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Abstract. The proposal of this paper is to study the convergence of the compressible
Navier-Stokes equations with no-slip boundary condition to the corresponding problem
of the Euler equations in a smooth bounded domain © C R3. Motivated by Wang’s
work (2001), we obtain a sufficient condition for the convergence to take place in the
energy space L2(f2) uniformly in time, by using Kato’s idea (1984) of constructing an
artificial boundary layer. This improves the result of Sueur in the sense that this sufficient
condition contains the tangential or the normal component of velocity only.
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1. Introduction. This paper is devoted to the issue of the inviscid limit for the
compressible Navier-Stokes system with no-slip boundary condition. More specifically,
for a smooth bounded domain  C R? we consider the question of convergence of the
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weak solution to the following problem for the compressible Naiver-Stokes system in
[0,T] x

Op + div(pu) =0,

O¢(pu) + div(pu ® u) + Vp(p) = edivS(Vu),
ulzeon = 0,

pli=0 = po, (pu)|t=0 = poto,

to the solution of the compressible Euler system:

0:p¥ + div(pFu®) =0,
O (pPu®) + div(pFuf @ uP) + Vp(p¥) = 0,
(uE ’ ﬁ)|$€89 = Oa

PP im0 = pf’, (pFu®)|i=0 = pi uf’,

where

S(Vu) := p (Vu + (Vu)t — %(dz’v u)Id) + n(div w)Id, p(p) = p” with v > g,
and 7 denotes the unit outward normal vector to the boundary of €2, when the initial
data of (II)) goes to the initial data of (L2) in energy space as e vanishes. Since the
Navier-Stokes equations and the Euler equations admit different boundary conditions in
(TI) and (2] respectively, this leads to the formulation of boundary layers in the small
neighborhood of boundary 99, in which the flow ([Il) changes very fast in the small
viscosity limit.

The study of vanishing viscosity limit for solutions of the Navier-Stokes equations is
a classical problem. Prandtl, in the pioneer work [20], studied the flow near the physical
boundary and introduced the boundary layer concept. For the incompressible Navier-
Stokes equations with no-slip boundary condition, Prandtl derived that the boundary
layer is described by a degenerate parabolic equation coupled with the divergence free
constrain, which is now called the Prandtl equations. Till now, there have been many
interesting mathematical results on the well-posedness of the Prandtl equations; cf. see
[I1,19,2T]. The rigorous justification of Prandtl’s boundary layer theory was known
only for some special cases. Lopes Filho et al. [I7] studied the small viscosity limit for
solutions to an incompressible circularly symmetric viscous flow, in which the boundary
layer is described by the heat equation. The problem of circularly symmetric viscous
compressible flow was studied in [16]. Recently, Guo et al. [I2] showed the validity of the
Prandtl boundary layer theory for two-dimensional steady incompressible Navier-Stokes
flows with a no-slip boundary condition over a moving plate. Sammartino and Caflisch
[22] obtained a rigorous theory of the Prandtl boundary layer problem in the class of
analytic solutions in two or three space variables. By using the vorticity formulation,
Maekawa [18] proved the convergence of the two-dimensional Navier-Stokes flow to the
Euler flow away from the boundary and to the Prandtl flow in the boundary layer in
the small viscosity limit when the initial vorticity of the Euler flow is supported away
from the boundary. There are also many works on vanishing viscosity limit of solutions
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to the Navier-Stokes equations with a slip boundary condition, see [26H28], in which the
boundary layer is much weaker than the problem with non-slip boundary condition.

Another approach for proving the convergence from the solutions of the Navier-Stokes
equations to the solutions of the Euler equations was introduced by Kato in [I3], in
which he studied the small viscosity limit of the incompressible viscous flow with the
non-slip boundary condition, and concluded that the viscous flow can be approximated
by the inviscid flow in the energy space under a dissipation condition of energy in a
neighborhood of the physical boundary with width proportional to the viscosity, by
constructing an artificial boundary layer. Since then, this result has been improved in a
series of works. Wang [25] observed that one can relax Kato’s dissipation condition of
energy to the case only containing the tangential derivatives of the tangential or normal
velocity at the expense of increasing the size of the neighborhood of the boundary slightly.
In [T4], Kelliher extends Kato’s result in the way that the gradient of velocity of Kato’s
energy condition can be replaced by the vorticity only of the flow. In [4], Constantin et
al. obtained that under the assumption of the Oleinik condition of no back-flow in the
trace of the Euler flow, and of a lower bound for the Navier-Stokes vorticity in a Kato-
like boundary layer, the inviscid limit from the Navier-Stokes equations to the Euler
equations holds in energy space.

Recently, there are some progresses in studying the small viscosity limit of the com-
pressible viscous flow. For the compressible Navier-Stokes system (IZII), Sueur [24] gave
the following sufficient condition for the convergence holding from the compressible vis-
cous flow to the inviscid flow:

2 200 . m)2
E/ <P|1; 4P (u2 n) + |Vu2> drdt — 0 when € — 0, (1.3)
(0,T)XTee dg, dg,

where u - n denotes the normal component of u, do(z) is the distance of z € Q to the
boundary 092, and T'.. = {z € Q| dq(z) < ce} for a positive ¢ > 0. By using the Hardy
inequality, one can regard (L3 as an extension of Kato’s result in the compressible flow.
Besides ([[3)), there are some criteria for the validity of the small viscosity limit for the
compressible viscous flow; see [2].

The main proposal of this work is to weaken the above condition (3] to include only
the tangential or the normal component of velocity in the integrand to have the small
viscosity limit for the problem () in the energy space L>(0,T; L?(2)). By developing
the idea of [25], we improve the result of [24] by requiring only the second term in (3],
at the cost of increasing the width of the boundary layer. Moreover, we shall obtain
another similar condition with the integrand only containing tangential component of
the velocity.

This paper is organized as follows. In Section 2, we recall the definition of the weak
solutions to the compressible Navier-Stokes system with no-slip condition, and some
results on existence of solutions to problems (II]) and (L2), then state the main result
of this paper. In Section 3, we introduce an important relative energy inequality similar
to that given in [24]. Finally, we prove the main result in Section 4.
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2. Preliminaries and the main result. In the following calculation, we shall use
the notation o(1) or O(1) to denote a quantity converging to zero or being bounded
respectively, as ¢ — 0, and C' to denote a generic constant that may change from line to
line.

For the system given in (LT]), first assume the lower bounds on p and 7 entail that
the tensor product

2
S(Vu) : Vu = Z ﬁ((‘)iuj + 05u)? + (n — = p)|divul?
1<i,j<3 2 3

is a positively definite quadratic form with respect to (0;u;)1<i j<3, and there exists a
constant Cj > 0 such that for any u € H1(),

/ S(Vu) : Vudz > CO/ |Vul|*dz. (2.1)
Q Q

Let’s recall the definition of weak solutions to the compressible Naiver-Stokes equations
with no-slip condition, cf. [8]:

DEFINITION 2.1. For a fixed T' >0, we say that (p, u) is a finite energy weak solution
of the problem (L)) for the compressible Navier-Stokes system with no-slip boundary
condition on [0, T associated to the initial data satisfying

po >0, po € L7(Q), poluol® € L*(Q), (2.2)
if:
p € Cull0. T L(2)), pu € Cu([0, T); L7 (2)),
u € L*([0,T]; Hy (), pu® € Cu([0, T]; L' (%)),
satisfy the problem (ITI) in the sense of distributions, and the energy inequality:

E(p(o,),u(o,-)) + E/OU/QS(VU) : Vudzdt < E(po, uo) (2.3)

holds for almost all o € [0, T], where

1

-y
Elp,u) = /QE(p, u)dz, with E(p,u) := =plu|®> + H(p) and H(p) := p

y—-1

The following existence of such a weak solution of (1)) was given in [9[15]:

T2

PROPOSITION 2.1. Let (pg,ug) satisfy the assumption (2.2), for any fixed T' > 0, there
exists a finite energy weak solution of the problem (LI for the compressible Navier-
Stokes equations on [0, T1.

Also, the following existence of a strong solution to the problem (L2) for the com-
pressible Euler equations can be found in many works; cf. [IL[3]:

PROPOSITION 2.2. Assume that pf, ul’ € H3(Q) satisfy the compatibility conditions of
the problem ([L2)), and 0 < infq pf < supg, pf < oo, then there exist T > 0 and a unique
solution (p¥,u®) of ([L2) in [0,T] x Q satisfying

0< inf pF< sup pf <o,
(0,T)xQ (0,T)xQ
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and
du®, 8/p" € C(0,T; H*/(Q)), j=0,1,2.
Denote by
do(x) := dist(z,00) and T, := {z € Q| da(z) < &}

for € > 0 small enough.

The main result of this paper is as follows:
THEOREM 2.1. Let (pf,u”) be a strong solution of the Euler equations on [0, T corre-
sponding to an initial data (pf, u¥’) as given in Proposition 2.2, and (p®,u) be a weak
solution of the compressible Navier-Stokes equations (LI} on [0,7] with initial data
(p§, uf) satistying (2.2)) for any € € (0,1), as given in Proposition 21l Assume that

I 05— PF ey + / pilu — uFPdz =0 when 0, (2.4)
Q
we have

sup (157 =7 ey + [ 710~ e ) (00 when <0
t€(0,T) Q

if one of the following conditions holds:

£2(, € . )2
5/ ”(Z—Q”)dzdt —0 when e—0, (2.5)
(0,T)xT's Q
€2, . )2
8/ p(zizﬂdmdt — 0 when e —0, (2.6)
(0,T)xTs Q

where u®-n and u® -7 denote the normal and the tangential components of u® respectively,
and 6 — 0 when £ — 0, with € = o(J).

3. Relative energy inequality. As in [24], we introduce the following relative en-
ergy E([p, u]|[r,U]) of (p,u) with respect to (r,U):

E(lp,u /E p,ul|[r,U])dz,

where
Blp, llr, V) = golu—UP + H(plr),

with )
Pt Alp—r)r” 7
H(plr) = L - ——
v—-1 v—1 v—1
We shall use the following inequality of relative energy frequently, which has been given

n [10,24].

LEMMA 3.1. For any compact set K C (0, 00), there exist two positive constants C; and
Cs such that for any p > 0 and r € K,

Cl(|p_ T‘21\p—r|<1 + |P— T‘Wl\p—HZl) < H(p|T) < CQ(|p_ 74‘21\p—7"|<1 + |P— T‘Wl\p—rlzl)v
(3.1)
where 1),_,<1 or 1),_,>1 denotes the classical characteristic functions.
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For completeness, we give the proof of this inequality.
Proof. 1) If |p — r| <1, we use the Taylor expansion to get

H(plr) = 2((1 = 0)p+0r)~2|p — 1’

for some 6 € (0,1). Since r € K, ((1 —6)p + 0r)"~2 is bounded from above and has a
positive lower bound. Thus we have the estimate B1) as |[p — 7| < 1.
ii) For |p —r| > 1, we will discuss in two cases. If p —r > 1, obviously we have

(p—r)”< pr Tt r )

v—1 -

H{plr) = G- - o)

Since r € K, we know that
o7 77‘7_1 rY
(p=r) (p=r)=t (p—r)
Let z := #; then p—fr = 1+ z. Using the Taylor expansion we have

is bounded from above.

M Y1 el B
o~ G~ G = () e

f1+xt7 214 —t)dt = fo (z+2)772(1 — 2)dz

> fo 2721 - 2)d=.

W:vfl o rY
This implies that (p r)’Y B e Sl ey
When r — p > 1, we have

H(pr):(r—p)7< AN, yr7 ! Y )

y-1 -
Since r € K, we know that

has a positive lower bound.

(r—p) (r—pt (r—p)

i Fﬂwfl rY

o —p) + =y - o) is bounded from above.

Let z := Tip = 1+ z. Using the Taylor expansion we have
Y rY—1 Y _
R e el e A G o DAl R DL

= [ 0@ —t)dt = [ (2 + 2)122dz

> fo 277 1dz.

ry =1

This implies that 7’)7 — =T T (p r)“f
the inequality (3] holds when |p —r| > 1.

has also a positive lower bound. Therefore,

(|

From Lemma Bl we deduce that for a bounded domain Q and any compact K C

(0, 00), there exist constants C3,Cy > 0 such that for any functions p : @ — [0,00) and
r:Q — K, one has

ol = 1oy < [ HCoire + ([ o) g (32)

Ca [ Hlplr)de < lp =1 oy + I =7l o
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Before the end of this section, let us recall the following relative energy inequality
given in [§]:

PROPOSITION 3.1. Let T > 0 and (p,u) be a finite energy weak solution of the com-
pressible Navier-Stokes system on [0,T] associated to an initial data (pg, ug) as given in
Proposition 21l Then, for any smooth pairs (r,U) : [0,T] x Q — (0, 00) x R3? satisfying
the no-slip condition U|gn = 0, we have the following relative energy inequality:

E([p,u]|[r, UD( //ESVU Vudzdt < &+ R(p,u,r,U)

for almost all o € (0,T), where

Eo = &([po, uol|[ro, Uo)), (3.3)

with ro(z) = r(0,z), Up(x) = U(0, z), and

4. Proof of the main result. In this section we will prove our main result, Theo-

rem 211

At first we introduce a Kato type “fake” boundary layer: Let uf = (uf uf’ uf)T be
a smooth solution of (L2) as given in Proposition Define

o6 (52)

§ S COO[OaOO)a g(o) = 1) || 5 ||L°°< 0, H El ||L°°< 0, supp 5 g [05 1)7

with

and 0 = d(e) tending to zero as ¢ — 0, which will be determined later.
It is obvious to see that v has the following properties:

=0, |lv]lze(o,71x0) = O(1), (4.1)
100l o< 0,11 x2) = O( ) | div || Lo (jo,71x ) = O(1),
10707 || Lo (jo.71x2) = O(1), [10nv7 ]| L (0,77 2) = O(5 ),

where v, and v, denote the normal and the tangential components of v, 9,, and 9, denote
the normal and the tangential derivatives respectively.



506 YA-GUANG WANG anNp SHI-YONG ZHU

For simplicity of notation, we drop the index e, and simply denote by (p, u) the weak
solution of the problem ([I) as given in Proposition 2l Using 21)), (23) and the
assumption ([2.4]) of the initial data, we can easily obtain

10 o= qo.1p:27 @) + 1| pu? (Lo o121 @) +VE | Va2 o.ryx)< O(1). (4.2)
Set (r,U) = (p¥,uF —v). Since Ulsn = 0, by applying Proposition Bl we obtain
/Q (%pu ~ U+ H(p|pE)) dx + /OJ/Szeg(Vu) : Vudzdt < & + R(p,u,r,U) (4.3)
with & being given in (B3], and
R(p,u,r,U) / / p (0wu® + (u® - V)uP) - (U — u)dzdt
p (((w—uP) - V)uP) - (U —u)dzdt
p (O + (u-V)v) - (U —u)dedt + /OU /Q eS(Vu) : VUdzdt
((p" = p)3:H' (p") + VH'(p") - (p"U — pu)) dadt

(div U)(p(p) — p(p"))dzdt.

S S 55—

From ([2), we deduce
ou® + (uf - V)uF = —~VH'(p"),

O:H'(pP) +u” - VH'(pP) = —(divu®)p' (p").
As in [24], this gives
R(p, u,p”,U)

/ / (u—u?) - V)u?) - (U — w)dzdt — /OU/Qp(atv + (u-V)v) - (U —u)dzdt

s [ [ s(vu) vdsar - / [ v ) (000) = 1)~ (07— ) dat

/ / (v-VH(p dxdt—I—/ A (div v) — p(p®))dzdt

Jj=1

[=2)

with obvious notions R;(1 < j < 6). Denoting by w = v — U, we will estimate each
R;(1<j<6).
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i) For R4, by using ([@1), [{2) and the Holder inequality, we deduce

—//p((u—u ® (u—u")): Vudedt—// (u —u® V)uE)-vdacdt‘
Q Q
<C/ /p\u—uE|2dxdt+C/ (/ p|u—uE|2dx> </ plv| dx) dt
Q

SC/ /p\u—uE|2dmdt+C/ /p|v|2dmdt

0o Ja 0o Jo
SC/ /p\w|2dxdt+0/ /p|v|2dxdt
<C/ /p\w| dxdt+C/ (/ Vdac) ( |v|7271dx> T

Ts

SC/ /p\w|2dxdt+o(1).

0o Jo

ii) Decompose R into

Ro = / / PO - wdxdt + / / p(u- Vv - wdzdt. (4.4)
0 Ja 0 Ja
By using ([@1)), (@2)) and the Holder inequality again, we estimate the above first term
by
- : :
patv-wd:tdt’ SC’/ (/ pw|2dx) (/ p|8tv2d:v> dt
Q 0 Q Q
SC’/ / plw|2dzdt + o(1).
o Ja

Now we turn to the second term on the right hand side of ([@4)). For simplicity of

|R1| =

presentation, we consider the case of boundary being flat. As usual, one can treat the
problem with a general smooth boundary, by using the technique of localization and
transforming the curved boundary into a flat one. Without loss of generality we assume
that the domain lies in the upper half plane, Q = {(x1, 2, 23)|(x1,72) € R?, 23 > 0},
with {z3 = 0} being the boundary.

With the construction of v, we can decompose the second term on the right hand side

of (@A) into
/ / u-V)v - wdzdt = / /pz Zu] viw; | dzdt. (4.5)
Q Q

i=1 Jj=1
By using [@1l), (£2) and the Holder inequality, we have
‘foa fQ pujwﬁjvidmdt’ < ’foa fQ pijiﬁjvidxdt‘ + ‘foa fQ pU’wlavldajdt‘

< CfOU Jo p|w|2dxdt—|—f00 (fQ p|wi|2dx) (fQ p|U;0;v;] dx)E
< C’foa Jo plw|?dxdt + o(1),

for 4,5 € {1, 2}, by noting supp,,v C [0,0).
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Now let us study another two terms given in ([d3]). By using (4.1)), the Young inequality
and the Poincaré inequality we have

/ % wldgﬁgvldxdt
Q

pUg,wlagvldxdt‘ =
Q

<c / SIZE ey s

<oy

C()E
||L2((OT)><F5)+ 1 ||53w1||2L2((0,T)xQ)~ (4.7)

On the other hand, we can decompose this term into

/ /pugwlagvldmdt:/ /pU3u183v1dxdt—/ /pU3U183v1dxdt. (4.8)
o Ja 0 Jo 0o Jo

For the first term on the right hand of ([J]), by using ([@Il), the Young inequality and
the Poincaré inequality we have

pu:;ulagvld;l:dt‘— /& U3d9831)1dxdt‘
Q

Q

< O/ 5”_1||L2(F5)||63U3||L2(Q)dt

< C_Hpul Co

3
||L2((O T)xTs) + — ||83'U,3||L2 ((0,T)xQ)" (49)

Next we study the second term on the right hand side of ([@.8). First from the definition
of weak solution of (L.II), we deduce that for any ¢ € C([0,T] x ;R),

/Qp(o7 Jo(o, )dx — /onqﬁ(o, dx = /OU /Q(patgzﬁ + pu - Vo)dxdt. (4.10)

Notice that viu¥ € C1([0,T] x ;R?), we take ¢ = viuf in [@I0) and get

[ ooy )da = [ poloraf)(0,)do = / [ 0u(wru) + pu- V(wru)yaoi
Q Q
which implies

foa Jo pusuf’ Ogvy dudt

= Jo (0, ) (viuf) (o, )dz — [, po(v1uf’)(0,-)dz — [3 [ pOr(viuf)dzdt

_fo fQ puz0s (viuf)dadt — fOU Jq pu181 (viuf’)dadt — foa Jq pusv10zuf dedt.
(4.11)
Similarly, we have the identity

/ /pUg,vlagvldxdt / plo, )i (o, )dx—%/povl(o dx——/ /p@t v?)dadt
//puwl@gvldzdt //pulvlﬁlvldazdt (4.12)
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by choosing ¢ = v? in ([@I0). Thus, from II) and ({I2) we have by noting U; =

E
ul — V1,

Iy Jo pusU18sv1 dzdt
= Jo 0 )01 0, ) — oy o) (0, Yz — [ oy pu(onc )
—3 Jo (o, )03 (o, )dz + & [, povi(0,-)dx + & [ [, pOr(v})ddt
=y Jo pu2de(viuf)dedt — [ [, pur10y(viud’)dadt — [ [, pusvidsul’dadt

+f00 fﬂ pusv1 0201 dxdt + fog fQ pu1v101v1dxdt.
(4.13)
By using the Holder inequality, we can deduce from ([@I3) that

/O 0 /Q pu;;Ulagvldxdt’
<o ([ ot -)def ( /.
wo(f |p<o,->|7dx)% (/
+C/Oa(/ﬂlp|”dx>%</m ﬁdmdt>%dt

+ C/ / P (|82(U1U1E)|2 + |81(v1u{3)|2 + |v183u{3\2 + |’l}181’l)1|2| + "0182’[)1|2) dxdt
0 s

+C/ / pluldadt,
o Jrs

which implies that

o o 1
/ / pU3U133U1d{Edt‘ < C’/ / ~plw|?dzdt + o(1). (4.14)
o Ja 0 Ja?2

By using (A1) and ([£2), and plugging ([£9) and ({I4) into [EF)), we get

\/ /pU3w183v1dxdt|
0o Jo

52 puU1 CQE 7 1
<C—||5= )13 — | 93us]|3 C//— 2dadt 1). 4.15
=07 | o [Z2r0s) + 1 10sus 720y + o 2P|w| zdt + o(1) (4.15)

(muf)(e,) - 508 (o)

1
3t(”1uj1g) - 5‘%”%)

One can get a similar estimate for the other term

/ /pU3w283v2dxdt
0 Ja
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given on the right hand of ([@.3]). Obviously we have

6/ /|Vw|2dxdt§s/ /|Vu|2dxdt+5/ /|Vv|2d:1:dt+5/ /|VuE|2dxdt
0o Ja 0o Ja 0o Ja 0o Ja

< 6/ / |Vu|*dzdt + S+ o(1),
0o Jo 4
thus combining ([@3]), [@6), (I710), @IH) with (@4) it follows

(5pun

06
Ral < 0 [ Soluldn+ SNl 00y + C I Baaimyery + € + ol

(4.16)

orq 52 pu T
Ra| SO/O /gz SPlwlda 4 e ||VU||L2((0 Tyxe) + Ol — HLz((o T)xTs) T 06 ol
(4.16")

iii) For R3, we have

5/ /S(Vu) : VuEdmdt' + e
C’oe/ /|Vu\ dzdt + o(1 / /\Vu| dmdt—l—C—

COE/ /|Vu\ dmdt—i—C’ + o(1).

The estimates of R4, R5 and Re have been studied in [24]. For completeness we recall
them briefly.

|R4| = ‘ -1 / / (div uBYH (p|p )dxdt‘ <C'/ /Hp|p )dzxdt,

Rel <C [ [ 16 = pPLpcrdodt+ C [ [ o TH (o8 Pt
0 QO 0 Q

[ [10F = ol yrdodt+ C [ [ o VR (o) o
0 Q 0 Q

7 E
SC/O /QH(p\p )dzdt + o(1),

|Rs| < / S(Vu) : Vvdxdt‘

IRe| = ; Q(div v)(p(p)—p(p”)— ' (p7)(p — " dwdt+// div v)p'(p”)(p —p)dwdt‘

< [ vlmesy [ HGlF )40 [ ai vl ( H<p|pE>dx) it
0 Q
+C/ ldiv o], = (/ H(p|pE)dx>”dt
) \Jg

B
SC’/O /QH(p|p )dxzdt + o(1).
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Summing up all the above estimates for Ry to Re with estimate (18] or (£167) of Ra,
from ([{3) we get

/ (lpw|2+H(p|pE)> d:r+/ /SS(VU) : Vudzdt
o \2 0 Jo

o 1 2
<& + C/ / (—p|w2 + H(p|pE)) dxdt + 30406 / |Vu|*dz
Q 0o Jo

pu M

+05+O—H

/( plw|* + H(p|p®) )dx—F/ /ES (Vu) : Vudzdt
<80+C/ /( plw|® + H(p|p” )) dmdt—l—gcos/ /|Vu|2dx
Q

pu-T

||L2 (0,1)x15) T 0(1),

or

+05+O—H

From the assumption (24]) and 32 we have &y — 0 when € — 0, thus from the above
two inequalities we get that by using (2.1I),

[ (Gt + 1102 ) < [ [ (Lopor+ 101 )

||L2 (0,1)x15) T 0(1).

8% pu-n
+05 +C— ||—HL2((0 myxrg) T 0(1),
or
1 7 1
[ (ot + 1615 ) < [ [ (Gotol? + 11610 ) i
62 pu-T
+C(5 +C— ||—HL2((0 T)x15) 1 0(1),
which implies
1 pu n
sup / <§p|w2 + H(P|PE)> dr <C ( _|| ||L2 OT)><I‘5)> +o(1), (4.17)
o<t<T Jo
or
1 pu T :
sup / <§pw|2 + H(P|PE)> dr <C < —H ||L2 ((0, T)xF5)> +0o(1), (417)
o<t<T Jo

by using the Gronwall inequality, as § — 0 when € — 0.
The above results that we obtained are summarized in the following proposition.

PROPOSITION 4.1. Assume that T' > 0, and (p¥,u) is the strong solution of the prob-
lem (L2) of the Euler equations corresponding to an initial data (pf,u¥) as given in
Proposition For any € € (0,1), let (p§,ug) be an initial data satisfying (2.2), and
(p°,u®) be the associated weak solution of the compressible Navier-Stokes equations (L.1])
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on [0,T] as given in Proposition ZIl Set w = u® — u” + v with v being the artificial
boundary layer given at the beginning of this section, and

P ATt

H = .
When
| o5 — P& |z~ —|—/ pilus — uf|?dr — 0 when & — 0, (4.18)
Q
then, we have
1, c € n
sup [ (Gl + 167167 ) do < € (54 T ary ) +ol),
o<t<T Jo
(4.19)
and
1E2HEEd<cE— 1) (4.20
sup 5P |w|* + H(p"[p") | dx |—— ||L2((OT)><F5) +o(1) (4.20)
o<t<T Jo

for any § = §(¢) satisfying § — 0 when ¢ — 0.

It remains to prove the results given in Theorem 2.1], which will be obtained by using
Proposition ] and developing an idea similar to that given in [25].
Proof of Theorem 211 We shall only prove the condition ([2.5]) by using the inequality

(£I9]), while ([2.8) can be derived similarly from the inequality ([£.20).
52 €

Denote by a = 5; then &= = . Obviously, as a function of a > 0, a +
Sl ” HL2((0 T)xT,) attains its minimum at
pEuf - n 3
a = O¢t = <2€| ||L2((O,T)><I‘5)>
Now fix «, that means ¢ being fixed. If o > o, then §p = - << =9, and

e putn € p€u ‘n
Ot + a_(Q:tHTHLQ((O,T)XD;Ct) < Qep + —||

||L2((O,T)><F5)

pEus
_m>1]8 a+ 2||—HL2 ((0,T)xTs)

3 pfut - n 3
-2 (2 et ||L2((O7T)XF6)> S 2

Since

3

peuf -n
Qet = (25||T”2L2((0,T)><F5)> —0

as € — 0 under the assumption (2.3]), we know & = a0, = 0(dc). Moreover, from 6 —
as € — 0 we get that 6. < & gives rise to d.; — 0 when &€ — 0. Thus, the inequality
(£I9]) holds for § = 6. Together with ([2I]), we obtain

Lo 2 el E pru
sup P 1wl + H(pflp”) | dz < C { ]l
0<t<T JQ

1
n 3
|%z<<o,T>xr5>) Fo(l).  (4.22)
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If aq < a, that is,

1
pIut - m ’
(25|TQ||L2((0,T)XR;) < a,

we know
psus O 053
5”THL2((O,T)><F5) < TR

which implies

€, put-n 3o
a+ @HTHB((O,T)XF(;) <5 (4.23)

Combining (A19),[@22)) with (£.23), we deduce that

1
pEuE . 3

1 n
A 5pa|w|2 + H(p5|pE)d£L' < Cmax | a, (5||TH%2((O,T)><F5)> + 0(1) (424)
Noticing from the definition of w that
1 1 1 1
/ §p€|uE —uf2da §/ §p5|w|2da:+/ §p5|v|2da: :/ §p5|w|2da:+0(1),
Q Q Q Q

from B2) and [@24) we get the conclusion given in Theorem [Z]in the case of (2.1)), as
d = 4(e) is chosen such that e = 0(d), and 6 — 0 as ¢ — 0. O
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