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SECOND ORDER PERIODIC DIFFERENTIAL OPERATORS.
THRESHOLD PROPERTIES AND HOMOGENIZATION

M. SH. BIRMAN AND T. A. SUSLINA

ABSTRACT. The vector periodic differential operators (DO’s) A admitting a factor-
ization A = X*X, where X is a first order homogeneous DO, are considered in
La(R?). Many operators of mathematical physics have this form. The effects that
depend only on a rough behavior of the spectral expansion of A in a small neighbor-
hood of zero are called threshold effects at the point A = 0. An example of a threshold
effect is the behavior of a DO in the small period limit (the homogenization effect).
Another example is related to the negative discrete spectrum of the operator A—aV,
o > 0, where V(x) > 0 and V(x) — 0 as |x| — oo. “Effective characteristics”, such
as the homogenized medium, effective mass, effective Hamiltonian, etc., arise in these
problems. The general approach to these problems proposed in this paper is based
on the spectral perturbation theory for operator-valued functions admitting analytic
factorization. Most of the arguments are carried out in abstract terms. As to appli-
cations, the main attention is paid to homogenization of DO’s.
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80. INTRODUCTION

0.1. The periodic differential operators (DO’s) on R%, d > 1, can be partially diagonal-
ized with the help of the Gelfand transformation (see Chapter 2). Under this approach,
the initial DO is represented as the direct integral of a family of DO’s; each operator in
this family acts on the cell of periods €2 glued into a torus. This family depends on a
parameter k € R? (called the quasimomentum). We consider the semibounded selfadjoint
DO’s.

Further analysis (the Floquet—Bloch decomposition) is possible for operators acting in
L5(Q) and having compact resolvent that depends on k continuously. This condition is
fulfilled for many DO’s of mathematical physics. In this case, the spectrum of the initial
DO has a band structure. It is convenient to assume that the lower edge of the spectrum
coincides with the point A = 0. In some situations, it suffices to know the approximate
spectral expansion of the initial DO near the lower edge of the spectrum. In such cases
we talk about the threshold effects at the point A = 0. Threshold effects can be related
to the edges of internal spectral gaps, but we shall only deal with the threshold A = 0.
Usually, it is not an easy task to detect whether a given effect is threshold. For instance,
we mention the question about the discrete spectrum that arises to the left of the point
A = 0 when a periodic DO is perturbed by a negative potential vanishing at infinity.
If the potential does not decay too rapidly, then the threshold effect dominates; on the
contrary, if a perturbation decays rapidly, then the main role is played by the high-energy
part of the initial DO that corresponds to large values of A. Another important example
of the threshold effect at the point A = 0 is the behavior of a periodic DO in Ly(R%) in
the small period limit. In what follows, we pay the main attention to this problem.

0.2. One of our goals is to give a description, concise and convenient for applications, of
the spectral characteristics of periodic DO’s near the threshold A = 0. By using partial
diagonalization, we reduce the problem to some questions of perturbation theory for the
discrete spectrum. The difficulties are related to the fact that, usually, the unperturbed
eigenvalue is multiple and the parameter k is multidimensional. Such cases cannot be
treated by means of the classical perturbation theory, and a roundabout way must be
sought. (If at least one of the two reasons mentioned above does not occur, the problem
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simplifies.) We take ¢t = |k| as the perturbation parameter; then we must make our
constructions and estimates uniform in 6 = ¢~ 'k.

We start with an abstract operator theory method (see Chapter 1), distinguishing
the case where the family in question admits an analytic factorization. This additional
structure allows us to advance unexpectedly far in abstract terms. Often, the operators
occurring in applications admit the required factorization from the outset. In some other
cases, such factorization can be introduced forcedly. In the absence of the required
factorization, the study of the threshold properties becomes much more difficult; the
clear understanding of this is useful.

Keeping in mind applications to (vector) second order DO’s, in the abstract method we
restrict ourselves to the quadratic dependence on the parameter. The crucial point for us
is to distinguish and study the notion of the spectral germ of an operator family at t =0
(see Chapter 1, § 1). In general, we believe that an effect should be classified as threshold
if it can be described in terms of the corresponding spectral germ. The abstract form of
the threshold effects is considered in Chapter 1, § 5. For instance, estimate (5.10) gives an
abstract answer to the question about the behavior of periodic DO’s in the small period
limit. To a great extent, the present paper is devoted to realization of this approach, as
applied to DO’s. However, the specific properties of DO’s are not employed much.

0.3. The threshold effects are responsible for the emergence of the so-called effective
characteristics. We believe that the mechanism of their appearance is as follows. Since
a threshold effect is determined by the spectral germ only, in the description of this
effect the initial periodic DO can be replaced by any other periodic DO with the same
spectral germ. Among these “equivalent” DQO’s, some simple operators may occur; of-
ten, these are DO’s with constant coefficients. That is why the notions of effective
mass, effective Hamiltonian, etc., arise in quantum mechanics problems, and the notions
of effective (homogenized) medium and homogenized DO arise in problems concerning
periodic structures with vanishing period. The advantages of description in terms of
effective characteristics are obvious. Usually, the idea itself of the existence of effective
characteristics has physical origin. At the same time, when using the effective character-
istics, one should remember that, in fact, they only keep information about the spectral
germ, and, moreover, in a disguised form.

0.4. In Chapter 2, we distinguish a rather wide class of elliptic periodic second order
DO’s that act in Lg(Rd; C™). This class includes a number of operators of mathematical
physics, though it does not cover all needs of applications. Under the Gelfand transfor-
mation, each operator A of this class generates an operator family A(¢,0), t6 = k, in
L2(9; C™), which admits a factorization analytic in ¢ = |k|. Now, the spectral germ S(0)
for A(t,0) at ¢ = 0 depends on the parameter 0; this is essential for further considera-
tions.

In Chapter 3, on the basis of the general results of Chapter 1, for each operator A we
introduce the effective characteristics. These are defined directly via the corresponding
germ S(0). In Chapter 4 we show that these characteristics are responsible for the
homogenization procedure for DO in the small period limit.

0.5. At present, the study of periodic problems with rapidly varying medium parameters
(with small period) is a broad field of theoretical and applied science. There are vari-
ous methods specific for this field, and a lot of significant results. Limit procedures for
boundary value problems in bounded domains have been studied; methods for construct-
ing full asymptotic expansions (with respect to the small period) have been developed;
homogenization procedures have been analyzed for nonselfadjoint operators, nonstation-
ary operators, and nonlinear problems. Many surveys and monographs are devoted to
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these topics. For us, acquaintance with the remarkable books [BaPal, BeLP), [ZhKO]
turned out to be especially useful. We are far from the idea to revise all this large area
by our methods. At the same time, we would like to draw the reader’s attention to the
following.

0.6. In homogenization theory, finding the effective characteristics is the initial problem,
which usually is solved by direct methods. Even in the cases where the Floquet—Bloch
decomposition and the analytic perturbation theory (usually, for a simple eigenvalue)
are employed for this purpose, these methods are viewed as purely technical and are not
related to the general notion of a threshold effect. The essence of our approach is in
distinguishing the notion of the spectral germ at A = 0. The germ directly determines
the effective characteristics, which then arise inevitably in any specific threshold effect.
The homogenization in the small period limit is one of such effects; another corresponds
to the problem about the negative discrete spectrum mentioned before. In Chapters 5-7,
we use traditional operators of mathematical physics to illustrate our unified approach.
Many facts mentioned there are new for the corresponding specific operators, though
they follow from the general pattern of Chapters 1-4 almost immediately. Apparently,
the possibilities offered by our approach are not exhausted by the applications presented.

0.7. Formally speaking, the present text is written as a survey. This means more care
about the reader’s interests than it is customary in research papers. In this connection,
we note that the content of this Introduction is supplemented in Subsections 4.1 and
7.1, in comments on Chapters 4-7, and in concluding remarks. Most of references and
comparisons can be found there.

We clearly understand that the present text is in no way a survey on homogenization
theory. This would be impossible not only for reasons of volume, but also because the
authors are not experts in that theory. However, having been pondering for a number
of years over spectral phenomena near thresholds, we have realized that homogeniza-
tion is one of the most pronounced threshold effects. Thus, the paper is a step-by-step
presentation of our point of view on homogenization as a threshold effect. Of course,
other authors also employed this viewpoint; we mention, e.g., the articles [Zh1] and [Se].
However, we develop the “threshold” approach more systematically, and we use operator
theory as the basis for our considerations.

The paper [BSu2] is the initial version of the present exposition. As compared to
[BSu2|, we refined the abstract part, bridged a number of technical gaps, and extended
the collection of applications. Primarily, the latter concerns Chapter 7. The organization
of the paper is clear from the table of contents.

0.8. Notation. Let $§ and & be two separable Hilbert spaces. The symbols (-,)g
and | - ||s denote the inner product and the norm in $); the symbol | - ||s—e& stands
for the norm of a bounded operator from $ to &. If $ = &, we write only one index
in the notation of the operator norm. Sometimes, we omit the indices if this does not
lead to confusion. I = Iy is the identity operator on $. If 91 is a subspace in ), then
N+ := §ON. If P is the orthogonal projection of § onto N, then P+ is the orthogonal
projection onto 91+. For a closed operator T in ), o(T') denotes its spectrum, and p(T)
denotes the set of its regular points. The symbol (-,-) stands for the standard inner
product in C™; || denotes the norm of a vector in C™; the unit (n x n)-matrix is denoted
by 1,. Next, we use the notation x = (z!,...,2%) € RY,iD; = 9; = §/027, j = 1,...,d,
V =grad = (01,...,04), D = —iV = (D1,...,Dq), V* = —div. The L,-spaces of
C"-valued functions in a domain Q C R? are denoted by L,(£;C"), 1 <p < oo. The
Sobolev classes of order s with integrability index p of C™-valued functions in a domain
Q C R? are denoted by Wy (€;C"). For p = 2 we denote this space by H*(;C"),
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s € R. If n = 1, we write simply W;(Q2), H*(Q2). Within one chapter, we use two-digit
numbers for subsections, statements, and formulas. When referring to other chapters,
we use three-digit enumeration (where the first number stands for the chapter).

0.9. We are grateful to V. Ivrii, P. Kuchment, V. V. Zhikov, and A. L. Pyatnitskii for
fruitful scientific contacts that stimulated our interest in the topic of the present paper.
Especially, we would like to mention the survey [Ku] by P. Kuchment on the theory of
photonic crystals.

The authors thank R. G. Shterenberg who has read the manuscript and found some
inaccuracies.

The authors are grateful to the International Mittag-Leffler Institute in Stockholm
and to the head of the program Professor A. Laptev for hospitality. Our stay in the
Institute in the fall of 2002 contributed to completing this work.

CHAPTER 1. OPERATOR FAMILIES ADMITTING FACTORIZATION

The material of this chapter concerns the spectral perturbation theory for selfadjoint
operator families. Our goal is to specify the case where the positive operator family
in question admits factorization. Our considerations are adapted to the study of the
threshold effects near the lower edge of the spectrum. The resulting estimates are efficient
for applications, and the constants in estimates are well controlled.

§1. QUADRATIC PENCILS OF THE FORM X (t)* X (t)

1.1. Pencils of the form X(¢) and X (¢)*X(t). Let $ and $). be complex separable
Hilbert spaces. Suppose that X : § — 9. is a densely defined and closed operator and
that X7 : $ — 9. is a bounded operator. Then the operator (the linear operator pencil)

(1.1) X(t) = Xo+tX), teR,

is closed on the domain Dom X (¢) := Dom Xo. We have X (¢)* = X§ + tX{ on the
domain Dom X (which is dense in £),). The selfadjoint positive operator family

(1.2) Alt) = X)X (¢)

in $ is our main object. The operator (1.2) is generated by the closed quadratic form
[ X (t)ull? ., v € Dom Xq. For the operator Ay := A(0) = X3 Xo, we put

N := Ker Ay = Ker Xj.

Throughout, we assume that the following condition is fulfilled.

Condition 1.1. The point A = 0 is an isolated point of the spectrum of Ay, and
(0 <) n:=dimN < co.

We denote by F(t,s) the spectral projection of the operator A(t) for a closed interval
[0, 5], and put F(t,s) := F(t,s)H. We fix a number § > 0 such that 86 < d°, where d°
is the distance from the point A = 0 to the rest of the spectrum of Ag. We often write
F(t) in place of F(t,d) and F(¢) in place of F(¢,0). The following statement is an easy
consequence of the spectral theorem.

Proposition 1.2. We have
(1.3) F(t,8) = F(t,35), rankF(t,0) =n, |t| <t®=1°(5):=dY2|| X[ .
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Proof. Assume that rank F(¢,0) < n. Then there exists an element f € 91 such that
Ifll = 1 and f L F(t,6). Hence, || X(¢)f||> > §. On the other hand, || X(¢)f|* =
| Xof +tX1f||* < t?|| X1]|? < 4. This contradiction shows that

(1.4) rank F'(t,0) > n.

Now, assume that rank F'(¢,30) > n. Then there exists f € §(¢,39) such that ||f|| =1
and f 1L M. Therefore, || Xof|* > d° > 85. But

IXofII* < 21X (D) FII” + 2¢%|| X1 ||* < 66 + 25 = 86,

a contradiction. Consequently,

(1.5) rank F'(t,36) < n.
Comparing (1.4) and (1.5), we see that rank F'(¢,d) = rank F'(¢,30) = n, which is equiv-
alent to (1.3). O

Together with (1.2), it is convenient to consider the selfadjoint operator family
(1.6) At) = X)X ()"
in $.. We put A, := XoX{,
N, = Ker A, = Ker X, n, :=dimMN,.
The operators A(t) and A,(t) have the same nonzero spectrum. In general, the numbers
n and n, are distinct. We assume that
n < n, < oo.
Let P and P, denote the orthogonal projections onto 9t and M., respectively.
1.2. The operator R. We introduce the notation D := Dom Xy N 9M+. Since the
point A = 0 is isolated in o(Ayp), the form (Xop, Xo()s., ¢, € D, determines an inner
product in D, converting D into a Hilbert space. Let z € §.. Suppose p € D satisfies
the equation Xj(Xo@ — z) = 0, which is understood in the weak sense. In other words,
we look for an element @ € D satisfying the identity
(1.7) (X0®, XoQ)s. = (2,X0()s., CE€D.

Since the right-hand side of (1.7) is an antilinear continuous functional of { € D, there

exists a unique solution @. Moreover, || Xo®|/5, < ||z|l5.. Note also that Xo@ — z € N...
Now, let

(1.8) weN, z:=-Xiw.

We denote by @(w) the element @ satisfying (1.7) with this z and put

(1.9) wys = Xop(w) + Xjw € N,

In accordance with (1.7)—(1.9), we introduce the linear operator R that takes w to wi:

(1.10) R:N—N.,, Rw=uws.

Clearly, w. € M, and Xo@(w) € Ran X C Mt If follows that w, = P, X w. This yields
another representation for R:

(1.11) R = P, Xi|m,
which is equivalent to
(1.12) P.Xi1P=RaoO

(we extend R to N+ by zero). The continuous operator R, : 91, — 1 is defined in a
similar way. Then

(1.13) R, =PX}|lyn., PX{P.=R,®O.
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Relations (1.11)—(1.13) imply that

(1.14) R, =R".

1.3. The spectral germ S of the family A(t) at ¢t = 0.

Definition 1.3. The selfadjoint operator

(1.15) S=R'R:N—-N

is called the spectral germ of the operator family (1.2) at ¢ = 0.
From (1.12)—(1.14) it follows that

(1.16) S =PX;P.X||ln, S®0=PX;P.X,P.

Observe also the identity

(1.17) (S¢.Q)s = IRCIIF, = IP.X:ClE,, (€N

For the family (1.6), the role of the spectral germ is played by S, := RR* : 91, — M.
The part of the operator S acting in (Ker S)* is unitarily equivalent to the part of S,
acting in (Ker S,)*. Below (cf. Subsection 1.6), we shall clarify the role of the operator
S. In particular, it will be shown that S is independent of the choice of a factorization
as in (1.2) for A(t).

Definition 1.4. The spectral germ S of the operator family (1.2) at ¢ = 0 is called
nondegenerate if Ker S = {0}.

Obviously, the nondegeneracy of S is equivalent to the condition Ker R = {0}, or,
equivalently, to the condition rank R = n.

Let A(t) = X (t)*X(t) be yet another operator family in § subject to the same con-
ditions (see Subsection 1.1) as A(t). (The space $, may be different from H«.) Let

N := Ker A(0), and let S : 9% — N be the spectral germ of the family A(t) at ¢ = 0.
Definition 1.5. The operator families A(t) and A(t) are said to be threshold equivalent
fN=9Nand S=25.
This relation is an equivalence on the set of operator families of the form (1.2).
1.4. Estimates for the operator S. Upper estimates. Let M, C &, C $H., where &,
is a subspace in 9., and let II, be the orthogonal projection onto &,. Obviously, (1.16)
implies the inequality
Se0 < PXILX P,

or, equivalently,

(cf. also (1.17)). In particular, if &, = $)., we obtain

Finally, (1.19) (or (1.16)) implies the estimate ||S|| < || X1]|?. Inequality (1.18) offers an
opportunity of refining estimates for the operator S on the basis of the Ritz method.

Lower estimates for S. Let &’ be a subspace in 91, and let IT, be the orthogonal
projection onto &,. Then S & O > PX;II, X, P, or

(86,09 > X3, Cem.
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1.5. The case where X(t) = X(t)M. Let $ be yet another Hilbert space, and let
X(t) = Xo+tX1: 9 — 9, be a family of the form (1.1) that satisfies the assumptions
of Subsectlon 1.1. We emphasize that the space $. is the same as before. Suppose that
M:9H— 5’) is an isomorphism. Suppose M Dom X, = Dom X, X(t)=X{t)M :$H —
,ﬁ*, Xo = X()M X1 XlM and

(1.20) A(t) = M* A(t)M.

In what follows, all the objects related to X (t) are marked by “7”. Observe that
‘.YI:M‘.YI n=n, ‘ft*:‘ﬂ*, Ty = N, P, =P,

Moreover, R = P, X1|m = 2 )/(\' 1M|m, ie.,

(1.21) R = RM|m.

In accordance with (1.17) and (1.21), for ¢ € % and ¢ = M¢(€ N) we have

(1.22) (S¢,Q)s = IRCII3, = |IRCII3. = (SC,{)g = (M*SMC,()s.
Consequently,

(1.23) S = PM*SM|y, S®0Q=PM*SMP,
(1.24) S=PM*)tSM g, S®0=PM*)"'SM~'P.

Formulas (1.24) follow from (1.23) by interchanging the roles of X ( (t) and X (¢ (t). Relation
(1.21) implies that rank R = rankR therefore, S and S are nondegenerate or degenerate
simultaneously. By (1.22), we have

(S¢,Q)  (SC.0)5 IMCI% ,(5C.05
1.25 = < MRS
e i e W M e

and, similarly, (SC C) HCHA2 < ||IML2(S¢, §)5||C||5 . Thus, the eigenvalues ~; of S
and the eigenvalues 7; of S satlsfy
M7 < < M|, 1=1,...,n
Now, let n = 1. Then (1.25) implies the following relation for v = 1, ¥ = 71:
(1.26) v =FIMCEICIE? ¢ e

1.6. The eigenvalue problem for the operator S. The general analytic perturbation
theory (see [Kal) says that, for |t| < t°, there exist real-analytic functions X\;(t) (branches
of eigenvalues) and real-analytic $)-valued functions ¢;(¢) (branches of eigenvectors) such
that

(1.27) AM)oi(t) = ®)eit), 1=1,...,n, |t| <t® =),

and the ¢;(t), I =1,...,n, form an orthonormal basis in §F(t). Moreover, for sufficiently
small t., we have the convergent power series expansions

(1.28) Nt =yt +---, >0, l=1,...,n, |t| <t.<t°
(1.29)  @i(t) = wy + to' + 20 4 I=1,...,n, |t|<t, <t

The elements w; := ¢;(0), I = 1,...,n, form an orthonormal basis in I, and P =

>y (-,wi)ws. Relations (1.27) are equivalent to
(1.30) (X(B@u(t), X () s = M) (i(t),()s, ¢ € Dom Xo.
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The numbers ; and the elements wy, <pl(1), <pl(2), ..., can be found from (1.30) and from

the normalization condition [|¢;(t)[|3 = 1, by comparing the coefficients of the same
powers of t. Comparing the first order terms, we obtain (see (1.7)—(1.9))

(1.31) o —Gw)eMm, 1=1,...,n.

Comparing the terms with 2, we see that

(132) (Xog" + X1, X10)s. + (Kol +X1p)”, XoC)s. = m(wr,¢)s, ¢ € Dom Xo.
By (1.9), (1.10), and (1.31), we have Xop!" + Xyw; = Rw;. For ¢ € M, relation (1.32)

takes the form
(1.33) (Rwi, X1Q)s. = (wi,()s, (€M
By (1.11) and (1.16),

(RwleIC)fJ* = (PXTRWl,é')y) = (SW[,C),Vy
Thus, (1.33) yields the following statement.

Proposition 1.6. The numbers v and the elements w; defined by (1.27)—(1.29) are
eigenvalues and eigenvectors of the operator S:

(1.34) Swy=mw, l=1,...,n.
This clarifies the meaning of the eigenvalue problem for S. Relations (1.34) show that

(135) SP: Z'yl(~,wl)y,wl.

=1
The series (1.28) and (1.29) are determined by the family A(¢) directly, independently of
factorization (1.2). This shows that S does not depend on the choice of factorization. At
the same time, relation (1.15) can be interpreted as the fact that the factorization chosen
for A(t) is inherited by S. The nondegeneracy of S is equivalent to the inequalities
(1.36) v >e >0, l=1,...,n,

for the numbers 7; defined by (1.28).

If all the eigenvalues 7; are simple, then from (1.34) we can find the initial elements
wy in (1.29) (up to a phase factor). If multiple eigenvalues occur among the ~;, then, in
general, the knowledge of S does not suffice for this purpose.

1.7. Operator-valued functions F'(t) and A(t)F(t). For what follows, it is important
to find “good” approximations for the operator-valued functions F(¢) and A(t)F(t). Both
functions are real-analytic for [¢| < t9(5). From (1.29) and Proposition 1.2 it follows that,
for sufficiently small t, < t%(§), we have

(1.37) F(t,8) = F(t) = P4 tF +-, [t <t.,
where Fy = Fy + Fy, ) = Zlnzl(',wl)y)gol(l). Next, by (1.27) and Proposition 1.2,

n

ADEE) =Y N p)nenlt), [t < 1°().
=1

Combining this with (1.28), (1.29), and (1.35), we obtain

(1.38) AF(t) =t*SP+ -+, |t| < t..
The significance of (1.38) is in the fact that S admits the representations (1.15) and
(1.16), which do not require the knowledge of the eigenvectors wy, ..., wp.

However, the power series expansions (1.37) and (1.38) are not quite suitable for
our purposes. We need only estimates of F(t) — P and A(t)F(t) — t2SP, but on the
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wider interval |t| < t°(§), and with constants controlled explicitly. Such estimates can
be obtained by integrating the difference of the resolvents for A(t) and Ay over an
appropriate contour I'. However, the difficulty is that the ordinary resolvent identity
(A(t) — 2zI)71 — (Ag — 2I)™t = (Ag — 2I) " (Ao — A(t))(A(t) — 2I)~ ! is not applicable
under our assumptions. Indeed, in general, the difference A(t) — Ag makes no sense. The
only remaining possibility is to use the version of the resolvent identity for operators
whose quadratic forms have the same domain. (In our case, the domain of the quadratic
form coincides with Dom X (¢) = Dom Xj.) Since the corresponding relations are not of
common use, in the next §2 we present the necessary auxiliary material.

1.8. Families with block structure. Families of the form

X(t) = <X(Et) XE)t)*)

act in the space

It is natural to assume that n = n,. Let w = col(u,v), s = col(q,r) € H, and let
(1.39) (X(t) —isl)w =s, 3 >0.

We write the solution w of equation (1.39) as
W = Wq + W,

where w,, is the solution of (1.39) with = 0, and w, is the solution of (1.39) with ¢ = 0.
We have w, = col(ug, vq), Wy = col(u,,v,), and

(1.40) X () vg —isug=¢q, X(t)ug—isxvg =0,

(1.41) X (@) vy —iseu, =0, X(t)up — izev, =1

From (1.40) and (1.41) it follows that
ug = ix(A(t) + 1) g, vy = (Au(t) + 1) 71X (1)g,
u, = (A(t) + 1) X (t)*r, vy = i2( A (t) 4+ 520 .

The functions vy and u, admit also other representations:
vg = X (1) (A{) + 1) Yq,  ur = X () (Au(t) + 52T) M.

Observe that the expressions for u, and v, are simpler than those for v, and u,.

§2. AUXILIARY MATERIAL

2.1. The resolvent identity. Let §) be a Hilbert space. The symbols (-,-) and || - ||
stand for the inner product and the norm in this space. Let a and b be two sesquilinear
nonnegative closed forms in §. Suppose that

(2.1) Doma = Domb =:

and that 9 is dense in . By A (respectively, B) we denote the selfadjoint operator in $
generated by the form a (respectively, b). We put

(2.2) a~[u,v] = alu, v] + vy(u,v), v >0.

The notation b, has a similar meaning. The linear set ? is a complete Hilbert space
9(ay) with respect to the inner product (2.2). We denote the norm in ?(a~) by || - ||o-
Obviously,

(2:3) lull <57 ullo.
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By (2.1), the form b, is continuous on d(a,), and in this space it generates a metric
equivalent to the standard one. We put

2 _ a’“/ [fa f]
24 = IR T

Obviously, the real-valued form ¢t = b — a is (a,)-continuous; therefore, it generates a
continuous selfadjoint operator T, in ?(a.). Thus,

(2.5) tlu, v] = ay[Tyu,v], u,v €D,

[t[w, u]|
2.6 T|[o = sup .
( ) || ’Y”D 0ucd G—Y[U,’U,]

The operator T, can be viewed as an operator from 9(a~) to $. Then, by (2.3),
(2.7) 1T lo—s <7 2IT -

Consider the equations

(A+qlz=f (B+Dy=f,
which are equivalent to the relations
aylz,v] = (f,v), byly,v] =(f,v), veD.
From (2.5) it follows that
byly, vl = ayly, o] + tly, o] = ay[(I + T4)y,v], v eD,

whence x = y + T.y. Thus,
(2.8) (B+~D)™ ' —(A+~I)"t = -T(B+~I)""

Let R,(A) and R,(B) denote the corresponding resolvents. Using the Hilbert identity
R.(B) — R_,(B) = (z+v)R_,(B)R.(B) and the same identity for R,(A), we see that,
by (2.8),

(2.9)
R.(B) = Ra(A) = —TyR_(B) (I + (5 + 1) Ra(B)) + (= + 1) R (A)(R.(B) — Ra(4).

We introduce the notation
(2.10) Q. (A) =1+ (z+v)R.(A)

and a similar notation Q. (B) for B. Since (I —(z+7)R_,(A4))~! = Q,(A), identity (2.9)
implies that

(211) RZ(B) - RZ(A) = _QZ(A)T“/R*“/(B)QZ(B% z e p(A) N p(B)
Next, since
(2.12) R.(B) = R_,(B)Q.(B),

from (2.11) we deduce that
(2.13) R.(B) - R.(A) = ~Q.(AT,R.(B), = € p(A) 1 p(B).

Relation (2.13) is an analog of the usual resolvent identity under the condition that (2.1)
is fulfilled, but, possibly, Dom A # Dom B. We keep calling (2.13) the resolvent identity.
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2.2. Estimates for operators of the form LR,(B) (where L is a continuous operator
in ?(ay)). We write the identity
LR_(B) = L(A+~I) "2 ((A+ D) *(B +~41)7/?) (R (B))'/2.

Using (2.3) (see also (2.7)) and the fact that the mapping (A +~vI1)"%/2 : § — d(a,) is
an isometry, we obtain

IL(A+AD) ™25 < HA+7D) gl Lllo—s <7 2(ILo-

Next, ||R_A,(B)||51§/2 < ~y~1/2 and it is easily seen that ||(A+~I)"/2(B+~+I1)"'?||s = a,
where o = () is as in (2.4). Thus,

(2.14) ILR—(B)lls < ay™ [ L]lo,
and, by (2.12),
(2.15) ILR.(B)lls < ay LI [Q:(B)llg, 2 € p(B).

If we replace B by A in (2.15), then we must take a = 1, whence
(2.16) ILR-(A)lls <7 LI [12:(A)]lg, 2 € p(A).

We also need to estimate operators of the form L19,(A)L2R,(B), where L1, Ly are
continuous operators in ?(a~). By (2.10),

[1L1€2:(A) L2 R (B) |l < [[(L1L2)Rz(B)lg + 2 + ] [IL1R=(A) |5 | L2 R=(B) |-

Inequalities (2.15) and (2.16) show that
(2.17) [L19:(A) L2 Ro(B)llg < ar™ [ Q:(B)ls (1 + |2 + vy HIQ:(A)lls) [1Lallo[[ L2l
for z € p(A) N p(B).

§3. ESTIMATES FOR THE DIFFERENCE OF RESOLVENTS ON THE CONTOUR

3.1. The contour I'. We need to integrate the difference of resolvents R,(A(t)) —
R.(A(0)) over the contour I' that envelopes the real interval [0, 4] equidistantly at the
distance §. We recall that § is a fixed number such that 86 < d°, where d° is the distance
between the nonzero part of the spectrum of Ay and the point zero. The parameter ¢ is
subject to the condition

(3.1) 1l <10 =1°(6) = 621 Xu |,

i.e., t satisfies (1.3). Below, we shall write R, (t) in place of R,(A(t)), Q.(t) in place of
0. (A(t)), etc. Also, we omit the lower indices §) or $). in the notation of the norm and
the inner product. By Proposition 1.2, if condition (3.1) is fulfilled, then the distance
between I" and o(A(t)) is at least 0, whence

(3.2) IRl <07, zel, |t <©0).

3.2. Incorporation into the pattern of §2. When using the results of §2, we assume
that v = 26. To begin with, we mention an estimate for the operator-valued function
0.(t) =1+ (z+25)R,(t) of the form (2.10). By (3.2) and the inequality |z| < 2§ for
z € I', we have

(3.3) 1.0 <5, zel, [t] <)

Now, the role of the forms b and a (see §2) is played by the forms a(t) and a(0), respec-
tively:
a(t)[u,u] = | X ®)ul?, a(0)[u,u] = || Xou|?, wu € Dom Xy =:0.
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First, we estimate the number « defined by (2.4). By (3.1),
| Xoul® = (X (8) — X1 )ul?
<2 X (@)ull® + 262 X |*|ull® < 201X @)ul® + 8]lul®), weD,
which corresponds to the estimate
(3.4) a? <2
Now, the difference of the forms a(t) — a(0) is equal to the form
(3.5) 2t Re(Xou, X1u) + 2| X1u|?, w €D,

which gives rise to an operator T in the space d with the metric form a,(0), v = 24.
From (3.5) it follows that the operator Ty, = T, (t) can be represented as

(3.6) T,(t) = T + 2742,

where the operators TV(D and TA(,Q) do not depend on t. We estimate their norms on 0.
Since

2| Re(Xou, Xqu)| < sl Xou|® + 5[ X1 [?[lul®, >0,
for 3 = (26)~/2|| X || we obtain
2| Re(Xou, X1u)| < (26) 7211 (1 Xoul® + 26]|u]?),
or, by (2.6),
(3.7) 1T < (26)712 1 X4
Next, we have || Xqul|? < (28) 7 X1 |12([| Xoul|* + 28||ul?), ie.,
(3.8) 1T < (28) )1 X012
Finally, we estimate the norm of the operator (3.6). Relations (3.7) and (3.8) imply that
IT5 ()0 < 1t1(26) 2] 0| + ¢2(28) || Xa|*.
Combining this with (3.1), we obtain

V241

(3.9) IOl < Y5167,

3.3. Estimate for the norm of the difference of resolvents. We start with the
representation (2.11). By (2.14), (3.4), and (3.9), we obtain
IT5 ()R- (O] < 4711+ V2)V2[t5 /2 X.
Combining this with (3.3) yields
(3.10) |B=() = ROl < B7It16~*2]1 Xall, [t <1°9), 2 €T,

where 39 = 5227 1(14-271/2). In what follows, the bulky expressions for absolute constants
will not be written down explicitly; these constants will be denoted by B or 5° with indices.
However, it should be kept in mind that concrete numerical bounds can be given for these
constants.
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3.4. The difference of resolvents. Separation of the main part. Estimate (3.10)
does not suffice for our purposes. We separate the terms of the resolvent up to the
order of t? and give an estimate of order > for the remainder term. For this, we use a
representation of the form (2.13):

(3.11) R.(0) — R.(t) = Q.(0)T,(H)R.(t), =z€T.

Here |t| < t°(0), v = 26, and the operator T, (t) is defined as in (3.6). The difference
(3.11) can be written as follows:

(3.12) R.(0) — R.(t) = tT) + t*I,,
(3.13) T = LO)TPR.(), k=1,2
We start with the operator Z,. Iterating (3.11), we obtain
T = Q.(0)TPR.(0) — Q. (0) TP (0)T, (t)R. (1) = 9 — T3V
The operator

(3.14) 79 = Q.(0)TP R.(0)

does not depend on ¢, and for Iél) it suffices to prove an estimate of order |¢|. Such an
estimate is a direct consequence of the corresponding inequality of the form (2.17). It
suffices to use (3.8) and (3.9), and to refer to (3.3), (3.4), and the fact that |z +~|y~! <2

for z € T'. As a result, we obtain ||I§1)|| < B31t1675/2|| X1 ||3, whence

(3.15) 12Ty = 1213 + Wy(t), ([ 3(t)] < B3¢0 Xq .

3.5. Investigation of the operator 7;. This is somewhat more cumbersome. We
need to separate the zero and first order terms in ¢ from Z7, and to efficiently control the
remainder term. For this, we need to apply formula (3.11) twice. Namely, by (3.13), we
have

Ti = Q.(0)TVR.(0) — Q. (0T (0)T, (1) R.. (1) = ) — T{V.
Here

(3.16) 77 = Q.(0)TV R, (0)

does not depend on t. For the analysis of Ifl), we use (3.11) once again:
7{" = QO TV ()T, (1) R=(0) = (0T Q. (0)T, ()2 (0)T (DR (1)
= Q. (0)T V. ()T R.(0) + 22, (0) TV (0) TP R (0)
— Q(0) VT ()2 (0) T (1) R= (1)
= (2 4 28)Q (0)(TVR. (0)) (T4 (£)92: (0) T, (£) R (1))
The first term on the right is equal to tZ3°, where
(3.17) 73" = Q.(0) {2 (0) T}V R.(0),

and the other three terms can be estimated with the help of (2.16), (2.17), and (3.7)—(3.9).
All three terms give contributions of the same type. As a result, we obtain

tZy = tI0 — 2790 + WI(¢),

(3.18) o
1@ < B3[t26>2 ) X ||,
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3.6. The final result. From (3.15), (3.18), and (3.12) we obtain the following state-
ment.

Theorem 3.1. Suppose condition (3.1) is fulfilled, z € T, and v = 25. Then
(3.19) R.(0) — R,(t) = tI{ + t*T,] + ¥O(t).

Here T = 19 — I8°. The operators I, I8, and I9° are defined by (3.16), (3.14), and
(3.17), respectively. We have

@) < B0~ Xul .

§4. THRESHOLD APPROXIMATIONS

4.1. The difference of the spectral projections. We start with the representation

1
4.1 Ft,6)=—— L (1) dz.
(1) (10 =51 [ R0
If t = 0, the left-hand side of (4.1) is equal to P; therefore,
1

(4.2) F(t,6)— P=—— [ (R.(t) — R.(0)) dz.

211 T
Directly from (3.10) and (4.2), it follows that
(4.3) F(t,0) = P =®(t), |®t)] < Bult|s 2| Xall, [t <t°(0).

Thus, we have proved the following theorem.

Theorem 4.1. Let X (t) and A(t) be the operator families introduced in Subsection 1.1.
Suppose that 85 < d°, where d° is the distance between the point A = 0 and the remaining
part of the spectrum of Ag = A(0). Finally, suppose that condition (3.1) is satisfied. If
F(t,9) is the spectral projection for A(t) corresponding to the interval [0, 6], and P is the
orthogonal projection onto Ker Ay, then estimate (4.3) is true.

Remark 4.2. 1) Along with (4.3), we have the trivial estimate ||®(t)| < 2.
2) The right-hand side of (4.3) can be represented as (31t|/t°(d).

4.2. Approximation for A(t)F(t,d). For t = 0, the left-hand side in the representation

AWF(t,6) = ——

% - ZRZ(t) dz

is equal to AgP = 0; therefore,

(4.4) A()F(t,6) = % /F A(R.(0) — Ra(t)) dz.
By (3.19), from (4.4) we deduce that

(4.5) A F(t,6) =th + 121, + (1), |t| <t°(6),
where I; and Iy are bounded operators independent of ¢, and
(4.6) 1@ < BaltP5 21X 1%, |t] < t°(6)-

The coefficients I; and I can be expressed via integrals of 2Z0, 2Z, over I'. However,
it is easier to find these coefficients by comparing (4.5) and (1.38). This yields I; = 0,
I, = SP, and the following theorem is true.

Theorem 4.3. Under the assumptions of Theorem 4.1, we have
(4.7) A()F(t,0) —t2SP =T(t), |t| <t°(5),
where U(t) satisfies estimate (4.6).



654 M. SH. BIRMAN AND T. A. SUSLINA

Remark 4.4. In Theorem 4.3, the germ S is not assumed to be nondegenerate.

Now, let g(t) be yet another operator family in $) of the same type as A(¢). All the
objects related to the family A will be marked by “7”. Relations (4.6) and (4.7) imply
the following theorem.

Theorem 4.5. Suppose that 85 < min(d°, CTO), and that the families A and A are thresh-
old equivalent, i.e., M =N and S = S. Then
|A()F(t,0) — A(R)F(t,0)|| < Baltl>0 /2 (1 X0 |1* + | X4 ]1%),
[t} < &2 min(| X171 1 X7,

4.3. Approximation for the imaginary exponential. For 7 € R, consider the group
exp (—iTA(t)). We put

(4.8)  E(1):= (exp (—iTA(t))) F(t,8) — (exp (—iTt>SP)) P,
(1) == (exp (itQTSP)) E(7) = (exp (it2TSP)) F(t,0) (exp (—iTA(t))) — P.
Note that X(0) = F(¢t,d) — P = ®(¢). Next, we have
dfl(:) =i TSP (2 S PF(t,6) — F(t,0)A(t))e ™",
whence [I5(r)| = [[(&)F(t,8)] < [9(6)] and |E()] = [S()] < |9@)] + |7l 1% ()]
where ®(t) and U(t) satisfy estimates (4.3) and (4.6). This proves the following state-
ment.

Theorem 4.6. Under the assumptions of Theorem 4.1, the operator-valued function
(4.8) satisfies the estimate

B < Biltls™ X0l + Balrl[tP6~ 2 X012, [t < °(5).
Theorem 4.6 automatically implies a statement similar to Theorem 4.5, but we do not

dwell on this.

§5. APPROXIMATION FOR THE OPERATOR-VALUED FUNCTION (A(t) + 2I)~1

5.1. Statement of the problem. Our goal is to approximate the resolvent of A(t) by
the resolvent of the corresponding germ S. As compared to the assumptions of Theorems
4.1 and 4.3, we now need an additional condition. Namely, we assume that

(5.1) A(t)F(t,0) > cut®F(L,6), ¢« >0, [t| <t°0).

Condition (5.1) is equivalent to the following estimate for the eigenvalues \(t), | =
1,...,n, of the family A(¢) introduced in (1.27):

(5.2) M) > ct?, 1=1,....n, c. >0, [t| <t°0).

Clearly, under this condition, the germ S of the family A(t) is nondegenerate, and in-

equalities (1.36) are valid with the same constant c,. as in (5.2). In other words, S > c.Im,
where Im = Py is the identity operator in N.

Remark 5.1. In fact, by (1.28), inequalities (1.36) yield inequalities of the form (5.2),
but with a smaller constant ¢, and for ¢ belonging to a smaller interval. In applications,
it is often more convenient to check (5.2) directly.

We shall estimate the norm of the operator-valued function
(5.3) G(e,t,0) := (A(t) + 1) F(t,0) — (12SP +21)"'P, >0, |t| <t°0).

First, we note that
(t2SP +*)7'P = (1*S + % In) ' P,
where t2S + 21y is viewed as an operator in 1.
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The following estimates are direct consequences of (5.1) and (1.36):
(5:4) I(A®) + D) 7TH < (eut® + )71 [t < £90),
(5:5) 1S + e I) || < (eut® +€%) 70, [t] <t°(9)-
For a while, we shall use the abridged notation

Alt)= A, F(t,0)=F, G(e,t,0) =G, [t| <t5).

It is convenient to separate the factor depending on |¢| in estimates (4.3) and (4.6). We
have

(5.6) (@) < Cultl, CL= /62X = Bu(t(9) [t < 1°(9),
B.7) @I <CltP, o= 60712 X0]° = B26(£°(6)) 7, [t < °(0).
Finally, we write the obvious identity

(5.8) (A+e2I)'F = (AF +£2I)7'F.

5.2. Approximation of the resolvent near the threshold. Our nearest goal is the
proof of the following theorem.

Theorem 5.2. Under condition (5.2), the operator-valued function (5.3) satisfies the
estimate

(5.9) |G(e,t,0)|| < Colt|(cat> + €371, >0, [t| <t°(0), Co=2C; +c;'Ca,
and, consequently,
(5.10) 2[|G(e,1,0)| <C, C=c 2o, £>0, [t <1°09),

Here ¢, is the same constant as in (5.2), and C1, C2 are defined by (5.6), (5.7).
Proof. We start with the identity
F(AF + %) Y (AF + %I — (t*SP + 1)) (t*SP + &*1)~' P
= F(t?SP +¢&*I)™'P — F(AF + £*I)"'P.

By (5.8), this implies that G = G; + G2 + Go, where

G1 = (A+ ) Fa(t),

Go = O(t)(t*SP + *I) ' P,

Go=—F(A+) ' U(t)(t?SP + %) P.

Recall that the operators ®(t) = F — P and ¥(t) = AF — t2SP satisfy (5.6) and (5.7).
From (5.4)—(5.7) we see that, for ¢ > 0 and [t| < t°(9),

IG1 + 1G]l < 2Ci(et? + %) 7 [t
IGoll < Ca(ent® + &%) 2|t
< 'Colet® + 7)1t
and estimate (5.9) follows. O

Remark 5.3. Estimate (5.9) is two-parametric. For ¢ fixed, the operator-valued function
G(e,t,d) is bounded as € — 0. Estimate (5.10) (which follows from (5.9)) is uniform in
t for [t| < t°(6).

Now, let A(t) be a new family of the form (1.2) satisfying the analog of condition
(5.1). Estimate (5.10) implies the following statement.
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Theorem 5.4. Suppose the families A(t) and A(t) are threshold equivalent and 85 <
min{d®,d°}. Then, for e > 0 and |t| < 62 min{|| X1||~%, | X1]|~'} = min{t°(5),°(5)},
the operator-valued function
J = (A(t) +21) 7 F(t,6) — (A(t) + 21) " F(t,0)
satisfies the estimate
2 J)| < C+C=ci /220 + e 1Co) + & V220, + 57 1Co).
By Proposition 1.2, we have ||(A(t) + &%I)"'F(¢,86)%| < (30)~!. Therefore, the fol-

lowing two statements are direct consequences of Theorems 5.2 and 5.4.

Theorem 5.5. Under the assumptions of Theorem 5.2, we have

(5.11) ||(A(t) +* )~ — (PSP + ) 'P|| <27'C+¢<(36)7, >0, |t <t°0).
Theorem 5.6. Under the assumptions of Theorem 5.4, we have

(5.12) el|(At)+e2) " — (A(t)+e2D) 1| <271 (C+C)+2e(38)~1, e>0, || <t°5).

5.3. Approximation of the generalized resolvent near the threshold. [l Theorem
5.5 can be extended to the case where the resolvent (A(t) + ¢2I)~1 is replaced by the

-~

operator (A(t)+e2Q)~!. Here @ is a bounded positive definite operator in §. This useful
generalization will be deduced from Theorem 5.5 on the basis of Subsection 1.5. We shall
use the notation and material of Subsection 1.5 without repeating the explanations. We
only note that, by (1.20),

(5.13) M(A(t) + 1) " M* = (A(t) + £2Q) ",
where
(5.14) Q=M"""M1=M) "5 -6

We start with preliminary remarks. Since PLyMPp = 0, we have PM*PL = 0. Conse-
quently,

(5.15) PM*P = PM"*.

Next, since MPM~1P = P, we have

(5.16) P=DP(M')PM*.
Consider the block Qg of the operator @ in the subspace N
(5.17) Qs = PQlg : M — M.

By (5.2), the germ S of the family A(¢) is nondegenerate. Then so is the germ S of A\(t)
Therefore, the operator

(t2S + eQq) " N — N
exists.
Proposition 5.7. We have
(5.18) M(*SP +e°I) ' PM* = (*S +£Qg) ' P.

LThe results of this subsection were obtained by the authors with the participation of R. G. Shteren-
berg.
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Proof. Both operators in (5.18) act in § and take N into itself. The operator on the left
can be represented (cf. (5.15)) as
PM(t?SP +&2I)"'PM*P.
We put E = M(t>SP + ¢2I)"'PM*7). Suppose 7j € ‘?I; then E € N and PM*7 =
(t2SP +e2I)M (. By (5.14), (5.16), (5.17), and also (1.24), we have
0=0P(M*)"'SM ™I+ 2P(M*) " M~ = (125 + £2Q4)C.

Thus, Z: (t2§—|— EQQ&)_lﬁ, which is equivalent to (5.18). O
For the operator-valued function

(5.19) Vie,t) = (A(t) + )~ — (t2SP + 2I) 7' P,

we write (5.11) as

(5.20) eV <C, C=271C+ (3671 0<e<1, [t <t036).

By (5.13), (5.18), and (5.19),

MY(e,t)M* = (A(t) + £2Q) ™! — (125 + £2Qg) "' P.
Combining this with (5.20), we obtain
(5.21) ell(A(t) +€%Q)™! — (125 + 22Qg) ' P|| < C| M| = ClIQ7Y.

-~

All quantities in (5.21) are expressed in terms of the family A(¢) and the operator Q,
which act in §. Thus, estimate (5.21) can be treated as a generalization of (5.20) for the
operator-valued function (5.19). However, the constant C' comes from the initial family.
This constant can be recalculated (with making it rougher), but, for applications, we do
not need this. R R

Now, let A (t) be yet another family of the form A(t) acting in $, and let Q4 be a

bounded positive definite operator in §). Suppose that the families fAl(t) and EJF (t) are

o~

threshold equivalent and that the blocks of the operators Q@ and Q4 in N coincide. Next,
let My = (Q4)~"/? and A, (t) = M, A, (t)M,, and let C be the analog of the constant
C (see (5.20)) for the family A, (¢).

Theorem 5.8. Under the above conditions, we have
(5.22) ell(A®) +£°Q) " — (Ap (1) + Q) < ClQ Ml + C|QF I,
where 0 < e < 1, 80 < min{d®,d%.}, and [t| < min{t°(8),?9(5)}.

Finally, (5.13), (5.14), and (5.22) imply the following statement.

Theorem 5.9. Under the assumptions of Theorem 5.8, we have

ell(A) + D)7 = MTHAL() +2Q4) T (M) M < |MTP(CIM P + Co | Q).

CHAPTER 2. PERIODIC DIFFERENTIAL OPERATORS IN Lo(R%;C")
§1. MAIN DEFINITIONS. PRELIMINARIES

1.1. Factorized second order operators. We consider selfadjoint matrix second
order DO’s represented as a product of two mutually adjoint first order DO’s. Let b(D) :
Ly(R4;C™) — Ly(R%C™) be a homogeneous first order DO with constant coefficients.
We always assume that

(1.1) m > n.
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We fix orthonormal bases €1,...,€, in C", e1,...,e, in C™, and e/, ..., e/ in R%. Then
the symbol b(&) is associated with the operator b(D). This symbol is an (m x n)-matrix-
valued linear homogeneous function of & € R?. Suppose that

(1.2) rankb(&) =n, 0#E¢€ R

then

(1.3) aol, <b(0)"0(0) <al,, [8]=1, 0<ag<a; <oo.
Note that

d d
(1.4) bE) =D &b, E=) e,
j=1 j=1

where the b; are constant (m x n)-matrices with rank b; = n.
Suppose that an (n x n)-matrix-valued function f(x) and an (m x m)-matrix-valued
function h(x), x € R%, are bounded, together with their inverses:

(1.5) ffh e Lo(RY); b7t € Lo(RY).

We consider the DO

(1.6) X :=hb(D)f : Ly(R% C") — Ly(REC™),

(1.7) Dom X := {u € Ly(R%;C") : fue H'(R%C™)}.

The operator (1.6) is closed on the domain (1.7). The selfadjoint operator
(1.8) A= XX

in Lo(R%; C") is generated by the closed quadratic form

(1.9) alu,u] := HXUH%Z(W;@")’ u € Dom &

Formally,

(1.10) A= f(x)"0(D)"g(x)b(D)f(x), g(x):=h(x)"h(x).

By using the Fourier transformation and conditions (1.3) and (1.5), it is easy to show
that

(1.11) co/ ID(fu)|? dx < afu,u] < cl/ ID(fu)?dx, ué€DomX,
Rd Rd
(1.12) co = aollh M2, er = aallhllf .

1.2. The lattices T and I'. In what follows, the functions f and h (and, with them,
the operators X, A) are assumed to be periodic with respect to some lattice T C RY:

f(x+a)=f(x), h(x+a)=h(x), aecl.
Let ap,...,a; € R? be the basis in R? that generates the lattice T, i.e.,
d . .
I= {ae R%:a= Zl/]aj,l/] € Z},
j=1

and let 2 be the (elementary) cell of I':

d
(1.13) Q= {xemd:x:ZTjaj,o<7j<1}.

Jj=1
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The basis b!,...,b? in R? dual to aj,...,a, is defined by the relations (b?, a;) = 271'5;-.
This basis generates the lattice T dual toT:

f:{beRd:b:zd:mbi,meZ}.
i=1

The cell of T' can be defined by analogy with (1.13). However, it is more convenient to
denote by €2 the Brillouin zone

Q={keR?:|k|<|k—b[,0£bel}.

Like the cell, the domain Qisa fundamental domain for [. This means that all D-shifted
copies of Q are mutually disjoint and the union of the I-shifted copies of clos Q covers
R?. The closure clos() is a convex polyhedron. The points k € 99 are characterized
by the relation |k| = min|k — b|, 0 # b € I". We shall use the notation |[2| = meas (2,
2] = measQ. Note that | |Q| = (27)%. Let ro be the radius of the ball inscribed in
clos 2. Then
(1.14) 219 =min|b|, 0#£bel.
We denote
Kir)={keR¥: k| <r}, 0<r<r.
Associated with the lattice I is the discrete Fourier transformation
(1.15) v(x) = Q7?3 opexp(i(b,x)), x €
bel

This transformation maps lg( ) onto Lo(€2) unitarily:

[ e ax = 3 ol
el

b

Below, I;fl(Q) stands for the subspace of all functions in H*(2) such that the T'-periodic
extension of them to R belongs to HJL .(R?). We have

(1.16) / (D +Xv) )P dx= Y [b+kfvp’, veH(@C"), keR”
Q -
bel’

The convergence of the series in (1.16) is equivalent to the fact that v € H(€;C"). We
mention a more general relation. Let b() be the symbol introduced in Subsection 1.1.
Then
(1.17) / D +k)v[>dx =Y [b(b+k)ve|?, veH (QC"), keR™

bel

1.3. The Gelfand transformation. Initially, the Gelfand transformation I/ is defined
on the functions of the Schwartz class S by the formula

V(k,x) = (Uv)(k,x) = [Q /* Y exp(—ifk,x + a))v(x + a),
acl

veSRLCY, xeRY, keRY

//|V(k,x)|2dxdk:/ v(x)[?dx, v =Uv,
QJa Rd

Since
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U extends by continuity to a unitary mapping
(1.18) U : Ly(R%GC") — [ ®Ly(Q;C") dk =: H.
Q

Next, the relation v € H!(R?; C") is equivalent to the fact that v(k,-) € ﬁl(Q) for
almost every k € 2 and

// ((D + k)% (k, x)[2 + [¥(k, x)|?) dx dk < .
QJQ

Under the transformation U, the operator of multiplication by a bounded periodic func-
tion in Ly(R?; C™) turns into multiplication by the same function on the fibers of the di-
rect integral H (see (1.18)). On these fibers, the operator b(D) applied to v € H(R%;C")
turns into the operator b(D + k) applied to v(k,-) € H'(Q;C").

§2. DIRECT INTEGRAL EXPANSION FOR THE OPERATOR A
2.1. The forms a(k) and the operators A(k). Putting
(2.1) H=La(CY),  $H. = Lao(C™),
we consider the closed operator

X(k)yj_)yj*) kERd7

defined on the domain

(2.2) 2:=DomX(k) ={ue: fue H(Q;C")}
by the formula

(2.3) X(k) =hb(D+k)f, keR%

The selfadjoint operator

(2.4) Ak) == X(k)*X(k): H—9H keR?

is generated by the closed quadratic form

(2.5) a(k)[u,u] := [|[X(k)ul}., ued keRL

Using the Fourier series expansion (1.15), identity (1.17), and estimates (1.3), we see
that

co/ (D +k)v|]?dx < a(k)[u,u] < cl/ |(D + k)v|? dx,
(2.6) Q Q
v=fue ﬁl(Q;(C”), k € R?,

where ¢g and ¢; are defined by (1.12). From (2.6) and the compactness of the embedding
of H'(Q;C™) in § it follows that the spectrum of A(k) is discrete. Observe also that the
resolvent of the operator A(k) is compact and depends on k € RY continuously (in the
operator norm).

Let
(2.7) N := Ker .A(0) = Ker X(0).
Relations (2.6) with k = 0 show that
(2.8) N={ueLy(QC"): fu=ceC’, dimN=n.

We see that 91 does not depend on the matrix g.
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2.2. The band functions. Let

(2.9) Ei(k) < Eyk)<---<E(k)<---, keR%

be the consecutive eigenvalues of the operator A(k) (counted with multiplicities). The
band functions Es(k) are continuous and T-periodic.
In §, we consider the closed quadratic form

ao(k)[v,v]:/ (D +k)v[>dx, veH'(QC".
Q

By (1.16), we have a® (k)[v, v] = Zbef |b-+k|?|vp|?. This implies that the band functions
E? (k) of the corresponding operator A°(k) reduce to the numbers [b +k[?, b € T. Each
of these eigenvalues is of multiplicity n. We list the properties of E?(k) necessary for
what follows. They are quite obvious.

1°0. E°(k) = [k, 1=1,...,n, k € clos Q.

2°. EV(k) >r2, k € closQ\ K(r), 0 < r < r.

3°. B (k) >3, ke R

4°. ES . 1(0) = ming |b|? = 4r3.

Now, we return to the functions (2.9). They coincide with the consecutive minima of
the quotient a(k)[u,u]/[lul|f. By (2.6), this quotient can be estimated from below as
follows: for u € 0, v = fu, we have

a(k)lu,u a’(k)[v,v 1o a®(K)[v,Vv
W] a0yl o a0y
[allg [[al[3 IvI%
Variational type arguments show that
(2.10) Ej(k) > c.E)(k),
where, in accordance with (1.12),
(2.11) e = ol fHIEZIATHIZE

Combining estimates (2.10) with the properties 1°-4° of the functions EY(k), we obtain
the following:

(2.12) Ei(k) > c.|k|?, I=1,...,n, keclosQ,

(2.13) Ei(k) > c.r?, k € closQ \ K(r), 0<r<rg,
Eni1(k) > cord, k € RY,

(2.14) E,11(0) > 4e,r?.

2.3. The direct integral for the operator .A. The operators A(k) allow us to
partially diagonalize the operator A in the direct integral H (see (1.18)). Let us compare
relations (1.6), (1.7), and (1.9), which define the form a of the operator A, with relations
(2.2), (2.3), and (2.5), which define the form a(k) of the operator A(k). For u € Dom X =
Dom a, we denote v = fu. From what was said in Subsection 1.3 about v, we see directly
that the following is true for u. Let u = Uu, u € Doma. Then

(2.15) u(k,-) €0 forae keR?

(2.16) afu,u) = [ al9fa(k. ).k, )] dk

Q

Conversely, if u € H satisfies (2.15) and the integral in (2.16) is finite, then u € Dom a and
(2.16) is valid. The above arguments show that, in the direct integral H, the operator A
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(see (1.8)) turns into multiplication by the operator-valued function A(k), k € €2, defined
by (2.4). All this can be expressed briefly by the formula

(2.17) UAUT = / DA(k) dk.
Q

From (2.17) it follows that the spectrum o(A) is a union of segments (spectral bands)
that are the ranges of the band functions (2.9). Relations (2.7) and (2.8) imply that

in Fj(k)=F;(0)=0 j=1,...,n.
l?é}RI}" ]() ]() ’ J ’ y T

Consequently, the lower edge of the spectrum of A coincides with the point A = 0:
info(A) =0.

§3. INCORPORATION OF THE OPERATORS A(k) INTO THE PATTERN OF §1, CHAPTER 1

3.1. Concordance of notions. For d > 1, the operators A(k) depend on the multi-
dimensional parameter k. In this case, the analytic perturbation theory gives satisfactory
results only for simple eigenvalues. The role of the unperturbed operator A is played by
A(0). By (2.7) and (2.8), we now have dim0M =n > 1, i.e., for n > 1, the eigenvalue A = 0
for A(0) is multiple. To avoid this difficulty, for k € R? we put k =10, t = |k|, |0| =1,
and view t as the perturbation parameter. At the same time, all the constructions will
depend on the additional parameter ©. This dependence will often be reflected in the
notation.
We shall apply the method described in §1 of Chapter 1; we put

which coincides with (2.1). Next,
(3.2) X(t)=X(t,0)=X(0) =hb(D+1t0)f,

Xo=X(0) =hb(D)f, DomXy =02,

(3.3) X1 =X1(8) = hb(0)f,

X(t) = Xo+tXy,
and, in (3.3), we may assume that ¢t € R. Finally,
(3.4) A(t) = A(t,0) = A(t0)
and, in accordance with (2.7) and (2.8),

N = Ker Xy = Ker X(0), dimMN =n.
Relation (1.1) guarantees that n < n,. Moreover, since
(3.5) N, = Ker X§ = {q € Ly(%C™) : h*q € H(Q;C™),b(D)*h(x)*q = 0},

we see that, under condition (1.1), the following alternative realizes for n, = dimN,:
either n, = oo (if m > n), or n, = n (if m = n). By (2.14), instead of the precise value
d’ = E,11(0) we take

(3.6) d° = dc,r?

(possibly, a larger value could be taken). Here ¢, is the constant (2.11). In Subsection
1.1.1, it was required to choose § < d”/8. Recalling (3.6), we fix § so that

(3.7) § < ewrp/2=2""rgaol fHIZZIRTHIZE
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Next, the estimate || X1(0)] < o&/2|\f|\,;x||h||Loo allows us to choose t°(d) (see (1.1.3))
equal not to 6'/2|| X1(8)|~*, but to a smaller number independent of 8. Namely, we put

(3:8) 00 = 6" 2ar L 1AL
Observe that t°(8) < 79/+v/2 by (3.7) and (3.8). Thus,
(ke Q:|kl=t<t°8)} c K2 Y?r) c Q.
In what follows, we always assume that c. and t°(8) are defined by (2.11) and (3.8).

3.2. Nondegeneracy of the germ of the family A(¢,0). The analytic (in ¢) branches
of the eigenvalues X\;(t, 0) (see (1.1.28) and (1.1.29)) and the branches of the eigenvectors
o1(t,0), 1 = 1,...,n, [t| < t°(5), depend on . The first band functions FE;(t0), | =
1,...,n (see (2.9)), coincide with \;(¢,0) only partially, because the analytic branches
A, are not enumerated in nondecreasing order. At the same time, from (2.12) it follows
that

(3.9) N(t,0) >ct?, 1=1,...,n, t€]0,t°0)]

It is essential that c, and t°(§) in (3.9) do not depend on @. Inequalities (3.9) show that
the germ S(0) of the family A(t,0) (see (3.4)) is nondegenerate uniformly in ©.

CHAPTER 3. EFFECTIVE CHARACTERISTICS NEAR THE LOWER EDGE
OF THE SPECTRUM

In this chapter, we consider the spectral germ S(0) of the operator family A(t, ) (see
(2.3.4)). We introduce a family that is threshold equivalent to the given one simulta-
neously for all © and is such that the corresponding matrix g = h*h for this family is
constant. This constant matrix is called the effective matriz (notation: geg) for the initial
periodic matrix g. We discuss the question about the uniqueness of geg; herewith, we
correct a wrong statement concerning this question that occurred in [BSu2]. We distin-
guish the main effective matrix ¢g° and discuss its properties. We introduce the effective
DO for the DO A (see (2.1.10)). The effective DO is of the same type as A, but with ¢
replaced by gegr. On the basis of §5 in Chapter 1, we study the behavior of the resolvent
(A+¢e%)tase—0.

Below, we shall use the following notation. Let ¢(x) be a I'-periodic matrix-valued
function such that ¢ € Ly joc(R%). We put

(0.1) $=KW‘A¢&MX

If, moreover, the matrix ¢ is square, nonsingular, and such that ¢! € Lj 10c(R%), we
put

(0.2) 6= (|Q|_1/Q¢(x)_1dx)_1.

Observe that, if ¢(x) > 0, then we always have ¢ < @, and equality occurs only if ¢ is a
constant matrix.

§1. EFFECTIVE MATRICES AND THE EFFECTIVE DO

First, we need to construct the operators R = R(0) and S = S(0) for the family
A(t,0). Tt is convenient to start with the case where f = 1,,, and then proceed to the
general case on the basis of Subsection 1.1.5. In the case where f = 1,,, we agree to mark
all the corresponding objects by “~7.
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1.1. The operator R(B) We shall use the notation (2.3.1). In accordance with (2.2.8),
(1.1) N={ueH:u=ceC"}, n=n

Since M, does not depend on f (see (2.3.5)), we have M, = MN,. On the other hand, N,
depends on ¢, and, moreover, on h.
Let

(1.2) M={qeN.:q=CeC™}

be the subspace of constant vector-valued functions. By Subsection 1.1.2, for every
C € M there exists a unique element v € H'(Q;C") such that [, vdx = 0 and (see
(1.1.7) with z = —hC)

(1.3) (gb(D)v,b(D)W)g, = —(¢C,b(D)w)s., we H'(C).
We put
(1.4) BC = h(b(D)v + C) € M. C ..

Obviously, the operator B : 9T — ., is independent of k = ¢0. Observe the identity
Jo h=1BCdx = |Q|C. This implies that Ker B = {0}, whence rank B = m. Now,
let ¢ € M and C = b(B)c. Then (see (1.1.7)~(1.1.10)) v plays the role of H(c) and
R(0)c = B(b(0)c). Thus,

(1.5) R(0) : M —MN,, R(8)=Bbo), 6c55"

By condition (2.1.2), from (1.5) and the relation Ker B = {0} it follows that Ker ﬁ(e) =
{0}, or, equivalently,

(1.6) rankﬁ(e) =n.

We emphasize that, in the preceding calculations, the operators b(&), B, and ﬁ(e) were
represented as matrices written in some fixed bases (see Subsection 2.1.1). However, the
final relations (e.g., (1.5)) have invariant meaning. The same concerns all that follows; in
particular, we do not distinguish between the germ S (0) and the matrix corresponding
to this germ in a fixed basis.

1.2. The operator §(9) Effective matrices. In the sequel, it is convenient to
indicate the dependence of the objects on the matrix g (for a fixed matrix b(&€)) in the
notation. For instance, we shall write /T(t, 0;9), ﬁ(e; 9), §(9; g), etc. By (1.5), it is clear
that the operator

(1.7) S(0;9) = R(0;9)"R(0;9) : M — N

(the germ of the family A(t, 8; ) satisfies the relation 5(6;g) = b(8)*(B*B)b(8). From
(1.6) and (1.7) (see Subsection 2.3.2) it follows that the germ S(0;g) is nondegenerate.

In a fized basis e1, . .., ey, the operator B*B : M — IM is represented by a constant (and
independent of 0) positive matriz g°. Thus,
(1.8) 5(0:9) = b(0)"¢"°b(0), ¢°=B"B.

Now, along with /Al(t, 0;g), we consider the family E(t, 0;¢%), where the matrix ¢° is
associated with the matrix-valued function g as described above. We may assume that
the matrix ¢° is factorized somehow: g% = (h?)*h%; the final results do not depend on the
choice of this factorization. If g = ¢°, relation (1.3) yields v = 0. Then R(B; g") = h°b(0)
and 5(0;¢°) = b(0)*¢°b(0), i.e., (¢°)° = ¢°. Thus,

(1.9) S(0;9) = S(0;4°) = b(8)"g°b(0), 0 € 557"
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In particular, (1.9) shows that the families g(t, 0;9) and g(t7 0;¢°) are threshold equiv-
alent. We put
S(k; %) = 125(0;¢°) = b(k)*¢°b(k), k=10 € R"
Then §(k; g") is the symbol of the DO
(1.10) A° .= b(D)*¢°b(D)
with constant coefficients.

Definition 1.1. A constant positive (m X m)-matrix geg is called an effective matrix for
the operator family A(t, 0;g) if S(0;g) = S(0; gegr) for all @ € 5541,

If gesr is an effective matrix for g, then

~ ~

(1.11) §(8:.9) = 5(0: gur) — b(8)"guth(8), © € S5,
Relations (1.8) and (1.9) imply the following statement.

Proposition 1.2. For the operator family Z(t, 0;9), there exists at least one effective
matriz. Namely, the matriz g° corresponding to the operator B*B is effective.

Definition 1.3. The matrix ¢° is called the main effective matrix for the family g(t7 0;9).

Definition 1.4. The operator (1.10) A° is called the effective DO for the operator
A = b(D)*gb(D) acting in La(R?;C").

We mention at once that, by (1.11), §(9;geff) coincides with §(9;g0), and then
S(k; ger) = t25(0;gex) = S(k;¢°). This implies that the effective operator A° for
A = b(D)*gb(D) is defined uniquely. In other words, A° will not change if in (1.10) we
replace ¢° by any other matrix geg.

Let v; be the solution of problem (1.3) with C =e;, j = 1,...,m. We put u; :=
Be; = h(b(D)v; + e;). Then |Q|¢° is a Gram matrix, i.e.,

(112) 90: |Q|71{(ujﬂul)f)*}a jvl:]-v"'7m'

If all the entries of the matrices g(x) and b(&) are real-valued, then the solutions v; are
purely imaginary, and the vector-valued functions u; are real. In this case, from (1.12)
it follows that the matrix g° also has real entries. Then it is natural (but not necessary)
to require that all other effective matrices have real entries.

We supplement the representations ¢° = B*B and (1.12) with yet another useful
representation for the main effective matrix ¢°. Usually, this representation is viewed as
initial in homogenization theory.

We recall the notation (2.3.2), (2.3.3), and (1.2). For C € 9, we rewrite (1.4) as
(1.13) hC = BC — hb(D)v, CecM.

Since BC € M, = Ker X and hb(D)v € Ran Xy, the summands on the right are
orthogonal to each other in $),.. Consequently,
whence

9216°C.Cpen = [ gDV + €)ax.C)

Thus, for ¢° we have

(C‘In

(1.14) ¢°C = |Q|_1/ g(x)(b(D)v + C)dx, C e M,
Q

where v is defined by (1.3).
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1.3. On the uniqueness of an effective matrix. Comparing (1.9) and (1.11) and
passing to quadratic forms, we obtain

(¢°b(8)¢,b(0)) = (gerrb(0)E,b(0)C), CeC", 8 € 557"
It follows that the matrix geg = ¢° is unique if and only if

(1.15) closURanb(B) =Cm.
0

If the matrices g(x) and b(0) (and then also ¢g°) have all entries real, then the uniqueness
of the real matrix ges is ensured by the condition

(1.16) clos|_J{b(@)R"} =R™.

In [BSu2|, a false algebraic criterion of the validity of (1.15) was formulated. In fact, the
uniqueness of geg is a comparatively rare property. This is related to the fact that one
and the same operator A = b(D)*g(x)b(D) can be described by different matrices g(x).

Note that, by (2.1.2), conditions (1.15) and (1.16) are valid a fortiori if m = n. So, if
m = n, then an effective matriz is unique. Next, it is easily seen that, in the real-valued
case, (1.16) is valid if n = 1 and m = d. This case corresponds to a real scalar elliptic
operator A. Here the requirement that g(x) have all entries real is essential. For instance,
ifn=1m=d=2, and b(§) = e &' + €22, then any matrix of the form ¢° + iag will
be effective. Here § = (fl (1)) and « € R is sufficiently small. If n > 1, the uniqueness of
Jdet Mmay be violated even in the real-valued case.

Since the effective DO A° does not depend on the choice of geg, the nonuniqueness of
the latter matrix is not very essential. In what follows, the main attention will be paid

to the main effective matrix g°.

1.4. Estimates for the matrix ¢°. The Voight—Reuss bracketing. In accordance
with (0.1) and (0.2), for the matrix g(x) we put

—1
(117) g=101" [ aeax. o= (1o [ g60ax)

Q Q
Since the summands on the right-hand side of (1.13) are orthogonal to each other, we
have
(1.18) IBC5. < InClf3..

It is easily seen that (1.18) is equivalent to the relation (B*BC, C)cm < (gC, C)cm, and
since g° = B*B (see (1.8)), we obtain the upper estimate ¢° < g.

In order to prove the lower estimate, we observe that, by (2.3.5), B := (h*)7!9 C
N, C H.. We put

w = |Q|_1(h*)_1g/ hlwdx, w € $..
Q
An elementary argument shows that IIw € B, | = I, and
(1.19) (Tw, w)g, = || (¢Cw, Cw)cm, Cw = / hlwdx, w e $..
- Q

This means that IT is the orthogonal projection of $. onto the subspace B. Now, we
apply the projection II to (1.13). Since hb(D)v € Ny, we obtain IIBC = IThC. Putting
w = hC in (1.19), we arrive at

ITTRC3., = 12/(gC, Cen.
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Consequently,
(1200 [9/(s"C,C)en = || BCII3, > |[T1IBC]

5. = [IACII5, = [21(gC, C)cr.

Thus, we have proved the lower estimate: ¢° > g.

In the case where m = n, we can say more. Then dimOM, = n, = n = m. Since
dim P = m, we have 9. = PB. Since BC € N,, we have equality throughout in (1.20).
As a result, we see that if m = n, then we always have ¢g° = g¢.

Summarizing, we obtain the following statement. B

Theorem 1.5. For the main effective matriz ¢° of the family A\(t, 0;9), we have
(1.21) g<4¢’ <7,

where the constant matrices g and g are defined by (1.17). If m = n, then the (unique)
effective matriz ¢° is equal to g:

(1.22) =g, m=n.

Now, we find conditions under which one of the inequalities in (1.21) becomes an
identity. We start with the case where ¢ = g. This is equivalent to the fact that
equality occurs in (1.18) for any C. By (1.13), the latter means that hb(D)v = 0, where
v satisfies (1.3). But then (1.3) reduces to the relation b(D)*g(x)C = 0, C € C™. Let
gr(x), k = 1,...,m, be the columns of the matriz g(x). As a result, we obtain the
following statement.

Proposition 1.6. The identity ¢° = G is equivalent to the relations
(1.23) b(D)'gr(x) =0, k=1,...,m.

We note that (1.23) contains mn differential conditions imposed on the m? coefficients
of the matrix g.

In the analysis of the case where ¢° = g we may assume that m > n. By (1.20), the
relation ¢° = g is equivalent to the fact that BC € 3, C € 9. In other words, for any
C € C™ there exists C. € C™ such that BC = (h*)"'C.. By (1.4), this means that

(1.24) g 'C, = C+b(D)v.

Integrating (1.24), we obtain C = g’lc*. Putting C, = ey, we can rewrite (1.24) in
terms of the columns 1 (x) of the matrix g(x)~!. We have proved the following statement.

Proposition 1.7. The identity ¢° = g 1s equivalent to the relations
(1.25) L(x) =10 + b(D)vy, vie H'(uCY), LeC™, k=1,...,m,

for the columns 1(x) of the matriz g(x)~!.

Moreover, (1.25) automatically implies that 19 = g’l

c=1.

Let us comment on relations (1.21), (1.23), and (1.25). In specific cases (the acoustic
operator, the operator of elasticity theory, etc.), estimates (1.21) are well known in ho-
mogenization theory; they are called the Voigt—Reuss bracketing (see, e.g., [ZhKQ]). Our
proof of (1.21) is parallel to the proof of the estimates for the germ S given in Subsection
1.1.4 in abstract terms. By (1.9), estimates (1.21) imply the following inequalities for
germs:

(1.26) S(0;9) < 5(8;¢°) = S(8;9) < 5(8;7).

We can return from (1.26) to (1.21), but only under the additional condition (1.15).
Precisely under this condition estimates (1.21) were proved in [BSu2| for the operators
b(D)*g(x)b(D). Relation (1.22) with n > 1 was distinguished for the first time in [BSu2].

e, and vy satisfies (1.3) with
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For the acoustic operator, i.e., in the case where n = 1, m = d, and b(D) = D, the
results of Propositions 1.6 and 1.7 have been known (see [ZhKO]). In this case relations
(1.23) mean that the columns gy(x) are solenoidal, and relations (1.25) mean that the
columns 1 (x) are potential (up to a constant summand — this will be meant in what
follows).

1.5. The case where f # 1,. We return to the operators A of the general form
(2.1.10) and to the corresponding families A(¢, 0) of the form (2.3.4). As before, we shall
indicate the dependence on the matrix g (but not on the matrices f, b) in the notation.
The upper mark “~” is reserved for denoting the objects that correspond to the case of
f =1, with the same b and g.

We use the pattern of Subsection 1.1.5. Now we have

H=9=Ly(%C),
and the role of the isomorphism M is played by the operator of multiplication by the
matrix-valued function f. The kernel M = Ker X is defined by (2.2.8):
N={uehH: fu=ceC"};

it does not depend on b and g. By (1.1.21), we have R(0;g) = ﬁ(e;g)ﬂcn. From (1.1.23)
it follows that

(1.27) 5(8;9) = Pf*5(8:9) .
where P is the orthogonal projection of ) onto 1. Definition 1.1 is carried over to the

general case of the family A(t, 0;g).

Definition 1.8. A constant positive (m X m)-matrix geg is called an effective matrix for
the operator family A(t, 0;g) if S(0;g) = S(0; gegr) for all @ € 5541,

The following proposition is a direct consequence of (1.27).

Proposition 1.9. The matriz geg is an effective matriz for the families A(t, 0;g) and

~

A(t, 0;g) simultaneously.

In particular, the main effective matrix g° corresponding to the family A\(t, 0; g) is also
an effective matrix for the family A(t,0;9) = f*A(t, 0;g)f. It is natural to associate the
operator

(1.28) A= frAf
with the operator
(1.29) A0 = FA0f

acting in Ly(R?;C"). Here A° is defined by (1.10). Recall that AP will not change if in
(1.10) we replace g° by any other effective matrix gegr. Consequently, the operator .A°
also does not depend on the choice of the matrix geg. Thus, the operator (1.29) is defined
via the operator (1.28) uniquely. We agree to call the operator A° the effective DO for
the DO A. R

We distinguish the case where n = 1. Then S(0;g) (see (1.9)) is the operator of
multiplication by the number 5(0) = b(0)*¢°b(0). By (1.1.26) and (1.27), the operator
S(0;g) is reduced to multiplication by the number

(1.30) 1(0) = 3O £ %0y A(0) = b(8)"5°b(8).
§2. BEHAVIOR OF THE RESOLVENT (A +¢&2)~! AS ¢ — 0

As in §1, we start with the case where f = 1,, and then pass to the general case.
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2.1. The resolvent of the operator .A. We consider the resolvent (./I—l— e2I)~t of the
operator A = b(D)*g(x)b(D) acting in Ly(R%; C"). We rely on Theorem 1.5.6, which is
applied to the families ./Z(t, 0;¢) and ./Z(t, 0; ¢°) of the form (2.3.4). Here ¢° is the main
effective matrix for g(x).

Recall that ag and oy are the constants occurring in (2.1.3), and ro is the radius of
the ball inscribed into the Brillouin zone (r¢ is defined by (2.1.14)). In the notation of
the constants we use the mark “~” to distinguish the case of f = 1,,. In accordance with
(2.2.11),

(2.1) & =aollg™ Ll
Recalling (2.3.7), we fix
(2:2) 5= (ro/2%aollg™ L
Next, in accordance with (2.3.8) and (2.2),
> _ _ ~1/2
(2.3) 7 =70) = (ro/2) (0007 ) (g 2 llgll) ™2

Since § is fixed, we do not need to indicate the dependence of £° on 5 anymore.
Now, we must specify the constant C in (1.5.12). Using (1.5.10), (1.5.9), (1.5.6),
(1.5.7), and (2.1) subsequently, we find

(2.4) C=ag g2 (28:F0) 7 + Baag g~ 0 7).

Observe that, by (1.21), |¢°z.. < llgll. and |(¢°) " Hre < llg7 L. It follows
that if ¢ is replaced by ¢°, then the quantities (2.1)-(2.3) may only become larger, and
the constant (2.4) may only become smaller. Therefore, Theorem 1.5.6 leads directly
to the following result. In its statement, we use the notation (2.3.1), k = ¢0, and
Alk; g) = A(t,0: 9). Alk; g°) = A(t, 8; 9°).

Proposition 2.1. For the operator

(2.5) G(e.k) = (A(k; ) + €217 — (A(k; ¢°) +£21)7,
we have
(2.6) elG(e, K)llg—n < C+26(30)", e>0, |k <77

where the constants &, 1°, and C are defined by (2.2)-(2.4).

Together with (2.6), we need estimates of resolvents for k € closQ N {k : |k| > £°}.
By (2.2.13),

(2.7) [(A(k; g) + €21) |pog < —1(£°) 72, ke closQn{k: k| > 1°},

and the same estimate remains true with g replaced by ¢°. Therefore, we have the
following statement.

Proposition 2.2. The following estimates are valid, where the notation (2.1)—(2.5) is
used:

5||gA(5ak)||f)~ﬁ < CAm 0<e<1, keclos,
C. = max{C + 2(38)~1,26, —1(£°)2};
(2.9) lim sup ]| G(2, k)| 55 < C.

e—0

(2.8)
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Now, it is easy to obtain one of the main results of the paper. We estimate the
difference between the resolvents of the operator A= ,Zl\(g) and of the effective DO
A® = A(g°). We use the representation (2.2.17) for A(g) viewed as an operator acting
in the direct integral H (see (2.1.18)). Now, the required relations can be written as

(2.10) Hz/ﬁ@ﬁdk, ,Z(g)zu*(/ﬁ@ﬁ(k;g) dk)u,

where U is a unitary mapping of the space & := Lo(R% C") onto H. From (2.10) it
follows that
g+ 2207 =t ([ o) + 20 acju
a
A similar representation is valid with ¢ replaced by ¢°, and also for the difference of
the resolvents. Combining this with estimates (2.8) and (2.9), we arrive at the following
theorem.

Theorem 2.3. Let A(g) = b(D)*g(x)b(D), and let A° = A(g°) = b(D)*¢°b(D) be the
effective DO for the DO A(g). Then
(2.11) ell(Alg) + 1)~ = (A(°) + %) Yoo <Cx, 0<e<1,
(2.12) limsupel|(A(g) +e2I) " — (A(¢°) + 1) o—s < C,
e—0

where the constants Cy and C are the same as in (2.8) and (2.9).

Estimates (2.11) and (2.12) show that the norm of the difference of the resolvents is
of order O(e~1). At the same time, the norm of each resolvent is O(¢~2). The reason for
this compensation in the difference is that the germs of the families .,Zl\(k; g) and ./Z(k; %)
coincide for k = 0. Thus, in Theorem 2.3, the threshold effect near the edge of the
spectrum is taken into account.

Remark 2.4. We emphasize once again that, in fact, the effective operator A0 = ./Zl\(go)
does not depend on the choice of the effective matrix, but is determined by the initial
operator A= ﬁ(g) In general, the latter operator may also be described by a nonunique
I-periodic matrix g(x).

2.2. The resolvent of the operator A. Now, we lift the assumption f = 1,, and
consider the operator

(2.13) A= f*Af = f*b(D)"gh(D) .

The constants (2.1)—(2.4) should be changed in order to take the dependence on f into
account. In accordance with (2.2.11), (2.3.7), and (2.3.8), we put

(2.14) e =GR = a0l FHIZ2 g IZL
(2.15) 6= cu(ro/2)* =38lIF L2,

(2.16) 0= 1°0) = 2°G) (Il lf M)~
Now, the role of the constant (2.4) is played by the constant
(2.17) C=c.'? (26:(t°(6) " + ¢ B20(°(5)) %) .

Using the notation of Proposition 2.1, we put

Alksg, f) = fF Ak g)f, Ak g°, f) = f*A(k; g°) f.

Theorem 1.5.6 implies the following generalization of Proposition 2.1.
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Proposition 2.5. For the operator

Ge, k) = (A(k; g, /) + D)7 = (A(k; ¢°, f) +€21) 71,
we have
(2.18) elG(e, k) |lg—g <C+2e(36)", >0, |k| <t°,
where the constants 8, t, and C are defined by (2.15)—(2.17).

For A(k; g, f) and A(k; ¢°, f), estimate (2.7) remains true with ¢, replaced by c, and
10 replaced by t°. Combining this with (2.18), we obtain a generalization of Proposition
2.2.

Proposition 2.6. The following estimates are valid, where we use the notation (2.14)—
(2.17):

e[|G(e,K)|[5—pn < Cx, 0<e<1, keclosfl,

2.19
(2.19) Cx = max{C + 2(30) !, 2¢; 1 (t°)72};
(2.20) limsupe||G(e, k)| g—e < C.

e—0

Finally, we obtain the following theorem.

Theorem 2.7. Let A = A(g, f) be the operator (2.13), and let A° = A(g°, f) be the
corresponding effective DO. Then

(2.21) el (Alg, f) +* D)~ = (A", /) +e*) oo <Cx, 0<e<1,
(2.22) lim sup | (A(g, /) + D)™ = (Alg”, f) +€*D) M lo—e < C,

where the constants Cx and C are the same as in (2.19), (2.20).

Proof. This theorem can be deduced from Proposition 2.6 in the same way as Theorem
2.3 was deduced from Proposition 2.2. O

In (2.21) and (2.22), the difference of the resolvents corresponding to g and ¢° i
estimated. The matrix f is fixed. It is impossible to find a good approximation for
the resolvent of A(g, f) with variable f by the resolvent of some operator with constant
coefficients A more convenient approximation than that in (2.21) and (2.22) can be
found, but the approximating operator will not be a resolvent anymore. This will be
done in the next section; see Theorem 3.4.

§3. BEHAVIOR OF THE GENERALIZED RESOLVENT AS € — (0

3.1. We are going to establish an analog of Theorem 2.3 for the generalized resolvent
(.Z(g) +¢e2Q)~ L. Here Q = Q(x) > 0 is a I'-periodic (n x n)-matriz-valued function such
that Q+ Q™! € Lo.. We use the abstract results of Subsections 1.1.5 and 1.5.3, assuming
that § = § = Ly(; C"). Also, we recall (see (1.1)) that

(3.1) ‘ﬁzKerﬁ(O;g)z{uEﬁ:uzcE(C”}.
Keeping in mind Theorem 1.5.8, we represent ) as
(32) Q(x) = (f(x)f(x)*)"".

By (1.5.14), now multiplication by the I'-periodic matrix-valued function f plays the
role of the isomorphism M. From (3.1) we see directly that the block of the operator of

multiplication by Q in the subspace M is multiplication by the constant matriz @,_i.e.7 by
the mean value of Q(x) over Q. If we view the operator of multiplication by @) as an

2In this case, the name “effective DO” for A(g°, f) with variable f does not seem quite adequate.
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operator in the entire space §), then its block in 9 also coincides with multiplication by
Q. We apply Theorem 1.5.8 in order to estimate the difference

(3.3) Fle, k) = (A(k; g) + Q)" — (A(k; ¢°) + £2Q) .

In accordance with Subsection 1.5.3, the constant C' = 271C+(36) 7! in (1.5.20)—(1.5.22)
is expressed in terms of constants (2.14)—(2.17) corresponding to the operator A(g, f),
rather than to the operator A(g). Here f is as in (3.2). We note that |Q] < |Qlz.,
@)~ < 1Q Yz, and we put fy = (Q)~'/2. Then it is easily seen that the same
constants (2.14)—(2.17) are also suitable for the operator A(g°, f+). Consequently, now
in (1.5.22) we can take Cy = C and replace ||(Q) || by [|Q}||z... As a result, we obtain
an analog of estimate (2.6). Namely, the following statement is true.

Proposition 3.1. For the operator F(e,k) defined by (3.3), we have
el F e K)lg—n < (C+2(30) HIQ ., 0<e<1, [kl <t
where the constants §, t°, and C are defined by (2.15)—(2.17).

As has already been mentioned, the operator A(k; g, f) satisfies (2.7) with ¢, replaced
by ¢, and 10 replaced by t°. Therefore, using (1.5.13), we obtain the estimate

1(A(k; 9) +2°Q) M lo—n < 1Q  zwe (1) k€ closQn{k: [k > 1°}.

The same estimate is valid for (A(k;¢°) + £2Q)~'. Combining these estimates with
Proposition 3.1, we arrive at the following.

Proposition 3.2. For the operator F(e,k) defined by (3.3), we have
(3.4) |l Fe, K)|lg—g <CxllQ Y., keclos, 0<e<1,
where Cx is the constant occurring in (2.19).

Finally, (3.4) implies the following theorem (cf. the deduction of Theorem 2.3 from
Proposition 2.2).

Theorem 3.3. We have

35)  cl(Alg) +2Q) " = (A(g°) +£2Q) Mle—e < Cx[Q Mlrw, 0<e<L
If Q = I, estimate (3.5) turns into (2.11).

3.2. Another approximation for the operator

(3.6) (Alg, f) +e2 )71,

more practical than (2.21), easily follows from Theorem 3.3. Now we assume that the
matrix-valued function f is given, while Q is defined by (3.2). Clearly,

(3.7) (Alg, f) + )~ = fH(Alg) + Q) (f) .
We put
(3.8) Fle) == (Alg, f) + )1 — f7HA) + Q)L (f)

Then (3.7) implies that

Fe) = 7 ((Alg) + Q)" — (A(¢") +2Q) 1) (f) 1.

The latter expression is estimated with the help of (3.5). As a result, we obtain the
following statement.
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Theorem 3.4. For the operator F(e) defined by (3.8), we have

(3.9) elFElo—e <Cx QLo llQlre, 0<e<1,

where the matriz-valued function Q is defined by (3.2).

Remark 3.5. In (3.8) and (3.9), the operator (3.6) is approximated by the operator
F(x)"HA(g°) +2Q) 1 (f(x)*)~L. Although this operator involves x-dependent factors

“from both sides”, the generalized resolvent must be calculated for a DO with constant
coefficients. That is why estimate (3.9) has a big advantage as compared to (2.21).

3.3. A generalization of Theorem 3.4. A result that is more self-contained can be
obtained for the operator A(g, f) if we consider the generalized resolvent

(Alg, f) + Q)7

instead of the resolvent (3.6). Here Q(x) > 0 is a I'-periodic (n X n)-matrix-valued
function such that Q + Q7' € Lo,. We represent Q(x) in the form (3.2),

Q= (pp") 7,
and put
f=rfe, Q="
The following theorem can be deduced from Theorem 3.3 by the method used to derive
Theorem 3.4.
Theorem 3.6. We have

ell(Alg, £) +2Q) 7" = FHAG") +£2Q) 1 (f) Ho—e
<Cx DI RN Qe 0<e<1,

where Cx (f) is the constant (2.19) recalculated after the replacement of f by f in (2.14)-
(2.17).

CHAPTER 4. HOMOGENIZATION PROBLEMS FOR PERIODIC DO’s

We proceed to the study of homogenization problems, treating them as threshold
effects near the lower edge of the spectrum. The present chapter contains general ho-
mogenization results for periodic operators

Alg. ) = F(x)"b(D) g(x)b(D) f (x) = f(x)" Al9)f (x)
acting in & = Ly(R% C"). Further, in Chapters 5-7, we discuss applications of these
results to specific periodic DO’s of mathematical physics.
We use the following notation for Hilbert spaces:
H=Lo(%C"), 9. =Lo(GC™), &= Ly(R,CM),
&, = Ly(R%:C™), &° = H*(RLC"), s €R.
Also, we use the obvious notation like Boc, S joc, etc. The symbol (F,u)g with u € &1
and F € &~ ! stands for the value of the functional F on the element u. The symbol w
indicates passage to the weak limit. If ¢ is a measurable I'-periodic function, we denote

#°(x) = ¢(e71x). We also recall the notation (3.0.1), (3.0.2).
The following elementary proposition will often be used in weak limit procedures.

Proposition 0.1. 1°. Let ¥ be a T-periodic function of class Lajoc(R?). Then
(0.1) T U in Lyjec(RY).

e—0
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2°. Let G € Loo(RY) be a T-periodic function and let ® € L1(R?). Then

(0.2) lim G*(x)®(x)dx =G [ ®(x)dx.
e—0 R4 R4
Relation (0.1) is the well-known mean value property (see, e.g., [ZLKQ]), which easily

follows from the Riemann-Lebesgue lemma. Relation (0.2) is a direct consequence of
(0.1).

§1. STATEMENT OF THE PROBLEM

1.1. Concept of homogenization. For the operators A(g, f), we consider the family
of (eT')-periodic operators A.(g, f) = A(¢%, f¢), € > 0. The coefficients of the operator
A are rapidly oscillating as ¢ — 0. Homogenization theory studies the behavior of the
solutions u. of the equation

-Ae(ga f)ue +u. =F

as € — 0. In other words, we deal with the behavior of the resolvent (A:(g, f) +I)~! as
€ — 0. The simplest case is that of f = 1, i.e., the case of the equation

-~

(1.1) A.(g)u. + u. =F.

It turns out that, as ¢ — 0, the solution u. of (1.1) converges (in an appropriate sense)
to the solution ug of the equation

~

(1.2) A(go)uo +uy =F.

Here g is the (main) effective matrix for the operator ﬁ(g), and A(g°) is the (effective)
DO with constant coefficients.

Along with convergence of solutions, we are interested in convergence of what is called
flows: pe — po. The flows are defined by the formulas

(1.3) p- = g°b(D)u., po = g°b(D)uy.

Note that the operator ﬁ(go) and, with it, the solution ug of (1.2) do not depend on the
choice of the effective matrix. At the same time, the flow pg is defined in terms of the
main effective matrix g°.

The convergence of solutions and flows for equation (1.1) with rapidly oscillating
coefficients to the solution and the flow for equation (1.2) with constant coefficients is
commonly interpreted as homogenization of the medium. Usually, the medium described
by the matrix ¢° is called the homogenized medium relative to the medium described by
the periodic matrix g°. Herewith, it is convenient to fix the operator b(D), because, as
a rule, this operator is responsible for the type of the physical process, rather than for
its parameters. Often, the effective DO ,Zl\(go) is also called the homogenized DO.

For more general operators A(g, f) with variable f, we have not succeeded in finding
an operator of the same class with constant f and g and such that its resolvent is the limit
of the resolvents of the operators A. (g, f). We must approximate the family of resolvents
by another (as simple as possible) operator family depending on . Uniqueness of approx-
imation is lost, and homogenization of the medium can be talked about only with some
reservations (cf. the footnote after Theorem 2.7 in Chapter 3). However, the weaker the
convergence of solutions, the wider the choice of a “candidate” for approximation. All
these features are well illustrated by the results of the present chapter.
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1.2. About the nature of results. In §2, we present approximation theorems for the
family of resolvents

(1.4) (A(g, /)+ D)7

with respect to the operator norm in ® = Lo(R%; C"). We also consider approximations
for generalized resolvents. (After this extension of the question, the results on the exis-
tence of the (at least, weak) limit become self-contained (see Subsection 2.4).) For the
norm of the difference, not only do we obtain an estimate of the right order O(e), but
we also control the constants in estimates efficiently. Our considerations lean upon The-
orems 3.2.3, 3.2.7, 3.3.3, 3.3.4, and 3.3.6, which automatically imply the results about
homogenization. This allows us to view homogenization as a threshold phenomenon of
spectral nature. The theorems in §2 are the most original results of this paper, as applied
to homogenization theory. Part of these results were published by the authors in [BSu2].

In particular, the estimates with respect to the operator norm in & are suitable for
interpolation and allow us to estimate u. — ug in the Sobolev classes H®, 0 < s < 1 (see
Subsection 2.3). However, in §2 we do not discuss convergence of flows. The reason is
that, in principle, convergence of flows cannot be “too good”. Therefore, in §§3 and 4 we
discuss other versions of limit procedures, namely, weak ones, which is more traditional
for homogenization theory. The proofs are also close to traditional in spirit, though
there are some differences related to the fact that we consider a rather general class
of operators. However, the material of §§3 and 4 contains some new observations. In
particular, we distinguish conditions under which the convergence of solutions or flows
turns out to be strong.

It is convenient to postpone the further discussion till the comments at the end of this
chapter.

§2. APPROXIMATION OF THE RESOLVENT IN THE OPERATOR NORM
2.1. The case of the family A, (g9). Here
(2.1) A.(g) = b(D)*g"(x)b(D), = >0.

As before, g(x) = h(x)*h(x), and the (m x m)-matrix h(x) is invertible, I'-periodic, and
such that h,h~! € Lo,(R%). The selfadjoint operator (2.1) in & is generated by the
quadratic form

(2.2) a-(9)[u, u] = (¢°(x)b(D)u, b(D)u)s., ue&.

Clearly, A; (g9) coincides with the operator ,Zl\(g) that was discussed in Theorem 3.2.3.
We denote by T. the following unitary scale transformation in &: (T.u)(-) = e¥/?u(e-).
From (2.2) it follows directly that A.(g) = e 2T A(g)T:, whence

(23) (Ac(g) + 1)7H = 2T (Alg) + 1) 7T
If the matrix is constant, then (2.3) turns into an even simpler relation:
(2.4) (A(g%) + )7t = 2T (A(¢°) + €)' .

Here A(¢°) = A" is the effective DO for the DO A(g). Subtracting (2.4) from (2.3) and
applying Theorem 3.2.3, we obtain the following statement.

Theorem 2.1. Let A° = A(g°) be the effective DO for the DO A(g) = b(D)*g(x)b(D).
Then

(2.5) [(As(g) + )7 = (L + 1) Hsms < Cxe, 0<e<1,
1imsup6*1|\(./zl\5(g) +10)7t - (.,Zl\o + 1) He—e < C,
e—0

where the constants C and Cy are defined by (3.2.4) and (3.2.8).
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Remark 2.2. The above scale transformation turns out to be efficient only because esti-
mates in the operator norm have been obtained before. A direct way like this is unlikely
to suit the study of other types of convergence.

2.2. Four more theorems follow equally easily from the results of Chapter 3 with the
help of the scale transformation. We give the statements.

Theorem 2.3. Under the assumptions of Theorem 3.2.7, let A.(g, f) = A(g%, f¢) and
A:(9°, f) = A(g°, f°). Then

||(A5(g;f) + 1)71 - (AE(goaf) + I)ilH@)—»@ < C><€7 0<e< ]-a
lims(glps_lH(.Ae(g,f) +I)_1 - (-As(govf) +I)_1H®—>(’5 <C,

where the constants C, Cx are defined by (3.2.17) and (3.2.19).

In the following theorems we omit estimates for lim sup. The first of these theorems
carries estimate (2.5) over to the case of a generalized resolvent. Here the matrix-valued
function Q(x) is the same as in Subsection 3.3.1, and f is defined in accordance with
(3.3.2).

Theorem 2.4. We have
(2.6) I(A(9) + Q)" = (A" + Q) lo—e < CxQ M|z, 0<e<T,
where Cx 1is the constant occurring in (3.2.19).

If @ = I, estimate (2.6) coincides with (2.5). In the following theorem, we give a
more convenient approximation for the resolvent (1.4). Here f and @ are still related by
(3.3.2).

Theorem 2.5. Under the above assumptions, we have

I(Alg, /) + D)7 = (/)" HAWG") + Q) ((f)) o—e

(2.7) .
SelxQ L RNz, 0<e<T,
where Cx 1is the constant occurring in (3.2.19).

Finally, we proceed to a statement that generalizes Theorem 2.5. Here we use the
notation of Subsection 3.3.3.
Theorem 2.6. Under the assumptions and in the notation of Theorem 3.3.6, we have
(2.8) 1(A=(g, f) +9°) 7 = ()7 HAG") + Q) H(F)) Hle—s
<eCx(MIF LR NQ o =t eCy, 0<e<1.

These four theorems follow from Theorems 3.2.7, 3.3.3, 3.3.4, and 3.3.6 respectively,
by the scale transformation. We omit the obvious arguments.

2.3. Interpolation. Along with (2.6), we have the following simple estimates for both
generalized resolvents viewed as operators from &1 to &1:

(2.9) 1(A=(9) + Q) Ms-1—er + [I(Ag") + Q) Mlo-1—er < 2c4,
where
(2.10) it = min{aollg (L, 1Q I}

The standard interpolation between (2.6) and (2.9) implies the following result.
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Theorem 2.7. Under the assumptions of Theorem 2.4, we have

1(A-(9) + Q)" = (A" + Q) Mle e <& *(2e4)* (Cx QM |2.)' ",

(2.11)
0<s<1, 0<e<l.

If @ = I, the expressions for the constants in (2.10) and (2.11) simplify.

Under the assumptions of Theorems 2.3, 2.5, and 2.6, the interpolation is less natural,
because we only have ffu. € &!. However, it is still easy to interpolate the properties
of the product f€u.. We formulate the corresponding result, based on Theorem 2.5. We
put

(2.12) W(e) = [*(Alg, /) + 1) = (Alg") + Q)M ((f)")
By (2.7), for the operator (2.12) we have

(2.13) IWE)lo—s < eCxlQIZ21Ql2. = Ca, 0<e<1.
Moreover, it is easily seen that

(2.14)

£ (A9, 1) + D Hlo e + (A" + Q) 7H()) oot <24/ Mo =i ca

Here cy is defined by (2.10). Interpolating between (2.13) and (2.14), we arrive at the
following statement.

Theorem 2.8. Under the assumptions of Theorem 2.5, we have
IW(E)|lo—s: <e'™5chCh®, 0<s<1, 0<e<l.

2.4. On the weak limit for the generalized resolvent. Under the assumptions of
Theorem 2.6, the weak operator limit in & can be found for the generalized resolvent

(2.15) (A<(g, f) +2°)7".
Indeed, by (2.8), it suffices to find the (w)-limit for the operator
Re(f) = (F)HAW") + Q1)
Since the (& — &)-norm of R.(f) is bounded with respect to ¢, it suffices to find the
limit

(2.16) lim(R.(f)F,G)s, F,G € C(RYC).

e—0

By the mean value property (see Proposition 0.1), we have
(w,®)- T ((f9))'F = (f)7'F,  (w,®)- lm((f))'G = (f)'C.

Let n € C§°(R?) be such that n(x) = 1 for x € suppF. Then, in (2.16), the operator
(A(g°)+ @)~ ! can be replaced by the compact operator (A(g°) + Q) 'n. Now, it is clear
that the limit in (2.16) is equal to

(A" + Q) () (f)7'G)
As a result, we obtain the following theorem.

Theorem 2.9. Under the assumptions of Theorem 2.6, the weak limit for the resolvent
(2.15) exists:

(0,6 — ©)- T (Au(g, /) + 2™ = ()" (A" + @) (D)
= (A(goai) + QO)ila
where the constant matriz Qg is given by the formula Q¢ = i*éi =f" ()7L f.

(2.17)
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The operator on the right-hand side of (2.17) is a generalized resolvent for A(g, f).
However, the expression for Qp in terms of f and Q is fairly involved. On the other
hand, the “homogenized” matrix Q¢ does not depend on b(D) and g. Observe also that
if Q =1, then Qo = f*(ff*)"1f # 1,, provided f # const. The existence of the limit
for the family (2.15) is related to the essential weakening of the “quality” of the limit
procedure.

§3. WEAK CONVERGENCE OF SOLUTIONS AND FLOWS

3.1. Under the assumptions of Theorem 2.7, the solutions u. of the equations

(3.1) (A-(9) + @ (x))u. = F
converge (with good control) in &°, s < 1, to the solution ug of the homogenized equation
(3.2) (A(¢°) + Q)ug = F.

For s = 1, a result of such a kind definitely fails, although the weak @&!-limit of the
solutions exists, even for F € &~1. Moreover, the weak &-limit of the flows exists. These
results about convergence are traditional for homogenization theory. In this section, we
prove a theorem of this kind for general equations of the form (3.1). Moreover, we assume
that F depends on e. This assumption will allow us to deduce a useful consequence (see
Subsection 4.2).

Suppose F.,Fo € 7!, where the family {F.} is bounded in &~1:

(3.3) IF]|e-1 < C*.

Moreover, we assume that

(3.4) (Gro0)- lim F. = Fo.
E—

Suppose that Q(x) is a measurable I'-periodic matrix-valued function such that Q(x) > 0
and

(3.5) Q+Q'ely,

Consider equations (3.1) and (3.2) with F = F. and F = Fy, respectively. These
equations are equivalent to the relations

(3'6) (gsb(D)um b(D)z)Qs* + (Qeuevz)qs = (FE, z)qs ) AS 617
(3.7) (gob(D)uo,b(D)z)qj* + (@uo,z)® = (Fo,2)g z € Bl

Let ¢y be the constant occurring in (2.10). Combining (2.1.11) (for f = 1,) with (3.3)
and (3.6), we see that

(3-8) [ucfler < et C7, [[D(D)u|

1/2
B S al/ CJ,_C*,

where « is the constant occurring in (2.1.3). Next, (3.8) implies that the flows (1.3) are
bounded:

(3.9) [Pe|

Theorem 3.1. Suppose u.,ug € &' satisfy identities (3.6) and (3.7), respectively. Under
the above assumptions about Q, F., and Fy, the following statements are true:

1°. Ase — 0, the solutions u. converge to uy weakly in ®*.

2°. Ase — 0, the flows pe converge to the flow po = g°b(D)ug weakly in &..

6. <12 Cgllp.

The remaining part of §3 is devoted to the proof of this theorem.
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3.2. Proof of Theorem 3.1. By (3.8) and (3.9), the limits

(3.10) (w, &1)- lim0 u, =uco,
€=

(3.11) (w, B,)- limopsj =pead,

exist for some sequence £; — 0. Our goal is to show that u = ug, p = po. Then (3.10)
and (3.11) will imply both conclusions of the theorem.
We repeat the representation (3.1.14) for g°:

(3.12) g°C = |Q|_1/ 9(x)(b(D)v 4+ C)dx, CeC™,
Q

where v € H'(;C") is determined by (3.1.3) and by the condition ¥ = 0. We put
P(x) = (b(D)v)(x)+C and extend P to a I'-periodic function P € &, jo.. By Proposition
0.1 (1°), we have
(’LU, 6*710.3)- hl’%‘l,l)6 = C,
and, by (3.12),
(3.13) (w, B loc)- liIr(l) gP® = gOC.
Now we need the following lemma.

Lemma 3.2. Let n € Cg°(R?). Then
(314) 61'1210 (nlbea ps)qﬁ* = (7707 p)Qi* .

Proof of Lemma 3.2. The expression under the limit sign splits into the sum

(3.15) (MC,pe)g, + (N(b(D)V)", pe) g, -

By (3.11), the limit of the first summand (as €; — 0) coincides with the right-hand side
of (3.14). Thus, the problem is reduced to checking that the second summand in (3.15)
(we denote it by ©(e)) tends to zero. We have

O(e) = e (M(D)v®, pe)g, = & (b(D)(nv°), g°b(D)uc) g, — & (B(DN)v*, pe)g.
=:e(01(g) — O2(¢)).

The matrix-valued function b(Dn) has compact support (see the representation (2.1.4)).
By (0.1) and the condition ¥ = 0, we have

(3.16) (w, Bioe)- liH(l) ve =0.
Combining this with (3.9), we see that lim._,oe02(e) = 0.

It remains to show that
(3.17) lir% e0©1(e) = 0.
Let K C R? be a ball satisfying K O suppn. It is easily seen that
(3.18) [11vE | 1 gesemy < C 0 K)e™HIV] an e
By (3.6) (with z = nv®),

O1(6) = (1v*, F.)g — (1v°, Q1) = O11(2) — Orale).

By (3.4) and (3.18), we have lim._,g e(nv®, F. —Fy)s = 0. Next, lim._,¢ e(nv®,Fg)s = 0.
Indeed, by (3.18), we may assume that Fy € &, and then the required fact follows from
(3.16). Thus, lim._(e011(c) = 0. Finally, relations (3.5), (3.8), and (3.16) show that
lim. ¢ £012(e) = 0. This yields (3.17). O
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3.3. Proof of Theorem 3.1 (continuation). On the basis of the obvious identity
(W®, pe)em = (g7, b(D)uc)cm,
one can calculate the limit in (3.14) by another method. Namely,
(Mp®, pe)e. = (g™ ", b(D)uc) g
(3.19) = (ng**,b(D)u)_ + (ng“h*, b(D)(u: — u)),
=: O3(e) + Ou4(e).

From (3.13) it follows that

(3.20) Ell_r% ©3(c) = (¢°C,n*b(D)u)

*

6. = (1C,¢"b(D)u) .
Here 1T is the complex conjugate of . We shall show that

(3.21) lim ©4(c) = 0.

Relations (3.19)—(3.21) imply that

(3.22) Jim (Mb®,pe)g, = (1C,g°b(D)u), -

Comparing the right-hand sides of (3.14) and (3.22) for all n € C§°(RY), C € C™, we
obtain

(3.23) p = ¢'b(D)u.

In order to prove that u = up (and then p = pg), we pass to the limit in (3.6) as
£; — 0. We may assume that z € C§°(R%;C"). Using (3.11) and (3.23), we obtain

(3.24) (9°b(D)uc,b(D)z)g_ = (P, b(D)z)s. — (P,b(D)z)s. = (9°b(D)u, b(D)z)

e;—0 ®-

Condition (3.4) implies that

(3.25) (Fe,2)g — (Fo,2), 2z € CP(RECM).

e—0

Let Ko be a ball such that Ko D suppz. From (3.10) we see that, as ¢; — 0, the u.;
converge to u in Ly (Ko; C™). Combining this with (0.1), we arrive at

(326) (QEUE;Z)Qj - (@uaz)®7 YAS Cgo(Rdv(Cn)

g;—0

As a result, by (3.24)—(3.26), passage to the limit in (3.6) yields (3.7) with ug replaced
by u. Thus, u = ug and p = pg, which is equivalent to the conclusions of the theorem.

3.4. Proof of Theorem 3.1 (end). It remains to check (3.21). We represent ©4(¢) as
O4(e) = — (977, b(Dn ") (u: — ), + (9%, b(D)n" (ue — ),
=: @5(6) + @6(8).

The matrix-valued function b(Dn™) has compact support. From (3.13) and the conver-
gence of u; to u in Ly(K;C") it follows that ©5(c;) — 0 as e; — 0. Now we show
that

(3.27) B©(e) =0, >0,
which implies (3.21).
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The scale transformation allows us to rewrite (3.27) as
(3.28) [ (g b(D)zhen dx =0,
K

where K is a ball, and z is a function such that z € &' and suppz C K. (Since €
is fixed now, we do not reflect the dependence of K and z on ¢ in the notation.) We
choose an appropriate “partition of unity” {¢;}¥. Namely, let ¢; € C5°(R9) be such that
Zf G(x)=1forx € K and supp ¢ C Q + x) for each [ and some x? € R%. Then

[ (a0 bD)Gz)endx= | (g, b(D)wi)en dx.
K Qer?

where w; = (;z. We extend the restriction of the function w; to 2+x{ up to a I'-periodic
function on R?. Then

(3.29) [t bD)Gz)en dx = [ (g, bDIwi)en dx =

K Q
The second identity in (3.29) follows from (3.1.3), because wi|q € H(€; C"). Summing
identities (3.29), we arrive at (3.28). O

§4. CONVERGENCE OF SOLUTIONS AND FLOWS (PART 2)

Here we deduce some corollaries to Theorem 3.1, and also analyze the question about
conditions under which the convergence of solutions or flows is strong.

4.1. The following theorem is a direct consequence of Theorem 3.1.

Theorem 4.1. Let u. be the solution of equation (3.1), and let uy be the solution of
equation (3.2) with F € &=L, Then:

1°. As e — 0, the solutions u. converge to uy weakly in ®*.

2°. Ase — 0, the flows pe converge to the flow pg weakly in &,.

4.2. The case where f # 1,,. Consider now the equation
(4.1) A(g, flue.+Q°u. =F, Fed,

which is more general than (3.1). We call the reader’s attention to the fact that the
restriction F € & is imposed in order to lighten the statements. We put u. = fu., and
denote

(4.2) Fo=((f))'F=((f)"")F, Q=()"'af "

Then (4.1) turns into the following equation for u.:

(4.3) A, (9)ue + Q°u. =F..

We apply Theorem 3.1 to this equation. Namely, we put

(4.4) Fo=(f")"'"F=(f)7'F,

and consider the equation

(4.5) A(g®)ug + Quy = Fy.

Equations (4.3) and (4.5) satisfy the conditions of Theorem 3.1. Indeed, by (0.2) we have
(4.6) (w, ®)- hII(l) F. =F,.

Let K C R? be a ball. Since the natural embedding & ¢ H~1(K;C") is compact, (4.6)
implies that
(H~'(K;C"))- lim Fe = Fo.
E—
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So, (3.4) is satisfied. Obviously, the other conditions of Theorem 3.1 are also fulfilled.
Thus, we arrive at the following theorem.

Theorem 4.2. Let u. be the solution of equation (4.1), and let @ and Fo be as in
(4.2) and (4.4). Let ug be the solution of equation (4.5). We put p. = ¢°b(D) feu. and
po = g°b(D)ug. Then

(w, 61)' 1111(1) feue = uy,
(wa Qj*)' lim ﬁs = Po-
e—0
Remark 4.3. Theorem 2.9 can be proved on the basis of Theorem 4.2. We shall not dwell
on this.

4.3. About strong convergence. It is of interest to distinguish the cases where the
weak limit becomes strong in one of the conclusions of Theorem 4.1.

Theorem 4.4. Under the assumptions of Theorem 4.1, let F € &. Then:
1°. The (&')-convergence of the solutions u. of (3.1) to the solution ug of (3.2) is
equivalent to the condition

(4.7) (@ — 9°)b(D)ug = 0.

2°. The (®.)-convergence of the flows p. = g°b(D)u. to the flow po = g°b(D)uyg is
equivalent to the condition

(4.8) (¢° — g)b(D)ug = 0.

Proof. Both statements are proved similarly. For definiteness, we prove statement 2°.
We write

Je = ((9°) " (Pe = Po), (Pc = P0)) .

= (9°b(D)uc, b(D)uc) g — (gob(D)uO,b(D)u€)®*

+ ((9°)'¢°b(D)ug, g°b(D)ug) , — (b(D)u, g°b(D)ug)

= JO - g 4 B _ g@,

From (3.1) and (3.2) it follows that
I = J® = (Quo - Q°uc,uc)e
= ((Q — @°)ug, uo)s + (Q°(uo — u:), we)e + (@ — Q°)uo, U — o).

By Theorem 2.4, we have (&)-lim._,g u. = ug. Combining this with (0.2), we obtain

(4.9)

(4.10) ;13%(.]9) —J®y=o.

Next, by (0.2),

(1.11) tim J = ()~ °b(D)ug. g°b(D)ug)
Finally, by statement 1° of Theorem 4.1,

(4.12) (w, B,)- shg(l) b(D)u. = b(D)uy,
whence

(4.13) lim IO = (b(D)uo, g°b(D)up) , -

Relations (4.9)—(4.11) and (4.13) imply
lim J. = ((5° ~ g)b(D)uo, (9) '¢°b(D)uo) , -
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Consequently, if (4.8) is satisfied, then J. — 0 as ¢ — 0. We conclude that
(1.14) (&.)- lim p. = po.

Conversely, suppose that (4.14) is fulfilled for a given F. Then the first summand in
the identity b(D)u. = (¢°) " (pe — po) + (¢°) " 'po tends to zero in &.. By (0.2), the
second summand &,-weakly converges to (g)*lpo. Thus,

(w, &,)- lir% b(D)u, = (g)*lgob(D)uO.
Combining this with (4.12), we arrive at (4.8). O

Relations (4.7) or (4.8) are valid for any F € & whenever g° = gor ¢° = g, respectively.
Moreover (see (3.8) and (3.9)), the estimates

1/2
lucller < cillFlls, [Ipelle. < areillgli|Fle

allow us to extend the statements about strong convergence to any F € &~1. Thus, we
have the following theorem.

Theorem 4.5. Under the assumptions of Theorem 4.1, the following is true.
1°. If ¢* =g, then
(&h)- 1ir% u: = up
for any F € &1,
20, If ¢° = g, then
(4.15) (®.)-lim pe = po
for any F € &1 In particular, (4.15) is valid for m = n.

In contrast to Theorem 4.4, these sufficient conditions for strong convergence fail to
be necessary.

4.4. Theorem 4.5 does not cover all needs of applications. Let R be yet another I'-
periodic matrix-valued function such that R(x) > 0 and R + R~ € L. Consider the
equations

(4.16) (Ae(9) + Q)ue = R°F, Feco,

(4.17) (A(¢°) + Q)uy = RF, Fcé.

First, we distinguish the following proposition.

Proposition 4.6. We have

(4.18) (6)-512% u: = up.

Proof. Tt suffices to prove (4.18) for F € C5°(R%; C™). Let uY be the solution of equation

(4.17) with the right-hand side replaced by RF. By Theorem 2.4, we have |ju.—u) ||¢ —
0 as € — 0. From (0.1) it follows that

(4.19) (w, &)- lim (R* — R)F = 0.
Let n € C5°(R?) be such that nF = F. Then
! — o = ((A(g°) +Q)"'n) (R° = R)F —— 0.

This follows from (4.19) and from the presence of a compact operator (in &) applied to
(R —R)F. 0O
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Theorem 4.7. Let u. and ug be the solutions of equations (4.16) and (4.17), respectively.
Then:
1°. If g° =g, then
(&h)-lim u. = uy.
e—0
20, If ¢° = g, then
(Qﬁ*)-;g% Ps = Po
for the flows (1.3).

We omit the proof, which differs only slightly from that of Theorem 4.4. Note only
that again we can assume that F € C§°(R%;C"), and that we take (4.18) and (4.19) into

account in our estimates. g
Now we apply Theorem 4.7 to the case where f # 1,,. Consider equation (4.1):

(4.20) Ac(g, Hue +Q°u. =F, Fead.

We put u. = feu. and denote

(4.21) Q=(M7art, R=(

Then (4.20) turns into (4.16). Applying Theorem 4.7 to the latter equation, we arrive at
the following theorem.

Theorem 4.8. Let u. be the solution of equation (4.20), and let ug be the solution of
equation (4.17), where Q and R are defined by (4.21). Then:
1°. If g° =g, then
(@1)-gin(1) ffue = up.

2°. If ¢° = g, then, for the flows p. = g°b(D)fu., we have
(8.)-lim p. = po = g°b(D)uo.

COMMENTS ON CHAPTER 4

Here we collect various remarks and comments concerning theorems on homogeniza-
tion. This material supplements what was said in §1.

1. The general method of Chapter 1 concerns operators that admit an appropriate fac-
torization. The linear dependence of the factors on the parameter corresponds to the
study of second order DO’s. Both assumptions, on the one hand, allow us to advance far
in analysis, and on the other hand, restrict somewhat the range of applications. However,
as can be seen from Chapters 5-7, many important periodic operators of mathematical
physics belong to the classes of DO’s of the form ./Z(g) and A(g, f), which were distin-
guished in Chapters 2 and 3.

2. In the case of operators of the form .ZE (g), we deal with homogenization indeed: among
the operators that are threshold equivalent to a given one, there exists an operator with
constant coefficients. This is directly related to the fact that, for the operator family
./Z(k; g), k = t0, the corresponding kernel N consists of constants, and the calculation
of projections onto N is reduced to usual averaging. The class of operators ./Z(g) (with
fixed b(D)) is closed with respect to homogenization under the resolvent convergence in
the operator norm. This is well illustrated by Theorems 2.1 and 2.4.

A different situation arises if we consider a wider class of DO’s, namely, A(g, f). A
good approximation for (A (g, f)+1)~! is given by another operator family, also having
oscillating factors. The choice of such a family is not unique. In this direction, a good
result is given by Theorem 2.5, while the result of Theorem 2.3 is less convenient.
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The class of generalized resolvents (2.15) is already closed with respect to homoge-
nization viewed as a weak limit procedure (see Theorem 2.9). This class contains three
functional parameters: g, f, and Q. Each of them is “homogenized” by its own rule.

3. Usually, the matrix b(D) is responsible for the type of the physical process in question,
while g and f are responsible for its parameters. However, the choice of b(D) is not always
unique. For instance (see Subsection 5.2.3 below), the isotropic operator of elasticity
theory with constant shear modulus (the Hill body) can be described not only in the
universal form, but also via a matrix b(D) of smaller size. This fact leads to useful
conclusions.

4. Theorem 2.7 was deduced from Theorem 2.4 with the help of interpolation. Similarly,
interpolation could be applied on the basis of Theorem 3.2.3. More specificaly, (3.2.11)
could be supplemented by an estimate of the (~° — &*%)-norm of the difference of
resolvents for 0 < s < 1.

5. Apparently, in homogenization theory, the results like those in §2 have not been
distinguished before. These theorems are the most essential results of the paper both in
content and in the method of proof. The corresponding estimates are of precise order, and
the constants are well controlled. Theorems 2.1 and 2.3 were published by the authors
before in the paper [BSu2]. The other theorems of §2 are published for the first time.
For other possible approaches to such results, see the comments on Chapter 5.

6. The material of §§3 and 4 is closer to the usual formulations and techniques of ho-
mogenization theory. For instance, the conclusion of Theorem 4.1 looks quite traditional,
and in many special cases it leads to known results (see [BeLP| [Sal [ZhKO]). Here, the
representation (3.1.14) for the (main) effective matrix ¢° is viewed as initial. In the proof
of the (main) Theorem 3.1, we, as well as our predecessors, use the periodic solution of
the equation on the cell, but only for k = 0. Thus, we do not use much of the Floquet
decomposition.

Observe that we do not use (at least, explicitly) the method of proof that is usually
called a compensated compactness argument (see [BeLP), [ZhKOQOJ).

New useful observations are related to Theorems 4.5, 4.7, and 4.8. The corresponding
results will be applied in Subsections 5.2.3, 6.2.3, and 6.3.3; see also Remarks 5.1.1 and
6.1.9 and Propositions 7.2.4 and 7.3.8.

CHAPTER 5. APPLICATIONS OF THE GENERAL METHOD. THE CASE WHERE f =1,

Here we consider applications of the results of Chapters 3 and 4 to specific periodic
operators of mathematical physics in the case where f = 1,,. We discuss homogenization
problems and specific properties of threshold characteristics. The main examples are the
acoustic operator, the Schrédinger operator, and the operator of elasticity theory.

§1. THE PERIODIC ACOUSTIC AND SCHRODINGER OPERATORS

1.1. The acoustic operator. In Ly(R%), d > 1, we consider the operator

(1.1) Alg) = D7g(x)D = Vg(x)V,

which describes a periodic acoustic medium. Here g(x) is a I'-periodic (d X d)-matrix-
valued function with real entries and such that

9(x) >0, g+9g '€ Lu.
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Nown=1m=d>1,bE) =& 9= Lz(Q), H. = L2(Q;C?). Obviously, condition
(2.1.2) is satisfied. The representation

(1.2) 9(x) = h(x)"h(x)

can be realized, e.g., by putting h = ¢'/2. However, the specific choice of a representation

as in (1.2) is immaterial. The kernels (3.1.1) and (2.3.5) are given by the relations

(1.3) {ueH:u=const}, d>1,
(1.4) ={qeN.:h"qe ﬁl(Q;(Cd),div h*q=0}, n.=o00, d>2,
(1.5) N ={q € Hs: h*g=const}, H.=9H, n.=1, d=1.

N
M.

In accordance with (3.1.5) and (3.1.8), we describe the operators ﬁ(e) : N — N, and
5(8): M — N. Let v =v(0) € H () be a (weak) solution of the equation D*g(Dv+ 0)
= 0. We put u(8) = h(Dv(0) +0) € N,. Then R(8)c = cu(@), ¢ € N, and §(8) is
reduced to multiplication by the number

(1.6) 7(0) = 12~ [[u(0)]

2 d—1
5., 0€S557.

Now, we construct the effective matrix ¢° for the operator (1.1). We introduce the
functions v; € HY(2), v; = v(e;), where {e;} is a fixed basis in R?. Then (see (3.1.12))

(1.7) @ =19 " H{(u;,w)e.}, j4l=1,...,d, uj =h(Dv; +e;).

By Subsection 3.1.3, now the effective matriz ¢° with real entries is unique. Therefore,
it is fair to call g° the matriz of effective medium.
Formula (3.1.8) shows that

(18) 3(8) = 0°4°0 = (4°0, 8.
It is easily seen that the expressions in (1.6)—(1.8) do not depend on the factorization
(1.2).
We put
(1.9) S(k) = 23(0) = (K K)ga, k=10 €RL, 1=K

Then the effective DO A° = A(¢°) can be written as

A(g") = D"¢"D = 3(D).
Note that, for d = 1, we have m = n (= 1), whence (see Theorem 3.1.5)
(1.10) =g ford=1.

By (1.8), if d = 1, the number 5(0) does not depend on 8, and now only two values
0 = +1 are possible.

Theorem 3.2.3 can be applied directly to the operator (1.1). This gives an estimate
for the (& — &)-norm of the difference of resolvents (A(g) + e2I)~* — (A(¢°) + &2I) !
for small € > 0; here & = Ly(R?). One can also apply interpolation, as was done in
the proof of Theorem 4.2.7. Then we obtain estimates for the (&~* — ®?%)-norm of the
difference of resolvents with s € (0,1). Such estimates may be of interest for the study of
the negative discrete spectrum for the periodic operator ./Z(g) perturbed by a potential
decaying as |x| — oo ( “admixture” type potential).

To the resolvent of the operator ﬁe(g) = ﬁ(gs), we can apply results about ho-
mogenization. Namely, Theorems 4.2.1 and 4.2.7 (the latter theorem with @ = 1) are
applicable. Theorems 4.4.1, 4.4.4, and 4.4.5 (again with @) = 1) are also applicable.
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Remark 1.1. Let us dwell on application of Theorem 4.4.5 in more detail. In Subsection
3.1.4 the following known fact (see [ZhKO]) was mentioned. The relation ¢° =g for the
acoustic operator is fulfilled if and only if the columns of the matrix g are solenoidal;
the relation ¢° = g is fulfilled if and only if the columns of the matrix g—' are potential.
Respectively, in the first case the (&!)-convergence of the solutions u. to ug is strong,
and in the second case the (&, )-convergence of the flows p. to pg is strong.

1.2. The Schrodinger operator. Now, we consider the operator

(1.11) H(g) = Alg) + Q(x),

where Q(x) > 0 is a I-periodic function such that Q + Q! € L. The operator H(g) is
a periodic Schrodinger operator (with metric g). If g = 14, the operator (1.11) is a usual
Schrodinger operator for the quantum particle in the external electric field corresponding
to the periodic potential . To the operator

(1.12) He(g) = Ac(g) + Q°(x),

we can apply Theorems 4.2.4 and 4.2.7 on homogenization. Now, it is convenient to
interpret them as estimates for the norm of the difference of the inverses for the operator
(1.12) and for the “effective Schrédinger operator”

(1.13) HO = A(s") + Q.

Theorems 4.4.1, 4.4.4, and 4.4.5 are also applicable, and the analog of Remark 1.1 is
true. The operator (1.13) can be viewed as the operator of the free particle in the space
with homogeneous metric ¢°. The constant Q is responsible for the shift in the energy
scale (“renormalization”). Thus, for a rapidly oscillating periodic metric and for electric
field, the quantum particle behaves like a free one. The theorems mentioned above
give qualitative and quantitative characteristics of the passage of a particle into a free
particle, as ¢ — 0. In Subsection 6.1 below, we shall consider another statement of the
homogenization problem for the Schrodinger operator.

1.3. Other examples, to which we proceed, will be useful in Subsection 6.2 for the
study of the two-dimensional Pauli operator. These examples are also interesting in
themselves.

Suppose d =2, n =m = 1, and let w(x) be a I-periodic function such that w(x) > 0
and w + w™! € Lo.. We consider the pair of operators

(1.14) B_(w?) = 0_w?(x)04, By(w?) = 0,0 (x)0_, 04 := Dy +iDs.

The operator lé\;(wQ) is of the form .,zl\(g) with ¢ = w? and b(§) = &' +i¢2. Since
m = n = 1, the number 99F is defined by the formula

(1.15) 8 =98 =5 = ) = (1217 [ (@) Zax)

We calculate the germ §3F(9;w2) = §¢(9;g0) of the operator ng(wQ). By (3.1.9), we
have N

S+(0;w?) = (0* Fi6?)g" (0" +i6%) = ¢°.
Thus, the germs §¢ do not depend on ©, coincide with each other (:S'\, =5, = §), and
are reduced to multiplication by the constant ¥ = g° defined by (1.15). By (3.1.10), the
effective DO E% for E¢ (w?) is given by the formula

(1.16) BY = 9:¢°0s = —g"A.

Thus, the effective operators coincide with each other:
B — B — B"— —'A.

~
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The expression (1.16) provides a reason for calling the constant (¢°)~! the effective mass
for the operators g¢ (w?) at the lower edge of the spectrum (i.e., for A = 0).

The operators (1.14) can be treated as the two-dimensional (complex) analogs of the
one-dimensional acoustic operator. The fact that S (w?) does not depend on @ for any
w(x), bears witness to some hidden symmetry.

Note that the operators (1.14) can also be written more traditionally:

e 1 +i
2 * 2
By (w”) = D*wg£D, g$:(3|:i 1)7
but the matrices g+ have one-dimensional kernels.
Consider now the “vector” version of the preceding example, where d = n = m = 2.
Let w4 (x) be two (real-valued) T-periodic functions such that w4 (x) > 0 and we +wi' €
L. We put

(1.17) fo = diag{w4,w_}.
In 8 = Ly(R?;C?), we consider the operators
o 0 8_ n 2
(1.18) &= (8+ 0), By = Ef5E.
Then
(1.19) By = diag(d_w? 8y, 04w ) =: diag{B_(w?), By (w2)}.

The operator By is of the form ,Zl\(gx) with gy = f2,
_ 0 g —ag?
The effective matrix is given by the formula
g% = gx = diag{g$,¢°}, g% = (w})

(see (1.15)). Again, the germ §(9;gx) = by (0)g%b«(0) does not depend on @ and is
reduced to multiplication by the constant diagonal matrix

5(8:9x) = diag{g?, g% }.
Finally, now the effective DO ég has the form
(1.21) BY, = diag{g" g} }(-A).

As a concluding example, we consider the analog of EX that involves the metric.
Namely, let g(x) be a I'-periodic (2 x 2)-matrix-valued function with real entries and
such that g(x) >0 and § + g~ ! € L. Consider the operator

(1.22) Bx(9) = €9€, g = foilo-

(Of course, we could include the factors fp in g, but in that form the operator (1.22)
would be less convenient for application in Subsection 6.2.) The operator (1.22) is of
the form A(g) with b(&) = b« (&) (see (1.20)). Again, an effective matrix is unique (see
Subsection 3.1.3) and can be calculated explicitly:

(1.23) P =g= (12 [ 175 d)

Now, the germ S (0;9) = bx(0)gbx (0) depends on 6, but, obviously,
Tr S, (0;9) =Trg, det §X(9;g) = det g.
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Therefore, the eigenvalues 71, 2 of the germ S x(0; g) do not depend on 6 and coincide
with the eigenvalues of the matrix (1.23). The effective operator for the DO (1.22) is
given by the general formula (3.1.10):

By (¢°) = E¢°€.
We shall not comment on applications of the general homogenization results to the ex-

amples of the present subsection. We only note that, since m = n (= 2), Theorem 4.4.5
ensures the strong convergence of the flows for the operator £ f§g° f5€.

2. THE OPERATOR OF ELASTICITY THEORY ON R%, d > 2
b

2.1. Preliminaries. To represent the operator of elasticity theory in the form A=

b(D)*g(x)b(D), we need some agreements. Let { be an orthogonal second rank tensor in

R?. In a fixed orthonormal basis in R?, it can be represented by a matrix ( = {le}?,zﬂ-
2

In the linear space of tensors we introduce the norm ICI = ij |le|2; this norm does

not depend on the choice of the orthonormal basis in R. We shall consider symmetric
tensors, which will be identified with vectors (., € C™, 2m = d(d + 1), by the following
rule. The vector ¢, is formed by all components (;;, j < [, and the pairs (j,1) are put in
order in some fixed way. Let x be an (m x m)-matrix, x = diag{x ;) }, where x; =1
for j =1 and x(j,;) = 2 for j <I. Then

IcF = (¢, Chen.

For the displacement vector u € &' = H'(R¢;C%), we introduce the tensors

ou; 1 (0u; Ou 1 (0u; Oy
2.1 Vu=1{2Y I e _ L fou  Ou |
2.1) b {83:1 } e 2 {83:1 * 0z; } o ) 2 {83:; 0z;
The deformation tensor e(u) is symmetric. Let e.(u) be the vector corresponding to the
tensor e(u) in accordance with the rule described above. The relation
(2.2) b(D)u = —ie(u)

determines an (m x d)-matrix b(D) uniquely. For instance, with an appropriate ordering,
we have

£t 0 0
51 0 %52 %;'21 8
0 £ 2 25

103 0 1€ 1

37 0 3¢

Nown=d >2,2m=d(d+1), & = Ly(R?;C%), and &, = Lo(R% C™). For b(D) as
in (2.2), it is easily seen that rankb(&) = d for & # 0, i.e., condition (2.1.2) is satisfied.
Now, let g(x) be a I'-periodic (m x m)-matrix-valued function with real entries and such
that g(x) > 0 and g+ ¢! € L, and let

(2.3) o«(u) := g(x)ex(u).

The corresponding tensor o(u) is called the stress tensor, and relation (2.3) expresses
Hooke’s law. The matrix g gives a “concise” description of the Hooke tensor that relates
the tensors o(u) and e(u). The matrix g characterizes the parameters of an elastic (in
general, anisotropic) medium filling R?. The quadratic form

1

(2.4) wlu,u] = / (o fu) e (W)en dx = 5 (0 (w), e (u)e.
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gives the energy of elastic deformations. The operator W = W(g) of elasticity theory is
generated in the space & by the quadratic form (2.4). Now, it is clear that 2W(g) = ﬁ(g),
where g is the “Hooke matrix” (see (2.3)), and b(D) is defined by (2.2).

In the case of an isotropic medium, the expression for the form (2.4) simplifies signif-
icantly and depends only on two functional Lamé parameters A\(x), pu(x):

wlu,u] = /]Rd (u(x)le(u) I2 + ¥| div u|2) dx

= [ (50 (xee ), en@en + 22 divuP) dx.
e 2

The parameter p is the shear modulus. Often, another parameter K (x) is introduced

instead of A(x); K (x) is called the modulus of volume compression. We shall also use yet

another modulus (x). Here are the relations:
2p(x)

(25) K =200 + 25 560 = ) + 2o

The modulus A\(x) may be negative. In the isotropic case, the conditions that ensure the
positive definiteness of the matrix g(x) are p(x) > po > 0, K(x) > Ky > 0. We write
down the “isotropic” matrices g for d =2 and d = 3:

K+u 0 K—pu
gk (X) = 0 dp 0 , d=2,
K—p 0 K+up

3K+4p 0 3K—-2u 0 3K—2u O
0 124 0 0 0 0
13K -2 0 3K+4p 0 3K-2p O _
Ink(x) = 3 0 0 0 124 0 0| d=3
3K—-2pp 0 3K—-2pu 0 3K+4p O
0 0 0 0 0 12,

All our general results, including those valid only for f = 1,,, can be applied to the
operator W(g). In particular, the upper and lower estimates (3.1.21) are valid. Note
that, in the isotropic case, we have

9K = 9p K> 9K = Gu.K-

This follows from the fact that the isotropic Hooke tensor is linear with respect to p and
K, and the inverse tensor (see [ZhKQ, Chapter 12, §1]) is linear with respect to p~! and
K1

2.2. On homogenization for the operator W. Relation (2.3) shows that the flows
p. = ¢°b(D)u. = —ige,(u.) corresponding to the operator 2W.(g) = A(¢°) can be
viewed as stresses. The effective matrix ¢g° and the effective DO W(g°) are constructed
in accordance with the general rules. Though the effective matrix ¢° is not unique now,
its choice is determined by the desire to trace the behavior of the stress tensor as € — 0.
By Theorem 4.4.1, the solutions u. of the equation

(2.6) 2W.(g)uc +u. =F, Feo !
®!-weakly converge to the solution ug of the equation
(2.7) 2W(g")ug+ug=F, Fed !

and the stresses (the flows) g®e.(u.) converge &,.-weakly to the limit flow g%e.(uy),
which corresponds to the “limit” stress tensor. For the solutions of equations (2.6) and
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(2.7), these (known) facts are supplemented substantially by applying Theorems 4.2.1
and 4.2.7.
To the more general equation

We(g) +Q%)ue = F,

we can also apply Theorems 4.2.4, 4.2.7, and 4.4.1.
No simplification or refinement occurs in the isotropic case; in general, the effective
medium is anisotropic.

2.3. The Hill body. In mechanics (see, e.g., [ZhKO]), the isotropic medium with
w(x) = po = const is called the Hill body. In this case, more economical description of
the operator W is possible, and the homogenization results can be refined. We start with

the identity
/ le(u) dx = / (Ir(u)||2 +|divul®) dx, ue€ &',

where the notation (2.1) is used. Then, for u(x) = po, the energy form can be represented
(by using the notation (2.5))

(2.8) w[u, u uo/ |7 (uw) dx+/ B(x)|divul*dx, ue &
Rd

We write the form (2.8) as (gaba(D)u,ba(D)u)e, with other m = ma, g = ga, and
b = ba, than those in Subsection 2.1. Namely, let ma = 1+ d(d — 1)/2. The symbol
of the (ma x d)-matrix b can be described as follows. The first row of bs (&) coincides
with (¢1,€2,...,¢9). The other rows correspond to (different) pairs of indices (j,1),
1 <j <1< d. The element standing in the (4, !)th row and the jth column is ¢!, and the
element in the (4,/)th row and the Ith column is (—&7); all other elements of the (j,1)th
row are equal to zero. The order of the rows is irrelevant. Finally, ga(x) is defined by
the formula

gn (X) = dlag{ﬁ(x)a /-1’0/27 /1/0/25 cee 7/1/0/2}
It is easily seen that w[u,u] = (grbs(D)u,br(D)u)er, B2 = Ly(R% C™), or, equiva-
lently,
W = (ba(D))"ga(x)bA (D).

Now we show that

(2.9) gR = gn = diag{B, uo/2, 110/2, - ., 1o /2}.
For this, we apply Proposmon 3.1.7. The assumptions of that proposition need checking
only for the first column col(8(x)~1,0,...,0) of the matrix (ga(x))~. Let ¥ € H2()
be a solution of the equation AY = i(3(x)~! —é_l), and let v = V9 € H'(Q;C%). Then
(ba(D)V)! = —idivv = 7! — é_l. Obviously, the relations (bA(D)v)? =0, j > 1, are
equivalent to r(v) = r(V¥) = 0. This yields (2.9). Observe that if p(x) = po, then
there is no analog of the identity g% = ga for the representation of W, which was used
in Subsection 2.1. However, in the case of the Hill body, the “usual” effective matrix g°
also corresponds to the isotropic medium with parameters pg and 3.

From (2.9) and Theorem 4.4.5 it follows that, in the homogenization problem for the
Hill body, the flows converge strongly. Namely, let u. be the solution of the equation

(bA(D))*gaba(D)u. +u. =F, Fe &',
and let ug be the solution of the equation

(bA(D))*g2ba(D)ug +up = F.
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Then

(2.10) (87)- ili% gaba(D)ue = g2 ba(D)ug.
Clearly, (2.10) is equivalent to the pair of relations

(2.11) (La(R))- lim 3° div u. = 3 divuy,
(2.12) (La(R))- 61111(1) r(ue) = r(up).

However, this is less than the strong convergence of the full stress tensor.

COMMENTS ON CHAPTER 5

1. For all three main examples (the acoustic operator, the Schrédinger operator, and the
operator of elasticity theory), application of Theorems 4.2.1, 4.2.4, 4.2.7 to the homoge-
nization problem yields new results (partly, these results were published by the authors
in [BSu2]). In contrast, application of Theorem 4.4.1 to these cases gives well known
statements. Relations (2.11) and (2.12) concerning strong convergence for the Hill body
have not been mentioned before.

2. The examples in Subsection 1.3 are given by way of illustration; they also prepare
the study of the two-dimensional periodic Pauli operator in §6.2. In many respects,
the operators By (w?) (see (1.14)) are similar to the acoustic operator with d = 1. In
particular, formulas (1.15) have the same form as (1.10).

3. For the acoustic and Schrédinger operators, we have n = 1. Then the only eigenvalue
~v(k) of the operator A(k,g) acting in La(€2) (and corresponding to the DO (1.1)) is
analytic near the point k = 0. The same is true for the corresponding eigenfunction. On
this basis, for instance, an estimate of the type

(+) I(A(g) + 1) = (A(g°) + 1) [le—o < (const)e

can be proved in a more direct way. For this, the Floquet decomposition should be
employed, but there is no need to use general results of Chapters 1 and 3. Similar
methods were applied earlier for the study of the Schrédinger operator perturbed by
potentials of admixture type (see [B1l B2, [BLaSu|). However, it is more difficult to
control the constant in (%) under this approach.

4. In the paper [ZhI] (see also [ZhKOl I1.6]), Zhikov used the Floquet theory to obtain
meaningful estimates for the fundamental solution of the parabolic equation correspond-
ing to the DO (1.1). In a discussion of the results of [BSu2], Zhikov [Zh2] communicated
to the authors that an estimate of the form (%) can be deduced from estimates for the
fundamental solution in a relatively easy way. This can be done on the basis of [Zh1],
but some smoothness assumptions on g are required, and it is difficult to control the
constants in estimates.

CHAPTER 6. APPLICATIONS OF THE GENERAL METHOD. THE CASE WHERE f # 1,

In this case, the general results are less perfect, although even these results allow us to
advance essentially at a number of points. In particular, this concerns the homogeniza-
tion problems. Our main examples are the Schrodinger operator and the two-dimensional
Pauli operator. Both operators can be represented as A(g, f), by appropriate factoriza-
tion. Finally, we consider the homogenization problem for a certain first order DO.
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§1. THE PERIODIC SCHRODINGER OPERATOR

1.1. Preliminaries. Factorization. In the space Lo(R?), d > 1, we consider the
periodic Schrodinger operator (with metric) of the form

(1.1) H=D"g(x)D +p(x), xR

where a (d x d)-matrix g(x) > 0 with real entries and a real-valued potential p(x) are
I'-periodic and such that

(12) g—’—g_l € LOO)
(1.3) p € Ls(), where2s>dford>2and s=1ford=1.

The precise definition of the selfadjoint operator H in & = Lo(R?) is given in terms
of the quadratic form

(1.4) blu,u] = /}Rd(@DU,Dde +plul?)dx, ued'=H(RY.

Under conditions (1.2) and (1.3), this form is lower semibounded and closed in &. Adding
an appropriate constant to p, we can assume that the point A\ = 0 is the lower edge of
the spectrum of H. The latter condition is assumed in the sequel.

We consider the homogeneous equation (D*gD + p)w = 0, which is understood in the
sense of the following identity for w € H'(€2):

(1.5) A(@Dw, Dz)ci + pwzt)dx =0, ze H'(Q).

Under conditions (1.2) and (1.3), this equation has a positive I'-periodic solution w that

belongs to H (R%)NLip 7 (for some 7 > 0). Moreover, the function w is a multiplier in

the classes &' and H'(Q). After the substitution u = wv, the form (1.4) turns into
blu, u] = / w(GDv, Dv)ca dx, u=wv, vE B
Rd

This means that the operator (1.1) is represented as a product
(1.6) H=w 'D*w?gDw .

Thus, the operator H takes the form

(1.7) H=Alg.f), g=uv’g f=w"
withn=1, m=d>1, b(§) =&.

Remark 1.1. Expression (1.6) can be taken as the definition of the operator H for any
measurable I'-periodic function w such that

wx) >0, wtw e L.

The form (1.1) can be recovered by the formula p = —w~!(D*§Dw). The corresponding
potential p may be strongly singular.

Remark 1.2. Let Ej;(k) be the band functions of the periodic operator (1.1). The rep-
resentation (1.7) implies that Ej(k) has a nondegenerate minimum (equal to zero) at
k = 0 and that min E2(k) > 0. These properties follow from the existence of a positive
periodic solution of equation (1.5). In fact, any other way of establishing these properties
of the band functions is equivalent to the proof of the existence of a positive solution w.
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1.2. Relationship with the acoustic operator. The operator ./Z(g) corresponding
to the operator (1.7) with f = 1 coincides with the acoustic operator (5.1.1). Thus, we
are under the conditions of the general pattern of Subsection 1.1.5 with M = M* = w1,
In accordance with (5.1.3), = L2(€2) and

(1.8) N={ueH:u=cw,ceC},

while 9N, = N, is defined by (5.1.4) and (5.1.5). By definition, the effective matrix g° for
the operator (1.7) is the same as for the acoustic operator. For the latter, since n = 1,
the germ S(0) acting in 91 is reduced to multiplication by the number

(1.9) 7(8) = (9”0, 0)a

(see (5.1.8)). For calculating the germ S(0) of the operator H, we use formula (1.1.26).
Now M = w~!, and we can put ( = w (see (1.8)). Then (1.1.26) shows that S(0) acts
as multiplication of the elements of the kernel (1.8) by the number

_% -2 d—1
(1.10) 7(0) =7(0)[Qf[lwlg”, 6557
We normalize the choice of w by the condition
(1.11) |Q|—1/ widx = 1.
Q

Then (1.10) leads to the following useful statement.

Proposition 1.3. Suppose a positive solution w of equation (1.5) is normalized as in
(1.11), and the matriz g is defined by (1.7). Then

(112) 7(8) =5(0) = (48, 8)ps, 0 € SS9,

Remark 1.4. In quantum mechanics, the tensor inverse to the tensor 7 is called the tensor
of effective masses. Thus, (1.12) means that, under condition (1.11) and for g = gw?,
the tensors of effective masses for the operators (1.1) and (5.1.1) coincide.

By our definitions, under condition (1.11) and for g = gw?, the effective DO for the
operator H can be written as

(w(x)) " A(D)(w(x) ™
where the tensor 7 (see (1.9)) is related to the corresponding acoustic operator.
We distinguish the case where d = 1. Then m = n = 1 and (see (5.1.10)) ¥ = ¢° = g.
Combining this with (1.10), we obtain -

v = 9P|l PTG d=1.
In particular,
(1.13) v = |Q|2Hw||52||w71|\;)2 ford=1,g=1.

The latter formula is well known in quantum mechanics as the formula for the effective
mass v~ ! on the left edge of the spectrum.

1.3. Homogenization. We consider the family of operators H. that are defined, in
accordance with (1.6) and (1.7), by the formulas

(1.14) He = Ho(g,w) = (W) 'D*¢*D(w°) !, ¢° = (w?g)5, £>0.
Also, this definition can be rewritten in the initial terms:
(1.15) H. = D*(5)°D + ¢ %p°.

The family (1.15) differs from (5.1.12): now the potential p is certainly not sign-definite.
Moreover, p¢ is multiplied by £ =2, which “equalizes” the roles of the summands in (1.15).
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In homogenization of the family (5.1.12), the potential term has a smaller impact on the
result.

To the operator H. we can apply all the results of general nature for the family
Ac(g, f) with variable f. We formulate some consequences of the general results. We
shall not write down the constants in estimates explicitly, though this can easily be done:
the general formulas for the constants may only simplify. All constants in estimates in
this subsection will be denoted by the letter C' without indices.

First, we apply Theorem 4.2.5.

Theorem 1.5. Suppose g = gw? and (1.11) is satisfied. Let ')'A((go) denote the operator
D*¢°D. Then

(1.16) [(He@w) + 1)~ = (H(g%) + 1) 'wf]joms < Ce, 0<e<1.

Proof. 1t suffices to refer to (3.3.2) and the normalization condition (1.11). As a result,
we obtain @ = 1. |

This estimate can be supplemented with the interpolation estimate from Theorem
4.2.8.

Theorem 1.6. Under the assumptions of Theorem 1.5, we have
(@) (He(G,w) + 1)~ = (H(g°) + 1) 'of|lemee < Ce'™, 0<s<1, 0<e<l.
Next, Theorem 4.2.9 (with Q = 1) implies the following result.
Theorem 1.7. Under the assumptions of Theorem 1.5, we have
(w,® — ©)- lim (H.(,w) + 1)~ = @ (F(") + )"

Finally, we mention the following consequence of Theorem 4.4.2 (again with Q = 1).
Let u. be the solution of the equation

(H.(g,w) + D). = F, F€®.
Suppose that (1.11) is satisfied and g = gw?. Let ug be the solution of the equation
(H(g°) + Iuo = @F.
Theorem 1.8. Under the above assumptions,
(1.17) (w,@l)-eliir(l)(ws)_lﬁe = uy,
(1.18) (w, Qﬂ)—lig(l)gED((we)_lﬂE) = ¢"Duy.
By Theorem 4.4.8 and Propositions 3.1.6 and 3.1.7, the following analog of Remark
5.1.1 is valid for the Schrédinger operator (1.1).

Remark 1.9. If the columns of the matrix g = w?g are solenoidal, convergence in (1.17) is
strong. If the columns of the matrix g~! = w™2g~! are potential, convergence in (1.18)
is strong.

§2. THE TWO-DIMENSIONAL PERIODIC PAULI OPERATOR

2.1. Definition and factorization of the Pauli operator. The role of the magnetic
potential will be played by a I-periodic R2-valued function A = {A;, A2} on R? such
that

(2.1) AcL,(C%, p>2
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Recall the standard notation for the Pauli matrices:

(01 (0 —i (1 0
17\ o) 27\ o) BT N0 1)
In the space ® = Ly(R?; C?) we consider the operator

(2.2) D:= (D) — Ay)oy + (D2 — As)os, DomD = &' = H'(R?* C?).
By definition, the Pauli operator P is the square of the operator D:

(2.3) P:=D?= (IB— ]%).

The precise definition of P is given via the closed quadratic form
(2.4) [Dul|%, u€ DomD,

in &. If the potential A is sufficiently smooth, the blocks Py of the operator (2.3) can
be written as

(2.5) Py = (D — A+ (0143 — 02 41).

The expression 91 A2 — 02 Ay corresponds to the strength of the magnetic field.

We use the known factorization for the operators (2.2) and (2.3) (see [BSull2] for the
details). A gauge transformation allows us to assume that the potential A is subject to
the requirements

(2.6) divA =0, /Adx:O
Q

and still satisfies (2.1). Under conditions (2.1) and (2.6), there exists a (unique) real-
valued I'-periodic function ¢ such that

(2.7) Vo ={4s,-A1}, $=0.
From (2.1) and (2.7) it follows that
(2.8) € Wpl(fl) CLipr, 7=1-2p %

Here Wpl () is the subspace of the Sobolev space W) () formed by the functions whose
I-periodic extension belongs to WI}JOC(RQ).
We introduce the notation (cf. (5.1.14), (5.1.17), and (5.1.18))

(2.9) wt = exp(yp), fo= (w0+ w0_>’ &= <3(l 80_)
By (2.8), we have wy € Wpl(Q) and
(2.10) wo(X)wi(x) =1, xR
The operators (2.2) and (2.3) can be written as
(2.11) D= fosfo,
(2.12) P = foE f3€ fo.
The blocks (2.5) of the operator (2.3) admit the representations
(2.13) P.=Y"Y, P.=YY", whereY :=w 0 _w-_.

It is convenient to view formulas (2.11)—(2.13) as the definitions of the operators D,
P, and Py, assuming that the wy are arbitrary I'-periodic functions satisfying (2.10) and
such that

wi(x) >0, wi,w_ € L.
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More precisely, the operator D is given by (2.11) on the domain
(2.14) DomD ={u€®: fou e &'}.

The operator P corresponds to the quadratic form (2.4) defined on the domain (2.14).
The blocks P+ are defined via the quadratic forms

|\wi8¢w;u||2L2(Rz), wru € HY(R?).

Here, the magnetic field strength in (2.5) loses its immediate meaning.

Clearly, KerY = KerY* = {0}. Therefore, (2.13) implies that the operator P, is
unitarily equivalent to P_. Obviously, the study of the operator P reduces to the study
of the blocks Px.

2.2. Effective masses and DO. The operators Py and P fall into the general pattern.
We start with Pr. Now, we have d = 2, m = n = 1, & = &, = L3(R?), and
= 9. = L2(Q). The corresponding kernels are given by the formulas

Ne={ueH:u=cwr,ceC}, M)x =Ny, n=n, =1

The operators Py can be represented as A(g, f). Namely, the roles of g, f, and b() are
played by w3, we, and &' F i€?, respectively. Then Py = A(w?,ws), and the role of
the corresponding operator A(g) is played by B (w}) (see (5.1.14)). Consequently (see
(5.1.15)), the effective matrix g4 reduces to the number

(2.15) 9 = <|Q|*1/ w2 dx)_

Q
Accordingly (see (5.1.16)), the effective DO is given by the formula
(2.16) P = —gfwe (x) Aws ().

In order to calculate the germ S4(0) of Py, we use (3.1.30). By this formula, S (0)
reduces to multiplication by the number v4(0) = ﬁi(9)|Q|||wi||52 Now, the relation
~(8) = ¢° in Subsection 5.1.3, applied to gi(wi), shows that 7+(0) = ¢%. By (2.10)
and (2.15), we obtain

(2.17) 12(8) = QP lw- 15 lwl5* =2 7.

Thus, the numbers v+ (0) do not depend on © and coincide with each other. Formulas
(2.17) are full analogs of formula (1.13) for the one-dimensional Schrédinger operator.
Herewith, the effective masses for the two Pauli operators Py coincide with each other
and do not depend on ©.

We say a few words about the operator P. Here m = n =d = 2, and & = &, =
Ly(R%*;C?). The operator P is of the form A(g, f), where g = f2, f = fo, and b(&)
is defined by (5.1.20). The role of the corresponding operator ./zl\(g) is played by the
operator By defined by (5.1.19). In accordance with (3.1.29) and (5.1.21), the effective
DO PP for the operator P looks like this:

—°A 0 P 0
PO:fo(X)g(ifo(X)ZfO(x)( 0 _93A>f°<x): ( 0 PB)'

Thus, PV is expressed in terms of the operators (2.16).
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2.3. About homogenization. It is more convenient to start with the vector Pauli oper-
ator. As usual, we define the operators P. and P2, replacing fo(x) by f5(x) = fo(e~1x).
Theorems 4.2.3, 4.2.6, 4.2.9, 4.4.2, and 4.4.8 are applicable. Here it is convenient to
change the notation somewhat. Let w4 be a positive function belonging to the kernel

O+ and such that ||&i|\%2(ﬂ) = |Q]. We put f = diag{@_,&+}. Let v be the number
(2.17). Then, by Theorem 4.2.6,
(2.18) [P+ 1)t = fE(—yA + 1) fFlo—s < Ct,

and the constant C' can easily be decoded. Theorem 4.2.9 shows that the limit

(2.19) (w0, — &)-lim (P + )" = (f)(—yA+ D)7 (])

exists.
Now, let u. be the solution of the equation

(2.20) P.a.+u.=F, Fecad,

and let ug be the solution of the equation

(2.21) —vAug + ug = diag {w__(z)_ Wt (er) }F
Then, by Theorems 4.4.2 and 4.4.8 (2°) (with Q = 1), we have
(2.22) (w, &')- lim f54. = uo,
(2.23) (®)-lim . = po.
E—

Here the flows p., po are defined by the formulas

~ i ieN2epe~ 0 (w)20_we \ ~
(224) Pe = (fO) nguE - ((ws)Zaeri 0 Ue,

0 (w2) o

2.25 = — _ ug.
( ) Po <(W?r) 18+ 0 0

The homogenization results for P directly imply the corresponding results for the
blocks Py. In the spirit of (2.13), we put

(2.26) P =YY, P..=Y.Y Y.=wl0_w®
Then P, = diag{P_ ., P} .}, and (2.18) yields
(2.27i) ||(Pi75 + I)_l — LN():EE(—’}/A + I)_lai||L2(R2)HL2(R2) < Ce.
From (2.19) it follows that
(w, Ly(R?) — Ly(R?))- lim (Pi . + 1) = (@) (—yA + 1)~
(2.28+4) =0 )
= (@0)*(w1) (—A+D)7!
Now, let usi) be the solution of the equation
Pe 0P 33 = Fy, Fy e Ly(R?),

and let u(()i) be the solution of the equation

—yAuSE +ufP = oz (W) Ty
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Then, by (2.20)—(2.25),

D e~ +
(2.29+) (w, H' (R?))- lim w5 al™) = ul®,
(2:30=) (L2(R?))- lim 50 = p5™,
where the flows f){gi), p(()i) are defined by the formulas
(2:314) P = (w5 0r s i,

) = (@) 0l

2.4. The periodic Pauli operator with metric. Suppose that g(x) is a I-periodic
(2 x 2)-matrix-valued function with real entries and such that g(x) > 0 and g+¢ ' € Leo.
In the space Lo(R?;C?), we consider the operator

(2.32) P(g) = fog€fo, 9= fogfo-

If g = 1, the operator (2.32) turns into the Pauli operator P. However, in contrast to
P, in the general case P(g) does not split into blocks. We note that

(2.33) P(9) = foBx(9)fo. 9= fogfo.

where the operator By (g) is defined by (5.1.22).

The operator P(g) falls into the general pattern with m =n=d =2 and = &, =
Ly(R%*;C?). From (2.33) it is clear that the operator (2.32) can be written as A(g, fo)
with b(&) = by (&) defined by (5.1.20). Now the kernel 91 has the form

MN={ucLy(QC?): fou=ceC?}.

The effective matrix ¢° is unique and is defined by (5.1.23). The effective DO is given
by the formula

P(g°) = fo(x)Eg°E fo(x).

Now, the germ S(0) (acting in 91) of the operator P(g) depends on 8. However, it can be
checked that its eigenvalues v1(0) and v2(0) coincide with the eigenvalues of the constant
matrix

Q1£g fer fi = diag{llot 1) ) lwo-l170 0 )

Thus, the eigenvalues of the germ do not depend on ©. The said above can be verified
easily by using (1.1.22); see |[BSu2l, Subsection 7.3] for the details.

The homogenization problem for the operator Pe(g) can be studied like this was done
for the operator P. in Subsection 2.3. We shall not dwell on this.

§3. HOMOGENIZATION PROBLEM FOR THE OPERATOR D

3.1. Here we study the operator D introduced in Subsection 2.1. This operator will be
analyzed by the method described in Subsection 1.1.8, though now there is no need to
use the abstract results directly. Note that D may be interpreted as the two-dimensional
Dirac operator with zero mass in the absence of electric field. However, for us, this
operator is interesting as a model one. In the study of it, we clarify some features that
are also typical for the much more difficult case of the Maxwell operator. The latter will
be considered in Chapter 7.
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3.2. We start with the definition (2.11):
0 Y
D—fogfo— <Y* 0))
where the operator Y is given by (2.13). As usual, we introduce the operator

geepe [0 Yo\ 0 wsO_w

I = W
Let u, = col(ué_), u§+)) be the solution of the equation
(3.2) (D. —il)u. =s =col(q,r), s€ & = Ly(R*C?).
We write u. as
(3.3) U, =Uge + Upe, Uge= col(ué;), u((;e)), u, . = Col(ug,;), uv(:g)),
where u, . is the solution of equation (3.2) with » = 0, and u, . is the solution of (3.2)
with ¢ = 0.

Let ug = col(u(()f)
(3.4) (D° —iA)ug =s = col(q,r), s€®,

where

65) P =)y g ). A=<@o) @—5‘2)'

As in (3.3), we write ug as

,u(()Jr)) be the solution of the equation

Up =Ug0 + Uro, Ugo= COl(u((];)), ut(:b)), U, = col(uﬁ’_o), uf,:g)).

Our goal is to prove the following theorem.

Theorem 3.1. 1°. Let D, be the operator defined by (3.1). Suppose that the operator
D° and the matriz A are as in (3.5). Then

(3.6) (w,® — ©)-lim (D, —il)~" = (D’ —iA) "
2°. We have

(3.7) (w, H' (R?)- lim wiul) = wruly),

(3.8) (w, H' (B?))- lim w? ul2) = w_u(),

(3.9) (L2(R?)- lim w? ull) = w_uly,

(3.10) (La(R?))- lim wful ) = wyuly.

It is natural to call the operator D the effective DO for D. However, the right-hand
side of (3.6) is a generalized resolvent. Relations (3.7)—(3.10) show that the results about
the limit procedure are of different strength for different “blocks” of the solution u..
The combination of these results leads inevitably to losses. However, we formulate the
“united” result. Let fy be the matrix defined by (2.9). From (3.7)—(3.10) it is clear
that f§u. is represented as the sum of two terms. One of them converges weakly in
&l = H!(R?;C?), and the other converges strongly in . Then the sum converges
strongly in &),.. As a result, we obtain the following statement.

Theorem 3.2. Under the assumptions of Theorem 3.1, we have

(®loc)' ;li% fgus = @uo-
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3.3. Proof of Theorem 3.1. The summands u, . and u, . in (3.3) are treated similarly.
For definiteness, we consider uy .. From equation (3.2) with r» = 0, we have

(3.11) Yu((]*e) zu( J=gq Y;uéfe) - iu((;re) = 0.

From (3.11) it follows that

(3.12) ul) =YY+ 1) g =i(Po o+ 1)

(3.13) ul =y (P + 1)

where P_ . is defined by (2.26). Relations (3.12) and (2.28—) show that
(3.14) (w, Lo (R?))- hrr(l) u( )= z(w_) (—yA+1)"'q

By (3.12) and (2.29—) (with F_ = iq), we obtain
(3.15) (w, H' (R?))- hm w+u( ) = im= (w_Q) 1(—'yA +1) g
Combining (3.13), (2.26), and (2.31—) (with F_ = q), we see that
uf) =wipl?), P = (wS)?0ws (P + 1)

This and (2.30—) imply the strong Lz(R?)-convergence for the product w® uéﬂ.

(3.16) (Lo(R?)- lim o ult) = pf) =@=r04 (—A+ 1) g
By Proposition 4.0.1, relation (3.16) implies
(3.17) (w, La(R?))- lim uf?) = (@) @5 )30+ (—vA +1)~'q

Similarly, using the properties of the operator P, ., we arrive at the following conver-
(=) (),

gence results for u, ', uye :

(3.18) (w, Ly(R?))- lim ult) =i (@) (A +1)7!

(3.19) (w, B (B?))- lim wf uf?) = iwr (wI) " (—yA+ 1)

(3.20) (L2(R?)- lim wf uf) = i@ (—yA + 1)~ 'r

(3.21) (w, Lo (R?))- lim u() = @2)@5)y0-(—yA +1)~'r
Finally, relations (3.3), (3.14), (3.17), (3.18), and (3.21) show that

(3:22) (w, ®)- lim u. =g = col(u ), uf"),

where

u$” =i(@0) (A + 1) g+ @) @0 (—yA+ D)7
ugt = i@) (—yA + D)7+ @) @004 (—7A + D)7

It can be checked directly that ug satisfies equation (3.4). Now, (3.22) implies (3.6).
Relations (3.7), (3.8), (3.9), and (3.10) follow from (3.15), (3.19), (3.16), and (3.20),

respectively. O

We note that, for u((l < and uy, e)

the estimate for uéﬁ):

some results can be deduced from (2.27+). We write

lug ) — i@ (—yA + 1) G2 gl 1y (2) < Cellgll L e2)-

Homogenization of the oscillating factors w® necessarily affects the quality of convergence
(cf. (3.14)).
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COMMENTS ON CHAPTER 6

1. About factorization for the Schrédinger operator, see, e.g., [KiSi, [BSull. Apparently,
Proposition 1.3 (formula (1.12)) was mentioned in [BSul] for the first time. The results
of §1 about homogenization are new; at least, this concerns Theorems 1.5-1.7. Especially,
we distinguish estimate (1.16).

2. The two-dimensional periodic Pauli operator was treated by the authors in [BSull
BSu2|. In these papers the factorization formulas were given, and it was shown that
the effective masses for the two-dimensional Pauli operator can be calculated explicitly
and do not depend on the direction of the quasimomentum, i.e., on the vector 0. All
the results concerning homogenization for the Pauli operator are new. In this case, we
benefited from the relation m = n.

3. For the first time, the Pauli operator with metric was introduced in [BSuT], although
the version suggested in that paper does not seem appropriate. The version considered
in Subsection 2.4 was proposed in [BSu2]. From the mathematical point of view, its
definition looks natural, although the authors cannot suggest a physical interpretation
for this operator.

4. The operator D from §3 is discussed by way of illustration. It is instructive that, even
for proving the existence of the weak limit (3.6), we had to use the specific properties of
the case where m = n.

CHAPTER 7. THE PERIODIC MAXWELL OPERATOR
§1. PRELIMINARY REMARKS

In this chapter, we apply the general results of Chapters 3 and 4 to the stationary
periodic Maxwell operator, one of the cases that are most difficult and important for
applications. Mainly, we concentrate on homogenization problems. The study of the
Maxwell operator encounters a number of complications. First, written in terms of elec-
tric and magnetic field strengths, the Maxwell operator acts in weighted Lo-spaces, which
depend on the parameter . Therefore, the question about the resolvent convergence loses
its direct meaning. Second, the Maxwell operator has “reasonable” properties only in
the corresponding solenoidal spaces, which, moreover, depend on . In order to avoid
these difficulties, we write the Maxwell operator in terms of displacements rather than
strengths. Thereby, we are forced to sacrifice selfadjointness. Some results for strengths
can be obtained afterwards.

Next, it turns out that in the study of homogenization for the Maxwell operator it is
convenient to represent each field as a sum of two terms, like it was done in Subsection
1.1.8 and also in §6.3 (for the operator D). In this way, the results for different terms
are of different quality.

We cannot include the general Maxwell operator in the scheme developed above; we
have to assume that one of the two coefficients (dielectric permittivity € or magnetic
permeability p) is unit. This assumption is caused by the fact that only in this case
can the study be based on the results about homogenization for an appropriate operator
of the form .,Z(g) We give a preliminary treatment of such an operator in §2. Results
about homogenization for the Maxwell operator are presented in §3. In the Comments on
Chapter 7, we compare the results obtained here with the known ones. For definiteness,
we assume that p = 1; this is preferable from the physical point of view.

The second author is going to devote a separate paper to the study of the homoge-
nization problem for the periodic Maxwell operator in the general case.
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§2. THE OPERATOR L(e,v) = rote ! rot —Vv div

2.1. Definition of the operator. Let e(x) be a I'-periodic (3 x 3)-matrix-valued
function in R? with real entries and such that

(2.1) €(x) >0, et+e el
Let v(x) be a real-valued I'-periodic function in R? such that
v(x) >0, v+v e Ly
In & = Ly(R?;C3), we consider the operator L(e, v) given formally by the expression
(2.2) L(e,v) = rot(e(x)) ! rot =V (x) div.

The precise definition of L(e,v) as a selfadjoint operator in & is given via the closed
positive form

/ (((e(x)) "' rot u,rot u) + v(x)|divul’) dx, ue &' =H'(R*C?).
R3
The operator L(e,v) is of the form A(g) = b(D)*g(x)b(D) with n = 3, m = 4, &, =

Ly (R?; C4), . 4
b(D) = (:;gfi) 9(x) = <(6(X8) I/(OX))

The corresponding symbol b(&) looks like this:

0o —& ¢

g o0 ¢
(2~3) b(E,) = _52 §1 0

S S

Obviously, rank b(&) = 3 for & # 0, i.e., condition (2.1.2) is satisfied. Now ) = Lo(2; C?).
The kernel M is defined in accordance with (3.1.1):

(2.4) N={uecH:u=ceC?}.
2.2. The effective matrix ¢° for the operator L(e, v) can be calculated by the general
rules described in §3.1. Let C € C%, and let v € H(£;C?) be the solution of the
equation

b(D)*g(x)(H(D)v + C) = 0,
which now takes the form

rot €(x) " (rot v 4 iC) — Vu(x)(div v 4+ iC*) = 0,

where C = Z?Zl Cle;, C = E?Zl CYej. In other words, v € H'(Q;C3) satisfies an
identity of the form (3.1.3):
25) / ((e(x) " (rot v + iC),rot z)ca + v(x)(div v + iC*)(div z)t)dx =0,
2.5 Q

z € H'(Q;C%).

Representing z as the sum z = z + Vi, where divz = 0, we write (2.5) for z = z. The
term with divz will disappear. By the identity rotz = rot z, we obtain

(2.6) /Q<e(x)_1(rotv +iC),rotz)cs dx =0, z€ H'(Q;C?).

From (2.6) it follows that
(2.7) e(x)"Y(rotv +iC) = V& +ic, ® € H'(Q), ceC?
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whence
(2.8) rot v 4 iC = ¢(x)(V® + ic).
Relation (2.8) implies

/(e(x)(V(I) +ic), Vil dx =0, e H'(Q).
Q
Thus, ® is an H'(€)-solution of the equation

dive(x)(V® +ic) =0, ce€C>.

Let €® be the effective matriz for the acoustic operator — dive(x)V. In accordance
with the representation (3.1.14), we have

(2.9) ¢ = |Q|—1/ €(x)(=iVP +c)dx, ce C.
Q

Integrating (2.8) and using (2.9), we obtain
(2.10) C = .
On the other hand, integrating (2.7), we arrive at the relation
(2.11) ic|Q| = / e(x) " (rot v +iC) dx.
Q
Next, (2.5) and (2.6) imply the identity
/ v(x)(divv +iCY)(divz)t dx =0, ze H'(Q;C?),
Q
which means that
(2.12) v(x)(divv +iC?) =a € C.
From (2.12) it is clear that

iCYQ| = a/ v(x)"tdx,
Q
ie.,
(2.13) a =iC.

Now we calculate ¢° starting with the representation (3.1.14) for the operator (2.2).
By (2.10)—(2.13), we have

SC=10"! / 9(x)(BD)v + C) dx = [0 /

()59 (4 e

Thus, the effective matriz g° of the operator L(e,v) can be expressed in terms of v and
the effective matriz €° for the operator — div e(x)V:

(2.14) 9° = diag{(e’) !, 1}

(2(2) (ljgéirvofzvjc?))) dx

R ©

It is easy to check that for the effective matrixz with real entries the uniqueness condition
(3.1.16) s satisfied. Indeed,

b(0)y =col(6 xy,0-y), yeER?
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whence
b(0)R? = {col(e,a) € R* :e L 0,a € R},
clos U b(0)R? = R*.
0

The following operator is the effective DO for the operator L(e,v):
(2.15) L% =L, v) = rot(®) " rot =V div.

The germ Sz (0) corresponding to the operator L(e, v) acts in M as multiplication by the
matrix

Sc(0) =b(0)*¢"b(8), © €SS2
By (2.3) and (2.14), the germ S, (8) can be represented as the sum

(2.16) Sc(0) =b,(0)*(€2)71b,.(0) + vba(8)*ba(0),
where
0 —63 62
(2.17) b(®)=| 63 0 6|, ba(®)=(8" 6> ).
—-62 4! 0

2.3. Splitting of the operator L(¢,v). We use the Weyl decomposition
(2.18) ® = Ly(R% C?) = J(R?) @ G(R?),
J(R?) =J={w e &:divw = 0},
G(R?) = {u=Vyp:p € Hj,(R%),Vyp € 6}.
Decomposition (2.18) reduces the operator L(e, v):
L(e,v) =Lje) ® La(v).

The operator £;(¢) acting in the subspace J(R?) corresponds to the differential expres-
sion rot €(x) ! rot, and the operator Lg(v) acting in G(R?) is defined by the expression
—Vv(x)div. We are interested mainly in the operator £ (¢), the definition of which does
not depend on v.
Observe that the germ (2.16), which acts in the kernel (2.4), also splits in the “induced”
orthogonal decomposition
N =J(8) G(D),
J(@)={ceC3:cl e}
G(©®)={c=X0:)eC}.

The part of S£(0) in J(0) is denoted by S, 7(8) and corresponds to the first summand in
(2.16), and the part of S (0) in G(0) is denoted by S¢ (0) and corresponds to the second
summand. In the subspace G(0), the operator S, (0) has a unique eigenvalue v3(0) = v.
In the subspace J(0), it has two eigenvalues 1 (0) and ~2(8), which correspond to the
algebraic problem

b.(0)* () 'b,.(8)c = vc, c L 8.

In some sense, Sz s(0) plays the role of the germ for the operator £;(€), and Sz ()
plays the role of the germ for L5 (). We shall not dwell on the corresponding analysis.
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2.4. Homogenization. To the operator
Le(e,v) = L(e,v°) = rot(e?) "' rot — Ve div,

we can apply the general theorems about homogenization for the case where f = 1,,. As
in §5.1, we shall not write down the constants in estimates explicitly, though it is easy
to do this. In what follows, we denote such constants by the letter C without indices.

First, we apply Theorem 4.2.1. We use the fact that decomposition (2.18) simulta-
neously reduces the operator L.(e,) and the effective operator £° defined by (2.15).
Therefore, the estimate for the difference of the resolvents of L.(e,v) and L directly
implies an estimate for the difference of the resolvents of the operators L. (€) = L(e°)
and L% = L;(€°), which act in the subspace J. As a result, we obtain the following
statement.

Theorem 2.1. We have
I(Le(e,v) + D)7 = (LO+ D) Heoe <Ce, 0<e<l,
I(Lye(e) + 1) = (LY + 1) Hjms<Cey, 0<e<.

Now we discuss application of the “interpolation” Theorem 4.2.7 (with @ = I). Let
Pj be the orthogonal projection of & onto the subspace J. In the Fourier representation,
the operator Py turns into multiplication by the symbol (ib,(0))?, 8 = &/|&|, where b,
is defined by (2.17). In other words, P; is a pseudodifferential operator of zero order,
which acts continuously in each of the spaces &° = H*(R?;C3), s € R. Moreover, let

P}S) be the restriction of P; to &° for s > 0 and the extension of P; by continuity to &?°
for s < 0. Then P}S) is an orthogonal projection in all spaces &°, s € R. We introduce

the spaces J* = P§S)®S with the norm induced by the norm in &°. The following result
is true.

Theorem 2.2. For 0 < s < 1, we have

(2.19) [(Le(e, )+ D7 = (L2 D) Hg-rne: <Ce'™, 0<e<1,
(2.20) [(Lycle) + D) = (LG + D)7 ;e <Ce'™5, 0<e<1.

Here (2.19) is a direct consequence of Theorem 4.2.7, and (2.20) follows from (2.19),
by applying the corresponding orthogonal projections.
Now we use Theorem 4.4.1 (again with @ = I). Let v, be the solution of the equation

(2.21) L.(e,v)ve+v.=F, Fe (G
and let v be the solution of the equation
(2.22) Lo%vo+vo=F, Fes L

Observe that if F € J~!, we automatically have divv. = 0 and div vg = 0. In this case
v. coincides with the solution of the problem

(2.23) rot(e*(x)) 'rotv. +v. =F, divv. =0, FeJ !,
and v coincides with the solution of the problem
(2.24) rot(e’) trotvo +vog =F, divvg=0, FeJ '

Theorem 4.4.1 implies the following result.
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Theorem 2.3. 1°. Let v, be the solution of equation (2.21), and vo the solution of
(2.22). Then

(2.25) (w, ®)- lim v = v,
(2.26) (w, &.)- lim g°b(D)v. = g°b(D)vy.

2°. Let v be the solution of problem (2.23), and vo the solution of problem (2.24).
Then

(2.27) (w, .]1)-1ir%vE = Vo,
(2.28) (w, ®)- 1111(1)(66)_1 rot v. = ()" rot vo.
E—

We distinguish the case where the convergence of solutions or flows is strong. By
(2.14), the case where g° = g corresponds to € = ¢, v = const. The case where ¢g° = g is
equivalent to the relation ¢ = €. Then Theorem 4.4.8 and Propositions 3.1.6 and 3.1.7
yield the following statement.

Proposition 2.4. 1°. If the columns of the matriz e(x) are solenoidal, then convergence
in (2.26) and (2.28) is strong.

2°. If the columns of the matriz €(x) ™% are potential (up to an additive constant), then
convergence in (2.27) is strong. If, moreover, v(x) = const, then convergence in (2.25)
is also strong.

§3. HOMOGENIZATION FOR A PERIODIC MAXWELL SYSTEM WITH w=1

3.1. Statement of the problem. We apply the results of §2 to the homogenization
problem for the periodic Maxwell system. (Herewith, it suffices to assume that v =1 in
the definition (2.2) for L(e,v).) We assume that the magnetic permeability u is equal
to 1. In what follows, u and v stand for the strength of the electric and the magnetic
field, respectively. The dielectric permittivity e(x) is a I-periodic (3 x 3)-matrix-valued
function with real entries and satisfying (2.1). Next, w = eu is the electric displacement
vector (the magnetic displacement vector is equal to v, because p = 1). We denote
@ = LQ(RB;(CB).

Written in terms of the displacement vectors, the Maxwell operator M = M(e) acts
in the space

G=JaJ J=JR?,

and is defined by the formula

(3.1) M(€) col(w, v) = col(irot v, —irot(e(x)) 'w)
on the domain
(3.2) Dom M(e) = {col(w,v) : w € J,rote 'w € &, v € J'}.

The conditions w € J and v € J! automatically supplement relations (3.1) with the
equations
divw =divv = 0.
The operator M(e) is closed in Q~5, but is not selfadjoint.
We introduce the operator M. (¢€), € > 0, acting in & by the formula
M (e) = M(€%).
The domain Dom M. is given by the relations
veJ, welJ, rot(ef) 'we s,

and, consequently, depends on €.
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Our goal is to study the behavior of the resolvent (M. —iI)~' as ¢ — 0. Consider the
equation
(3.3) (M. —iI) col(w.,v.) = col(q,r), q,reJ '
In detailed writing, (3.3) has the form

irotve —iwe = q,
. o1 o

(3.4) irot(e%) wedivz:: ; g:
divw, = 0.
It is convenient (cf. §6.3) to represent the solutions w., v, as the sums
(3.5) we =wl® 4w,
(3.6) ve =vl@ 4 v,
where col(w@,vé‘n) is the solution of system (3.4) with r = 0, and col(w”, vér)) is the
solution of (3.4) with q = 0.

3.2. The case where q = 0. For col(w6 ) vl )) system (3.4) takes the form

w( = rot v,

(3.7) rot(e) "t rot v + v =ir,
divv({") = 0.

Therefore,

(3.8) Vi) =i(Lye(e) + D)7 'r

where Lj.(€) is the operator defined in Subsection 2.3. The displacement vector w"

can be found from the relation
(3.9) w( =rotv{") = irot(Ly.(€) + ) 'r

while the strength uér) is expressed in terms of the flow for v§’“):

(3.10) ul” = (&) tw) = (&)L rot v,
Let vi” = (L% + I)~'r, ie., v is the solution of the problem
(r) (r)

rot(e?) ' rot vy’ + vy =ir, divvy

(r) _ =0.

We put
(r)

Wy~ =rotvy rot v(r).
On the basis of (3.8)—(3.10) and Theorems 2.1-2.3, we obtain the following result.

O, ufp = (@)

Theorem 3.1. The following is true for the solutions of system (3.7).

(r)

°. Ifr € J, then v( ") converges in & to vy, and

VO = vl < Cellr|e, 0<e<l.

(r)

°. IfreJ* 0<s<1, then v( ") converges in &° to vy ', and

IV v e < O eflge. 0 << L,
(r)

°. IfreJ” 1, then, as e — 0, wg ") converges to w(() ") weakly in &, and uér) converges

°. Ifre J 1, then, as e — 0, V( ") converges to v weakly in &1.

(7"

to uy ) weakly in &.
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We note also that the second equation in (3.7) implies
rotul™ = ir — v{",
Similarly, rot u(()r) =ir — Vér). Consequently,
| rot ul™ — rotu(()r)H@ < Celrlle, red, 0<e<l.
The following result is a consequence of Proposition 2.4.

Proposition 3.2. If the columns of the matriz e(x)~1 are potential, then vg) converges

to VéT) strongly in &', If the columns of the matriz €(x) are solenoidal, then ug) con-

verges to u(()r) strongly in &.

3.3. The case where r = 0. For col(w'?,v{?), system (3.4) has the form
irotv® —iw(? = q,
rot(ef) w4+ v@ =,
divv(® =0,

div WSI) =0.

(3.11)

In this subsection we restrict ourselves to the case where q € J.

Lemma 3.3. Let q € J. Then the solutions of system (3.11) satisfy the inequalities

(3.12) v e < Cllalle,
(3.13) [wile < Cllalle.
Therefore, for ul? = (65)’1W§Q) we have

w9 < Cllqle.

Proof. We multiply the second equation in (3.11) by vgq) and integrate:

(€)W, rot v + VI3 = 0.
The first equation yields
(3.14) wl? = rot v? 4 iq;
substituting, we obtain
(() ' rot v rot v§q>)® + v = —i((e) " 'q,rot vg(I))@.
Combining this with the relation div v{? = 0, we arrive at (3.12). Estimate (3.13) follows
from (3.12) and (3.14). O

By Lemma 3.3, in the proof of the weak (&!)-convergence of v{? and the weak (&)-

convergence of wé‘” and uéQ) we may assume that

(3.15) q=rotF, FeJ'
We put

(3.16) @9 =i(Ly.(e)+ )7 'F.
It is easy to check that the functions

(3.17) w? = rot ®@

€

(3.18) v = @@ _jF
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satisfy system (3.11) with q defined by (3.15). Then, by (3.17),

(3.19) ul? = (&) trot @9,

ie., uéq) is expressed via the flow for q)é‘”. Furthermore, the second relation in (3.11)
means that

(3.20) rotul? = —v(@,
Let
(@) _ ;(pO -1
(3.21) o) =i(L)+1)7'F,
(3.22) vi? =@l —iF,
(@) _ (2) (@) _ (,0y-1 (2)
(3.23) W rot®y”, u (7)) rot @y,

Theorem 2.3 and (3.16)—(3.23) imply the following theorem.

Theorem 3.4. Let q € J. Then, as e — 0,

1) the fields Vé‘n converge to VéQ) weakly in &1

2) the fields wé‘” converge to W(()q

3) the fields ug‘n converge to ué(I) weakly in &, and rot ug‘n converges to rot ué(I) weakly

in &1,

) weakly in &;

Moreover, we have the following consequence of Proposition 2.4.

Proposition 3.5. If the columns of the matriz e(x)~! are potential, then the fields vé")

converge to v(()q) strongly in &1, If the columns of the matriz e(x) are solenoidal, then

the fields ué(I) converge to u(()Q) strongly in &.

Now, we apply Theorems 2.1 and 2.2 to functions (3.16), and take (3.18) into account.
Then, for F € J! and q = rot F, we have

(3.24) IV —v{? e < Ce|F|e, 0<e<l,

(3.25) v — vi?|| g < C'°|F||g-, 0<s<1, 0<e<L

These relations and estimate (3.12) yield the (&°)-convergence of vi? to v(()Q) for any
q € J, but already without a “qualified” estimate. The latter feature is related to the

fact that condition (3.15) does not imply any estimate of the norm ||F||¢ in terms of
|lalle. Thus, we arrive at the following statement.

Theorem 3.6. If q € J, then, as € — 0, the fields véq) converge to v(()q) strongly in &%,
0<s<1.

3.4. As we have seen, the quality of convergence for separate summands can be better
than for the sums (3.5) and (3.6). Still, we formulate the summarizing result. Theorems
3.1, 3.4, and 3.6 lead to the following conclusion.

Theorem 3.7. Let M® = M(e°) be the effective Mazwell operator defined by (3.1) and
(3.2) with e(x) replaced by €°. Let

col(we,ve) = (M. — i)' col(q,r), col(wo,vo) = (Mo — i)' col(q,r),
where q € J, r € J, and let
u. = () twe, ug = () twy.

Then, as € — 0,
1) the fields v. converge to vq strongly in &*, 0 < s < 1, and weakly in &*;
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2) the fields w. converge to wo weakly in &;
3) the fields u. converge to ug weakly in &, and rotu. converges to rotug strongly
n 6.

Combining Propositions 3.2 and 3.5, we obtain the following.

Proposition 3.8. If the columns of the matriz €(x)~! are potential, then the fields v.
converge to vo strongly in &'. If the columns of the matriz €(x) are solenoidal, then the
fields ue converge to ug strongly in &.

COMMENTS ON CHAPTER 7

1. The results of Theorems 2.1, 2.2 about homogenization applied to the operator £ ;. (e)
are new. Relation (2.27) in Theorem 2.3 is close to some results of [BeLP]. We dwell on
this in more detail.

In [BelLP], an equation of type (2.23) (but in a bounded domain and with appropriate
boundary conditions) was called a “Maxwell type” equation. The condition divv., = 0
was not assumed, but if divF = 0, it is fulfilled automatically. Extension of the system
to an elliptic one was not employed. Up to these minor differences, our statement about
the limit (2.27) repeats the result of [BeLP]. In [BeLP], convergence of flows was not
discussed. Therefore, our relation (2.28) is of certain interest: it is applied in §3 to the
homogenization problem for the Maxwell system itself.

2. Application of the results to the stationary Maxwell system was not discussed in
IBeLP|. However, along with (2.23), the more general system

(+) rot(ef) " *rotv. + a°v. = F

was considered in that paper. It was proved that the solutions v. converge weakly in
the space with the metric form [[rotv|[7, + [[v[[7,. In the limit equation, a is also
homogenized by the acoustic rule. The condition divF = 0 automatically implies that
diva®v, = 0. Application to the stationary Maxwell system was not discussed.

Equation (+) is not covered by our scheme. Theorem 4.4.1 is not applicable; moreover,
the homogenization rule for the lower term given by this theorem does not agree with
the acoustic rule.

3. Homogenization for the stationary and nonstationary Maxwell systems was studied
in [ZhKQ]. In both cases, the solenoidal conditions were not included in the system. The
weak Lo-convergence of solutions to the solution of the limit equation was established in
IZhKO]; both electric permittivity and magnetic permeability were homogenized by the
acoustic rule. Some earlier and weaker results about the nonstationary Maxwell system
can be found in [Sal, [BeL.P].

4. We recall that, in our approach to the homogenization problem for the Maxwell
system, two simplifying assumptions were made: 1) p(x) = 0 and 2) the solenoidal
conditions are included in the system. Besides, the splitting representation of the fields
into the sum of two terms turned out to be rather useful.

CONCLUDING REMARKS

1. As compared to [BSu2], the abstract basis enriched in the present paper. New Theo-
rems 1.5.8 and 1.5.9 have appeared, along with the fact that all constants in estimates are
controlled carefully. As applied to homogenization, this has led to felicitous Theorems
4.2.5 and 4.2.6.
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2. As has already been mentioned, in homogenization theory it is more traditional to
consider, e.g., equations of the form A.(g, f) = F in a fixed bounded domain O with
appropriate boundary conditions. As compared to the case of the entire space R?, there
are some differences. On the one hand, the compactness of the embedding of H'(O) in
Lo(0) facilitates the study. On the other hand, the effects near 9O may hinder obtaining
a good estimate for the difference u. — ug (see [ZhKOQ]).

3. Homogenization problems can be related not only to the lower edge of the spectrum,
but also to the edges of internal gaps. Then, a shift to the high energy area arizes
necessarily. Thus, a homogenization effects begin to interact with high-energy ones. For
the case of the simplest model, this phenomenon was discussed in the recent paper [B3].

4. Throughout the text, the authors tried to distinguish the cases where weak conver-
gence becomes strong. There is no need to explain that “the weak limit is much weaker
than the strong one”. In this connection, we mention that, e.g., in the problem considered
n [B3], the weak limit always exists but is equal to zero. In this case, the e-depending
approximations of solutions turn out to be informative.

5. In homogenization theory, many specific methods are well developed. The idea to
apply the methods of analytic perturbation theory (on the basis of the Floquet-Bloch
decomposition) stands somewhat apart. However, this idea itself is not new at all. Some
material of this kind can be found in [BeLP| Chapter 4] and [ZhKO| Chapter 2]. Ap-
parently, this way was not employed consistently and intensively enough. We think that
what was missing is an exact definition of a threshold effect. Also, the class of operators
admitting an appropriate factorization was not distinguished. Finally, the abstract op-
erator theory basis of threshold effects was not analyzed. For these reasons, the present
paper has almost no direct intersections with the papers by other authors that used the
Floquet—Bloch decomposition and perturbation theory. Among such papers, we have
already mentioned the remarkable paper [Zhl]. The paper [Se], where the acoustic op-
erator with g € C*° and d > 3 was considered, also deserves special mention. With the
help of perturbation theory, the full asymptotic expansion in powers of £ was obtained
in [Se] for the solution of the equation D*g(e 'x)Du = F € C§°(R?). In [CV], for
the acoustic operator, formula (5.1.9) (in our notation) was proved, where the left-hand
side was defined in terms of perturbation theory, and ¢° on the right-hand side was the
effective matrix arising in the classical homogenization theory. In all these papersn =1,
which significantly simplifies the arguments.

6. The applicability limits. The number of examples could be extended substantially.
Besides periodic operators in R¢, we can study periodic problems in domains of cylinder or
layer type, etc., on the same abstract basis. In such problems, the momentum dimension
is less than the coordinate dimension. This leads to new phenomena in the study of the
effective characteristics and to other technical difficulties. An informative example of
this kind was discussed in [Sul.

We now indicate some cases where our method is not applicable.

1) Consider the matriz Schrédinger operator H,, = —A + p(x) in Ly (R%; C™), where p
is a periodic Hermitian (n x n)-matrix-valued potential. In this case we have no analog
of the factorization (6.1.6). Assume that A = 0 is the lower edge of the spectrum of H,,
and let H, (k) be the corresponding operator in Lo(2; C™). Now, the point k = 0 does
not play any distinguished role. It may happen that Ker H, = {0}. As a result, the
possibility to study the threshold properties efficiently is lost.
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2) The periodic Pauli operator for d = 3 is defined by the formula D3 = (D — A1)o1 +
(Dg — As)os + (D3 — Asz)os. For this operator, there is no analog of the factorization
(6.2.12). Moreover, we cannot describe the kernel Ker D5(0) in reasonable terms.

3) The magnetic periodic Schridinger operator is defined by the formula M = (D —
A(x))*(D — A(x)), d > 2, where divA = 0, [, Adx = 0. Now the lower edge of the
spectrum is a positive number. After shifting the lower edge to zero, factorization is lost.
The question as to whether the factorization can be recovered is not easy. If the magnetic
potential is not too large, the answer is in the positive; otherwise serious complications
may occur even for d = 2. The corresponding analysis was performed recently in [Sh].
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