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ON SOLVABILITY OF PERTURBED SOBOLEV TYPE EQUATIONS

V. E. FEDOROV AND O. A. RUZAKOVA

ABSTRACT. Linear Sobolev type equations
Lu(t) = Mu(t) + Nu(t), teRy,

are considered, with degenerate operator L, strongly (L, p)-radial operator M, and
perturbing operator N. By using methods of perturbation theory for operator semi-
groups and the theory of degenerate semigroups, unique solvability conditions for
the Cauchy problem and Showalter problem for such equations are deduced. The
abstract results obtained are applied to the study of initial boundary value problems
for a class of equations, the operators in which are polynomials of elliptic selfad-
joint operators, including various equations of filtration theory. Perturbed linearized
systems of the phase space equations and of the Navier—Stokes equations are also
considered. In all cases the perturbed operators are integral or differential.

§1. INTRODUCTION

We consider the Cauchy problem

for the Sobolev type equation
(1.2) Lu(t) = Mu(t) + Nu(t), te€R,.

This is an abstract form of initial boundary value problems for various equations and
systems of equations modeling real processes [Il 2 B, [4]. Here 4 and § are Banach
spaces, L € L(;F), i.e., L is a continuous linear operator, the operators M, N belong to
Cl(i4; F), i.e., they are linear, closed, and densely defined in 4l and map i to §. The papers
[1 13, 5L 6] [7, [8] are devoted to finding conditions that ensure the existence of resolving
semigroups from several smoothness classes for the nonperturbed Sobolev type equation
(N =0). In particular, it was shown that in the case where ker L # {0} such semigroups
are degenerate. In other words, the identity of such a semigroup has a nontrivial kernel.
If the operator L= € L(F;U) exists, then equation (1.2) can be reduced to the form

(1.3) a(t) = L™ 'Mu(t) + L' Nu(t), tcR,.

If the operator L='M generates a (Cp)-continuous operator semigroup, then problem
(1.1), (1.3) can be investigated by methods of perturbation theory for operator semi-
groups. The basis of that theory was established in the works [0, [I0] by R. Phillips; see
also the bibliography in [IT] and Ivanov’s papers [12] [I3] concerning semigroup pertur-
bations in locally convex spaces. Our aim in this paper is in applying the methods of
perturbation theory for operator semigroups and of the theory of degenerate semigroups
to the study of problem (1.1), (1.2) in the case where ker L # {0}. In this case the
perturbed equation can be reduced to a system of two equations on mutually comple-
mentary subspaces, namely, the kernel and the image of the resolving semigroup for the
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nonperturbed equation (N = 0). Since the equation on the image is resolved with respect
to the derivative, the existence of its solution follows from Phillips’ results concerning
perturbed (Cp)-semigroups. The equation on the kernel contains a nilpotent operator
applied to the derivative and cannot be analyzed in the general form. However, under
some assumptions on the perturbed operator IV, in this paper we find a solution of this
equation and, thereby, of equation (1.2). We illustrate the abstract results obtained by
examples of initial boundary value problems for partial differential equations and systems
of equations.

§2. PRELIMINARIES

Let 4, § be Banach spaces. The Banach space of all continuous linear operators from
i to §F will be denoted by L£(;F). The notation L£(4) will mean that § = 4. The set
of all closed linear operators with dense domain in a space 4, with values in §, will be
denoted by CI(;§). The set CI(4;40) will be written as CI(44).

Everywhere in what follows we assume that L € L(L;F), M € Cl(L;F). We also
denote p"(M) = {p e C: (uL — M)~' € L(F W)}, RL(M) = (uL — M)~'L, LL(M) =
L(nL — M), Rl () = Ty RE, (M), LB, (M) = [T LE, (M), N = N U {0}
Ry = {a €R:a >0}, and Ry = Ry U{0}.

Definition 2.1. An operator M is strongly (L, p)-radial if

(i) there exists a € R such that (a,+o00) C p&(M);

ii) there exists K > 0 such that for any ui € (a,+o0), any k = 0, ..., p, and any

1
n € N we have
L n L n K
max{[| (R, ) (M))" | (LG M) e} € 57—

X p—o (s — @)
(iii) in § there exists a dense subspace § such that

const(f)

ML — M)~ 'LE, (M) fllz < , feF,
” G WD = o T G~ a)
for all )‘7 Hos M1y -+ -5 Hp € (a’ +OO)1

(iv) for all A, po, p1, ..., pp € (a,+00) we have

K
(A = @) [Ti=o (e — @)

We denote by ° (3%) the kernel ker R, (M) (ker L{, (M)), and by 4! (') the

closure of the subspace im R(me)(M) (im L(me)(M)) in the space U (§). By My (Ly) we

denote the restriction of M (L) to the subspace dom M}, = {* Ndom M (U4¥), k =0, 1.

IRG, ) (MYAL = M)~ £ <

Theorem 2.1 ([6]). If M is a strongly (L,p)-radial operator, then:

Hu=uwou F=3"aF,

(i) Ly € LUk F*), My, € Cl(U*;§F), k=0,1;

(i) the operators My ' € L(F°;4°) and L' € L(FHUY) ewist,

(iv) the operator H = My 'Ly € L(U°) is nilpotent of degree at most p;

(v) there exists a strongly continuous resolving semigroup {U* € L(U) : t € Ry} of the
equation Lu = Mu, and

U |y < Ke™, teRy;

(vi) the infinitesimal generator of the Cy-continuous semigroup {Uf = U* o € L(U):
t € Ry} is the operator Ly M, € CL(UY).
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Remark 2.1. The projection along U° to ! (along F° to F') has the form
— slim (WRE(M) (Q = slim (uLE(M))P).
p—400

y,—»—‘,—oo

In the proof of (ii) we use the fact that, under the conditions of Theorem 2.1, we have
QL =LP and QMu = M Pu for u € dom M. Put I — Q = Q.

Theorem 2.2 ([6]). Suppose M is a strongly (L,p)-radial operator, and a function f is
such that Qof € CPYY(R;%), Li'Qf € CY(R,;F). Then for any initial value

uoEPf:{uedomM ZHk HQof)™(0 )}

there exists a unique solution u € CY'(Ry;4) N C(Ry;dom M) of the Cauchy problem
u(0) = g for the equation Lu = Mu+ f. The solution has the form

(2.1) u(t):Utuo+/Ut *Li'Qf(s ds—ZHkMO (Qo /)™ ().

Remark 2.2. We need the condition uy € dom M to ensure the differentiability of the
function v(t) = Utug. Strictly speaking, for this purpose the condition ug € 4°+ dom M;
would suffice.

Theorem 2.3 ([3]). Suppose M is a strongly (L,p)-radial operator, and a function
f is such that Qof € CPTY(R,;3F), L7'Qf € CY(R.;F). Then for any initial value
ug € dom M there exists a unique solution u € C*(Ry; U)NC(Ry;dom M) of the problem
Pu(0) = Pug for the equation Lt = Mu+ f. This solution has the form (2.1).

§3. THE PERTURBED EQUATION

Let ker L # {0}, and let the operator M be strongly (L, p)-radial [3,[6]. Applying the
projection @ to the two parts of (1.2) and using Remark 2.1, we obtain the equation

Liv = Myv+ QN (v + w),
where Pu(t) = v(t), (I — P)u(t) = w(t), u(t) = v(t) + w(t). Therefore,

(3.1) o =L 'Myv+ LT'QNv + L7 ' QNw.
Applying the operator My (I — Q) to equation (1.2), we get
(3.2) Hi = w + My 'QoNw + My 'QoNv,

where Qo = I — Q. Thus, equation (1.2) reduces to the system (3.1), (3.2).
If the equation

(3.3) 0(t) = Ly ' Myo(t) + LT QNyo(t),

where Ny = N g admits a resolving semigroup l?t, t € Ry, then the solution of the
*
Cauchy problem

(3.4) v(0) = Pu(0) = Pug = vg
for equation (3.1) can be written in the form

t
(3.5) o(t) = Ttvo + / 0L QNw(s) ds.
0

Conditions sufficient for the existence of a (Cp)-continuous resolving semigroup for
equation (3.3) were found by Phillips [9, [14] in terms of perturbation theory for operator
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semigroups. Here the operator LleNl plays the role of the perturbing operator. To
formulate these conditions, we need to introduce some additional notions.

Let U be a Banach space, and let an operator A € CI(20) be the infinitesimal generator
of a (Cp)-continuous semigroup of operators {V* € L(V) : t € Ry }.

Definition 3.1. Let P(A) denote the set of operators B € CI(0) satisfying the conditions
(i) dom B D dom A;
(ii) for any ¢t € Ry there exists C; € Ry such that for all v in a subspace U dense in
0 we have
1BV vlly < Cyflv]|a:

(iii) in (ii), the constants Cy can be chosen so that fol Cidt < o0.

By the results of [9, [14], if the Hille-Yosida conditions are fulfilled for the operator
LflMl, and if the operator LleNl belongs to the class ‘B(LflMl), then equation
(3.3) admits a (Cp)-continuous resolving semigroup. It is easy to check that this means
precisely that the operator IV satisfies the following conditions:

(i) dom N Nyt D dom M N ut;

(ii) for any t € Ry there exists Cy € Ry such that for all u in a subspace 4! dense in
U we have

INUtully < Clulls

(iii) the constants Cy in (ii) can be chosen so that fol Cydt < 0.
The set of all operators satisfying these three conditions will be denoted by B(L, M).

Remark 3.1. If N € L(4;F), then, obviously, N € PB(L, M). By Theorem 2.1 (v), we can
take Ct = Ke“t”NH[;(u;g).

Remark 3.2. 1f N; € (L, M), i = 1,2, then Ny + Ny € P(L, M).

We formulate the Phillips theorem on perturbation of a (Cp)-continuous semigroup in
terms of equation (3.3).

Theorem 3.1 ([I4]). Let M be strongly (L,p)-radial, and let N € PB(L,M). Then
equation (3.3) admits a (Cy)-continuous semigroup of the form

(3.6) {ﬁtZSn(t)ec(u); t€R+},
n=0
where
t
So(t) =Ut, Sp(t)yu= / U*L7'QNS,_1(s)uds, ued', teR,, neN
0

Moreover, the series (3.6) converges absolutely and uniformly int on any finite interval in
R, and the operator-valued functions Sy (), n € N, are strongly continuous in t on R.

Application of this theorem allows us to establish the solvability of equation (3.1). The
case of equation (3.2) is more difficult, because of the term M 'QoNw. In [I5], the case
where H = 0, || My *QoNo|| < 1 was considered. However, in applications, as a rule, it is
very hard to estimate the norm of such an operator. We shall consider the cases where
this term vanishes. It is easily seen that this happens if U° C ker N or N[U°] C F'. In
the second case it is possible to express w as a function of v and of its derivatives of order
at most p, because the operator H is nilpotent. If we substitute this function in (3.5),
we obtain a complicated high order integro-differential equation for v. We shall simplify
the situation by assuming that im N C §'. Then it is easy to obtain the following result.
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Theorem 3.2. Suppose the operator M is strongly (L, p)-radial, N ELB(L,M), imN C
TY, and up € dom My. Then there exists a unique solution u € C*(Ry ;i) of problem
(1.1), (1.2). This solution has the form u(t) = U'Puy.

Proof. If im N C §!, then Qo N = 0. In this case, equation (3.2) becomes H1(t) = w(t),
so that it has a unique solution w = 0 because H is nilpotent (see [3|, [0]). Therefore,
the Cauchy problem w(0) = (I — P)ug for (3.2) has a solution only if uy € U', and then
u(t) = v(t) = U Pug is a solution of problem (1.1), (1.2). O

Now we consider the first of the cases mentioned above: U? C ker N.

Theorem 3.3. Suppose M is strongly (L, p)-radial, N € B(L, M), dom M C dom N,
U C ker N, Pug € imR(L )(M), and

(3.7) (I — P)ug = ZH’“MO QoN (LT My 4+ LT*QN,)F Pug.
k=0

Then problem (1.1), (1.2) admits a unique solution u € C* (R ;). This solution has the
form

p
u(t) = U'Pug — > H*My ' QoN(Ly My + LT QN1)*U* Pug.

k=0
Proof. 1f 4° C ker N, then we have Nw = 0. System (3.1), (3.2) takes the form
(3.8) o(t) = Ly*Myv(t) + L7 P QN (t),
(3.9) Hii(t) = w(t) + My 'QoNu(t).

Then v(t) = U'Pug is a solution of problem (3.4), (3.8), and the function

w(t ZHkMO 1QoNv™®) ZHkMO YQoN (LTI M,y + LT'QN,) U Pug
k=0 k=0

solves equation (3.9) and the Cauchy problem
w(0) = (I — P)u(0) = (I — P)ug
for (3.9), provided

(3.10) (I — P)u ZHkM 'QoN (L7 ' My + LT 'QNy)F Puy,
. k=0

Pug € dom (L7 My + L7TQN, )P
Since N € B(L, M), we have
dom N(Ly'M; + L7 'QNy)P € dom(Ly ' My + Ly QN )P,

Moreover, domLflMl C domLleNl; consequently, dom(L;lMl + LIIQJ\H)”‘|r1 =
dom(Ll_lMl)pH. A vector u belongs to dole_lMl if and only if v € dom M; and
there exists a vector v € U! such that Myu = Liv. If X > a, then (M; — A\L{)u =
Li(v—=>Au) and u = Rfl (My)(Au—v) € im Rfl (Mjy). Since this argument can be reversed,
we have dom Ly'M; = im RL*(M;). Similarly, dom(Ly*M;)P*! = lmR(up( M) =
im R(LM)) (M). The second identity is fulfilled because im R(LM)) (M) C (! by the definition
of the subspace U'. Thus, condition (3.10) means precisely that the vector Pug belongs

to the subspace im R Gy (M)
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We have Pug € dom M, and by Remark 2.2 the function U taug is differentiable. The
condition dom M C dom N is necessary for the operator N to be defined on the values
of the solution. O

The initial condition
(3.11) Pu(0) = Pug

will be called the generalized Showalter condition. When reducing problem (1.2), (3.11)
to an initial problem for system (3.1), (3.2), we arrive at the initial condition v(0) = Pug
and have no constraints for w(0). Therefore, the arguments used in the proofs of the last
two theorems allow us to obtain similar solvability theorems for the generalized Showalter
problem.

Theorem 3.4. Suppose M is strongly (L,p)-radial, N € B(L, M), imN C §', and
ug € Y94 dom M;. Then there exists a unique solution u € CH(R; ) of problem (1.2),
(3.11). This solution has the form u(t) = Ut Puyg.

Theorem 3.5. Suppose M is strongly (L,p)-radial, N € B(L, M), dom M C dom NV,
U0 C ker N, and Pug € im R(LM))(M). Then there ezists a unique solution u € C*(Ry;44)
of problem (1.2), (3.11). This solution has the form

P
u(t) = U'Pug — »  H*My'QoN (L' My + Ly QN1 )" U* Pug.
k=0
Proof. In the proof, it is essential that equation (3.9) without any initial conditions is
uniquely solvable. If we impose such conditions on a solution of this equation, then we
need to coordinate the solution already available with the initial data. This leads to
imposing additional constraints of the form (3.7) on the data of the problem. In the

case of the generalized Showalter problem, we have no need to impose the constraint
(3.7). a

84. THE INHOMOGENEOUS PERTURBED EQUATION

With the operators L, M, N as above, we now consider the Cauchy problem and
generalized Showalter problem for the inhomogeneous perturbed equation

(4.1) Liu(t) = Mu(t) + Nu(t) + f(t), teR,,
where f: R, — §.

Theorem 4.1. Suppose M is strongly (L,p)-radial, N € B(L, M), dom M C dom N,
imN C§', Qof € CPT(R:3), Qf — NYh_o H"My ' (Qof)®) € CH(R4;F), and

(4.2) (I = Pyuy = = 3" H* Mg (Qof)*(0).

k=0

Then the Cauchy problem u(0) = wug for equation (4.1) admits a unique solution u €
CY(Ry;4), and
t
u(t) = U Pug +/ ULt | f < NZHk Qo) P (s ))
0

= > HM; Qo) ().

k=0
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Proof. After application of the operator M(;IQO, equation (4.1) takes the form Hw(t) =
w(t) + My *Qof(t). Since H is nilpotent, the results of [3, 6] show that the function
=S _ o H*My (Qof)™ () is a unique solution of the latter equation. Therefore, the
Cauchy problem w(0) = (I — P)uyg for it has a solution only if condition (4.2) is fulfilled.
Applying the operator L7 Q to (4.1), we deduce the equation
b(t) = Ly Myo(t) + LT QNv(t) + LT 'QNw(t) + LT Qf(¢).

As a unique solution of the Cauchy problem v(0) = Pug for this equation we have the
function

o(t) = U' Pug +/0 U L7Q (f(s) + Nuw(s)) ds

t
:ﬁtPuO+A (AjtsLl—lQ< NZH]C Q f (k ( ))

The solution u(t) of the original problem is the sum of the two projections v(t) and
w(t). O
Theorem 4.2. Suppose M is strongly (L, p)-radial, N € B(L, M), dom M C domN,
U0 C kerN, Qf € CHR4;%), Qo (Nv+ f) € CPTHRL;T), where v(t) = UtPug +
N [ U LT Qf(s) ds, and

(4.3) (I —P)ug=—Y_ H*M; (QoNv+ Qof)™(0).

k=0

Then the Cauchy problem uw(0) = wuy for equation (4.1) admits a unique solution u €
CY(Ry;4), and

u(t)zﬁtpuo+/ U'=L7'Qf(s) ds—ZHk HQoNv + Qo)™ ().

Proof. Since under the conditions of the theorem we have Nw = 0, equation (4.1) reduces
to the system
84 0(t) = Ly ' Myo(t) + Ly QNvo(t) + L Qf(2),

' Hi(t) = w(t) + My ' QoNv(t) + My ' Qo f(2).

The function ,
v(t) = Ut Pug —l—/ ﬁt_stle(s) ds
0

is a unique solution of the Cauchy problem v(0) = Pug for the first equation in that
system. Hence,

ZHk HQoNv+ Qo) (1)

is a solution of the second equatlon. The Cauchy condition w(0) = (I — P)ug for the
solution of (4.4) is satisfied if the coordination condition (4.3) is fulfilled. O

In the case of a continuous perturbation operator N, the above result can be refined.
Let dom(LflMl + LleNl)k', k € N, be equipped with the graph norm of the operator
(LM, + L7'QNp)F. Tt is well known that such a subspace is a Banach space if the
corresponding operator is closed. By dom(Ll_lMl +L1_1QN1)0 we shall mean the Banach
space 1.
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Theorem 4.3. Suppose M is strongly (L,p)-radial, N € L(;F), U° C ker N, Qof €
CPH(R1:F), Qf € CH(R1:F), Pug € im R, (M),

p
Li'Qf € () CPF(Ry;dom(Ly "My + Ly 'QN)Y),
k=0

and

p p
(I = Pyug =Y  H*My 'QoN(Ly ' My + Ly 'QN1)*Pug — Y - H* My (Qof)™ (0)

k=0 k=0
- ZH’“M QoN Z Ly' My + L' QN)™ (L' Q)R =m(0).
m=0

Then the Cauchy problem u(0) = wug for equation (4.1) admits a unique solution u €
CY(R; ), and

u(t):ﬁtPuo—i-/ ULT'Qf (s dS_ZHk HQo )™ (t)

— Z H*M;'QoN (LT My + LTYQNy)F U Pug
k=0

p t
— Z HkM()_lQON/ (L7YMy + LTYQN)FUT™ LTI Qf (s) ds
k=0 0

P k—1
N HRMGQoN (LT My + LT QN ™(LTIQF) R (2).
k=1 m=0

Proof. If we write the function v(t) obtained in the proof of the preceding theorem
explicitly and recall that the operator N is continuous, we arrive at formula (4.5). The
identity

dk ! rrt—s
I U'™*LT'Qf(s)ds
= <L1 'QAFTI() + (L' My + LT QN (L' Q) F 2 (1) +
t
+ (LM, + LTPQN)P LT Qf (1) +/0 (LT'My + LTYQN) U LTI Qf (s) ds
should also be used. O

Asin §3, these theorems imply sufficient conditions for the solvability of the generalized
Showalter problem. The difference from similar conditions for the Cauchy problem is
that the coordination condition (4.2) or (4.3) is absent. The solution of the generalized
Showalter problem has the same form as that for the Cauchy problem.

§5. EQUATIONS WITH POLYNOMIALS IN ELLIPTIC SELFADJOINT OPERATORS

Let P,(A) = 31 e’ and Qp(X) = >-71, d; N be polynomials such that ¢;, d; € C,
i=0,...,n,5=0,...,m, ¢y, dp, #0, m > n. Next, let Q@ C R® be a bounded domain
with boundary 02 of class C*°, and let A, By, ..., B, be a regularly elliptic collection
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of operators [16], where

(Au)(@) = Y aa(@)Du(x), an € C(Q),
|a| <27
(Bu)(z) = Y bia(x)Du(z), b € C®(0Q), 1=1,...,1.

la|<ry

It is also assumed that the operator A; € CI(L2(£2)) with domain dom A; = H%;BL}(Q)
[16], acting as Aju = Au, is selfadjoint.

Suppose K € Ly( x Q); then, by the Fubini theorem, for almost all 2,y € Q we have
K(-,y),K(z,-) € La(2). We want to reduce the initial boundary value problem
(5.1) P, (A)u(z,t) = Qm(A)u(x,t) —|—/ K(z,y)u(y,t)dy, (z,t) € Q xRy,

Q
(5.2) BiA*u(z,t) =0, k=1,....,r, I=1,....r, (x,t) €N xRy,
u(x,O) = UO(:I;)) T e Q7
to a problem of the form (1.1), (1.2). For this, we take
U={uec H™Q): BA*u(z) =0, k=0,....,n—1,1=1,...,r, x € 0Q},
dom M = {u € H*™(Q) : BiA*u(z) =0,k =0,....m—1,1=1,...,r, z € 00},

/ K@ yuly)dy, NeLi:3), [Nlews < 1K) L@xa-

Indeed, by the Holder inequality we have

INul, ) = /]/ny ay dx</(/|my| iy [ Juty de)
- / / K (2, 9)|2 dady - [ull?,
QJO

Let {¢k : k € N} denote the orthonormal eigenfunctions of the operator A; with
respect to the inner product (-, -) in La(Q2), enumerated with respect to the nonascending
order of the corresponding eigenvalues {\;, : k € N} (with regard to multiplicity). Here
we use the fact that the spectrum of A; is real and tends to —oo.

Theorem 5.1. Suppose m > n, (—1)™ " Re(dm/cn) < 0, and the spectrum o(A;)
contains no common roots of the polynomials Pp(\) and Q.,(\). Then the operator M
is strongly (L, 0)-radial.

Proof. Under the conditions of the theorem, all numbers pr = Qm(Ak)/Pn(Ax) with &
such that P, (\;) # 0 form the set o (M). Moreover,

lim

k—o0

arg

€ [n/2,n].

Therefore there exists a > 0 such that o(M) C {u € C: Rep < a}. We must check the
estimates in the definition of the strong (L, 0)-radiality. Suppose u,v > a, u € Y, and
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f € La(9Q); then

el I,
IO ey = > A

2 — _ 27
P20 |1~ G208 (n=a)

2
L+ X [(u, o) ? _ Nz
EAOT DY T S
m Nk
En ()70 ’ﬂ R
IRE QD)WL ~ M)~ flfig2rn o)

(L4 NI el . Clfl

= 2 2 = 2 2"
m(A ey —a)?®(v—ua
Pr(Ak)#0 ‘Pno\k)|2 ‘,U - ?Dn(()\:)) ‘V - ?Dn((k:)) ('u ) ( )
2
Indeed, since limg_, o % = |en| 72, the sequence is bounded by some constant

C > 0. Taking f € dom M = §, we obtain
IM(vL — M)~ L (M) f1I7, )
- |Qun k) PI{S, or) 2 - 2 IMfIT, 0 .
Pa(3e) 20 | Pa(Ak) 2 ‘N - %58 2 "’ - et T (um ety —a)?

We have used the inequality |P,(\;)| > ¢ for all k occurring in the sum, which follows
from the absence of finite limit points of the set {A;}. Moreover, in the case under
consideration we have dom M C U C § = La(). O

Remark 5.1. In Theorem 5.1 and in the subsequent statements, the conditions m > n,
(—=1)™ " Re(d/cn) < 0 can be replaced by the condition m = n.

Wehave P = Q = > p (,)20(" k) Pk, the subspaces U0 =F0 =span{epy : P,(\x) = 0}
are finite-dimensional, and U', §* are the closures of the set span{py, : P,(\) # 0} with
respect to the norm of the space i or §, respectively.

Theorem 5.2. Suppose m > n, (—1)™ " Re(dy,/cn) < 0, the spectrum (A1) contains
no common roots of the polynomials P, (\) and Qm(\), up € dom M, and for all k € N
such that P,(\;) =0 we have

(5.4) / K(x,y)pr(z) de =0, / uo(x)or(x) dx = 0.
Q Q
Then the problem (5.1)—(5.3) is uniquely solvable.

Proof. By Theorem 5.1 and Remark 3.1, the assumptions of Theorem 3.2 are fulfilled.
Conditions (5.4) mean that im N C §', ug € U'. Indeed, since K(z,y)pr(x)u(y) €
L2( x Q), the Fubini theorem says that

/Qsok(x) dfv/QK(x,y)u(y)dy=AU(y)dy/gzK(x7y)wk(x) dzx

The last integral is equal to zero for all £k € N such that P,(A;) = 0. This means
that for all u € Y the functions Nu are Lo(2)-orthogonal to the functions ¢ with the
corresponding k. Therefore, im N 1 FV. O

Remark 5.2. Clearly, for system (5.1), (5.2) the condition ug € dom M can be formulated
in terms of the Fourier coefficients uor = (uo, ¢r) as follows: {A uor} € la.
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Consider the case where Pi(A) =1+ X, Q2(\) = A —2X%2, Q = (0,7), Au=u", r =1,
and By = I. Then A\, = —k?, p(x) = sinkz, k € N and problem (5.1)-(5.3) takes the

form
o (1 + %) %(m) - (88—:6: - 2%) u(, )

+ [ Kepuwod. (@ e <R,
(5.6) u(0,t) = %(O,t) =u(m,t) = %(w,t) =0, teRy,
(5.7) u(@,0) = w(z), =€ (0,m).

For this problem, conditions (5.4) read as follows:

/ K(z,y)sinzdx =0, / uo(x) sinz dr = 0,
0 0

and they are fulfilled, e.g., if K(z,y) = > 1_, ar(y) sin kz, where ay € L2(0,7), up(z) =
> e o b sin kz. The condition {k%by} € l> guarantees that ug € dom M C H*(0, 7).

Lemma 5.1. Suppose M is strongly (L, 0)-radial. Then the conditions ug € 4°-+ dom M,
and Puy € im R(LM p)(M) are equivalent. For system (5.1), (5.2), they are equivalent to
the condition ug € dom M.

Proof. Since p = 0, we have
im R (M) = im R} (M;) = dom L; ' M; = dom M;.

For system (5.1), (5.2), since the subspace 4 is finite-dimensional, we have dom My = 4°.
Therefore, dom M = dom My+ dom M; = $1°4+ dom M;. O

If the operator M is strongly (L,0)-radial, then 4° = ker L [3| [6]. Consequently, the
generalized Showalter problem is equivalent to the Showalter problem Lu(0) = Lug [17].
Therefore, the generalized Showalter condition for this system can be written in the form

(5.8) P, (A)u(z,0) = P,(Aup(z), = €.

Denote ugr, = (ug, pr), k € N. Applying Theorems 3.4 and 3.5, we obtain the following
assertions.

Theorem 5.3. Suppose m > n, (—1)™ " Re(dy,/cn) < 0, the spectrum (A1) contains
no common roots of the polynomials P,(\) and Qum(N), up € dom M, and for all k € N
such that Pp,(A\r) = 0 we have [, K(z,y)¢r(z)dz = 0. Then problem (5.1), (5.2), (5.8)

has a unique solution u € C*(R,;4).

Theorem 5.4. Suppose m > n, (—1)™ " Re(dm /cn)
no common roots of the polynomials P,(\) and Qm (A
such that P,(Ar) = 0 we have [, K(z,y)or(y)dy =
solution u € CY (R, ;) of problem (5.1), (5.2), (5.8).

Proof. The integral identity in the conditions of the theorem means that 4° C ker N. By

Lemma 5.1, Pug € im R};(M) if and only if u € dom M. Applying Theorem 3.5, we get
the claim. O

0, the spectrum o(A;) contains
ug € dom M, and for all k € N
0. Then there exists a unique

<
)7

Now, consider the same problem for m > 2n, but with a differential perturbation
operator
(5.9)
P, (A)us(x,t) = Qm(A)u(x,t) + P,(A) Z ao(2)Du(z,t), (7,t) € QxR
o] <(m—2n)2r—1
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Here we use the standard notation a = (ay,...,a5) € N§, |a| = a3 + -+ + a5, D* =

%. The functions a, belong to L. (£2).
zy b 0TS

Lemma 5.2. Under the conditions of the present section,
N=P,(4) Y au(z)D* € P(L,M).
|a|<(m—2n)2r—1

Proof. We have dom M C dom N = H(™=™2r=1(Q)), and for u € { we can write

s3]
NU'w=P,(4) > aa(@)D*_ e {u, on)pr
|la|<(m—2n)2r—1 k=1
oo
n—m r b+1_)‘ m-n-1/r lfﬁ
= N1 — Ayt 3 CFLZ AP At it g,
b1 Mk (m—n)r

where pup = %"((/\A :)) and b = maxgeny Ag. Since the operator Aj is sectorial, the set

dom(b+ 1 — A;)” is a Banach space with the norm
lulls = 10+ 1 = A1) ull £, ()-

Ifg>m—-n— 2— then this space is continuously and densely embedded in H(™~27=1(Q)
(Theorems 1.4.8 and 1.6.1 in [I8]); moreover,

(b+1—A)" ™7 Ly(Q) — dom(b+1 — Ay,
Therefore, for u € Ly(€2) we have

‘N(b P Ay

L ($2)

< sup laallr..@ll(b+1—A )”7m+1/ru||H(mﬂqz,q(m
la|<(m—2n)2r—1

<el(b+1— A" |1y = cllull Ly()-
Since the limit
b 1=\ m—n—1/r b+1—\ m—n—1/r
lim (b+ k) = lim (b+ )

k—o0 1‘@ k—o0 ( )\m n)l_ﬁ
Cn

M

is finite, we have

b+1—>\km L
Z TN (u, o) o

e /,Lk T (m—n)r n)r LQ(Q)

D S—
< =m0
La($2)

o0 1 1

T memr _uut
> 1, e (u, pr) o
k=1

<c

We have used the fact that for positive ¢ the function p’e#t of the variable u has a
unique local minimum, equal to ct~?, at the point u = —3/t. Therefore, on the semiaxis
(=00, a] the maximum of the modulus of this function is attained at that point or at the
point y = a.

Finally, we obtain [|[NU||z(r,(«)) < cttmmmr 1, O

Theorem 5.5. Suppose m > 2n, (—1)™ " Re(d,n/cn) < 0, the spectrum o(Ay) contains
no common roots of the polynomials P,(\) and Qum(N), up € dom M, and for all k € N
such that P, (\,) = 0 we have [, uo(z)@y(x) dr = 0. Then problem (5.2), (5.3), (5.9) has
a unique solution.
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Proof. The proof is similar to that of Theorem 5.2. Note that the conditions imposed on
the operator N in Theorem 3.2 are fulfilled by Lemma 5.2, because, obviously, ' = im L
implies im N C '. O

Remark 5.3. For equation (5.9), the conditions im N C §' and $° C ker N are fulfilled
simultaneously. Therefore, by the obvious embedding dom M C dom N and Lemma 5.1,
an application of Theorem 3.4 or Theorem 3.5 to problem (5.2), (5.8), (5.9) leads to the
following result.

Theorem 5.6. Suppose m > 2n, (=1)" " Re(d,/cn) < 0, the spectrum o(Ay) contains
no common roots of the polynomials P, () and Q. (), and ug € dom M. Then problem
(5.2), (5.8), (5.9) has a unique solution u € C*(R ;).

Remark 5.4. Tt is clear that, using Remark 3.2, it is possible to obtain solvability condi-
tions of similar initial boundary problems for the equation

Pu(Aula.) = Qul @)+ Pu(4) 3 aa(@)Du(w.t) + | Klag)utynt)dy
la|<(m—2n)2r—1

containing differential and integral perturbations simultaneously.

Remark 5.5. The Barenblatt-Zheltov-Kochina equation, the Dzektser equation, and
other equations occurring in applications (see [1I 2 [3, [ [6]) are particular cases of the
nonperturbed equation of the form (5.1).

§6 LINEARIZED SYSTEM OF THE PHASE FIELD EQUATIONS

Let 2 C R® be a bounded domain with boundary 052 of class C*°, and let A\, a, 5 € R,
KpneLlo(QxQ),m=1,2, a;, bj € Loo(Q),4,j=0,...,s. Consider the problem

(6.1) wu(x,0) =wup(x), z€,

(6.2) g—Z(x,t) + \u(z,t) = %(m,t) +vo(z,t) =0, (2,t) €90 x Ry,
mww:mmwfmmm+/memmw@+/KMwwmw@
(6.3)

+a0 U+ZCL1

(6.4) Av(x,t) + po(x,t) + au(z,t) =0, (z,t) € Q2 xR,.
Here the role of the unknowns is played by the functions u(z,t), v(z,t).

U+Zb o (r,t) € QA x Ry,

Remark 6.1. System (6.1)—(6.4) with K,, =0, m = 1,2, is a linearization at zero, up to
linear changes, of the initial boundary value problem for the system of the phase field
equations describing the first kind phase transitions in mesoscopic theory [19] 20].

We put U= S = (L2(Q))27

10 A A
L:(o 0)’ M:(a 6+A)’

1Y (@) = {w € H@): (§ + ) w(@) =0,z € 00}, domM = (3, ()%
N, <:}L> _ <f9 Ki(z, y)uly) dygfg Ks(z, y)o(y) dy) . Nie L),

S ()2
Ny = (ao(l‘)+zz(-)_1az( )ami bo(x )+Z] 1bi( )axj)’
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N = N1+ Na, dom N = dom Ny = (H*(2))2. Thus, the operators L € L(k), M € CI(),
and N € Cl(4) are well defined, and ker L = {0} x Lo(2).

Denote Aw = Aw, dom A = H28 +A(Q) C Ly(Q2). Let {¢y : k € N} be the orthonor-

mal eigenfunctions with respect to the inner product (-,-) in Ly(€2) of the operator A,
enumerated in the nonascending order of its eigenvalues {\; : k € N}, with regard to
multiplicity.

Theorem 6.1 [21]. Suppose —3 ¢ o(A). Then the operator M is strongly (L,0)-radial.
In [21], the semigroup of the nonperturbed system (6.2)—(6.4),

+8) At}
S e () (eon 0

(a+B) A +22
—aexp [H—i%kkkt ’

thil BNy <'7§0k>90k 0

Ut =

and the projections

PZ(—a(ﬁiA)‘l 8) Q:(é A(ﬁJBA)_1>

were also obtained. Therefore, ! = im P = {(u, —a(B+A)"1u) € (La())? : u € Ly(Q)}
is isomorphic to Lz () x {0}, and §! = im Q = {(u+A(B+A)"1v,0) € (L2(N))? : (u,v) €
(La(92))?} = La(Q) x {0}. Consequently, (6.1) is the generalized Showalter condition for
this system of equations.

Lemma 6.1. Under the conditions of this section,

N, — (ao(x)-Fz;;ﬂai(x)a%i bo(x )+ZJ 105 )MJ) € P(L, M).

Proof. We have dom M C dom N», and

o) a Ap+A2
" Sryex (A (u, on)on
NyU? < > =Ny (a+ﬁ)>‘k+>‘kt)
ES VS (

o0 —acxp(
Zk:l B+Xg u7‘pk>90k

J— ",t
_ ((ao + 30 i) SR e (s pr) pret (bo + i by o2 ) Sonsy TS (u, gokm)
0

)

where iy % Moreover,

(bo(x>+;bj< )Zgo_‘ff or )P
:—a(bo +Zb )6+A Ze“ktuwk

Denoting a = maxyen ik, for u € Ly(§2) we have

0o
Z eﬂkt<u7 ()Ok>g0k

k=1

H(bo +Zb )ﬁ+A)

< sup ||bj||Loo(Q)H(/8+A)iluHHl(Q) < all(B+ A ull g2y < dlullp,@)-
j=0,...,s

< e™ull Ly(0)
L2(2)

L ($2)
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We have used the fact that —3 € p( ), so that the operator (3 + A)~! is a one-to-one
continuous map from Lo (Q) into H> rl +/\(Q)' Thus,

(i o) e

— L2(92)

< Ollullzy @)

for all u in Lo(92). Next7
ao(:E)Jrzs:ai(x)i ie”’“%u
. Ox;
b1 —Xp\E o2
_< +Zaz )"“—A) () e e

k=1 Fok

where b = maxgeny A\p. We argue as in the proof of Lemma 5.2. The operator A is sectorial
and we have a continuous and dense embedding of the Banach space dom(b+ 1 — A)% in
H(Q). Consequently, for u € Ly(Q2) we have

H( +Zaz >b+1—A)—§u

_2 _2
< sw ailloo@lib+ 1= A) 5 ullme) < ellp+1 = A)"5ulz = clluflz, @)

2
fa+1+N)\? 2
$ (2202 o
pt Mk

2
L\ 3
< max (M)
keN Ik

L2(Q)

L2(Q)

_2
<t 3 ullpy )
L2(2)

s 2
> e (u, or)pr

k=1

This proves that || NoU||£(1,(q)) < ct~3, as required. O

Theorem 6.2. Suppose —f3 ¢ o(A), ug € HQQH\(Q). Then problem (6.1)—(6.4) has a
_ an

unique solution (u,v) € (C*(Ry; La(£2)))2.

Proof. Obviously, imN C §'. By Lemma 6.1 and Remarks 3.1, 3.2, we have N =

Ny + Ny € B(L, M). It remains to refer to Theorem 3.4. O

Consider the system
ug(x,t) = Au(x,t) — Av(x, t)

ou

(6.5) + /Q Ky (z,y)u(y,t) dy + ap(z)u + Z%(I)%a (z,t) € 2 xRy,

(6.6)
Av(z, t) + Bu(z,t) + au(x, t)

au _
Ko d bo( b;( = t) e QA xR,
+ [ Kalaputn.) dy + bl “jzl ge =0 wHEaxR,
As before, K, € Lo(Q2 x Q), m =1,2, a;,b; € Lo (), 4,5 =0,...,s. In this case,
W (%) = (Bt dn (@) + S @)z 0
v Jo Ko (2, y)uly) dy bo (€) + 351 bi(2) 0 0)°

Ny € ,C( ) N = Ni + Ny, dom N = dom Ny = (Q) X LQ( ) No, N € Cl(ﬂ)
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Lemma 6.2. Under the conditions of this section,

ao(x) + Y5 ai(z) 5% 0
M= (bf(xHZj_ibj(x)Z% 0) € P(L, M).

Proof. The embedding dom M C dom Ny is obvious. Next, we have
- <u> ao(x) + Y7_; ai(@) 5% ) Spsy e (u, i) pn
2 = S o0
v bo(@) + Y5, by(@) g2 ) S50, €4 (u, oo

Therefore, as under the conditions of Lemma 6.1, the estimate
_2
IN2U ([ £(ra0)) < et
is fulfilled. 0

Theorem 6.3. Suppose —f ¢ o(A), ug € H2@+)\(Q)- Then problem (6.1), (6.2), (6.5),
on

(6.6) has a unique solution (u,v) € (C1(Ry; La(Q)))2.

Proof. As in the proof of Theorem 6.2, we obtain N = Ny + Ny € B(L, M). Moreover,
U =ker P = {0} x L2(92) C ker N. It remains to use Theorem 3.5 and Lemma 5.1. [

§7. LINEARIZED NAVIER—STOKES SYSTEM
Consider the initial boundary value problem
(7.1) u(z,0) = up(x), =€,
(7.2) u(z,t) =0, (z,t) €00 xR,
for the linearized Navier—Stokes system with integral perturbation
ug(x,t) = vAu(z,t) — r(z,t)

+ / Ky, y)uly, ) dy + / Ko(ey)r(y,t)dy,  (e.1) € Q x Ky,
Q Q

(7.4) V.ou=0, (z,t)eQxR,.

Here v > 0, Q C R" is a bounded domain with boundary OS2 of class C*°, and r =
r(x,t) = Vp is the pressure gradient.

We denote H? = (H?(Q))", HZ = {w € H? : w(z) = 0, x € 90}, Ly = (L2())",
L={w € (C(N)" : V-w = 0}. The closure of the subspace £ with respect the
norm of the space Lo will be denoted by H,. This is a Hilbert space with the inner
product of the space Ls. We can decompose L, = H,, @ H,;, where H, is the orthogonal
complement of H,. Let IT : Ly — H, denote the orthogonal projection corresponding to
this decomposition. The restriction of II to the space HZ C Ly is a continuous operator
II; : H — H3. Therefore, H3 is the direct sum H2 & H2, where H2 = kerIl; and
H2 = imII;.

We replace the incompressibility equation (7.4) with a more general equation:

(7.5) Hu(z,t) =0, (z,t)€QxR,.

Indeed, if u(z) is sufficiently smooth, then IIu = 0 implies (7.4). Otherwise, by (7.5), u
is the limit in Lo of smooth functions satisfying condition (7.4).

It is easy to observe that the formula A = diag{A,..., A} determines a continuous
linear operator A : H3 — Ly with discrete spectrum o(A); this spectrum has finite
multiplicity and condenses only at —oo.

Like H3, the space Hj 4, = {w € H* : w(z) = Aw(z) = 0, z € 92} can be decomposed
as H2 @ H2.

(7.3)



ON SOLVABILITY OF PERTURBED SOBOLEV TYPE EQUATIONS 661

We denote A, = A‘Hz, Ap = A|]HI27 »=1-1L

Lemma 7.1. A, acts from H2 to H,, and A, acts from H2 to H,.

Proof. We show that IIAY = Q. Indeed, for v € £ we have (V- Av) = A(V -v) = 0.
This relation extends to H2 by continuity. Hence, A, : H2 — H,.

Next we show that YAIl = Q. Take v € H2, u € H2 Let {-,-) be the inner product
in Ly. We have (v, Au) = (Av,u) = 0, because A is selfadjoint, Av € H, (see above),
and the spaces H, and H, are mutually orthogonal. Since H2 is dense in H,, we have

Au | H,, so that A, : H2 — H,. O

Put 4 = §F = H, x H; x H,, H, = H,. Then for vectors v € U, f € F we have
v = (U0'7U773UT)a f = (fo')f‘lﬂf’r)a and

100 vA, 0 0
L=|0 10|, M=| 0 wvA, -1
00 0 0 -1 0

Then L : 4 — § is a continuous linear operator with ker L = {0} x {0} x H, and
im L = H, xH, x{0}. The domain of the closed and densely defined operator M : {{ — §F
is dom M = HZ x H2 x H,.

Theorem 7.1. The operator M is strongly (L, 1)-radial.
Proof. We have

uw—vA, 0 0
ul — M = 0 w—vA; 1
0 1 0

By Lemma 7.1, the operator A, : H2 — H, is continuous and linear, and its spectrum
o(A,) is discrete, has finite multiplicity and condenses only at —oo, because the subspace
H, is infinite-dimensional. Let {¢;} be the eigenfunctions of A, orthonormal in H,,
enumerated in the nonascending order of the corresponding eigenvalues {A; : k € N},
with regard to multiplicity. Then X(p—vA)Y = (p—vA,)E =3 re (1 —v\e) (-, k) Pk,
where (-, -) is the inner product in Lo. If y # v Ak, then we have a continuous operator

A’lz(,u—z/A (pk(pk: H, — H,.
— — VA

For p # v, we can construct the L-resolvent of M:

AL 0 0
(wL—M)"'=| 0 0 1
0 1 —(p—vAy)
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Thus,
-1 -1 -1
) A7 000 ) AL AZL 000
R;(M)=[ 0 0 0], Ri,)(M) = 0 0 0],
0 10 0 0 0
-1 —1 -1
) A7L 000 ) AZLAZL 000
LEny=( 0 o 1|, LE,(M)= 0 0],
0 00 0 0 0
AJVAZLATL 000
R{, 1 (M)AL—M)~! = 0 0 0],
0 0 0
VAL AL AVAf, 000
M(AL = M) 'L, (M) f = 0 0 0],
0 0 0
where f € § = H2 x H, x H,. The obvious inequality 1A 2,y < (p—vAp)~! for
> vAp implies that M is strongly (L, 1)-radial. |

Since, by Remark 2.1,
P= slim (uRE(M)), Q= slim (uLE(M)P,

p——+00 p—+00

it is easy to check that

1 0 0
P=Q=1{0 0 0
0 0 0
Theorem 7.2. Let ug € H2, and let K;(-,y) € H, for almost all y € Q, i = 1,2. Then

problem (7.1)~(7.3), (7.5) has a unique solution u € C*(R,;4l).

Proof. The initial value ug of the problem belongs to the set dom M; = dom M Nim P =
H2 x {0} x {0}. Take v = (Xu,ITu,r). Since F' =imQ = H, x {0} x {0}, we have

2 Jo Kz, y)uly) dy + 2 [, Ko (z,y)r(y) dy
Nv= |11 [, Ki(z,y)u(y) dy + 11 [, Ko(z,y)r(y) dy | € F*
0

by the assumptions of the theorem concerning the functions K;, i = 1,2. We have used
the continuity of the operator II. It remains to refer to Theorem 3.4. O

Now we consider a similar system with integral perturbation of another form:

(7.6) ui(z,t) = vAu(z,t) —r(z,t) + /Q Ki(z y)uly,t)dy, (z,t) € @ xRy,

(7.7) Iy = /QKg(x,y)u(y, t)dy, (x,t)€QxR,.

Theorem 7.3. Suppose ug € H:, K;(x,-) € H, for almost all x € 2, i = 1,2, and
Ks(-,y) € Hy for almost all y € Q. Then problem (7.1), (7.2), (7.6), (7.7) has a unique
solution u € C1(R ;).

Proof. We have {4 = ker P = {0} x H, x H, and, for v = (uy, Uy, 1),

S [ Ki(z,y)us(y) dy + 2 [, Ki (2, y)ur(y) dy
Nv= (1T [ Ki(x,y)us(y) dy + 1T [, K1 (2, y)ux(y) dy
fQ KQ(xa y)uo'(y) dy + fQ KZ(x’ y)uﬂ'(y) dy
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Therefore, the conditions imposed on the functions K;(x,-), i = 1,2, for fixed z € Q
imply the condition 4° C ker N of Theorem 3.5. The condition imposed on the functions
Ks(,y) for fixed y € Q is necessary for the solvability of equation (7.7), because (7.7)
implies the relations

H/ Ka(z,y)u(y, t) dy = TPu = Tlu = / Ky(z,y)u(y, t)dy, (z,t) € QxR
Q Q

Therefore, IIKs(-,y) = Ka(-,y) for almost all y € Q. It remains to observe that uy €

im R(LH 1)(M) if and only if uy € dom A2, which means that uo € HZ. Thus, all the

assumptions of Theorem 3.5 are fulfilled. (]
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