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THRESHOLD APPROXIMATIONS WITH CORRECTOR
FOR THE RESOLVENT OF A FACTORIZED SELFADJOINT
OPERATOR FAMILY

M. SH. BIRMAN AND T. A. SUSLINA

In fond memory of Olga Aleksandrovna Ladyzhenskaya

ABSTRACT. In a Hilbert space, a family of operators admitting a factorization A(t) =
X(t)*X (¢), where X(t) = Xo + tX1, t € R, is considered. It is assumed that the
subspace 9 = Ker A(0) is finite-dimensional. For the resolvent (A(t) 4+ 2I)~! with
small &, an approximation in the operator norm is obtained on a fixed interval |¢| < 0.
This approximation involves the so-called “corrector”; the remainder term is of order
O(1). The results are aimed at applications to homogenization of periodic differential
operators in the small period limit. The paper develops and refines the results of
Chapter 1 of our paper in St. Petersburg Math. J. 15 (2004), 639-714.

INTRODUCTION

0.1. The present paper is devoted to further development of the operator-theoretic mate-
rial presented in Chapter 1 of [BSu]. In [BSul, this approach served as a basis for the study
of the homogenization effect for periodic differential operators (pDOs) in Lo (R%; C™). Un-
der this approach, the homogenization effect can be studied consistently as a spectral
threshold effect near the bottom of the spectrum of a pDO. Namely, after partial diag-
onalization of a pDO, we arrive at a factorized operator family of the form (1.1) (see
below). Preliminarily, such families were studied in [BSul Chapter 1] with the help of
abstract operator theory. More precisely, the resolvent

(%) (A@)+*D)7, e>0,

was approximated in terms of the resolvent of the germ S (see Subsection 1.3 below). The
germ S is a positive operator acting in the finite-dimensional subspace 9t = Ker A(0) of
dimension n > 1. For ¢ > 0 and [t| < t°, the difference of the resolvents was estimated (in
the operator norm) by Ce~!. The constants C' and t° were well controlled; in general,
the order e~! in this estimate is sharp. This statement, which is of its own interest,
automatically leads to a similar estimate for the norm of the difference of the resolvents
of two different families of the form (1.1) having the same germ S. Precisely this latter
estimate and its modifications were applied in [BSu] to homogenization problems.

Though these abstract results were aimed at applications to homogenization, formally
they are not related to it, pertaining to the spectral perturbation theory of selfadjoint
operator families in a Hilbert space.
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0.2. Perturbation theory in the spirit of [BSul Chapter 1] can be developed further in
order to find more accurate finite-dimensional approximations of the resolvent (x). Here-
with, we obtain a remainder estimate of order O(1) (instead of O(¢~1)), which is uniform
in € and ¢ (under the same conditions on the family A(t) as before). Besides refined finite-
dimensional approximations of the resolvent, we obtain accurate approximations for it
in terms of other operator families. Combined with the corresponding estimates of the
remainder terms, such approximations can be applied to homogenization problems for
pDOs.

The corresponding abstract considerations now become more involved. Therefore, the
authors decided to isolate them in the present paper. Applications to the homogenization
of pDOs will be considered elsewhere.

In applications to homogenization, the resulting refined approximation for the re-
solvent (*) generates correction terms of the order of e. In homogenization theory, a
correction term of the order of ¢ is called a corrector. We used this term in the title of
the present paper.

Formally speaking, the present paper can be read independently of [BSu, Chapter 1].
All necessary facts from that paper are repeated here, though without proofs. At the
same time, the general method of investigation is the same as in [BSu, Chapter 1], so
that being acquainted with [BSu| could facilitate reading.

0.3. The construction of the refined finite-dimensional approximation of the resolvent
(*) involves more than the germ S. Besides S, we need two more operators of finite rank.
The first of these is the operator Z defined (together with an auxiliary operator R) in
Subsection 1.2; we have Z0M C MNM*. The second is the operator N defined in (4.13);
we have N9T C 91. In a natural way, the operator N splits: N = Ny + N,. In the
eigenbasis of the operator S, the matrix of Ny is diagonal. On the contrary, the matrix
of N, has zero diagonal (hence, N, = 0 for n = 1). The operator N is studied in detail
in Subsection 4.2.

The main result (Theorem 5.1) about finite-dimensional approximation of the resolvent
(%) is given by (5.21), where = (see (5.5)) is defined in terms of S, and the remainder term
J is uniformly bounded in the operator norm. Theorem 5.1 implies Theorem 5.5, where
a refined approximation for the resolvent (x) is given in terms of the resolvent of another
operator family. The corresponding formula (5.28) also involves the operators Z and N.

Theorem 5.5 is convenient for applications to homogenization problems for pDOs. It
turns out that the terms in (5.28) that contain the factors ¢ and t> generate the corrector.
Note that the corrector traditional for homogenization theory corresponds to the term
tZ(A(t) +€2I)~! in (5.28). At the same time, to obtain the remainder estimate of the
order of €2, we need to take into account all the terms distinguished in (5.28).

Theorems 5.1 and 5.5 are the main results of the paper. However, in the final §6 we
obtain some modifications and generalizations of these theorems, which are also useful
for applications to the homogenization of pDOs.

0.4. The paper consists of six sections. In §1, we list the necessary facts from [BSul,
Chapter 1]. In §§2-4 we obtain preliminary estimates and calculate the operators Z and
N. As in [BSu, Chapter 1], for estimating the remainder terms we use contour inte-
gration, while for calculations we use power series expansions given by spectral analytic
perturbation theory. §85 and 6 contain the main results of the paper.

Though the triple enumeration was used in [BSul, all our references to that paper
concern only Chapter 1. Therefore, we omit the number of the chapter when citing.

Below, the absolute constants are denoted by § with various indices. The other
constants in estimates are denoted by ¢, C,C (also with indices).
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§1. PRELIMINARIES
For the most part, the content of this section is borrowed from [BSu, Chapter 1].

1.1. Quadratic pencils. We denote by $ and §, separable complex Hilbert spaces;
Xo : H — 9. is a densely defined and closed operator; X; :  — $, is a bounded
operator. Then the operator X(t) := Xy + tX;, t € R, is closed on the domain
Dom X (¢) = Dom Xy. Our main object is the family of selfadjoint positive operators

(1.1) A(t) == X()*X(t), teR,

in 9. We denote A(0) = X§Xo =: Ap. The operator (1.1) corresponds to the quadratic
form a(t)[u,u] = || X (t)ull?_, u € Dom Xy. Next,

N :=Ker Ag = Ker Xy, M. = Ker Xo X = Ker Xj.

It is assumed that the point Ay = 0 is an isolated point of the spectrum of Ay (the
distance from this point to the rest of the spectrum is denoted by d°), and

0<n:=dimMN<oo, n<<n,:=dmN, <oo.

Let F(t,s) denote the spectral projection of A(t) for the interval [0, s]. In what follows,
we fix a number § > 0 such that 85 < d°. It turns out that

(1.2) F(t,8) = F(t,36), rank F(t,0) =n, [t| <t°=19(8) = 6Y/2 X,||~*

(see [BSul, (1.3)]). Let P be the orthogonal projection of ) onto M, and let P, be the
orthogonal projection of $, onto M,. Next, PL =1 — P, Nt = H SN, and so on.

1.2. The operators Z and R. Let D := Dom Xy N ‘IIL, and let ©v € 9.. We consider
the following equation for a function ¢ € D:

(1.3) (Xot, XoQ)s. = (u, Xo()s., (€D

(cf. [BSu, (1.7)]). Equation (1.3) admits a unique solution 1, and this solution satisfies
| Xo¥||ls, < |lullg,. Now, suppose that

(1.4) weN, u=-Xw;

the corresponding solution of (1.3) is denoted by ¥ (w). We define a bounded operator
Z : 9 — 9 by the following relations:

(1.5) Zw=9¢W), weN;, Zr=0, zcN.

Clearly, rank Z < n. To estimate the norm of Z, we put ¢ = ¢)(w) in the formula
(1.6) (Xoy(w) + X1w, Xo()s. =0, (€D,

Then

(1.7) (Aot (W), Y(w))s = [ Xov(@)I5, < 1Xa]?wl%

Since 86|¢||% < (Ao¢, )5, ¢ € D, relations (1.5) and (1.7) imply the inequality
(1.8) 1Z]l5—5 < (88)7/*| X1[lg—5. =: Ci.

Note that ZP = Z, PZ = 0.
Now, assuming that (1.4) and (1.6) are satisfied, we put

(1.9) we = Xoy(w) + Xjw.
We introduce a linear operator R (see [BSul, Subsection 1.2]) as follows:
(1.10) R:M—MN,, Rw=uw,eMN,.

Another representation for R is given by

R = P.Xi|n.
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1.3. The operator S (the germ). The selfadjoint operator

S=R'R:M—-MN
is called the spectral germ of the operator family (1.1) at ¢t = 0 (cf. [BSul Subsection 1.3]).
The germ also admits the following representations:
(1.11) S=PX{PXiln, (5¢C)s = |RCIE. = [PXC]5,, (e
The germ S is said to be nondegenerate if Ker S = {0}, or, equivalently, rank R = n.
Let A(t) = X (¢)*X (t) be another operator family in $ of the form (1.1) subject to the

same conditions as A(t) (9. may be different from £.). We say that the families A(t)

and A(t) are threshold equivalent if 91 =9 and S = S.
In accordance with the general analytic perturbation theory (see [K]), for [t| < t° there
exist real-analytic functions X\;(t) and real-analytic $-valued functions ¢;(¢) such that

(1.12) AW pi(t) = Nei(t), 1=1,...,n, |t| <t®=1°06),

and the functions ¢;(t), I = 1,...,n, form an orthonormal basis in F(t,9)$. For suffi-
ciently small t, and [t| < t, < 0, we can write convergent power series expansions:

(1.13) MO =yttt +, >0, meR, I=1,...,n,

(1.14) <pl(t):wl+t<pl(1)+t2<pl(2)—|—--- , l=1,...,n

The elements w; = ¢;(0), I = 1,...,n, form an orthonormal basis in 9. Substituting
(1.13) and (1.14) into (1.12) and comparing the coefficients of ¢t and t2, we see that
(1.15) Wy = npl(l) —(wy) :gol(l) —ZweNn, l=1,...,n,

(1.16) Swy=~mw;, 1=1,...,n.

Relations (1.16) are equivalent to

(1.17) SP=>"(-,w)pw.
1=1

From (1.17) it follows that the germ .S does not depend on a particular factorization of
the form (1.1) for A(t). At the same time, representation (1.11) shows that S does not
depend on the choice of the basis (1.14) (which may be nonunique). If all the eigenvalues
v in (1.16) are simple, then the elements w; in (1.14) are defined in terms of the germ
S uniquely (up to phase factors). If there are multiple eigenvalues among ~y;, then the
knowledge of S is not sufficient for determining the elements wj.

In connection with the expansions (1.13) and (1.14), we note the following. Differen-
tiating the relations (¢k(t), ¢i(t))s = ok and putting ¢t = 0, we obtain

()

Combining this with (1.15) and the condition 1 (wy) € M, we see that
(1.18) (Wg,w)g + (we,w1)g =0, kil=1,...,n.

Jw)g + (Wi oM)g =0, kl=1,... n

§2. APPROXIMATION OF THE PROJECTION F'(t,4)

2.1. Notation. The contour I'. Sometimes, we use the brief notation F'(t) = F(t,0).
We denote by R, (t) the resolvent (A(t) — 2I)~! of the operator A(t) and by R.(0) the
resolvent of Ag. The operator-valued function F(t) is real-analytic for [t| < 0. If [¢| < t,,

this function admits a power series expansion

(2.1) F(t)=P+tF +---



THRESHOLD APPROXIMATIONS 749

convergent in the operator norm. Now, for us it suffices to estimate the difference
By(t) == F(t) — P —tFy, [t| <t°(6) =621 x| 7",

and to give an explicit expression for the operator F}. It is convenient to obtain the
required estimate by integrating the difference of the resolvents over an appropriate
contour, while for calculating Fj it is more convenient to use the expansions (1.14).

Let I" C C be the contour that envelops the interval [0, ¢] equidistantly at the distance
d. By (1.2), the distance from I" to the spectrum of A(¢) is at least 0, whence

IR-()]| <67Y, zeT, [t] <t°(6).

We shall use the following elementary identity:

(2.2) F(t)— P = — / (R.(0) = Ra(8)) dz,  [t] < 19(6).

T 2mi

Note that the usual resolvent identity for the difference of resolvents is not applicable
under our assumptions, because, in general, Dom A(¢) depends on ¢t. However, for the
forms a(t) we have Doma(t) = Dom X (¢) = Dom X,. This allows us to use a certain
analog of the resolvent identity (cf. [BSu, (2.13)] and Subsection 3.1 below). However,
so far it suffices to use a “finished” result of [BSul.

2.2. The estimate for the norm of F5(t). The following result was obtained in [BSul,
§3, Theorem 3.1]. Now we reproduce this result in detail.

Theorem 2.1. Let z € T, and let |t| < t°(5). Then

(2.3) R.(0) — R, () = tI{ + 2T + Wy (t),
where Wo(t) satisfies the estimate
(2.4) 1Wo(t)]l < B 1621 X1 1%,

and the bounded operators I and I, do not depend on t. For the terms IV and I, we
have

(2.5) 70 = Q. (0)T{V R.(0),

(2.6) 73 = Q.(0)T7 R.(0) - 2. (0) V2. (0T R. (0).
Here

(2.7) Q.(t) := I+ (2 +20)R.(t),

and we have

(2.8) I2.(0)] <5, zeT, [t <)

The definition of the operators Té(l) and T(S(Q) is more complicated. On Dom Xy we
introduce the metric form || Xou|3 + 26|ul|3, v € Dom Xy. The Hilbert space Dom X

with this metric form is denoted by 9. The operators Tél) and T(;(Q) are selfadjoint
continuous operators in d generated by the forms 2 Re(Xou, X1u)g, and || Xjullf_, u €9,

respectively. The norms of Té(l) and T(;(Q) in 0 satisfy
(2.9) 1757 o < 20) 721 Xall, T3P oo < (20) 711X

For estimating F,(t), we need a rough version of Theorem 2.1: for Z it suffices
to have only an estimate. This estimate follows from the representation (2.6) by an
automatic application of the results of [BSu, Subsections 2.2 and 3.2]. We shall not
enter into the details here. It is easy to reconstruct the details on the basis of §3, where
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more complicated cases will be discussed. It is easily seen that |Z)|| < 755 ~2|| X%

Combining this with (2.4), we obtain

125 + o (t)]] < 75621 X1 [|%% + 562721 X, || ¢

<PV X P, [t < t0(0),
Thus, instead of (2.3) and (2.4) we obtain the following representation:
R.(0) = Ro(t) = tZ] + W1 (t), |1 ()] < BV 21X %2,

for [t| < t9(5). Now (2.2) directly implies the relations
(2.10) F(t) = P+tF+ F(t),  [FRa(t)] < 826X, [t] <1°(8),
(2.11) 2miF) = /FI? dz.
2.3. Calculation of the operator Fj. This can be done on the basis of (2.5) and
(2.11), but we prefer to use the power series expansions (2.1) and (1.14). We put
(2.12) Y =Y(w) =Zw, 1=1,...,n.
Then, by (1.14) and (1.15),

I
[M]=

(o1(®) s ()

I
-

I
M:

(2.13) L Wr) Wi +tz <pl Sﬁwl + (- wz)mo§ )) +0(t?)

1

+1 3 (Cv)sw + (w)sth) + 1Y + O(F),
=1

I
)

where Y := Y ((@)swi + (,wi)g@;). Clearly, Y|y = 0. Relation (1.18) implies
that (Ywj,wy) =0, j,k=1,...,n, whence Y|n = 0. Thus, Y = 0, and from (2.1) and
(2.13) we deduce that

n

(2.14) F = Z((-,’gbl)ﬁwl + (-,wl)ijl).

=1

Formula (2.14) can be rewritten in an invariant form. Indeed,
Z U, W) Wy = ZZ(U,Wl)ﬁCUl =ZPu, ueS$n.
1=1 =

Thus, (2.14) is equivalent to the relation

(2.15) Fy=ZP+ PZ*.

We arrive at the following theorem.

Theorem 2.2. In the representation (2.10), the operator Fy is defined by (2.15).

Note that Z = Fy P. It follows that Z (together with F; and P) is determined directly
by the family A(t) and does not depend on the factorization (1.1).
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§3. REFINED APPROXIMATION FOR THE DIFFERENCE
OF THE RESOLVENTS ON THE CONTOUR I

3.1. The resolvent identity. We write the resolvent identity, using the notation of
Subsection 2.2. Initially, this identity looks like the following (see [BSul (3.11)]):

(3.1) T = R.(0) — R.(t) = Q.(0)T5(t)R. (¢),
where
(3.2) Ts(t) = tT") + 2T

We need to iterate identity (3.1) in order to separate three terms from Z (but not two
terms, as in (2.3)). We are not interested in the separated terms themselves. Our goal is
to estimate the remainder term. Therefore, below we shall use the symbol “~” (together
with “="), omitting the terms of the first three orders with coefficients independent of
t. Tterating (3.1), we obtain

T = Q.(0)T5(t)R.(0) — Q. (0)T5(t)T ~ — . (0)T5(£)2 (0)Ts(t) R. ()
(3.3) = —20,(0) 7M. ()T R, (1)
— 3,(0)(TP ()T + T ()T Ra(t) + 404 (1),

(3.4) O1(t) = —Q.(0) T,V (0) T3 R (#).

Now we perform yet another iteration in the terms with ¢? and ¢3 on the right-hand side
of (3.3), obtaining

T ~ 20, (0) TV, (0) TV Q. (0)T5 (1) R (t) + 2O3(t) + 404 (1)

(3.5) , ,

= 2,0 T (0T ()T R, (1) + t104(t) + t305(t) + 104 (1),
(3.6) O2(t) = Q. (0) T3V ()T (0) T3V R.. (8),
(3.7) O3(t) = ()T} (0T + TV (0) 1) Q. (0)T5 (1) R (1),
Finally, we iterate the first term on the right in (3.5) once again. This yields
(3.8) T ~ t3(03(t) + O4(1)) + t*(01(t) + Oa(t)),
(3.9) O4(t) = —2.(0) T (0) TV Q. ()T (0)T5 () R (8).

3.2. Estimates for ©;(t), j = 1,2,3,4, on the contour I'. Below we always assume
that z € T and |t| < t°(8) = 6*/?||X,||~!. We lean upon estimates (2.8) and (2.9). Note
also that (2.9) and the inequality |t| < ¢°(§) imply the following estimate for the operator
(3.2):

(3.10) IT5(t) o < 27 (V2 4+ 1[0 121X .

Also, we need the following auxiliary inequalities. Let L,L;, and Ly be continuous
operators in 0. Then

(3.11) ILR.(0)]|5—5 < BP0 Lllo—o,
(3.12) 1L192:(0) Lo Re (1) g —5 < BY6 Y| L1 [lo—o | Lallo—o,

which follows directly from [BSu, (2.16), (2.17)] if we put A = A(0), B = A(t), v = 24,
a = /2, and use (2.8) and the inequality |z + 25| < 46 on T.
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Theorem 3.1. If z € T and |t| < t°(5), then the norms of the operators (3.4), (3.6),
(3.7), and (3.9) in 9 satisfy the estimates

1O < Ao 72 Xa ", l1€2(8)]] < Bad~* | X,
1©3()]| < Bsltld I Xull*,  1©a(t)]| < Baltls~> || Xull*.

Proof. All four inequalities are proved in a similar way. We prove the last of them,
which requires more effort. By (2.8), the left factor in (3.9) can be ignored. By (2.7),
the question reduces to estimating the operator

(3.13) Vi(t) + (2 +20)2:D5(1),
(3.14) Vit) = TV Q. (0)(T3))2 Q. (0) T (1) R (1),
(3.15) Vo = THQ 0TI R(0),  Vs(t) = T QL (0)T5(1) R (1)

We estimate Y (t). Using (2.7) once again, we get
(3.16)  Wi(t) = (T2 Q. (0)T5(1) R (t) + (2 + 20) T R (0)(TEV) 2. (0)T5 (1) R (t).

The first summand in (3.16) is estimated with the help of (3.12), and the second with
the help of (3.11) and (3.12). Also, we use estimates (2.9) and (3.10). Both summands
give similar contributions, and for the operator (3.14) we obtain

1Vl < 8O tla2 | X1,

Each of the two operators (3.15) is of the form (3.12), which implies that the second
summand in (3.13) is also dominated by 3(®)[¢t|673|X,||*. The required estimate for
1©4(t)] is proved. O

3.3. Representation for the difference of the resolvents. Such a representation
follows directly from (3.8) and Theorem 3.1.

Theorem 3.2. If z € T and |t| < t°(3), then
R.(0) — R.(t) = IV + *T + t*T5 + V. (1),
(8.17) |2 ()] < But's 311",

and the operators I, I;r, and I3 are continuous in $ and do not depend on t.

§4. APPROXIMATION FOR THE OPERATOR-VALUED FUNCTION A(t)F(t)

4.1. Application of Theorem 3.2. Using Theorem 3.2 and the elementary formula
1

(4.1) AP = - / S(R.(0) — Ro(1)) dz,

r

~ omi

we obtain the following statement.

Theorem 4.1. For |t| < t°(3), we have

(4.2) A(t)F(t) =t*SP + 3K + U(t)
and
(4.3) e < Bete~HIXa",

where the operator K is continuous in $ and does not depend on t.

Note that, in accordance with [BSul, when calculating the integral (4.1), for the op-
erators Z{ and Z} in (3.17) we obtain @ and SP, respectively. We must calculate the
operator K. For this, below we use power series expansions.
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4.2. Calculation of the operator K. By (1.12)—(1.15) and (2.12), for sufficiently
small ¢, > 0 and |¢| < ¢,, we have

Z ) sei(t)
= (t? + t?) (-, wi + (W + @) (Wi + H(Wr + @) + Ot
=1
=t?SP+t3K + O(th).
This implies that the operator K in (4.2) admits the following representation:
K=Ky+ No+ N, =Ko+ N,

Ko = Z% V) swi+ (w) g ¥,

n
NO = Ziu’l('vwl)ﬁwlv
=1

N, Z"/l Wy gwl + ( ,wl)gwl).

Our next goal is to find an invariant representation for K. This is easy to do for Ky: by
(2.12) and (1.17), we have

Z'Vl('vwl)ﬁwl = ZZVz(-,wl)y)wl = ZSP,

whence
(4.5) Ky=7Z5SP+ SPZ*.

Now we calculate the matrix entries of the operator N in the basis {w;}}. Direct
inspection yields

(4.6) (Newj,wi)s = Ye(wj, Wr)g + 7 (@), wk)g, Jk=1,...,n.
In particular, by (1.18),
(Nwwi,wi)p =0, k=1,...,n.
Next,
(4.7 (Nowj,wi)s = dppe,  Jk=1,....n
Finally, combining (4.6) and (4.7) with (1.18), we obtain

(Nwj,wi)s = Gk + e (W), k) s + 75 (@), wr) s

(4.8) = bk — (W), W) — (W), wr)s,  Jk=1,...,n

4.3. Calculation of the operator N. The calculation of N is based on the relation
(4.9) (At)e;(t), or(t))s = GjeA;(t), Jk=1,....n

We write the left-hand side of (4.9) as

(4.10) ((Xo +tX1);(t), (Xo + tX1) k(1)) 5. -

Using expansion (1.14) and recalling (1.9), (1.10), and (1.15), we obtain
(Xo +tX1)eu(t) = t(Rwy + X197 + X + ).



754 M. SH. BIRMAN AND T. A. SUSLINA

We substitute this in (4.10) (with [ = j, k) and look at the total coefficient of #3. Since

XiR = 0, the terms with gpl@) disappear; next, we have cpl(l) = Y + w;. Thus, the

coefficient of t3 on the left-hand side of (4.9) is equal to
Aji o= (Rwj, X1 (Yr + @))s. + (X1(¢ + @), Rwp)s. -
Using (2.12) and the identity XjR = 0, we rewrite this coeflicient as
Ajk = (Rwj, X1 Zwi)s. + (X1Zw), Rwy)s.
(411) + (ij, Xow((;k) + Xl(;k)ﬁ* + (Xow(&jj) + Xl(;j, ka)y)*
= (Rwj, X1Zwk) s, + (X1Zwj, Rwy)s, + (Rwj, Rwy)s, + (Rw;, Rwk)s, -

Since R*R = S and Sw; = yjw;, the last two summands on the right in (4.11) reduce to
v (W, 0k) s + Y. (Wj, wk)s, or, by (4.8), to purdjr — (Nwj,wy)g. Thus, the coefficient of
t3 on the left-hand side of (4.9) is

Aji = (Z"X{RPwj,wi)g + (RP)" X1Zwj, wr)s + prdjr — (Nwj, wi)s,
while the coefficient on the right-hand side is obviously equal to p6;5. So,
(4.12)  (Nwj,wi)s = (Z*X{RPwj,wi)g + (RP)" X1 Zwj,wi)s, Jk=1,...,n,
which is equivalent to
(4.13) N=Z"X{RP+ (RP)*X1Z.

Indeed, the operators on both sides of (4.13) take M to 91 and are equal to zero on N*.
Therefore, (4.12) implies (4.13).

4.4. The final result. Combining Theorem 4.1 with relations (4.4), (4.5), and (4.13),
we arrive at the following theorem.

Theorem 4.2. Under the conditions of Theorem 4.1, the operator K is given by (4.4),
where Ko and N are defined by (4.5) and (4.13).

Remark 4.3. a) The operator N takes 9 to 9. On the contrary, we have KoM C N+.
Indeed, by (4.5),

(4.14) PKP =0.

b) In the basis {w;}} the operator Ny is diagonal, and the matrix of N, has zero
diagonal. In particular, N, =0 for n = 1.

c) If Z = 0, then, by (2.15), (4.5), and (4.13), we have F; = 0 in (2.10) and K =
Ko+ N =0in (4.2).

In conclusion, we supplement (1.8) with the following elementary estimates:
IRl < 11Xall, IS =[IRI* < IX4]?,
(4.15) IFu ]| < (20) 211 X0 ], (1Kol < (20) /21X 1%,
(4.16) INJ| < (20)"Y2IX0)3, K| < 2(20) 721X ).

§5. APPROXIMATION OF THE RESOLVENT (A(t) +&2I)~! FOR SMALL ¢

Here we obtain approximations for the resolvent R_.2(t) as ¢ — 0 in terms of the
germ S, the operator Z, and other asymptotic characteristics of the family A(t) at ¢t = 0.
The approximating operators have finite rank and depend on two parameters ¢ and ¢.
The corresponding error estimates are uniform for |¢t| < ¢°(§) and € > 0.
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5.1. The resolvent identity for A(t) and t>SP. The following identity can be checked
easily:
G:=F(t)(A(t)+ 1) 'P=Ft)(t*SP + &%)~ 'P
(5.1) — F()(A(t) + 2I) "L (A(t)F(t) — t2.SP)(t2SP + 1)~ P.

(This relation was used in [BSul, Subsection 5.2].) In what follows, it is always assumed
that |t| < t°(8) = 62| X1||71, € > 0. Moreover, we assume that

(5.2) A(t) > e I, |t] < t°(0),

for some constant ¢, > 0 (cf. [BSul (5.1)]). Consequently (see [BSul, (5.4), (5.5)]),
(5.3) I(A®) + D) T R < (eut® +3)71 [t <2°(0),

(5.4) [(t2SP + 2I) 7P| < (cut® +€2)7 1.

By (4.2), we have A(t)F(t)—t>SP = t3K +V(t), where the operator K is defined by (4.4),
(4.5), and (4.13), and the operator-valued function ¥(t) satisfies (4.3). Temporarily, we
introduce the notation

(5.5) = (PSP 4+ )P, = —F(t)(A(t) + 21) 10 (t)=.
Then (5.1) takes the form

(5.6) G=Ft)E—-tF(t)(At) + %) ' K=+ 7.

The following estimate is borrowed from [BSul (5.9)]:

(5.7) IF@AQ) + 21" = 2] < Coltl(eat? +£2) 7,

(5.8) Co = B5(t°(8)) ™1 + Becy t6(t°(0)) 3.

Then we can rewrite (5.6) as

(5.9) G=Ft)Z - tPEKE+ Ti + Jo,

where

(5.10) Jo = —t3(F(t)(A(t) + 2) " - E)KE.

By (4.4) and (4.14), we can replace K with N in (5.9), where the operator N is defined
by (4.13). Thus,

(5.11) G=Ft)Z—-t’ENE+ T, + Jo.

5.2. Further transformations and estimates. First, we estimate the operators J;
and J> defined by (5.5) and (5.10). From (4.3), (5.3), and (5.4) we deduce that

(5.12) 171 < Bt (et? + )26 X || < Be 207 M| X! =: Cu.
Next, in a similar way, (4.16), (5.4), and (5.7) imply the inequality
(5.13) 1721l < V2Coc 26712 X0 |I° =: Oy

here Cy is defined by (5.8).

Now we approximate F(t) on the right-hand side of (5.11) and estimate the error. By
(2.10), we have F(t)= = 2+ tF1E+ Js, where F} is the operator defined by (2.15), and
J3 = F5(t)Z satisfies the estimate

(5.140) [ Fl < ADE(et + )75 X |2 < ADe 5 |X 2 = G
Next, F12 = ZE+ PZ*PE = ZZ, so that (5.11) takes the form
(5.15) G=E+tZ=Z—t3ENZ+ TJ1 + Jo + Js.
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Our next goal is to estimate the discrepancy resulting from the replacement of the
operator G = F(t)(A(t) +2I)~1 P by the operator G = F(t)(A(t) +&2I)~!. Using (2.10)
once again, we get

(5.16) G—G=Ft)(A@t)+ D)"Y (F(t) - P) =tF(t)(A(t) + 1) ' [y + T4,

By (2.10) and (5.3), the operator [J5 = F(t)(A(t)+&2I) "' F»(t) admits the same estimate
as Js3:

(5.17) 1731l < Cs.
We transform the first term on the right in (5.16) as follows:
tF(t)(A(t) + 1) Fy = tEF, + T4,
where, by (4.15) and (5.7), the operator Jy satisfies the estimate
(5.18) T4l < Cot(cat? +£2)~1(26) 12X, | < Cocr 1 (26) 21X, | = Ci.

(
Next, we have ZFy = E(PZ)P + EPZ* = EZ* by (2.15). As a result, the operator
G = F(t)(A(t) + £2I)~! can be written as

G=G+tEZ" + T3+ Tu.
Combining this with (5.15), we obtain
(5.19) (A(t)+ ) 'F(t) =2+t ZE+EZ*) —tENE+ T+ To + T3 + T4 + Ja.
5.3. Threshold approximation. Our main result about approximation of the resol-

vent R_.2(t) near the spectral threshold A = 0 is deduced from (5.19): it suffices to note
that, by (1.2), the operator (A(t) + e2I)"1F(t)* =: J5 satisfies the estimate

(5.20) 1751 < (30)7", [t < t°(9).

Thus, we arrive at the following theorem.

Theorem 5.1. For |t| < t°(§) = 6Y/2|| X1||~" and ¢ > 0, we have

(5.21) (A(t)+ )P =2+ t(ZE+E2*) —t3EN=+ J.

Here = = Z(t,e) = (t2SP + 21)~1P; the operators Z and N are defined by (1.5) and
(4.13), respectively. The operator-valued function J = J1 + Jo+ T35+ T3 + To + Ts is
uniformly bounded:

(522) ||jH <Ci1+Cy+2C3+Cy + (35)_1 =:C,

where the constants C1, Ca, Cs, and Cy are defined by (5.12), (5.13), (5.14), and (5.18),
respectively.

It may happen that Z = 0, and then also N = 0. In such cases the following theorem
is useful.

Theorem 5.2. Under the assumptions of Theorem 5.1, suppose in addition that Z = 0.
Then relations (5.21) and (5.22) turn into the estimate

(5.23) [(A(t) + 2~ — (t2SP + 1)~ 'P|| < C.

Remark 5.3. a) For small & > 0, Theorem 5.1 provides a much sharper approximation
for the resolvent than the estimate

(5.24) I(A®) + D)™ — 2] < Co(2e:%2) ™ + (30) 7,

which follows from (5.7) and (5.20).
b) If Z = 0, the order of the estimate (5.23) (for small € > 0) is better than that of
the universal estimate (5.24).
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5.4. Comparison of the resolvents of two operator families. Let A(t) be another
operator family of the form (1.1), and let A(t) be threshold equivalent to the family A(t).
All the objects corresponding to this family will be marked by “~”. Note that N = N,
S =25, and E = E. We suppose that A(t) satisfies the condition of the form (5.2).
Furthermore, suppose that for A(t) we have

(5.25) Z=0.

(In homogenization problems the family A(t) is related to the effective differential op-
erator. The latter is an operator with constant coefficients, so that condition (5.25) is
surely satisfied.) Then, by Theorem 5.2,

(5.26) I(A@®) +e ) =E[ < C, [t <T°(0) = 821X, |~
The following theorem is a consequence of (5.23) and (5.26).
Theorem 5.4. Suppose that A(t) and g(t) are threshold equivalent and that both families
satisfy the conditions of Theorem 5.2. Then
I(A(t) + D)~ = (At) +e*) | < C+ C
whenever

(5.27) t| <2, := min{t°(5),1°(6)}.

min

For a family A(t) of general type, the operator = in (5.21) can be replaced by

(A(t) +€*I)71, and the corresponding error term can be estimated with the help of
(5.26). For this, we only need to take inequalities (1.8), (4.16), (5.3), (5.4), (5.22), and
(5.27) into account. Thus, the following statement is true.

Theorem 5.5. Suppose that A(t) and A(t) are threshold equivalent and that condition
(5.25) is satisfied. Then
(A(t) + )~ = (A(t) + D)7 + t(Z(A(t) + 1) + (A(t) + £21) 1 27)

(5.28) —B(AW) + D) INAR) + D)+ T, <0

and
|7 <C+CA+2"Y2 42712t 4 7YX ])?) =: C..

6. APPROXIMATION OF THE GENERALIZED RESOLVENT

6.1. Preliminaries. We borrow some preliminary information from [BSul, Subsections
1.5 and 5.3]. Along with $), we consider another Hilbert space $ and a family X (¢) =
Xo+tX1 : H — 9. of the same type as X(¢); the space 9, remains the same. Let

o~

M : $H — $H be an isomorphism such that

(6.1) M Dom Xy = Dom Xy, X(t) = X(t)M;

then Xy = )?OM and X; = )?1]\/[. We introduce the selfadjoint family
(6.2) Alt) = X () X(t)

in 9. Then, obviously,

(6.3) A(t) = M*A(t)M.
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~

In what follows, all the objects corresponding to the family A(¢) are marked by
Observe that

W
-~ .

N=MN 7n=n,

(6.4) N, =N., A.=n. P.=P,
(6.5) R = RM|n, rankR = rankR,
(6.6) S =PM*SM|y, S=PM*)"'SM~Y|q
(see [BSul Subsection 1.5]). We introduce the following notation:
(6.7) Q:= (MM =(M)'M':H -9

The operator Q is positive and continuous together with Q~!. If an operator @) with such
properties is given initially (along with A(t)), then @ admits a (nonunique) representation
of the form (6.7). Then we can reconstruct the families X (¢) and A(t) by formulas (6.1)
and (6.3).

Inequality (5.2) implies that for A(t) we have
(6.8) At) > 6820, @ =c|M|72, |t < t°.

-~

By definition, the generalized resolvent (or Q-resolvent) for the family A(t) is the
following selfadjoint operator in $:

(6.9) (A(t) +2Q)~", e>0.

From (6.3) and (6.7) it follows that

(6.10) (A(t) +€2Q) ™" = M(A(t) + &2I) " M*

(see [BSu, (5.13)]). Next, let Qg be the block of the operator @ in the subspace N:
(6.11) Qs = PQlg : M — M.

By (5.2), the germ S is nondegenerate, whence, by (6.6), the germ S is also nondegener-
ate. Then the operator

(t2S + £Qz) " N — N
makes sense, and (see [BSul, (5.18)]) we have

(6.12) MEM* = M(*SP + ) ' PM* = (1*S + £%Qq) "' P =:

(11

Q.

6.2. Approximation for the ()-resolvent of A\(t) Relations (5.21) and (6.10) imply
the following representation for the operator (6.9):

(A(t) +£2Q)~' = MEM* + tM(Z= + 2Z*)M*
~*MENEM* + MJM*, It| < t°.
Using (6.12), we can rewrite (6.13) as
(At) +€2Q)™  =Eq + t(MZM ™' PZg + ZqP(M*) ™1 Z* M™)

(6.13)

(6.14) — 32, P(M*)"'NM~'PZ, + MTM*.

Lemma 6.1. Let 2@ be the operator in 5 that takes u € 5 to a unique solution @Q € 5
of the equation

(6.15) X (Xothg + X12) =0, Qg LM,

where © = Pt € M. Then

(6.16) MZM™'P = Z,.
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Proof. The proof reduces to an elementary recalculation in equation (1.3), which defines
the operator Z under the condition (1.4) (see (1.5)). We only need to take (6.1), (6.4),
and (6.7) into account. O

Observe that (6.16) and (1.8) imply the estimate

(6.17) 1Zall < (88~ /2| X lI| M| M.
In order to transform the representation (6.14), we also need the following lemma.
Lemma 6.2. The following identity is true:
(6.18) P(M*)"'NM~'P = Z;,X;RP + (RP)*X,Zq =: N.
Proof. By (4.13), (6.1), and (6.16), we have

P(M*)"INM™'P = Z5(M*) "' X{ (RP)M~'P + P(M*)"Y(RP)* X, M~ Zg
(6.19) = 75X (RP)M~'P + P(M*)" (RP)* X, Zg.

Next, by (6.5), RP = RMP, and by (6.4), RPM~'P = RMM~'P = RP. Substituting
this in (6.19), we arrive at (6.18). O

For the operator NQ inequality (6.17) implies the estimate
(6.20) NGl < (20) 2| Xy | M| || M| X 1>
Substituting (6.16) and (6.18) in (6.14), we obtain the following statement.

Theorem 6.3. For the operator (6.9) we have
(6.21) (A1) +£2Q) "1 = Eq + t(ZoEq + EoZ) — t*EqNgEq + Jur.

Here the operator éQ is defined by (6.11) and (6.12), ZQ is the operator introduced

in Lemma 6.1 (see equation (6.15)), and the operator Ng is given by the right-hand side
of (6.18). The operator Jy := M JM* satisfies the estimate

(6.22) ITaell < M2, [t <0,
where the constant C is defined by (5.22).

Remark 6.4. The representation (6.21) is written in terms of the family E(t) defined by
(6.2). Only the constants C and tY in (6.22) are defined in terms of the family A(t). They
can also be recalculated in terms of j’ though, in general, with some loss. For instance,
a possible value of &, is given in (6.8), and we can take t° = ¢O|| M| || M ~1|"!. We
shall not discuss this in detail here.

Theorem 6.5. Under the conditions of Theorem 6.3, suppose that
Zo=0

(which is equivalent to the condition Z = 0). Then relations (6.21) and (6.22) imply the
estimate

I(A(t) +£2Q) ™" — (128 + £2Qq) "' P|| < C| M2, || < t°.
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6.3. Another approximation for the Q-resolvent (6.9). Now, let A (t) be another
family of the form (6.2), acting in §, and let Q4+ be a bounded positive definite operator
in . We put M, = (Q4)~'/? and introduce the operator family

Ap(t) = My AL ()M,

Suppose that A, (t) satisfies the analog of condition (5.2) with constant & for It] < t9.
In accordance with (6.8), we put

&) =Py
Moreover, we assume that the following condition is satisfied.

Condition 6.6. 1) The families A(t) and A (t) are threshold equivalent. 2) The blocks
of the operators @ and Q4 in M =N, coincide. 3) The operator Z corresponding to
the family A (t) is equal to zero: Z, =0 (and then also Zy o, =0).

We mention the following simple estimates:

(6.23) (A4 (1) +2Q0) Y < @)~ 4=2, <4,
(6.24) (825 + £2Q5) Pl < ()12,

Theorem 6.5 applies to the family A (¢). Thus, using the notation (6.12), we have

(6.25) (A4 (8) +€2Q1) ™ =g + T,
(6.26) [Tar, || < CHlIMy|? = CL|QFM, [t < ¢5.

Here C. is the constant of the form (5.22) corresponding to the family A (¢). Relation
(6.25) allows us to eliminate Z¢ in (6.21). As a result, we obtain

(A(t) +2Q) " = (A4 (t) +£%Q4) ™!
(6.27) 1 20(A (1) +€2Q4 )~ + 1A, (1) + £2Q, ) 24
—B(A4 (1) +2Q4) ' No(A4 () + Q) + 7.

Here

I =Im — T, —t(ZoTu. + .7M+25)
(6.28) (AL (1) +22Q1)  No s, +12 T, No(128+22Qq) P,
(6.29) [t] < 2 = min{t?, ¢ }.

The operator J is estimated with the help of (6.17), (6.20), (6.23), (6.24), and (6.29).
We should also recall (6.22) and (6.26). This leads to the estimate

171l < C|[M )2
F QTN + 272 MM+ 2@E) X D), (] <8

min*

(6.30

As a result, we arrive at the following statement.

Theorem 6.7. Let A(t), A(t), and A, (t) be the families defined above. Suppose that
(6.3) and Condition 6.6 are satisfied. Then the representation (6.27) and estimate (6.30)
are valid.
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6.4. Representation of the resolvent (A(t) +&2I)~!. A representation for the re-
solvent (A(t) + &2I)~! follows immediately from Theorem 6.7 and identity (6.10).

Theorem 6.8. Under the conditions of Theorem 6.7, we have

(A(t) + 2N~ =Mt (E(t, e) + t(ZgRy(t.€) + Ry(t,€)Z)
(651 ~ER(1e)NoRe (t.0) + T) (),

where
Ry(te) = (A (t) +%Q4) 7,
and the operator-valued function (6.28) is estimated in (6.30).

6.5. Approximation of the generalized resolvent of the family A(t). In conclu-
sion, we carry Theorem 6.8 over to the case of the generalized resolvent

(6.32) (A(t) +2Q) 71,

where Q : § — $ is a continuous positive definite operator. We may assume that the
operator £ is written in the form

(6.33) Q= (M),

where M : H — 9 is an operator bounded together with its inverse (for instance, we can
put 9t = Q1/2). Suppose that the family A(t) and the operator M are as in Subsection
6.1; in particular, we assume (6.3). Then, by (6.33),

(A(t) + €)™ = MHA@) +22QY) (M),

where
QY = (MY(MY)) ™, MY = Mo

Now, suppose that the family A\Jr(t) and the operator QY satisfy the conditions of
Subsection 6.3 (and, in particular, Condition 6.6) with @ replaced by QV and Q replaced
by QY. Then (6.27) is true with @ replaced by @V and Q- replaced by QY. However, the
remainder term will change, and we change its notation. Moreover, we denote AV (t) :=
(MYV)*A(t)MY and AY (t) := MY A, ()MY, where MY = (QY)~". Let tV play the role
of t for AV (t), and let ¢Y play the role of t° for AY(t). As a result, we arrive at the
following statement.

Theorem 6.9. Under the above assumptions, the Q-resolvent (6.32) admits the repre-
sentation

(A(t) +20) " = M7 (RY (t,) + HZgw BY (t.2) + RY (t,2) Zye)
6.34 ~ ~ o~
(6.34) —t3RZ(t,g)NQva(t,s))(M*)‘l +Jv,
where ﬁz (t,e) == (A\+(t)+E2QY)_1, and the norm of the operator-valued function JV =
TV (t,€) is uniformly bounded for |t| < min{tV,tY}, e > 0.

An explicit estimate for |7V | can be obtained in the same way as for (6.30), but we
shall not dwell on this.
If Q = I, then (6.34) coincides with (6.31).
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