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Abstract. We consider the flow in a porous medium of three fluid compounds such as

alkanes with different boiling points; the compounds partition into a liquid and a gaseous

phase. Under some judiciously chosen physical assumptions, the flow is governed by a

system of conservation laws; we derive the expression for the Rankine-Hugoniot locus,

which involves a parameter dependent fifth degree polynomial in two variables. This

expression allows us to establish in detail the bifurcation behavior of the locus

Supplemented by the analysis of characteristic speeds and eigenvectors, the bifurcation

analysis of the Rankine-Hugoniot locus is the enabling fulcrum for solving the Riemann

problem for all data, which should be a prototype for general three component flow of two

phases in porous media. Despite the existence of many similarities between this model

and earlier models where proofs were not possible, here we managed to prove analytically

many features.

This system of conservation laws has three equations yet it leads to a characteristic

polynomial of degree two; this peculiar feature has been unveiled recently, and it is typical

of flow of fluids that change density upon changing phase.

1. Introduction. In this work we study a system of three conservation laws where

the accumulation function depends on two variables while the transport function depends

on three variables (the third one is the seepage velocity). This leads to a generalized

eigenvalue problem where a 3× 3 matrix has only two eigenvalues counting multiplicity;
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thus, there are just two rarefaction fields and only two branches of the Hugoniot curve

from a state (Lax’s theorem is not applicable here). This implies that left and right

states of a Riemann problem are not independent: for instance, given a left state the

right state has just two degrees of freedom. Therefore, the Riemann problem may be

solved in two independent variables and then the third variable may be obtained from

the previous ones. This kind of conservation laws were studied also in [4, 11, 22]; they

model porous media transport with variable total volume depending on compositional

parameters.

Flow in porous media for two liquids such as petroleum and water is modeled by

the Buckley-Leverett scalar conservation law; the solution for the associated injection

problem, or Riemann solution, was established in the forties. Often a third chemical

component is injected together with the water to change its properties and improve

recovery. In some cases, the volume of the fluids (or phases) can be regarded as un-

changed. The model involves a system of two conservation laws; its Riemann solution

can be found in Engineering textbooks, for example, [9], as well as in the mathematical

literature, [5,7,8]. More realistically, transfer of a compound between two phases changes

the total volume, and the associated model involves a system of three conservation laws

with the unusual property of possessing only two characteristic speeds; yet it has a proper

Riemann solution that is the subject of this work.

In our work we study a model which Riemann solution was unknown: how three

alkanes flow in a porous media when one of them may move between phases changing

the total volume of fluid (under some judiciously chosen physical assumptions). To this

problem, we obtain an explicit expression for Rankine-Hugoniot, Eq. (4.4), allowing us

to establish just two stable configurations, Theorem 4.17; we classify the shocks studding

perturbations of a singular Hugoniot, Subsection 5.1; and we analytically obtain rarefac-

tion fields and codimension-1 structures, Section 3. Probably, we give the most detailed

solution for the Riemann problem in this class of conservation laws, despite the seven

parameters that model depends on.

Our problem differs from the problems in [5–8, 17] due to the existence of a third

variable, named u. The results in [5–8, 17] are related to systems where the char-

acteristic analysis is standard. We mean, such papers refer to standard eigenvalues,

det(A − λI) = 0, rather than to generalized ones. Our paper handles a problem of the

form det(A− λB) = 0, where B is singular. These kinds of systems began to be studied

a few years ago by J. Bruining et al.; see for instance [11]. They have an unbounded

eigenvalue due to incompressibility. More precisely, it is common to assume fluid in-

compressibility without yielding an infinity eigenvalue because the volume is considered

constant. Then, the issue is to assume incompressibility and allow fluid volume variations

due to chemical reactions, mass exchanging between phases (our case), adsorption, etc.

Surprisingly, after a projection (in some way, ignoring u) the solutions of both kinds of

problems have so many similarities.

We solve the Riemann problem using Liu’s entropy criterion for all pairs of left and

corresponding right states, which allows one to verify that the solution depends on L1
loc

continuously on left and right states.
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In Section 2, we derive the model that is the subject of this paper: the flow in a porous

medium of three alkanes with different boiling points. One has vanishing vapor pressure,

so it exists only in vapor state, the other one has intermediate vapor pressure and exists

in both vapor and liquid form, while the third one has infinite vapor pressure so that it

exists only in liquid phase. We think that this model is a good approximation to models

in which the three alkanes exist in both phases: the lightest alkane has a lower but non-

vanishing vapor pressure in such a way that it dissolves slightly in the liquid phase and

the heaviest evaporates in small quantities. Another restriction is that the temperature

must stay away from critical value. Our problem differs from the compositional problems

studied in [3, 6, 17] since in our case the volume changes with composition variation.

In Section 3, we determine quantities important for the analysis of Riemann solutions:

the eigenvalues, eigenvectors, coincidence locus, inflection locus, and L-regions.

In Section 4 we study the Hugoniot locus which splits in saturation and evapora-

tion branches. We establish only two stable configurations to the Hugoniot for physical

relevant states. Finally, with theoretical and numerical tools, we classify the Hugoniot

curve.

In Section 5 we present the solution of Riemann problems for all left and right states

in projected physical domain (see Definition 2.5), allowing the verification of the L1
loc

continuity of the solution with respect to the Riemann data.

In Appendix A we present some useful results on polynomials.

2. Physical model. We are interested in a porous rock filled by two phases, a gaseous

phase and a liquid oleic phase. No chemical reactions occur and the temperature is

constant. There are three chemical components, a light gaseous hydrocarbon A, a volatile

hydrocarbon B and a non-volatile (or “dead”) hydrocarbon D. The light hydrocarbon

exists only in the gaseous phase, the volatile hydrocarbon exists both in the liquid and

gaseous phases, while the dead oil exists only in the liquid phase. The overall flow is

governed by Darcy’s law, relating pressure gradients to the flow of the phases.

2.1. Thermodynamical equilibrium assumptions. We assume that the temperature (T )

is constant and that variations in pressure (P ) can be considered negligible as far as

thermodynamical properties are concerned.

Let �o and �g be the molar concentrations (number of moles per unit volume) of the

oleic and gaseous phases, respectively; let �gi, i ∈ {a, b}, and �oi, i ∈ {b, d}, be the molar

concentrations of the respective component i in the gaseous and oleic phase; finally, let

yi be the molar fractions of each component in the oleic phase. In the liquid phase we

have, by definition:

(i) �o = �ob + �od, (ii) yb = �ob/�o, (iii) yd = �od/�o, (iv) yb + yd = 1. (2.1)

We use the molar fraction of dead hydrocarbon y ≡ yd as an independent variable.

2.1.1. The gaseous phase. We assume that the ideal gas law holds, so, under constant

temperature and pressure, the molar concentration of the gaseous phase is constant

irrespectively of the gas mixture composition: �G = P/RT .

Let PV = �vRT be the vapor pressure of the pure volatile hydrocarbon B at the

current temperature. Let Pga be the partial pressure of hydrocarbon A. From Raoult’s
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law, the partial vapor pressure of component B is Pgb = PV yb or:

Pgb = PV (1− y). (2.2)

From P = Pga + Pgb, Eq. (2.2), Pga = �gaRT , and Pgb = �gbRT we get:

(i) �ga(y) = �g − �v (1− y) , (ii) �gb(y) = �v (1− y) . (2.3)

The model has non-negative molar concentration �ga(y) for y ≥ 1−�g/�v. Therefore,

if �g ≥ �v the model is meaningful for all y ∈ [0, 1].

The gas viscosity, μg, is considered constant.

2.1.2. The oleic phase. Let �b and �d denote the molar concentrations of B (volatile)

and D (dead) pure hydrocarbons at the prevailing temperature and pressure. Consider

the molar volumes νb = 1/�b and νd = 1/�d.

In an ideal liquid mixture the volume is preserved, that is, mixing a volume VB of

liquid pure component B to a volume VD of liquid pure component D we get a total

volume VT = VB + VD; i.e., the volume neither increases nor decreases. The moles of

component B in the volume VB are mB = �b VB; similarly, mD = �d VD. The molar

concentration of the mixture is (note that we are using the volume conservation):

�o =
mB +mD

VT
=

mB +mD
mB

�b
+ mD

�d

=
�b �d

mB

mB+mD
�d +

mD

mB+mD
�b

; (2.4)

using y ≡ yd = mD/(mB +mD) and 1 − y = mB/(mB +mD) on Eq. (2.4) we get the

molar concentration of the oleic phase:

�o(y) =
1

ν(y)
=

�b �d
�d (1− y) + �b y

. (2.5)

Directly from Eq. (2.5) we get the molar volume of oleic phase:

ν(y) = νb (1− y) + νd y =
�d (1− y) + �b y

�b �d
. (2.6)

Volume conservation is commonly expressed by the state equation:

�ob
�b

+
�od
�d

= 1,

which holds since �ob

�b
+ �od

�d
= mB/VT

�b
+ mD/VT

�d
= �b VB/VT

�b
+ �d VD/VT

�d
= VB+VD

VT
= 1. We

may obtain again the Eq. (2.5): �ob

�b
+ �od

�d
= (1−y)�o

�b
+ y�o

�d
= (1−y)�d+y �b

�b �d
�o = 1.

We also define the normalized oleic molar volume:

v(y) ≡ ν(y)/(�b �d) = �d (1− y) + �b y; (2.7)

so v(y) is positive, namely, we have �d ≤ v(y) ≤ �b for 0 ≤ y ≤ 1.

From Eqs. (2.1.ii/iii) and (2.5) we get �ob and �od depending only on y and model

constants:

(i) �od(y) = y �o(y), (ii) �ob(y) = (1− y) �o(y). (2.8)

The viscosity of the liquid oil phase is modeled as:

μo(y) = μ̄b (1− y) + μ̄d y, (2.9)
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where μ̄D and μ̄B are the viscosities of the pure hydrocarbons that exist in the oleic

phase. We use Eq. (2.9) instead of the quarter-power-law in [24] since for similar μb and

μd the two expressions differ from tiny percentage. We define the viscosity ratio

r(y) = μo(y)/μg = μd y + μb (1− y), (2.10)

where μb = μ̄b/μg and μd = μ̄d/μg.

We define the following:

Definition 2.1. We set yr ≡ −(μb + 1)/(μd − μb), which is negative.

The following hyperbola plays an important role; we will prove that it is a contact

curve.

Definition 2.2. Let Ek be the hyperbola {(s, y) ∈ R2 : (r(y)+1) s = r(y)}. We define

the function κ(y) ≡ r(y)/(r(y) + 1) for r(y) �= −1, that is, for y �= yr. For simplicity, we

will also use:

K(s, y) = (r(y) + 1) s− r(y). (2.11)

2.1.3. Restrictions on model parameters. For brevity, we use δIJ to represent the dif-

ference between two molar concentrations, that is, �i−�j , i, j ∈ {b, d, g, v}. For instance,
we have δbd = �b − �d. In a similar fashion we define μdb ≡ μd − μb.

We need the following:

Assumption 2.3. We assume that:

(a) molar concentrations satisfy �v < �g < �d < �b;

(b) molar concentration �v also satisfies max{ �g δbd/�b , �g μdb/μd } < �v;

(c) the viscosities satisfy 1 < μb and μb + U1 < μd < μb + U2; see Eq. (2.14);

(d) the non-degeneracy condition μb �b �= μd �d holds.

Assumption 2.3(a) is physically natural; note that �d < �b while the mass density

usually satisfies the reverse relationship.

Definition 2.4. By Assumption 2.3(b) the following quantities are positive:

π1 ≡ �b �v − �g δbd, π2 ≡ μd �v − �g μdb; (2.12)

and by Assumption 2.3(d) we have:

π3 ≡ �b μb − �d μd �= 0. (2.13)

For the use of π1, π2 and π3 see, for example, the proof of Lemma 4.13. Assump-

tion 2.3(b) leads to yr < yx(s̀, ỳ); see Eq. (4.14) and the following text. In Assump-

tion 2.3(b) the fractions μdb/μd and δbd/�b are smaller than 1, so it is possible to satisfy

simultaneously �v < �g and Assumption 2.3(b). Furthermore, the similarity of fluids B

and D leads to the less restrictive Assumption 2.3(b).

The parameters in Assumption 2.3(c) are:

(i) U1 =
δ2bd �v �g

(�b + μd �d) π1 �d
, (ii) U2 =

�v �d (�v + �b μb)

�g(�d �b μb + �d �b + �v δbd)
μb. (2.14)

The peculiar constants U1 and U2 ensure that certain quantities are positive (see Lem-

mas 4.13 and 4.14). We find μb + U1 < μd is easy to satisfy, we just require that μd

must be slightly greater than μb. On the other hand, the assumption μd < μb + U2 is

too restrictive; actually, we may have μd much greater than required without failure of

the desired property in Lemma 4.14.
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For simplicity, we introduce the notation; see Eq. (2.3.i):

g(y) = �ga(y), (2.15)

so we have �v ≤ g(y) ≤ �g for 0 ≤ y ≤ 1 and g(y) is positive.

2.2. Molar balance equations for the flow. We use the porous media notation employed

in the literature si and fi for saturation and fractional flow of each phase; again, the

subscript o stands for oleic and g for gaseous. The usual normalization holds:

so + sg = 1 , fo + fg = 1, (2.16)

where the fractional flow functions fo and fg depend on viscosities μo(y) and μg and on

relative permeabilities, ko and kg, indeed:

fo =
(
ko/μo

)/(
ko/μo + kg/μg

)
, fg =

(
kg/μg

)/(
ko/μo + kg/μg

)
. (2.17)

Assuming quadratic relative permeabilities and introducing the viscosity ratio r(y), from

Eq. (2.10) we obtain:

fo(so, y) =
s2o

s2o + r(y) (1− so)2
, fg(so, y) = 1− fo(so, y) =

r(y) (1− so)
2

s2o + r(y) (1− so)2
. (2.18)

The molar balance of components A and B in the gaseous phase as well as the molar

balance of components B and D in the liquid phase are given by the following equations:

gas: (i) ∂
∂t (ϕ�gasg) +

∂
∂x (�gaug) = 0 (ii) ∂

∂t (ϕ�gbsg) +
∂
∂x (�gbug) = qb (2.19a)

oil: (i) ∂
∂t (ϕ�obso) +

∂
∂x (�obuo) = −qb (ii) ∂

∂t (ϕ�odso) +
∂
∂x (�oduo) = 0 (2.19b)

where the source term qb represents the mole rate of transfer of oil b from the oleic

to the gaseous phase per unit volume and time; it has very large coefficients. For one

dimensional flow, Darcy’s law is u = −k ∂p/∂x; we assumed that pressure is the same

in both phases, i.e., we neglect the capillary pressure effect. In (2.19), uo and ug are

the Darcy velocities of the oleic and gaseous phases. Defining the total Darcy’s velocity

u = uo + ug, one can show that uo = fo u and ug = fg u. Using these expressions

for uo and ug, adding (2.19a.ii) and (2.19b.i), we obtain conservation equations for the

components A, B, and D:

ϕ ∂
∂t (�ga sg) +

∂
∂x (u �ga fg) = 0, (2.20a)

ϕ ∂
∂t (�gb sg + �ob so) +

∂
∂x (u �gb fg + u �ob fo) = 0, (2.20b)

ϕ ∂
∂t (�od so) +

∂
∂x (u �od fo) = 0. (2.20c)

Gibbs’ phase rule, F = C − P + 2, for three components (C = 3) and two phases

(P = 2) leads to three degrees of freedom (F = 2). Two of these are temperature and

pressure, which are assumed to be constant, while the molar fraction y of component

D may vary, it is indeed the independent variable. We set the non-thermodynamical

variables as follows: oil saturation so, and total Darcy velocity u. For simplicity we
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write:

s ≡ so, f(s, y) ≡ fo(so, y),

= s2/D(s, y), D = D(s, y) = s2 + r(y) (1− s)2, (2.21)

f̄(s, y) = 1− f(s, y), s̄ = 1− s, ȳ = 1− y.

We also have D = K s+ r s̄ = s− K s̄. Then, system (2.20) may be rewritten as:

ϕ ∂
∂t G(s, y) + ∂

∂x

(
uF (s, y)

)
= 0, where (2.22)

G(s, y) =

⎡
⎢⎢⎣

�ga(y) s̄

�gb(y) s̄+ �ob(y) s

�od(y) s

⎤
⎥⎥⎦ , F (s, y) =

⎡
⎢⎢⎣

�ga(y) f̄(s, y)

�gb(y) f̄(s, y) + �ob(y) f(s, y)

�od(y)f(s, y)

⎤
⎥⎥⎦. (2.23)

Here �ga and �gb are known affine functions of y; see Eq. (2.3); �ob and �od are known

rational fractions of y; see Eqs. (2.8) and (2.5); f is a rational fraction of s and y; see

Eqs. (2.18) and (2.10).

Definition 2.5. By ignoring the seepage velocity u, we define the “reduced” physical

domain as D = {(s, y) ∈ [0, 1]× [0, 1]}.

3. Characteristic analysis. Equation (2.22) has non-trivial accumulation, therefore

the characteristic analysis leads to the generalized eigenvalue problem with matrix:

DF − λDG ≡ J

=

⎡
⎢⎢⎣
−�ga (u∂sf − λϕ)

(
uf̄ − λϕs̄

)
∂y�ga − u�ga∂yf �gaf̄

Δ(u∂sf − λϕ) (u− λϕ) ∂y�gb + (uf − λϕ s) ∂yΔ+ uΔ∂yf �gb +Δf

�od (u∂sf − λϕ) (uf − λϕ s) ∂y�od + u�od∂yf �odf

⎤
⎥⎥⎦,

(3.1)

where Δ = �ob − �gb. The expression det(J) is a quadratic polynomial in λ since G does

not depend on u. Therefore, J has only two eigenvalues counting multiplicity. We labeled

the eigenvalues (characteristic speeds) and eigenvectors with an smeaning saturation and

with an e meaning evaporation.

Lemma 3.1. The generalized characteristic values for Eq. (2.22) are:

(i) λs(s, y, u) =
u

ϕ
∂sf(s, y), and (ii) λe(s, y, u) =

u

ϕ

f(s, y)− Ω(y)

s− Ω(y)
, where (3.2)

(i) Ω(y) = �v �g y v(y)
/
Ω̄(y), and (ii) Ω̄(y) = �v �g y v(y)− �b �d g(y). (3.3)

The corresponding right eigenvectors are multiples of


rs(s, y, u) = (1 , 0 , 0)T , (3.4a)


re(s, y, u) = (rse, r
y
e , r

u
e )

T =

=
(
(λ̂e − 1)(ωs + ωu f)− ∂yf , λ̂s − λ̂e , u ωu(λ̂e − 1)(λs − λe)

)T

, (3.4b)
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where

(i) λ̂s = ∂sf(s, y), (ii) λ̂e =
f(s, y)− Ω(y)

s− Ω(y)
=

f(s, y)− s

s− Ω(y)
+ 1 (3.5a)

(i) ωs(y) = �v �g �d
/
Ω̄(y), (ii) ωu(y) = �v �d δbg

/
Ω̄(y). (3.5b)

The left eigenvector associated to λe is

le = [ �gb �od , −�ga �od , �ga �od ] . (3.6)

Proof of Lemma 3.1. We split the second column of J into two terms in order to

define two matrices, J and N ; see Eq. (3.1):

J =

⎡
⎢⎢⎣

−�ga (u∂sf − λϕ)
(
uf̄ − λϕs̄

)
∂y�ga �gaf̄

Δ(u∂sf − λϕ) (u− λϕ) ∂y�gb + (uf − λϕ s) ∂yΔ �gb +Δf

�od (u∂sf − λϕ) (uf − λϕ s) ∂y�od �odf

⎤
⎥⎥⎦ (3.7)

and

N =

⎡
⎢⎢⎣

−�ga (u∂sf − λϕ) −u�ga∂yf �gaf̄

δb (u∂sf − λϕ) uδb∂yf �gb +Δf

�od (u∂sf − λϕ) u�od∂yf �odf

⎤
⎥⎥⎦ . (3.8)

Then we have det(J) = det(J ) + det(N). Since the first and second columns of N

are proportional we have det(N) = 0 and det(J) = det(J ). In both J and J , the

first column is a multiple of u∂sf − λϕ; so, factoring this term in J we get det(J ) =

(u∂sf − λϕ) det(J) where

J =

⎡
⎢⎢⎣

−�ga
(
u f̄ − λϕ s̄

)
∂y�ga �gaf̄

δb (u− λϕ) ∂y�gb + (uf − λϕ s) ∂yδb �gb + δbf

�od (uf − λϕ s) ∂y�od �odf

⎤
⎥⎥⎦ . (3.9)

Therefore, det(J) = 0 has the trivial solution λ = u ∂sf/ϕ.

In order to calculate the other eigenvalue, we replace �ga by g(y), see Eq. (2.15), and

we rewrite �gb = �g − g(y), ∂y�ga = �v, ∂y�gb = −�v, see Eq. (2.3), �ob = �oȳ and

�od = �oy, see Eq. (2.8), on J and: (i) we subtract the first column multiplied by f from

the third one; (ii) we add the first row to the second row; (iii) we add the third column

to the first one; then, we get

J̄ =

⎡
⎢⎢⎣

0
(
u f̄ − λϕ s̄

)
�v g(y)

ȳ �o (u f − λϕ s) ∂y�ob �g

y �o (u f − λϕ s) ∂y�od 0

⎤
⎥⎥⎦ . (3.10)

We have det(J) = det(J̄). From

�o =
�b �d
g(y)

, ∂y�o =
�b �d δbd
g(y)2

, ∂y�ob = �o + y ∂y�o, ∂y�od = −�o + ȳ ∂y�o, (3.11)

and det(J̄) = 0 we obtain λe in Eq. (3.2.ii).

The eigenvectors may be checked by computing J 
rs, J 
re, and le J . �
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(a)

s

f(s, y0)
λ̂s(s2,y0)

s2

λ̂e(s1,y0)

s1

(Ω,Ω)

(b)

s

f(s, y0)

(Ω,Ω)
E0 Im

e

IM
s

Ek
IM
e

E1

(c)

s

y

E0

Im
e IM

s Ek IM
e

E1

R1 R2 R3 R4 R5

Fig. 1. Consider a fixed y0. (a) The eigenvalue λ̂s is the slope of a

line tangent to the graph of f ; the eigenvalue λ̂e is the slope of the
gray chord from

(
Ω(y0),Ω(y0)

)
to

(
s, f(s, y0)

)
. (b) The coincidence

locus, C = Im
e ∪ IM

e ; the inflection IM
s , and the curves E0, Ek,

and E1. (c) L-Regions and relative positions on the domain D of
coincidence locus C, inflection IM

s , and inflection Ie = Im
e ∪ IM

e ∪
E0 ∪ Ek ∪ E1.

Since the first two coordinates both of 
rs and of 
re, see Eq. (3.4), do not depend on

u, we define the reduced eigenvectors (see ωs and ωu in Eq. (3.5b)):


̂rs(s, y) = (1 , 0)T and 
̂re(s, y) =
(
(λ̂e − 1)(ωs + ωu f)− ∂yf , λ̂s − λ̂e

)
. (3.12)

The behavior of Ω, Ω′, ωs and ωu depend on the sign of Ω̄; see Eqs. (3.3) and (3.5b).

Lemma 3.2. The functions Ω(y), Ω′(y), ωs(y) and ωu(y) are negative in the interval

(0, 1]; we also have Ω(0) = 0, Ω′(0) < 0, ωs(0) < 0 and ωu(0) < 0.

Proof of Lemma 3.2. From Eqs. (3.3) and (2.7), we have:

Ω̄ = �v �g δbd y
2 − �v �d δbg y − �b δbd δgv,

which is negative for 0 ≤ y ≤ 1 because Ω̄(y) is an upward concave parabola in y,

Ω̄(0) = −�b �d δgv < 0 and Ω̄(1) = −�b �d (�d − �v) < 0.

The numerator of Ω is positive for y > 0 and vanishes for y = 0; the numerators of ωs

and ωs are positive constants. The derivative of Ω(y) is

Ω′(y) = −�v�g�b�d(�vδbdy
2 + 2δbdδgvy + �dδgv)

/
Ω̄2; (3.13)

the numerator of Ω′(y) is negative since it is a concave downward parabola and it un-

dergoes a maximum at −δgv/�v with value −�g �b �d δgv π1 < 0; see Definition 2.4. �
The reduced eigenvalues, see Eq. (3.5a), have a simple geometrical interpretation; see

Fig. 1a. The eigenvalue λ̂s is the slope of f(s, y) for fixed y. The eigenvalue λ̂e is the

slope of the chord from (Ω(y),Ω(y)) to (s, f(s, y)).

Before studying the coincidence locus, we present four functions that play an important

role in our work. We recall Eqs. (2.7), (2.10), (2.15), and (2.11) as well as s̄ = 1− s. We

define:

(i) α(s, y) = �v �g s̄
2 r(y) v(y), (ii) β(s, y) = �v �g s s̄ yK(s, y), (3.14a)

(i) γ(s) = �b �d s
2, (ii) η(s, y) = �b �d s s̄ g(y)K(s, y), (3.14b)
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as well as ὰ = α(s̀, ỳ), β̀ = β(s̀, ỳ), γ̀ = γ(s̀, ỳ) and ὴ = η(s̀, ỳ). In order to simplify some

expressions we define the following linear combinations of ὰ and γ̀; see Eq. (2.12):

(i) χ̀ ≡ ὰ+ �v γ̀ > 0, (ii) Π̀ ≡ �d ὰ+ π1 γ̀ > 0, (iii) Φ̀ ≡ μb ὰ+ π2 γ̀ > 0. (3.15)

3.1. The coincidence locus and the inflection locus. The coincidence locus C is the

set of states (s, y, u) on which the eigenvalues λs(s, y, u) and λe(s, y, u) are equal; see

Eq. (3.2); alternatively, the projected coincidence locus is the set (s, y) on which the

eigenvalues λ̂s(s, y) and λ̂e(s, y) are equal.

On a rarefaction curve, the corresponding eigenvalue must be monotonic, therefore

the rarefactions may start and end at the locus defined below.

Definition 3.3. The i-inflection locus Ii is {W ∈ R3 : ∇λi(W ) · ri(W ) = 0}.
Lemma 3.4 leads to an explicit expression for C.

Lemma 3.4. The coincidence locus C is the zero level of, see Eqs. (2.10), (2.15), and (3.14):

C(s, y) = y α(s, y)
(
(r(y) + 1) s̄2 − 1

)
+ g(y) γ(s)

(
(r(y) + 1) s2 − r(y)

)
; (3.16)

for each fixed 0 < y < 1 the function C(s, y) vanishes twice for 0 < s < 1.

Proof of Lemma 3.4. We have f(s, y) = s2/D and ∂sf(s, y) = 2 s s̄ r(y)/D2 so

λs = λe iff ∂sf = (f − Ω)/(s− Ω) ⇔ 2 s s̄ r(y) (s− Ω) = s2 D − ΩD2; (3.17)

taking V = �v �g y v(y) and U = �b �d g(y) we have Ω = V/(V − U) and

λs = λe ⇔ 2 s s̄ r(y) (s (V − U)− V ) = s2 D (V − U)− V D2; (3.18)

recalling that D = s2 + r(y) s̄2 we get

r(y) s̄
(
r(y) s̄3 + s2 s̄+ 2 s2 − 2 s

)
V − s2

(
s2 − 2 s̄ r(y) + r(y) s̄2

)
U = 0. (3.19)

Noting that r(y) s̄3+s2 s̄+2 s2−2 s equals s̄ ((r(y)+1) s̄2−1) and that s2−2 s̄ r(y)+r(y) s̄2

equals (r(y) + 1) s2 − r(y) we obtain Eq. (3.16).

We have: (i) γ(0) = 0 so C(0, y) = y α(0, y) ((r(y) + 1) − 1) = �v �d y r(y)
2 v(y) > 0,

for y > 0; (ii) α(1, y) = 0 so C(1, y) = g(y) γ(1) ((r(y) + 1)− r(y)) = �v �g g(y) > 0; (iii)

evaluating C for (r(y)+1) s̄2−1 = 0 we get C(s, y) = −2 g(y) γ(s)
(
(r(y)+1) s+r(y)

)
< 0,

so, C has at least two roots for s ∈ [0, 1]. We prove that there are exactly two roots

using a geometrical argument based on Fig. 1.b. �
The point (s, y) = (0, 0) is the trivial root of Eq. (3.16), though λe is not defined there.

This root exists because in (3.17) we multiply both terms by s−Ω(y) which vanishes at

(0, 0). We call y = ζ(s) the natural continuation of this root; see curve Im
e in Fig. 1.c.

By the implicit function theorem, this coincidence branch satisfies:

∂sζ(0) = − ∂sC

∂yC

∣∣∣∣
(0,0)

= 0, ∂2
ssζ(0) = − ∂2

ssC

∂yC

∣∣∣∣
(0,0)

> 0; since

∂sC(0, 0) = 0, ∂yC(0, 0) = μ2
b �d �v �g > 0, ∂2

ssC(0, 0) = −2 �b �d μb δgv < 0.

In this work, we also call inflection the projection of the 3-D Inflection on the plane

(s, y).
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Lemma 3.5. The inflection locus Is associated to λs is given by the zero level of

Is(s, y) = r(y)− 3 (r(y) + 1) s2 + 2 (r(y) + 1) s3; (3.20)

this inflection corresponds to a maximum of λs, that is, Is ≡ IM
s .

Proof of Lemma 3.5. Since 
rs = (1, 0, 0), see Eq. (3.4a), the inflection ∇λs · 
rs = 0

is given by ∂2
ssf = 0, Eq. (3.2.i). Straightforward calculations lead to

∂2
ssf = 2 r(y)

(
r(y)− 3(r(y) + 1)s2 + 2(r(y) + 1)s3

)
/D3. (3.21)

The ratios r(y) and D are positive, so (3.20) holds. For constant y, Eq. (3.20) has one

and only one solution for s ∈ [0, 1] because: (i) Is(0, y) = r(y) > 0; (ii) Is(1, y) = −1;

(iii) and Is(s, y0) is monotonically decreasing for s ∈ [0, 1] and fixed y0, ∂sIs(s, y) =

−6 s s̄ (r(y) + 1) ≤ 0. Therefore, the dot product ∇λs · 
rs is positive on the left hand

side of Is and negative on the right hand side of Is, leading to a maximum of λs on the

integral curve. �
We need the hyperbola Ek; see Definition 2.2, and the following sets:

Definition 3.6. We define:

E ≡{(s, y) ∈ R2 :s = f(s, y)}, E0≡{(s, y) ∈ R2 :s = 0},
and

E1≡{(s, y) ∈ R2 :s = 1}.

Lemma 3.7. The projection of Ii coincides with ∇λ̂i(s, y) · 
̂ri(s, y) = 0, i ∈ {s, e}.

Proof. For saturation inflection the lemma holds since the third coordinate of 
rs van-

ishes; see Eq. (3.4a). For evaporation inflection we have:

∇λ̂e
̂re =
u

ϕ(s− Ω)
(λ̂s − λ̂e) (λ̂e − 1)

(
ωs + ωu f +Ω′),

which differs from (3.22c). However, since ωs+ωu f +Ω′ and ωs+ωu f +Ω′+ωu (f −Ω)

are negative the lemma holds. �

Lemma 3.8. Consider constant u and a family of states
(
s(t), y(t)

)
which belongs to E .

The curve
(
s(t), y(t), u

)
is a contact associated to λe, i.e., it is: (i) a contour line of λe;

(ii) an inflection locus associated to λe; (iii) an integral curve of re.

Proof of Lemma 3.8. (i) From Eq. (3.2.ii) we have f(s, y) = s iff λ̂e = 1 iff λe =

u/ϕ; (ii) that was proved in Lemma 3.10; (iii) from the condition f(s, y) − s = 0 and

from the fact that u is constant on the curve we know that the curve velocity (ṡ, ẏ, u̇)

satisfies d/dt(f(s, y) − s) = ∂sf ṡ + ∂yf ẏ − ṡ = 0 and u̇ = 0. So, vector (ṡ, ẏ, u̇) is a

multiple of (∂yf, 1− ∂sf, 0). The eigenvector re for λ̂e = 1 becomes (∂yf, 1− λ̂s, 0), that

is, also a multiple of (ṡ, ẏ, u̇), so (iii) holds. �
We have E = E0 ∪ Ek ∪ E1, since s = f(s, y) ⇔ sD = s2 iff s (D− s) = 0 iff sK s̄ = 0.

Lemma 3.9. The curve Ek lies on the right of IM
s .

Proof of Lemma 3.9. Taking s = κ(y) in Eq. (3.20) we get I(κ(y), y) equal to

−κ(y)(r(y)− 1)/(r(y) + 1) < 0; the ratio r(y) has a minimum value μb which is greater
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than 1 by Assumption 2.3(c). Therefore, Ek lies on the negative side of Is(s, y); see

Eq. (3.20), that is, on the right of IM
s . �

Usually, perpendicular vectors have non-perpendicular projections. However, in this

model, the inflection is also the set where the projected vectors are perpendicular:

∇λ̂i(s, y) · 
̂ri(s, y) = 0, i ∈ {s, e}; see Eq. (3.12) and Lemma 3.7. We denote the in-

flection as IM
i and Im

i wherever the value of λi reaches a maximum or minimum along

the integral curves, respectively.

We obtain an explicit expression for the saturation inflection; see Lemma 3.5. The

inflection locus Ie is the union C ∪ E ; see Lemma 3.10.

Lemma 3.10. The inflection locus Ie associated to λe is the union C ∪ E .

Proof of Lemma 3.10. From Eqs. (3.2.ii), and (3.4) we have:

∇λe =
1

ϕ(s− Ω)

(
u (λ̂s − λ̂e) , u ∂yf + u (λ̂e − 1)Ω′ , f − Ω

)
; (3.22a)


re =
[
(λ̂e − 1) (ωs + ωu f)− ∂yf , λ̂s − λ̂e , u (λ̂e − 1)ωu (λ̂s − λ̂e)

]T
; (3.22b)

∇λe · 
re =
u

ϕ(s− Ω)
(λ̂s − λ̂e) (λ̂e − 1)

(
ωs + ωu f +Ω′ + ωu (f − Ω)

)
. (3.22c)

Therefore, ∇λe ·
re = 0 if: (i) λ̂s− λ̂e = 0, that is, at coincidence locus; or (ii) λ̂e−1 = 0,

that is, if f = s which defines E ; see Eq. (3.5a.ii).

The factors ωs, ωu f , Ω
′, and ωu (f − Ω) are negative; see Lemma 3.2. �

The coincidence is C = Im
e ∪ IM

e . The three parts of E ( E0, Ek, and E1) are contact

curves associated to λe; see lemma 3.8.

3.2. L-regions. In this section we define L-regions in the usual sense; see, for instance,

[15]. First, we need to know the relative location of the codimension-1 loci.

For (s, y) ∈ C we have 
̂rs(s, y) ≡ 
̂re(s, y) = (1, 0), so it is possible to use Fig. 1.b

(where y is constant) to see that λ̂e has a minimum through the integral curve of 
̂re on

left coincidence, marked as Im
e in Fig. 1.b, and a maximum for right coincidence, marked

as IM
e . The “S” shape of f ensures that: (i) the curves appear, from the left to the right,

in this order: E0, Im
e , IM

s , IM
e , E1; (ii) Ek lies between Im

e and IM
e . Lemma 3.9 states

that curve Ek lies on the right of IM
s . See Figs. 1.b and 1.c for the locations of E0, Im

e ,

IM
s , Ek, IM

e , and E1.
Definition 3.11. We define the following L-regions: R1 between E0 and Im

e ; R2

between Im
e and IM

s ; R3 between IM
s and Ek; R4 between Ek and IM

e ; R5 between IM
e

and E1. We set also RL = R1 ∪R2 ∪R3 and RR = R4 ∪R5, the regions on the left and

on the right side of curve Ek, respectively.
We remark that evaporation rarefactions cross neither E0, Ek, nor E1; therefore, RL

and RR are disjoint regions as far as the evaporation rarefaction foliation is concerned;

see Fig. 7.b.

For (s, y) ∈ RR we have:

0 < s̄ < 1
μd+1 , 0 < η <

�b �d �g

4
1

μb+1 , �v�d
μb (�b μb+�g)

(μb+1)2 ≤ α+ �v γ. (3.23)

3.3. Reduced rarefaction curves. From the sign of C, see Eq. (3.16), we know that

in L-regions R1 and R5 the inequality λ̂s < λ̂e holds (that is, λ̂s = λ1 is the slowest
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Table 1. Direction of the evaporation integral curve and direction
of rarefaction speed growth.

Sector E0 R1 Im
e R2/3 Ek R4 R4 R4 IM

e R5 E1
Family - 2 - 1 1 1 1 1 - 2 -

rye ≡ λ̂s − λ̂e 
 
 0 ⊕ ⊕ ⊕ ⊕ ⊕ 0 
 

λ̂e − 1 0 
 
 
 0 ⊕ ⊕ ⊕ ⊕ ⊕ 0

rse 0 ⊕ ⊕ ⊕ ⊕ ⊕ 0 
 
 
 0

∇λe · 
re 0 
 0 ⊕ 0 
 
 
 0 ⊕ 0

Rarefaction | ↖ — ↗ � ↙ ↓ ↘ — ↙ |

characteristic and λ̂e = λ2 is the fastest); on the other hand, in L-regions R2, R3 and

R4 we have λ̂s > λ̂e (that is, λ̂s = λ1 and λ̂e = λ2).

The rarefactions curves associated to λs are horizontal (
̂rs = (1, 0)) and point to IM
2 ;

see Fig. 7.b and Lemma 3.5.

The rarefactions associated to λe are also represented in Fig. 7.b; they are the curved

rarefactions. In order to determine the orientation of the λe-rarefaction we need to study

both 
̂re and ∇λe · 
re. In Table 1 we present the sign of λ̂s − λ̂e, λ̂e − 1, rse and ∇λe · 
re
in the L-regions. The sign of the first coordinate of 
re, r

s
e, see Eq. (3.22b), is the most

difficult to assess. The factors ωs + ωu f and ∂yf are negative, so rse is positive when

λ̂e − 1 is negative; when λ̂e − 1 is null then rse is positive; when λ̂e − 1 is positive then

rse may be positive or negative due to the positive factor −∂yf . For s = 1, λ̂e − 1, ∂yf

vanish as well as rse. The factor λ̂e − 1 is linear in s̄ while ∂yf is quadratic in s̄, so rse is

negative close to s = 1. Therefore, rse has a root somewhere between Ek and E1. Since 
re
is vertical when rse vanishes and it is horizontal at IM

e , the root of rse may lie between Ek
and IM

e . The orientation of these rarefactions are sketched on the last row of Table 1.

4. The Rankine-Hugoniot locus. Consider a state Ẁ = (s̀, ỳ, ù), usually called a

left state, such that (s̀, ỳ) lies in the (reduced) physical domain D = [0, 1] × [0, 1] and

ù > 0. The Rankine-Hugoniot conditions are (see [23]):

H(W, Ẁ ) ≡ uF (W )− ùF (Ẁ )− σ
(
G(W )−G(Ẁ )

)
= 0 (4.1)

and the Rankine Hugoniot locus from Ẁ is:

H (Ẁ ) =
{
W = (s, y, u) : ∃σ ∈ R, H(W, Ẁ ) = 0

}
. (4.2)

Following [10] we rewrite Eq. (4.1) as a linear system in u, ù, and σ (see Eq. (2.23)):

M

⎡
⎣

u

ù

ϕ σ

⎤
⎦≡

⎡
⎢⎢⎣

�gaf̄ −�̀ga
`̄f −�gas̄+�̀ga `̄s

�gbf̄+�obf −�̀gb
`̄f−�̀obf̀ −�gbs̄−�obs+�̀gb `̄s+�̀obs̀

�odf −�̀odf̀ −�ods+�̀ods̀

⎤
⎥⎥⎦

⎡
⎣

u

ù

ϕσ

⎤
⎦=0, (4.3)

where s̄ = 1 − s, s̀ = 1 − s, `̄s = 1 − s̀, f = f(s, y), f̄ = 1 − f , f̀ = f(s̀, ỳ), `̄f = 1 − f̀ ,

�ij = �ij(y) and �̀ij = �ij(ỳ) with ij ∈ {ga, gb, ob, od}.
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The Hugoniot locus is the solution set of Eq. (4.3) eliminating σ. The trivial solution

(u, ù, ϕ σ) = (0, 0, 0) of Eq. (4.3) does not belong to the Hugoniot locus since we require

ù > 0. From Eq. (4.3) we obtain u and σ as functions of (s, y, s̀, ỳ, ù). On the Hugoniot

locus, det(M) = 0 and Eq. (4.3) hold. The matrix M depends only on s and y, and

we define the (projected) Hugoniot locus as the null set of the determinant of M . The

determinant of matrix M in Eq. (4.3) is; see Eq. (3.14):

�b �d (y − ỳ)

D̀ v̀ D v(y)
Z(s, y, s̀, ỳ), where Z =

β̀ α− ὰ β

�v �g
+

ὴ γ − γ̀ η

�b �d
, (4.4)

where α, β, γ, and η depend on (s, y) while ὰ, β̀, γ̀, and ὴ depend on (s̀, ỳ).

The following holds:

g(y)− g̀ = �v (y − ỳ), D(s, y)− s = s̄K(s, y), D(s, y)− s2 = s̄ r(y). (4.5)

The coefficients of Z are; see Eq. (4.8):

A(s, s̀, ỳ) = μdb s̄
2
(
χ̀ s+ δbd β̀

)
, (4.6a)

B(s, s̀, ỳ) = −s̄
(
χ̀ s2 −

(
μb ὰ+ (2μb �v − π2)γ̀

)
s s̄− (π3 + 2 �d μdb) β̀ s̄

)
, (4.6b)

C(s, s̀, ỳ) = δgv γ̀ (μb s̄− s) s s̄+ ὴ s2 + μb �d β̀ s̄2, (4.6c)

where π2, π3, ὰ, β̀, γ̀, ὴ, and χ̀ are given in Eqs. (2.12), (2.13), (3.14), and (3.15.i).

The coefficients of Z are; see Eq. (4.9):

L(y, s̀, ỳ) = (r(y) + 1) (χ̀ y + δgvγ̀), M(y, s̀, ỳ) = ὴ − L(y)−N(y)− P(y), (4.7a)

N(y, s̀, ỳ) = r(y) (χ̀ y + δgvγ̀)− 2P(y), P(y, s̀, ỳ) = β̀ v(y) r(y). (4.7b)

Definition 4.1. The projected Hugoniot locus from (s̀, ỳ) has two parts, the straight

line part given by y = ỳ, named saturation Hugoniot ; and the curved part given by:

{(s, y) ∈ R2 : Z(s, y, s̀, ỳ) = 0}, named evaporation Hugoniot.

In order to study the behavior of the Hugoniot locus, we restrict the state (s̀, ỳ) to

the physical domain D but the state (s, y) may lie on the whole R2.

The function Z may be written as a quadratic polynomial in y; its coefficients are

third order polynomials in s. These polynomials are denoted as A, B and C. They have

coefficients depending on (s̀, ỳ) and on the model parameters except ϕ. Indeed, straight

from Eq. (4.4) we have:

Z(s, y, s̀, ỳ) = A y2 +B y +C, (4.8)

where A, B, and C depend on (s, s̀, ỳ); see Eq. (4.6).

The function Z may also be written as a cubic polynomial in s with coefficients that

are second order polynomials in y:

Z(s, y, s̀, ỳ) = L s3 +M s2 +N s+ P, (4.9)

where L, M, N, and P depend on (y, s̀, ỳ); see Eq. (4.7).

We remark that the evaporation Hugoniot consists of several branches. Equation (4.8)

is quadratic in y, therefore the following definitions are natural.

Definition 4.2. The solutions of Eq. (4.8) are B+(s) and B−(s) as in Appendix A.



COMPOSITIONAL TWO PHASES FLOW OF THREE ALKANES 751

Using Eq. (4.6) one sees that the discriminant of Eq. (4.8) is the 6th degree polynomial:

Δ(s; s̀, ỳ) = (1− s)2Q(s, s̀, ỳ), (4.10)

where Q(s, s̀, ỳ) =
4∑

i=0

Xi s
i is a polynomial in s with coefficients depending on (s̀, ỳ):

X0 = x2
1, X1 = 2x1

(
Φ̀− x1

)
, X2 = (Φ̀− x1)

2 − 2x1 z1 + x3(x2 + 2 Φ̀), (4.11a)

X3 = 2x1 z1 − 2 Φ̀(x3 + z2)− 2x2 χ̀, X4 = z22 , (4.11b)

where x1 = π3 β̀, x2 = 2μdb ὴ, x3 = −2 δbd β̀, z1 = Φ̀ − χ̀, and z2 = Φ̀ + χ̀; see Eqs.

(2.12), (3.14), and (3.15).

See Eq. (4.9); we define the following discriminant where L(y, s̀, ỳ) = 0:

Δ(y, s̀, ỳ) = N2(y, s̀, ỳ)− 4M(y, s̀, ỳ) P(y, s̀, ỳ). (4.12)

On the saturation Hugoniot curve, shock speed and seepage velocity are trivial:

Lemma 4.3. The Rankine-Hugoniot condition has the following solution:

s �= s̀, y = ỳ, u = ù, σ =
ù

ϕ

f(s, ỳ)− f(s̀, ỳ)

s− s̀
. (4.13)

Proof of Lemma 4.3. In the Hugoniot condition, see Eq. (4.2), each equation is:

uFi(s, y)− ù Fi(s̀, ỳ)− ϕσ
(
Gi(s, y)−Gi(s̀, ỳ)

)
= 0.

Taking y = ỳ and u = ù we get: σ = 1
ϕ

ù Fi(s,ỳ)−ù Fi(s̀,ỳ)
Gi(s,ỳ)−Gi(s̀,ỳ)

= ù
ϕ

f(s,ỳ)−f(s̀,ỳ)
s−s̀ . Since the

velocity σ does not depend on i, the lemma holds. �
Lemmas 3.1 and 4.3 state that there exist shocks and rarefactions along which the

variables y and u are kept constant. Therefore, the solution of the Riemann problem for

Ẁ = (s̀, ỳ, ù) and W = (s, ỳ, ù) is obtained from the one dimensional problems studied

by Oleinik, see [19], with an extra eigenvalue λe. Since the function f(s, y) for fixed y

has an “S” shape, then this solution is similar to the Buckley-Leverett’s solution, see [2],

again with an extra eigenvalue λe.

The following lemma presents one of the fundamental features of our problem: persis-

tence of double contacts. Usually, perturbations of the left state leads to the loss of the

double contact, since they are codimension-1 structures; see [20,21]. On the other hand,

our problem has open sets of states for which there are double characteristic shocks. This

phenomenon leads to solutions without intermediate state for an open set of initial data

as shown in Example 5.3 in Section 5.2 as well as in [17, 22].

Lemma 4.4. If the shock from Ẁ = (s̀, ỳ, ù) to W = (s, ỳ, ù) is right characteristic, then

it is also left characteristic; and vice versa.

Proof of Lemma 4.4. Using the right characteristic shock condition λe(s, ỳ, ù) = σ

and Eqs. (3.2.ii) and (4.13) we obtain λe(s, ỳ, ù) equal to

ù
ϕ

f(s,ỳ)−Ω(ỳ)
s−Ω(ỳ) = ù

ϕ
f(s,ỳ)−f(s̀,ỳ)

s−s̀ = ù
ϕ

f(s,ỳ)−Ω(ỳ)−f(s,ỳ)+f(s̀,ỳ)
s−Ω(ỳ)−s+s̀ = ù

ϕ
f(s̀,ỳ)−Ω(ỳ)

s̀−Ω(ỳ) = λe(s̀, ỳ, ù).

Thus, the shock is also left characteristic; the reciprocal holds by the same argument. �



752 V. MATOS AND D. MARCHESIN

Possible self-intersections of the Hugoniot locus occur when the implicit function theorem

does not assure this locus is locally a curve (for a discussion on bifurcation and self-

intersection see [22]). We define this set as self-intersection Hugoniot locus as defined

below, that is, the set where matrix [D(uFi)− σDGi , G̀i −Gi] is not full rank.

Definition 4.5. The self-intersection Hugoniot locus is:

B = {Ẁ ∈ Rn : ∃W ∈ H (Ẁ ) \ Ẁ , σ = λi(W ) and li(W )
(
G(W )−G(Ẁ )

)
= 0}.

The double characteristic shock occurs at self-intersection of the Hugoniot locus; see

the next lemma.

Lemma 4.6. Let the shock between Ẁ = (s̀, ỳ, ù) andW = (s, ỳ, ù) be right characteristic

associated to λe. Then Ẁ and W belong to the self-intersection Hugoniot locus.

Proof of Lemma 4.6. By assumption we have σ(Ẁ ,W ) = λe(W ). In order to prove

that W belongs to B we need to prove that le(Ẁ )
(
G(W )−G(Ẁ )

)
= 0. From y = ỳ we

get: G−G̀ = (s− s̀) [−�̀ga , �̀ob − �̀gb , �̀od]
T . Thus, we have, see Eq. (3.6):

le(Ẁ )
(
G− G̀

)
= (s− s̀) [ �gb �od , −�ga �od , �ga �od ] [−�̀ga , �̀ob − �̀gb , �̀od]

T = 0.

We have also (s, y, u) ∈ B since from Lemma 4.4 we have σ(Ẁ ,W ) = λe(Ẁ ). �
4.1. The behavior of the evaporation Hugoniot. In this section our goal is to describe

the shape of the evaporation Hugoniot for all possible left states in the physical domain.

We start the study of Hugoniot at special left states for which it is possible to give an

explicit expression for the evaporation Hugoniot. We need the following definition, see

Eqs. (3.14) and (3.15):

ỳx ≡ yx(s̀, ỳ) ≡ −δgv γ̀ / χ̀. (4.14)

Lemma 4.7. Consider the states (s̀, ỳ) ∈ E∩D. The evaporation Hugoniot for such states

consists of E and the horizontal line y = yx(s̀, ỳ), as in Eq. (4.14). (See Figs. 3.a/e/i.)

Proof of Lemma 4.7. Consider Z of Eq. (4.4):

(i) Taking s̀ = 0 (see Fig. 3.a.) we get β̀ = 0, γ̀ = 0, ὴ = 0 and then

Z(s, y, s̀, ỳ) = ὰ β(s, y) / (�v �g) = �v �g r̀ v̀ s s̄ yK(s, y).

Since yx(0, ỳ) = 0 the factor y equals y − yx(s̀, ỳ) so the lemma holds for s̀ = 0. (We

remark that v̀ r̀ cancels in the (4.4) without changing the solution.)

(ii) Taking s̀ = κ(ỳ) (see Fig. 3.e) we get β̀ = 0, ὴ = 0 and then Z equals

−β(s,y)α(κ(ỳ),ỳ)
�v �g

− γ(κ(ỳ)) η(s,y)
�b �b

= −s s̄K(s, y) r̀
(r̀+1)2

(
�v(�g v̀ + �b �d r̀) y + �b �d δgv r̀

)
.

Since yx(κ(ỳ), ỳ) = −�b �d δgv r̀
/
�v

(
�g v̀ + �b �d r̀

)
, the lemma holds for (s̀, ỳ) ∈ Ek.

(iii) Taking s̀ = 1 (see Fig. 3.i) we get ὰ = 0, β̀ = 0, γ(s̀, ỳ) = �b �d, ὴ = 0 and then

Z(s, y, s̀, ỳ) = η(s, y) = �b �d s s̄ g(y)K(s, y).

Since yx(1, ỳ)=−δgv/�v then g(y) = �v (y − yx(s̀, ỳ)) so the lemma holds for s̀=1. �
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(a)

s̀=0
s̀�0

s̀= κ̀
s̀�κ(ỳ)
s̀�κ(ỳ)

s̀=1 s̀�1

s̀x(1) s̀x(̀κ) s̀x(0)
s

(b1) s̀�κ(ỳ)

Δ(s, s̀, ỳ)

0 s̀x 1

(b2) s̀= κ̀

y= ỳx

Δ(s, s̀, ỳ)

0 s̀x 1

(b3) s̀� κ̀

Δ(s, s̀, ỳ)

0 s̀x 1

Fig. 2. (a) The sign of Δ(s, s̀, ỳ): positive for light gray shadow;
negative for dark gray shadow. (b) Evaporation Hugoniot and dis-
criminant Δ(s, s̀, ỳ) for: (b1), s̀�κ(ỳ); (b2), s̀= κ̀; (b3), s̀� κ̀.

The straight line y = yx(s̀, ỳ) belongs to the evaporation Hugoniot curve for (s̀, ỳ) ∈ E .
On the other hand, for (s̀, ỳ) out of E the straight line y = yx(s̀, ỳ) is an asymptote of

the evaporation Hugoniot, as we will see in Lemmas 4.10 and 4.15. We have −δgv/�v �
yx(s̀, ỳ) � 0, therefore level yx(s̀, ỳ) lies above the horizontal asymptote of the curve Ek,
see Definition 2.1, that is, we have yr ≡ −(μb+1)/μdb < −δgv/�v ≤ yx(s̀, ỳ) that leads to

(�g−�v)μdb < (μb+1)�v, i.e., �v > �g μdb/(μd+1), which holds by Assumption 2.3.(b).

The intersection of y = yx(s̀, ỳ) with the curve Ek occurs at the saturation value:

s̀x ≡ sx(s̀, ỳ) ≡ Φ̀/(Φ̀ + χ̀). (4.15)

For (s̀, ỳ) ∈ E the saturation sx(s̀, ỳ) takes the values:

sx(0, ỳ) =
μb

μb+1 , sx(κ(ỳ), ỳ) =
μb�v�g v̀+π2�b�dr̀

(μb+1)�v�g v̀+(π2+�v)�b�dr̀
, sx(1, ỳ) =

π2

π2+�v
. (4.16)

The self-intersection of evaporation Hugoniot occurs at (s̀x, ỳx); see Figs. 3.a/e/i again.

In the following lemma, we study the discriminant (4.10) of Eq. (4.8) for (s̀, ỳ) ∈ E .
Then we will perturb (s̀, ỳ) away from E ; see Lemma 4.9 and Fig. 2.

Lemma 4.8. Consider the discriminant Δ(s, s̀, ỳ) in Eq. (4.10). We have:

(i) for (s̀, ỳ) ∈ E : Δ(s, s̀, ỳ) is not a negative sixth order polynomial in s with three

double roots, namely, s = 0, s = s̀x and s = 1; see Eq. (4.15) and Fig. 2.b2;

(ii) at s = 1: Δ(s, s̀, ỳ) has a double root for all (s̀, ỳ) ∈ D and it is upward concave.

Proof of Lemma 4.8. (i) For (s̀, ỳ) ∈ E we have β̀ = ὴ = 0 as well as x1 = x2 =

x3 = 0 in Eq. (4.11b). Therefore we have X0 = X1 = 0, X2 = Φ̀2, X3 = −2 Φ̀(Φ̀ + χ̀),

and X4 = (Φ̀ + χ̀)2. Thus:

Q(s; s̀, ỳ) = s2
(
Φ̀− (Φ̀ + χ̀) s

)2
and Δ(s, s̀, ỳ) = (Φ̀ + χ̀) s2

(
s̀x − s

)2
(1− s)2.

(ii) We have Q(1; s̀, ỳ) = χ̀2 − 4μdb ὴ (χ̀+ δbd β̀), which is positive, as we will prove in

Lemmas 4.11 and 4.14. Therefore, from Eq. (4.10), s = 1 is a double root of Δ and the

second derivative of Δ is also positive at s = 1. �
From Lemma 4.8 we know that the discriminant Δ(s, s̀, ỳ) for (s̀, ỳ) ∈ E has three

double roots, namely 0, s̀x and 1– see bottom of Fig. 2.b2. In the next lemma we study

Δ(s, s̀, ỳ) for s close to s̀x and s̀ close to s̀ = 0, s̀ = κ(ỳ), or s̀ = 1; we keep ỳ constant.

That is, we are concerned with right states close to s̀x. For the left states we have three

cases: close to s̀ = 0, s̀ = κ(ỳ), or s̀ = 1.
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Lemma 4.9. Consider (s̀, ỳ) ∈ E , that is, s̀ = 0, s̀ = κ(ỳ), or s̀ = 1. For s close to s̀x,

a > 0, b � 0, and (s̀, ỳ) such that:

(i) s̀ � 0, then Δ(s, s̀, ỳ) ≈ a (s− s̀x)
2 + b, see bottom of Fig. 2.a;

(ii.a) s̀ � κ(ỳ), then Δ(s, s̀, ỳ) ≈ a (s− s̀x)
2 + b, see middle of Fig. 2.a and Fig. 2.b1;

(ii.b) s̀ � κ(ỳ), then Δ(s, s̀, ỳ) ≈ a (s− s̀x)
2 − b, see middle of Fig. 2.a and Fig. 2.b3;

(iii) s̀ � 1, then Δ(s, s̀, ỳ) ≈ a (s− s̀x)
2 − b, see top of Fig. 2.a.

Proof of Lemma 4.9. We need to examine three cases: (i) s̀ close to 0; (ii) s̀ close

to κ(ỳ); (iii) s̀ close to 1. Since Δ = Q s̄2, we study Q instead of Δ. We denote the

partial derivative with respect to s by dots, for instance, ∂Q/∂s ≡ Q̇; we denote by a

prime the partial derivative with respect to s̀, that is, ∂Q/∂s̀ = Q′. The lemma holds

since we have:

(i) Q̇(s̀x, 0, ỳ) = Q̇(s̀x, κ(ỳ), ỳ) = Q̇(s̀x, 1, ỳ) = 0;

(ii) Q̈(s̀x, 0, ỳ) = Q̈(s̀x, κ(ỳ), ỳ) = Q̈(s̀x, 1, ỳ) = 2 Φ̀2;

(iii) Q′(s̀x, 0, ỳ) > 0; Q′(s̀x, κ(ỳ), ỳ) < 0; Q′(s̀x, 1, ỳ) > 0;

(iv) Q′(s̀x; 0, ỳ) =
(
4 �v�g r̀

2v̀μ2
b�dμdb(�bg̀μb + �v�g

)/
(μb + 1)3 > 0;

(v) Q′(s̀x;κ(ỳ), ỳ) = − 4μdb(�g v̀ + �b�dr̀)(�v�g(μb + 1)v̀ + �b�d(π2 + �v)r̀)

(�2v�
2
g v̀ + �b�v�gπ1r̀ + μb�b�v�g g̀v̀ + �2b�dπ2r̀g̀)(r̀ + 1)3

< 0;

(vi) Q′(s̀x; 1, ỳ) =
(
4�d�b�vμdbπ1π

2
2(�v�g + �d�bπ2g̀)

)/
(π2 + �v)

3 > 0. �
The discriminant at the origin is non-negative and vanishes if and only if (s̀, ỳ) ∈ E ;

note that Q(0, s̀, ỳ) equals X0 = (π3 β̀)
2.

See Fig. 2(b2): the discriminant Δ has three double roots and the evaporation Hugo-

niot has a self-intersection at (s̀x, ỳx). Perturbing s̀ to the left, see Fig. 2(b1), the

discriminant is positive except for s = 1, therefore there are two evaporation branches

everywhere. On the other hand, perturbing s̀ to the right, see Fig. 2(b3), the discrimi-

nant becomes negative close to 0 and s̀x, therefore some gaps on the evaporation branch

arise. The following lemma is based on [18] and establishes the existence of four possible

asymptotes to the evaporation Hugoniot.

Lemma 4.10. Given a state (s̀, ỳ) ∈ D, the evaporation Hugoniot from (s̀, ỳ) has at most

four straight asymptotes. The candidates to asymptotes are:

(a) vertical asymptotes: (i) s = 1 (multiplicity two) and

(ii) s = −δbd β̀
/
χ̀ ≡ sa(s̀, ỳ) ≡ s̀a (4.17)

(b) horizontal asymptotes: (i) y = yr and (ii) y = yx(s̀, ỳ) ≡ ỳx.

Proof of Lemma 4.10. In this proof we follow the notation and ideas of [18].

We write Z(s, y, s̀, ỳ) =
3∑

i=0

2∑
j=0

zij s
i yj , where zij depend on (s̀, ỳ) and on model

constants. We define the homogeneous polynomials of degree k

Pk(s, y) =
∑

i+j=k

zij s
i yj for (i, j) ∈ {0, 3} × {0, 2} and k ∈ {0, 5}.

First, we look for the possible asymptotes yielded by s3: We have P5 = z32 s
3 y2 =

z32 (a s + by)3 y2 where a = 1, b = 0. Also s2 divides P4(s, y) and s divides P3(s, y), so

we have P5 = s3 Q5(s, y), P4 = s2 Q4(s, y) and P3 = sQ3(s, y) for appropriate Q’s. The
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possible asymptotes are a s+ b y = t0 where t0 is a real root of the equation

t3 Q5(0,−1) + t2 Q4(0,−1) + tQ3(0,−1) + P2(0,−1) = 0. (4.18)

We have Q5(0,−1) = z32, Q4(0,−1) = z22, Q3(0,−1) = z12 and P2(0,−1) = z02; so,

Eq. (4.18) is also A(t) = 0; see Eq. (4.8). Therefore, we have two possible asymptotes,

s = 1 (double) and s = −δbd β̀/(ὰ+ �v γ̀); see Eq. (4.6a); t = 1 is a double root of

Eq. (4.18).

Now, we look for the possible asymptotes yielded by y2: we have P5 = z32 s
3 y2 =

z32 s
3 (a s+ by)2, where a = 0, b = 1. As y divides P4(s, y) we have P5 = y2Q5(s, y) and

P4 = y Q4(s, y) for appropriate Q’s. The possible asymptotes are a s+ b y = t0 where t0
is a real root of the equation

t2 Q5(1, 0) + tQ4(1, 0) + P3(1, 0) = 0. (4.19)

We have Q5(1, 0) = z32, Q4(1, 0) = z31 and P3(1, 0) = z30; so Eq. (4.19) is also L(t) = 0;

see Eq. (4.9). Therefore, we have two possible asymptotes, one is r(y)+1 = 0, i.e., y = yr
(see Definition 2.1) and the other is y = −δgvγ̀

/
χ̀ ≡ yx(s̀, ỳ); see Eq. (4.7a). �

The candidates to vertical asymptotes given in lemma 4.10 are actually asymptotes.

The location of the vertical asymptote at s̀a is studied in the next lemma.

Lemma 4.11. The function s̀a, Eq. (4.17), vanishes for (s̀, ỳ) ∈ E and for ỳ = 0. For

ỳ > 0 the function s̀a:

(i) is positive for s̀ ∈ (0, κ(ỳ)), that is, for (s̀, ỳ) ∈ RL;

(ii) is negative for s̀ ∈ (κ(ỳ), 1), that is, for (s̀, ỳ) ∈ RR;

(iii) satisfies − δbd �g

�b �d

1
μb+1 ≤ s̀a ≤ δbd

�b

μd

μd+1 .

Proof of Lemma 4.11. The roots of the function s̀a ≡ sa(s̀, ỳ) (see Lemma 4.10)

are the same as the roots of β̀; see Eq. (3.14a.ii). The denominators of s̀a and δbd are

strictly positive, therefore −β̀ determines the sign of s̀a. Since �v and �g are positive,

the sign of s̀a is the same as that of

−β̀ = −�v �g s̀ `̄s ỳK(s̀, ỳ) = �v �g ỳ s̀ (s̀− 1)
(
(r̀ + 1) s̀− r̀

)
. (4.20)

Therefore, if ỳ = 0, then s̀a vanishes for all s̀ ∈ [0, 1]. For ỳ > 0, then s̀a is cubic in s̀ and

has three distinct roots, 0, κ(ỳ), and 1, and positive leading coefficient, so s̀a is positive

for s̀ ∈ (0, κ(ỳ)) and negative for s̀ ∈ (κ(ỳ), 1). Then (i) and (ii) hold.

In order to prove (iii), we substitute Eqs. (3.14a) and (3.14b.i) in Eq. (4.17), so

s̀a = −δbd β̀

χ̀
= − δbd �v �g s̀ `̄s ỳ (s̀− r̀ `̄s)

�v �g `̄s2 r̀ v̀ + �v �b �d s̀2
.

For (s̀, ỳ) ∈ RL we have s̀a > 0, −r̀ `̄s < s̀− r̀ `̄s < 0 and 0 ≤ γ̀; then

s̀a ≤ δbd �v �g s̀ `̄s ỳ r̀ `̄s

�v �g `̄s2 r̀ v̀
=

δbd s̀ ỳ

v̀
=

δbd ỳ s̀

δbd ỳ + �d
≤ δbd

�b
s̀ ≤ δbd

�b

μd

μd+1 . (4.21)

For (s̀, ỳ) ∈ RL we have s̀a < 0, 0 < s̀− r̀ `̄s < s̀ and 0 ≤ ὰ; then

s̀a ≥ −δbd �v �g s̀
2 `̄s ỳ

�v �b �d s̀2
≥ −δbd �g

�b �d
`̄s ≥ −δbd �g

�b �d
1

μb+1 . (4.22)

So the lemma holds. �
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Corollary 4.12. From Eqs. (4.21) and (4.22) we have (`̄sa = 1− s̀a):

(i)
�b + μd �d
�b + μd �b

≤ `̄sa and (ii) `̄sa ≤ 1 +
δbd �g
�b �d

1
μb+1 . (4.23)

We have already established the existence and location of the vertical asymptote s = s̀a;

now we classify it according to Lemma A.2.

Lemma 4.13. Consider (s̀, ỳ) ∈ D \ E . The asymptote s = s̀a is (see Definition A.1):

(i) Type VR for 0 < s̀ < κ(ỳ), i.e., for (s̀, ỳ) ∈ RL;

(ii) Type VL for κ(ỳ) < s̀ < 1, i.e., for (s̀, ỳ) ∈ RR.

Proof of Lemma 4.13. By the definition of s̀a we have A(s̀a) = 0; see Eqs. (4.6a)

and (4.17). Following Lemma A.2, we need to calculate the sign of A′(s̀a) B(s̀a), where

the prime means d/ds. A straight calculation shows that: A′(s̀a) = μdb (1− s̀a)
2 χ̀ > 0.

From Eqs. (4.6b) and (4.17) we have:

B(s̀a) = −`̄sa
(
χ̀ s̀2a −

(
μb ὰ+ (2μb �v − π2)γ̀

)
s̀a `̄sa − (π3 + 2 �d μdb) β̀ `̄sa

)

=
(
μdb Π̀ `̄sa − δ2bd β̀

)
β̀ `̄sa

/
χ̀. (4.24)

From Corollary 4.12, we have 0 < `̄sa, so the following factors in Eq. (4.24) are positive:
`̄sa / χ̀ > 0 and μdb `̄sa(�d ὰ+ π1 γ̀) > 0.

For β̀ < 0, that is, for s̀a > 0 iff (s̀, ỳ) ∈ RL we get B(s̀a) < 0 and so the first part of

the lemma holds.

For β̀ > 0, that is, for s̀a < 0 iff (s̀, ỳ) ∈ RR the sign of B(s̀a) depends on Assump-

tion 2.3(c), which ensures that μdb `̄sa(�d ὰ+ π1 γ̀)− δ2bd β̀ is positive:

μdb Π̀ `̄sa − δ2bd β̀ > 0 ⇔ μd > μb + δ2bd β̀
/
(Π̀ `̄sa). (4.25)

We need an upper bound for δ2bd β̀
/
(Π̀ `̄sa) = δ2bd β̀

/
`̄sa(�d ὰ+ π1 γ̀):

δ2bd β̀

`̄sa(�d ὰ+ π1 γ̀)
<

δ2bd β̀

`̄sa π1 γ̀
=

δ2bd �v �g s̀ `̄s ỳ (s̀− r(ỳ) `̄s)

`̄sa π1 �b �d s̀2
<

δ2bd �v �g s̀
2 `̄s ỳ

`̄sa π1 �b �d s̀2
;

then from Eqs. (3.23), (4.23.i) we have:

δ2bd β̀

`̄sa(�d ὰ+ π1 γ̀)
<

δ2bd �v �g `̄s

`̄sa π1 �b �d
<

δ2bd �v �g
(�b + μd �d) π1 �d

= U1.

Then μd > μb+U1 ensures that Eq. (4.24) holds; furthermore sign(B(s̀a)) = sign(β̀). �
For (s̀, ỳ) lying on curve E ; see Fig. 3.c, s = 0 is an asymptote as well as a solution

for Z(s, y, s̀, ỳ) = 0, as we show in Lemma 4.7.

In the next lemma we classify the asymptote located at s = 1 according to Lemma A.3.

Lemma 4.14. Consider (s̀, ỳ) ∈ D \ E and the straight line s = 1. There is no solution

of Eq. (4.8) on s = 1 so the straight line is a branch separatrix. The straight line is an

asymptote of (see Definition A.1): (i) Type VUD for s̀ < κ(ỳ), i.e., (s̀, ỳ) ∈ RL; (ii) Type

VLL for s̀ > κ(ỳ), i.e., (s̀, ỳ) ∈ RR.
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Proof of Lemma 4.14. We have A(1) = 0, A′(1) = 0, A′′(1) = 2μdb (χ̀+ δbd β̀), or,

alternatively, A′′(1) = 2μdb χ̀ `̄sa > 0; note that we are studding s = 1; we are using `̄sa
here only because we know that `̄sa is positive. A straightforward computation shows

that B(1) = 0, B′(1) = χ̀ > 0 and C(1) = ὴ.

Trivially there is no solution of Eq. (4.8) on s = 1: A(1) y2 + B(1) y + C(1) = 0 iff

ὴ = 0; and ὴ = 0 if and only if (s̀, ỳ) ∈ E . In order to study the asymptote type we need

to know sign(A′′(1) C(1)); see Lemma A.3. We have sign(A′′(1) C(1)) = sign(C(1)) =

sign(ὴ) = sign(K(s̀, ỳ)), so the sign of A′′(1) C(1) is negative for (s̀, ỳ) ∈ R1∪R2∪R3 and

positive for (s̀, ỳ) ∈ R4 ∪R5. Then, statement (i) holds. The second part of the lemma

holds since (i) sign(A′′(1) C(1)) > 0; (ii) sign(B′(1) C(1)) > 0; (iii) Assumption (c).ii

ensures that 2A′′(1) C(1) < B2(1) (see below).

We need to prove that 2A′′(1) C(1) < B2(1):

B′(1)2 − 2A′′(1) C(1) = χ̀2 − 4μdb χ̀ `̄saὴ > 0 ⇔ χ̀− 4μdb `̄saὴ > 0 ⇔ μd < μb +
χ̀

4 `̄saὴ
.

We need a lower bound for χ̀
/
(4 `̄saὴ) for (s, y) ∈ RR, so we use Eqs. (3.23), (4.23.i)

χ̀

4 `̄saὴ
>

�v�dμb(�v+�bμb)
(μb+1)2

4
(
1 +

δbd �g

�b �d

1
μb+1

)(
�b �d �g

4
1

μb+1

) =
�v �d (�v + �b μb)

�g(�d �b μb + �d �b + �v δbd)
μb = U2.

�
We remark that 4μdb χ̀ `̄saὴ = μdb ὴ (χ̀+ δbd β̀), therefore, here and in Lemma 4.8 the

issue is the same, the discriminant must be non-negative close to s = 1.

Lemma 4.15. Consider (s̀, ỳ) �∈ E and ỳ �= 0. The asymptote y = yx(s̀, ỳ) contains no

solution, so it is a Hugoniot branch separatrix.

Proof of Lemma 4.15. For y = yx(s̀, ỳ) we trivially have L(y) = 0; see Eqs. (4.7a)

and (4.14). Straightforward calculations shows that Eq. (4.9) reduces to a second degree

equation with discriminant:

Δ
(
yx(s̀, ỳ)

)
= −4 Π̀ Φ̀ β̀ ὴ

/
χ̀2. (4.26)

(See Definition 2.4.) For (s̀, ỳ) out of E and ỳ �= 0 we have β̀ �= 0, ὴ �= 0 and sign(β̀) =

sign(ὴ); then Δ
(
yx(s̀, ỳ)

)
< 0 and there are no solutions of H(s, yx(s̀, ỳ), s̀, ỳ) = 0. �

Lemma 4.16. Consider Ẁ = (s̀, ỳ, ù) and W ∈ H (Ẁ ). Therefore, the classification of

the shock between Ẁ and W is independent of the choice of ù > 0.

Proof of Lemma 4.16. For W �= Ẁ outside the self-intersection Hugoniot locus,

matrix M of Eq. (4.3) has rank two, therefore the solution is spanned by a vector, say

(α, β, γ); that is, (u, ù, ϕ σ) = k (α, β, γ) for some k ∈ R. Given some ù > 0 we have

k = ù/β, u = ù α/β, and σ = ù γ
/
(ϕβ) with β �= 0. Therefore, shock speed σ and u are

proportional to ù (for ù > 0).

The left eigenvalues are proportional to ù, as follows from Eq. (3.2). In the same

fashion, right eigenvalues are proportional to u. Since u is itself proportional to ù, then

right eigenvalues are also proportional to ù. The shock classification depends on left and
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(a) y

s

H(0, ỳ)s̀a=0 s = 1

yr

ỳx

s̀x
�

(b) y

s

H(ὲ, ỳ)s̀a>0 s=1

VR VUD

yr

ỳx
Δ>0

1© 2©

3©
4© 5©

(c) y

s

H(s̀, ỳ)

(s̀, ỳ) ∈ RL

s̀a>0 s=1

VR VUD

yr

ỳx

(d) y

s

H(κ̀−ὲ, ỳ)s̀a>0 s=1

VR VUD

yr

ỳx
Δ>0

(e) y

s

H(κ̀, ỳ)s̀a=0 s=1

yr

ỳx

s̀x
�

(f) y

s

H(κ̀+ὲ, ỳ)s̀a<0 s=1

VL VLL

yr

ỳx

Δ≷0

(g) y

s

H(s̀, ỳ)

(s̀, ỳ) ∈ RR

s̀a < 0

VL

s = 1

VLL

yr

ỳx

1©2©

3© 4© 5©
6©

(h) y

s

H(1−ὲ, ỳ)s̀a < 0 s = 1

VL VLL

yr

ỳx
Δ≷0

(i) y

s

H(1, ỳ)s̀a = 0 s = 1

yr

ỳx
s̀x
�

Fig. 3. The evaporation Hugoniot. White circle: state (s̀, ỳ);
solid black line: evaporation Hugoniot; gray dashed line: non-
separatrix asymptote; black dashed-dotted line: separatrix asymp-

tote.

right eigenvalues as well as on shock speed, which are all proportional to ù, therefore,

the shock classification does not depend on ù. �
4.2. Description of the behavior of the evaporation Hugoniot. Now we are able to

describe how the evaporation Hugoniot behaves. For s̀ = 0 Lemma 4.7 establishes that

Z = 0 is formed by the straight lines s = 0, s = 1 and y = 0 together with curve

Ek; see Fig. 3.a. The discriminant of Z vanishes at s = 0, s = s̀x and s = 1 (see

Lemma 4.9). Therefore, Z at s̀x(0, ỳ) has a double root and the evaporation Hugoniot

has a self-intersection (between the curve Ek and the straight line y = ỳx).

Moving (s̀, ỳ) toward RL (see Fig. 3.b) two vertical asymptotes replace the vertical

lines: (i) an asymptote of type VR at s = s̀a > 0 and another one of type VUD at s = 1.

The horizontal line is replaced by a horizontal separatrix asymptote at level y = ỳx. As

stated in Lemma 4.9, the double root at s̀x splits into two branches, since Δ(s, s̀, ỳ) > 0

close to (s = s̀x, s̀ = 0). We number the five branches of Fig. 3.b with circled numbers.

The branch 1© lies above y = ỳx and between s = s̀a and s = 1. All other branches lie

below y = ỳx except branch 2© which lies on right of s = 1. Therefore, the only branch

which intersects D is branch 1©.
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For (s̀, ỳ) ∈ RL; see Fig. 3.c, the evaporation Hugoniot displays the same behavior as

in Fig. 3.b. As (s̀, ỳ) approaches curve Ek (see Fig. 3.d): (i) s̀a is still positive but gets

closer to zero again; (ii) Δ is still positive but becomes closer to zero near s̀x. Then,

when (s̀, ỳ) ∈ Ek we have again curve Ek together with two vertical lines, s = 0 and s = 1,

and a horizontal one now at a negative level y = ỳx; see Fig. 3.e.

Moving (s̀, ỳ) toward RR (see Fig. 3.f) two vertical asymptotes replace the vertical

lines: (i) an asymptote of type VL at s = s̀a < 0 (examine Fig. 3.g to see the details

as branch 3© tends to −∞) and another of type VLL at s = 1. The horizontal line is

replaced by a horizontal separatrix asymptote at level y = ỳx. From Lemma 4.9, we

know that Δ changes sign leading to two folds close to s̀x.

For (s̀, ỳ) ∈ RR; see Fig. 3.g, the evaporation Hugoniot is formed by six branches.

The branch 1© lies above y = ỳx and between s = s̀a and s = 1. All other branches lie

below y = ỳx except branch 2©, which lies on the left of s̀a < 0. Therefore, the only

branch that intersects D is branch 1©. As s̀ approaches 1 all the branches glue together

again at Ek and at three lines, s = 0, s = 1 and y = ỳx; see Figs. 3.h and 3.i.

We conclude that there are only two generic configurations for the evaporation Hugo-

niot curve; see Figs. 3.c and 3.g.

4.3. Rankine-Hugoniot configurations. From the previous results, we get:

Theorem 4.17. The part of evaporation Hugoniot that intersects D has two stable

configurations:

(1) for (s̀, ỳ) ∈ RL; see Figs. 3.c, the evaporation Hugoniot has two vertical asymp-

totes, at s = s̀a < s̀ and s = 1, and a minimum that may occur for negative y;

(2) for (s̀, ỳ) ∈ RR; see Figs. 3.g, the evaporation Hugoniot has a double vertical

asymptote at s = 1, and a minimum that may occur for negative y.

On the other hand, for (s̀, ỳ) ∈ E the evaporation Hugoniot is formed by the set E
itself and by the straight line y = ỳx; see Fig. 4.a/e/i and Figs. 3.a/e/i; this configuration

is unstable under small perturbations of (s̀, ỳ).

The Hugoniot locus is the union of the saturation and evaporation branches. These

two branches intersect twice except for (s̀, ỳ) ∈ C = Im
e ∪ IM

e where the minimum of the

evaporation Hugoniot occurs at (s̀, ỳ); see Fig. 4.c/g.

5. Riemann solution. In this paper we use the wave curve method to solve Rie-

mann problems; see [1, 12, 13]. The following theorem (see [25]) applies away from self-

intersection Hugoniot locus.

Theorem 5.1 (Bethe-Wendroff). Assume that W belongs to the Hugoniot curve from

Ẁ and that li(G(W )−G(Ẁ )) �= 0. Then the following are equivalent: (i) dσ(W, Ẁ ) = 0;

(ii) σ(W, Ẁ ) = λi(W ), for some i. Cases (i)/(ii) hold; then dW = ri(W ), that is, the

Hugoniot curve is tangent to the i-rarefaction.

The Bethe-Wendroff theorem determines the states where a shock curve is followed

by a rarefaction curve of same family without an intermediate state, namely, right char-

acteristic shocks. Rarefaction curves cannot be followed by shock curves; although,
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(a)

Im
e Ek IM

e

(b)

Im
e Ek IM

e

(c)

Im
e Ek IM

e

(d)

Im
e Ek IM

e

(e)
(i)

Im
e Ek IM

e

(f)

Im
e Ek IM

e

(g)

Im
e Ek IM

e

(h)

Im
e Ek IM

e

Fig. 4. The Hugoniot locus. White circle: (a) (s̀, ỳ) ∈ E0; (b)
(s̀, ỳ) ∈ R1; (c) (s̀, ỳ) ∈ Im

e ⊂ C; (d) (s̀, ỳ) ∈ R2 ∪ R3; (e) (s̀, ỳ) ∈
Ek ⊂ Ie; (f) (s̀, ỳ) ∈ R4; (g) (s̀, ỳ) ∈ IM

e ⊂ C; (h) (s̀, ỳ) ∈ R5; (i)
(s̀, ỳ) ∈ E1. Black solid curve and line: Hugoniot. Gray dashed line:
Hugoniot’s asymptote. Gray solid thin curves: evaporation inflec-

tion.

rarefactions waves may be followed by left characteristic shock waves without interme-

diate states. In this case, the rarefaction curve is followed by a composite curve that

is an envelope of Hugoniot curves, as stated in [16]. Here we present a short version

of the theorem appropriate for non-trivial accumulation, which ignores the admissibility

and compatibility issues. For details on how this theorem allows one to study non-local

solutions see [15] and [16].

Theorem 5.2. Let Ẁ be a family of states that lie on an i-rarefaction curve away from

i-Inflection locus. Let W be a correspondent family of states on the Hugoniot from Ẁ

such that G(Ẁ ) �= G(W ) and σ(Ẁ ,W ) = λi(Ẁ ) �= λj(W ) hold for every pair (Ẁ ,W ),

some i and all j; the shock from Ẁ to W is left characteristic away from double contact.

Then, the family of states W is the envelope of the curves H (Ẁ ).

Proof of Lemma 5.2. The Hugoniot from Ẁ is the set of W for which there is a

speed σ such that F (W ) − F (Ẁ ) − σ(G(W ) − G(Ẁ )) = 0; differentiating and setting

σ = λi(Ẁ ) we get (taking G, DF and DG at W and λ̀i, G̀ at Ẁ ):
(
DF − λ̀iDG

)
dW −

(
G− G̀

)
dσ = 0; (5.1)

since λ̀i �= λj(W ), for all j, we have full rank DF − λ̀iDG and non-vertical well-defined

direction dW stated by Eq. (5.1).

The family W is given by F (W )−F (Ẁ )−λi(Ẁ )(G(W )−G(Ẁ)) = 0; differentiating

we get (taking DF̀ , DG̀ at Ẁ ):

(DF − λ̀iDG)dW − (DF̀ − λ̀iDG̀)dẀ − (G− G̀)∇λ̀idẀ = 0; (5.2)

moving Ẁ on i-rarefaction with vector speed given by any eigenvector associated to λ̀i,

say r̀i, we get (DF − λ̀iDG)dW − (G − G̀)∇λ̀i · r̀i = 0; we have ∇λ̀i · r̀i �= 0 since Ẁ

does not belong to i-Inflection, then Eq. (5.1) and (5.2) define the same direction. �
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Table 2. Classification of Hugoniot curve depending on scaled shock

σ̂ and scaled characteristic speeds λ̌i = λ̂i(s̀, ỳ) and λ̂i = λ̂i(s, y).

Symbol Speed relationships Symbol Speed relationships

+± λ̌2 < σ̂, λ̂1 < σ̂ < λ̂2 ±− λ̌1 < σ̂ < λ̌2, σ̂ < λ̂1

±+ λ̌1 < σ̂ < λ̌2, λ̂2 < σ̂ −± σ̂ < λ̌1, λ̂1 < σ̂ < λ̂2

++ λ̌2 < σ̂, λ̂2 < σ̂ −− σ̂ < λ̌1, σ̂ < λ̂1

−+ σ̂ < λ̌1, λ̂1 < σ̂ ±± λ̌1 < σ̂ < λ̌2, λ̂1 < σ̂ < λ̂2

+− λ̌2 < σ̂, σ̂ < λ̂1

5.1. Classification of discontinuities. The classification of a Hugoniot curve in three

variables usually depends on three eigenvalues and shock speed. However, here the

Hugoniot is classified based on just two characteristic speeds.

In this section, we classify each point (s, y) in the projected Hugoniot locus from (s̀, ỳ)

according to the relation between the scaled shock speed σ̂ and the scaled characteristic

speeds λ̌i = λ̂i(s̀, ỳ) and λ̂i = λ̂i(s, y). We use the classification scheme from Table 2

with the symbols in the first column related to the signs of σ̂ − λ̌i and σ̂ − λ̂i; see also

Figs. 6.a. (For two negative signs: “−”; for one negative and the other positive: “±”;

for two positive signs: “+”.) On the saturation Hugoniot (where y = ỳ), the shock

classification may be studied geometrically using λ̂s and λ̂e (see Fig. 1) as well as σ̂;

the speed σ̂ is given by the slope of the secant through (s̀, ỳ) and (s, y). This leads

to speed relationships similar to those found in the Buckley-Leverett solution (see [2]).

See Fig. 6.b and, for instance, the white circle on R1 (the highest). The white circle

represents (s̀, ỳ) and then the shocks from (s̀, ỳ) to states on its left are 1-shocks.

The evaporation Hugoniot has a minimum, that is, it has a point tangent to (1, 0). For

(s̀, ỳ) away from the evaporation Inflection locus, at that minimum the Bethe-Wendroff

applies and we have: σ̂ = λ̂s and σ̇ = 0. At the doubly-sonic λ̂e the Bethe-Wendroff

theorem is not applicable, since it occurs at the self-intersection locus (see Lemma 4.6).

For (s̀, ỳ) on the evaporation Inflection, the evaporation Hugoniot has a minimum at

(a)

+± ±+ ±± +−

L M N

λ̂sλ̂e

σ̂

λ̌e

λ̌s

(b)

+± +−

L

λ̂sλ̂e

σ̂

λ̌s= λ̌e

(c)

+± ±± −+−±±− ±−

N
M

L

P Q

λ̂sλ̂e

σ̂

λ̌e

λ̌s

Fig. 5. The classification of the evaporation Hugoniot curve close to

Im
e . White circles: left state L ≡ (s̀, ỳ); stars: self-intersection

state, N (shock speed equals both left and right-eigenvalue); black
circles: shock speed equals right-eigenvalue, M ; gray circles: shock
speed equals left-eigenvalue, P and Q; (a) Classification for L ∈ R1;
(b) Classification for L ∈ Im

e ; (c) Classification for L ∈ R2 ∪R3.
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(a)

+−

±±

−+

−−

++

−±

±+

±−

+±

(b)

Im
e IM

eIM
s Ek

R1 R2 R3 R4 R5

(c)

Im
e IM

eIM
s Ek

R1 R2 R3 R4 R5

Fig. 6. White circles: left state; stars: self-intersection of projected
Hugoniot. (a) Caption for Hugoniot Classification. (b) Classification
of saturation Hugoniot; (c) Classification of evaporation Hugoniot.

(s̀, ỳ). The classification of the evaporation Hugoniot based on Fig. 5 we also check

numerically.

At Im
e the eigenvalues λ̂s and λ̂e are equal, λ̂e has a minimum and λ̂s increases as s

increases; see Fig 5.(b).

Consider L ≡ (s̀, ỳ) ∈ Im
e ; see Fig 5.(b). The shock speed σ̂ is larger than both left

eigenvalues λ̌s and λ̌e. For (s, y) on the right part of evaporation Hugoniot we have σ̂

smaller than both right eigenvalues λ̂s and λ̂e. For (s, y) on the left part of evaporation

Hugoniot, we have σ̂ larger than λ̂s and smaller than λ̂e. There are just two types of

discontinuities: +± and +−.

Consider L ≡ (s̀, ỳ) ∈ R1, as in the Fig 5.(a). The speed σ̂ has the same value as

the eigenvalues at three points, the white circle L ≡ (s̀, ỳ), the black circle M (at the

minimum) and the star N (at the self-intersection). There are four classifications as in

the figure.

Consider L ≡ (s̀, ỳ) ∈ R2 ∪ R3; see Fig 5.(c). The speed σ̂ has the same value as

the eigenvalues at five points, the white circle L ≡ (s̀, ỳ), the black circle M (at the

minimum), the star N (at the self-intersection), as well as at the gray circles P and Q

where the shock is left characteristic. There are six classifications as in the figure.

The eigenvalue λ̂e has a maximum at IM
e while λ̂s decreases as s increases. The

classification is similar to the previous one. Namely, drawing Fig. 5 upside down we get

the interchange signs + with − (while ± keeps unchanged). Based on numerical evidence,

we conjecture that classification is the same for (s̀, ỳ) away from the Inflection.

5.2. Solution diagrams. We present the solution diagrams for (s̀, ỳ) in R1, Im
e , R2,

R3, Ek, R4, IM
e , and R5, respectively on Figs. 8.a to 11.b. In the diagrams, the left state

is depicted as a white circle. (The right state may be any point of the domain.)

In our kind of construction (left-to-right choice), the solution of a Riemann problem

is parametrized by a sequence of wave curves, which necessarily goes from the left state

L to the right state R. However, in order to obtain the wave sequence from our figures

it is easier to start at R and proceed backwards to L. (Despite which the waves are still
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(a)

Some R-region boundaries
The curve Ek

Inflection and Coincidence curve
Double characteristic shocks curve
Over-compressive curve
2-Contact curves
2-Composite curve
2-Rarefaction curve
2-Shock curve
1-Contact curve
1-Composite curve
1-Rarefaction curve
1-Shock curve (b)

Im
e IM

eIM
s Ek

Fig. 7. (a) Graphical representation of the thirteen wave-curves from
the solution. (b) Rarefaction curves in L-regions R1to R5.

(a)

Im
e IM

eIM
s Ek

L

M1M2

RM

N1
N2 N3 RN

A©
B©

C© D©
E©

F©
G©

H© I©
J©

K©

L©

M©

(b)

Im
e IM

eIM
s Ek

Fig. 8. White circles represent (s̀, ỳ). Solution for: (a) (s̀, ỳ) ∈ R1;
(b) (s̀, ỳ) ∈ Im

e .

Im
e IM

eIM
s Ek EkIm

e IM
eIM

s

(a) (b)

Fig. 9. White circles represent (s̀, ỳ). Solution for: (a) (s̀, ỳ) ∈ R2;
(b) (s̀, ỳ) ∈ R3.
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Im
e IM

eIM
s Ek Im

e IM
eIM

s Ek

(a) (b)

Fig. 10. White circles represent (s̀, ỳ). Solution for: (a) (s̀, ỳ) ∈ Ek;
(b) (s̀, ỳ) ∈ R4.

Im
e IM

eIM
s Ek Im

e IM
eIM

s Ek

(a) (b)

Fig. 11. White circles represent (s̀, ỳ). Solution for: (a) (s̀, ỳ) ∈ IM
e ;

(b) (s̀, ỳ) ∈ R5.

forward waves in the sense given in [14].) We need: (I) to locate all 1-wave curves from L

(1-shock, 1-rarefaction, and 1-composite curves; see Fig. 7.a for conventions on graphical

representations); (II) to identify the 2-wave curves through R and their intersection with

the curves located in (I).

We show how to apply this methodology to find the solution for L ∈ R1, illustrated

in Fig. 8.a. Any point in Fig. 8.a represents a possible R, while L is the small white

circle. (I) The 1-wave curves from L are marked in solid and dashed dark gray; (II) The

intersections are explained in the two examples that follow.

Example 5.3. Consider the right state RM in the R-region C© depicted as a white

square in the left top part of Fig. 8.a. Following backwards through the 2-rarefaction

curve we reach the white diamond M2 on the double characteristic curve (gray railway),

then the 2-shock curve connects the diamond with the white star M2 on the 1-rarefaction

from L. FromM1 we go backwards to L. Therefore, the solution of this Riemann problem

comprises three waves without intermediate state (as in [22] and [17]): (i) a 1-rarefaction
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from left state to L to M1; (ii) a double-characteristic shock (see Lemma 4.4) from M1

to M2; and (iii) a 2-rarefaction from M2 to RM .

Example 5.4. Consider the right state RN on R-region L© depicted as a gray square

in Fig. 8.a (southeast from the center of the picture). Following backwards through the

black curve we reach a gray circle N1 on the 1-rarefaction from L. However, RN lies

on a 2-composite curve, therefore there exist a state on preceding 2-rarefaction, say N3,

such that the shock from N3 to RN is right characteristic (see Theorem 5.2). The 2-

rarefactions do not connect N1 to N3; then there is a right characteristic 2-shock from N1

to N2 to joins the 2-rarefaction (as conditions of Theorem 5.1 are satisfied). Therefore,

the solution of this Riemann problem comprises two wave groups: (i) a 1-rarefaction

from left state to L to N1; (ii) a 2-wave group without intermediate states: (ii.a) a right

characteristic 2-shock from N1 to N2; (ii.b) a 2-rarefaction from N2 to N3; (ii.c) and a

left characteristic 2-shock from N3 to RN .

For (s̀, ỳ) ∈ R1, we show the wave sequence for the thirteen R-regions labeled from

A© to M©, and we use the wave nomenclature of Table 1 in [15]. We have:

(A) S1R1 (B) R1R2 (C) R1
′S′

OR2 (D) R1S2 (E) R1R2

(F ) R1R2
′S2 (G) R1S2 (H) S1S2 (I) R1S2 (J) R1S

′
2R2

(K) S1S
′
2R2 (L) R1S

′
2R2

′S2 (M) S1S
′
2R2

′S2.

We have 1-composite curves only for (s̀, ỳ) inR5 (see double dashed gray line in Fig. 11.b);

these curves are envelopes of Hugoniot evaporation branches. The family of over-com-

pressive shocks fail to be an envelope since the double-characteristic shock occur on self-

intersection Hugoniot locus; see Lemma 4.6.

The solutions depend L1
loc continuously on left and right states.

Appendix A. Solutions of one parameter quadratic and cubic equations.

Consider p(s, y) = a(s) y2 + b(s) y + c(s) = 0, quadratic equation in y where a, b, c are

smooth functions depending on the parameter s. The discriminant is Δ(s) = b2(s) −
4 a(s) c(s). For non-vanishing denominator and non-negative discriminant we define:

B±(s) = −2 c(s)
/(

b(s)±
√
Δ(s)

)
. (A.1)

If a(s) = 0 we have
√
Δ(s) = |b(s)|, then the denominator of (A.1) does not vanish in

the following cases: (i) if b(s) > 0, we have B+(s) = −c(s)/b(s); (ii) if b(s) < 0, we have

B−(s) = −c(s)/b(s). The real solutions of p = 0, written as functions of s, are B±(s).

We define two types of asymptotes that will be used in Lemma A.2 and play an

important role in proving the bifurcation of the evaporation Hugoniot (see Lemma 4.13.).

Definition A.1. Let f : R → R be a function of s which graph has a vertical

asymptote at s0. We say the asymptote is type:

•VL if lim
s→s±0

f(s) = ∓∞; see Fig. 12.a; •VR if lim
s→s±0

f(s) = ±∞; see Fig. 12.b;

•VU if lim
s→s±0

f(s) = +∞; see Fig. 12.c; •VD if lim
s→s±0

f(s) = −∞; see Fig. 12.c.

(The capital letters stand for: V-vertical, L-left, R-right, D-down, and U-up.)



766 V. MATOS AND D. MARCHESIN

y

(a) VL

y

(b) VR

y

(c) VU/VD

y

(d) VLL

y

(e) VRR
y

(f) Horizontal separatrix asymptote

y

(g) Horizontal non-separatrix asymptote

Fig. 12. Solid lines gray and black: the branches B±; black dash-
doted lines: separatrix asymptotes; gray dashed lines: non-separatrix
asymptotes. (a) Type VL, Lemma A.2; (b) Type VR, Lemma A.2;
(c) Type VU and VD, Lemma A.3.1; (d) Type VLL, Lemma A.3.2;
(e) Type VRR, Lemma A.3.3; (f) Horizontal separatrix asymptote;

(g) Horizontal non-separatrix asymptote.

We represent the derivative d/ds using a prime and for the evaluations at s0 we

simplify the notation in such a way: a(s0) ≡ a0, a′(s0) ≡ a′0, etc. In the following

lemmas we study the solutions of p close to a point where a vanishes.

Lemma A.2. For a0 = 0, a′0 �= 0, b0 �= 0, c0 �= 0 and σ = sign(b) we have:

(1) the graph of Bσ(s) is a non-vertical smooth curve close to (s0,Bσ(s0));

(2) the graph of B−σ(s) has an asymptote at s = s0 of:

(i) type VL if a′0 b0 > 0, see Fig. 12.a; (ii) type VR if a′0 b0 < 0; see Fig. 12.b.

A more degenerate case, a0 = 0, is treated in the next lemma.

Lemma A.3. For a0 = 0, a′0 = 0, a′′0 �= 0, b0 = 0, b′0 �= 0 and c0 �= 0 both solutions of

p(s, y) = 0, B+ and B−, have a branch separatrix asymptote at s0 of:

(1) Type VUD, one is type VU and the other is type VD, if a′′0 c0 < 0 (see Fig. 12.c);

(2) Type VLL, both type VL, if 0 < 2 a′′0 c0 < (b′0)
2 and a0 b

′
0 > 0 (see Fig. 12.d);

(3) Type VRR, both type VR, if 0 < 2 a′′0 c0 < (b′0)
2 and a0 b

′
0 < 0 (see Fig. 12.e).

Acknowledgments. We thank Ricardo Barros for pointing us to the paper of

J. Nunemacher, [18], and Nuno Luzia for some suggestions for simplifying the analy-

sis.
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