) and t — 7 <
|€ — &.| <2(t —7),

.|+ VT > & — & — &.| + VE/2 > 8] - 3(t—7) + VE/2 > (18] + V1)/2,
while for 7 € (¢t — |&|/8,t) and | — &.| > 2(¢ — 7), one has
& = @] = (¢ —7) + |Z| + VT > |E] = (- 7) + V2 > (2] + V) /2.
When |&| > t, since |#.| < 7, one has

& — @, — (t—7) > |&| —t+ 71— |&.| > |&]—t > 0.
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Thus,
t o~ RS 1 LN
[ e (gt reem) @
| — &) >t —71
|2 < T

(8]-t)? 2z 1 1
— O(1)e” CoT+D d
OM)e 7 (A 1+ﬂM(1+r+1+ﬂﬂ>T

Y -]
.
g2 L+ (t—T)/A\1+12 1 415/2

_Uz|-n?
e Co(i+o)

L 5/4

—0(1)

The above cases conclude (C2)) and the estimates (C22)) and (C23]) can be obtained
directly from (C21)) and we finish the proof. O
Proof of Lemma [C8 One has

1
L+ (1) 2T — | + VE—T)(E—T — |2 — 2| + VI 7)2

1 1
_Ou)<b+@—ﬂ3+1+@—Tﬁﬂ@—7—5—5q+wﬁi7y>'(DJD
When 7 € (0, (t — |Z| + v/%)/4), one has

t—T—|B—Z |+ VE — T > t—7—|&|— || +V3t/2 > t—|&|+V/3t/2—21 > (t—|&|+V/1) /4.

(D.12)
Thus,
_UB—&x |~ (t—7))2
t e C1(14t—71) 1 1 )d“ d
/0 / 14 (t — 7)5/4+1/2 <1+ (|&.] + v7)* t i es ) deelr
|8 —Z.| >t —7
|[&B.] < T
_(3-0? t/2 1 1 1 t 1 1 1
— O(1)e” CoFH / ( d / 4
(e o 1+41t7/4 1+7‘+1+Tl/2 Tt tj2 1+ (t—7)1/4 1+t2+1+t5/2 g
_gEl=n?
e Co(i+t)

= 0 7
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and
(t—|&|+V1) /4 1 1
dZ,.d
/o / T+ (t—1)° 14 (1@ + Vr)2(r — @+ v)i
& — & <t—7
.| <7
@-l@+vD/A T .2
=0(1 drd
()/0 /0 14831+ (rtv2(r—r+ it em
B 0(1) 1 /(t—|:ﬁ+\/€)/4 1 g 0(1) 1
h 1+t J, 1+ 32 = 1+t3
When 7 € ((t — |Z| + v/t)/4,t/2), one has
t/2 1
/(Hi\wzm / Lt (t=m) 28— @ + VIE-T)(t =7 — [T — @] + VI —7)?
| — & <t—7
|5*| <T

1
L4 (|&.] + v7)* (7 — @] + V7)

4d:i’*dr

t/2 T 1 7'2
=0(1 drd
()/(t—|i|+\/f)/4/0 L+t3/2 14 (r+/7)2 (1 — 7+ /7)1 e
/2
— 0()— / L _ar=o0) L

e - T = = .
L+8572 S japvmya 1+ 722 1+ 19/2(t — (@] + VD)2

R AR G EA R L el

When 7 € (t/2,t), it is trivial: since

one has

K 1
/t/g / L+ (=128 —@u| +VE—T)t — 7 — |& — B| + VE —T7)2
|2 — 2. <t—71
|€.| <7
1
L+ (|Z.] + v7)2 (7 = 2] + V/7)

4d:_é*d7

t t—T1 7'2 1
=0(1 drd
( )/t/2/0 I+t —1)2r+Vt—T)t—T—r+/t—7)21+t4 rar
¢
1

:OQXAQTIFdT:OOK1+ﬁY{

The above cases conclude (C24) and thus (C.25) and (C26) follows. O
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Proof of Lemma [C9. From (D.II) and ([DI2), when 7 € (0, (t — |&| + v/¢)/4), one

has

/(t—\i\+\/?)/4 / 1 ! A&, d
o T4 — ) 2(18 —Bn|tvE—7)(t —7 — % — B |+ VE—7)2 1+ ([Ba| + /7)0 2T

|& — &Bs|<t—T7

|Z| <7
_O(l)/(tf\ilﬂ/?)/zl / 1 1 oy
- 0 T+ (=13 2(t—7 — |B— @ |+ VI =2 1+ (|@a| + )0 T
& — B <t—7
& < T
(t—|B|+VT)/4 1 1
+O(1)/ / 4, dr
0 TF (=8 14 (81 + V/7)°

|8 — @] <t—7
2| <7

—ou /‘(t7\5\+\/¥)/4 /T 1 1 r? drd
=W/, o \T+ 872G (@l + Vo2 148 ) Tt ervne

—o) 1 N 1 /(t—\a‘v\+\/¥>/4 1 dr = O(1) 1 N 1
N 1+3/2(t — &+ V82 14+t3 )Jo 1482977 14+3/2(t — @+ VB2 1413 )

When 7 € ((t — |Z| + V/t)/4,t/2), one has

t/2 L )
d&.d
/(t—\£|+\/?)/4 / T4 (t—D)/2(8 —Ba| 4 VIt —7 —|B — B | + VT =7)2 1 + (|B+] + v/7)O -
|& — &@u|<t—7
‘i*|<r
t/2 T 1 r2
:O(l)/ / drdT
(t—1@B|+vE)/aJo 1+5/2 14 (r + /7)6

t/2

1
=0(01)——— ————=dr =0(1
( )1+t5/2 /(t—\a‘:’H\/?)/rL 1+ 73/2 g W

1
1+ 5/2(t — |&| + VE)1/2'

When 7 € (t/2,t), similar to the 2-D case, we take the angle into consideration when we
use the polar coordinates:

t 1 1
d&.d
»/t/2 / T+t —7)2(18 - &u| +VE=T)(t — 7 — |& — & | + VT 7)2 1+ (|2 + V7)5 i
& —@.| <t—r7
|&.] < T
t T 1 r? (t —7)2
=0(1 / / — drdr
W oo T5G= 2T G0 (R
1 t 1 1
=0(1 dr=01)———. (D.13
( )1+t3/2\i\2 [/2 1+ 71/2 T ( )1+t|i\2 ( )
Meanwhile, one has
t 1 1
/ / d& . dT
t/2 T4+ (=) 2(8 =@ | VIt — 7 — |8 — @ | + VE—7)2 1+ (18] + V/7)O
|8 — @u| <t—7
|Z+| < 7
r2 1

drdr = O(1)

! /t 1ar = 0(1)—
1+ Jipe 7T 1462

(D.14)

t t—7
20(1)/t/2/0 1+t -7 2(r+VE—T)(t—T—r+VT—7)2 1+13

If |#| < v/t, (D.14) yields the pointwise structure (C.27), since
-1
L+ < (14827 = 00) (1+ (3 + VD) .
For |#| > v/t, one uses (D.I3):

(1+tlEH < 1+ 2> =0(01) (1 + (|#] + \/5)3)71 }
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Thus we finish the proof of ([C.27). The estimates (C28) and (C29)) are direct results of

(D.13) and (DI4) respectively.
For the final estimate (C.30), similar to (D.13) and (D.14):

t 1 1
d@d.d
/t/Q / T+ (Z B+ Ve —7—|Z— B |+ V)2 L+ 7D /2(|Z, |+ /)BT
|8 —Z. | <t—T
|&.| < T
r? (t —7)2

drdr

t T 1
=0(1
”/t/rz/o T+ (=2 11t + o8 3P

-~ log(1+t) t _ log(1 +t)
=W araap /t/2 ldr = 00 iz (D.15)

t 1 1
d@.d
/t/z / T+ (8 =& A VE- )t — 7 — |8 — &l + VE— D)2 L+ 0T 2(@ + VPP
|8 —Z. | <t—7
& < T

7“2

t t—7 1
=0(1
()/t/2/0 1+ (r+VT—T)(t—7T—r+VT—7)21+4t(+8)/2

1 t 1
1+ (4872 /W, Vit—rdr =O0() e

drdrt

=0(1) (D.16)

The above cases (D.15) and (D.16)) yield (C:30) for |#| > v/t and |#| < v/t respectively.

Thus we finish the proof of the lemma. O
Proof of Lemma [CI0. When 7 € (t/2,t), the decay is fast:

/t / ! L d&.dt
t/2 14+ (t—7)V2(|d — &, +VI—7)31+74 "
|€ — &, <t—7
|2 <7

T2

t t—T1 1
20(1)/t/2/0 1+Vt—1(r+/t—7)31+74

When 7 € (0, (|& + v/)/4), one has

drdr =0(1)(1+¢*)~'. (D.17)

& — &, |+ VE—7 > |Z| — |Z.] + V32 > & — 7+ V3t/2 > (|&] + V1)/2,

and
(|1&|+vt)/4 1 1
. d
/0 / T+ (-1 2(@— @+ i—rp il
€ — & <t—7
|2 <7
(Z1+vD)/4 1 1 log(1 4 t) 1
= 0(1) - - r=0()-2— . .

0 L+ VEH( @]+ VE)3 14T L+t12 14 (|12 + V1)

(D.18)
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When 7 € ((|&| + vt)/4,t/2), one has

t/2 1 1
/ / —— TdT.dT
(1&|+/E) /4 L+ (t =)V (& - & +VE—7)31+7
|2 — &, <t—7
|2, <7

t/2 t—1 T2 1
=od / / drdr
( ) (Z|+vt)/4 /0 1+ \/f(r + \/Z)s 14+ 74
t/2 log(1+t) 1 log(1 4 t) 1
=o(1 / v AT 0T traa e (P
(|1&]+Vt)/4 + T (E+ VD)

The estimate (D.19)) together with (D.I7) and (D.I]) is sharp enough to yield (C31)).

The estimates (C.32) and (C33)) are direct results of (C31)) and (DI7) respectively.
Thus, we finish the proof. O

REMARK D.1. The proofs of Lemma|C.11]and Lemma[C.12|are similar to that for Lemma
and Lemma respectively and we omit the details. |
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