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GAP OPENING IN THE ESSENTIAL SPECTRUM
OF THE ELASTICITY THEORY PROBLEM
IN A PERIODIC HALF-LAYER

S. A. NAZAROV

ABSTRACT. Rayleigh waves are studied in an elastic half-layer with a periodic end
and rigidly clamped faces. It is established that the essential spectrum of the cor-
responding problem of elasticity theory has a band structure, and an example of
a waveguide is presented in which a gap opens in the essential spectrum; i.e., an
interval arises that contains points of an at most discrete spectrum.

§1. INTRODUCTION

1. Preamble. In the case of a homogeneous isotropic elastic half-space, surface waves
were discovered by Lord Rayleigh [I], and since then many investigations devoted to
similar effects have appeared (see a survey of modern literature in [2], and also the paper
[3], which is absent in [2]). A Rayleigh wave is a plane wave of the form

(1.1) exp(ikzo)U(x3), = (x1,22,23) €R®, Ek€ER,

with a vector-valued factor U(z) decaying exponentially as z = x3 — —oo. The arising
of such waves explains specific wave processes in elastic bodies.

The wave number k¥ € R; = [0,+00) determines a frequency cutoff wi(k) above
which, i.e., for w > wy(k), the wave (L)) exists necessarily. In the present paper we deal
with a problem related to a similar phenomenon. Namely, we study an elastic, but not
necessarily homogeneous and isotropic cushion Qg having the form of a half-layer with
a periodic end and rigidly clamped side faces (see Figure 1, where the clamped surface
is shadowed). Some Rayleigh waves decaying exponentially as z — —oo can propagate
along the end of the cushion, and if €y is a cylinder A x R, then we have a single
cutoff wy > 05 i.e., the corresponding operator of the elasticity theory system acquires
a continuous spectrum [w;, +00). Our main goal in this paper is to show that, in the
periodic case, a gap can open in the essential spectrum; i.e., an interval can exist the
ends of which belong to the continuous spectrum, but inside which only points of the
discrete spectrum may occur. Some of the results were announced earlier in [4].

2. Setting of the problem. Let II be a domain in Euclidean space R? (see Figures 2-4;
Figure 4 shows a section of the 3-dimensional cell depicted in Figure 3). It is assumed
that II(—H) C II C II(H), where

(12) H(H) = {.’L‘ = (y72) Y= (y17y2)7 ‘yp‘ < ZP/27 p=12 z< H},

2000 Mathematics Subject Classification. Primary 35Q72.

Key words and phrases. Rayleigh waves, essential spectrum, band structure.

Supported by the Netherlands Organization for Scientific Research (NWO) and RFBR, joint project
047.017.020.

(©2010 American Mathematical Society
281



282 S. A. NAZAROV

FIGURE 1. A periodic half-layer.

FIGURE 2. A periodicity cell.

and [, and H are positive quantities. By scaling, we reduce the size [; to unity; after
that, we put [ = l5. A half-layer = with a periodic structure will be introduced as the
interior of the set

(1.3) Q= Jm,
JEZL

where Z = {0,£1,... } and II; = {z : (y1 —J,y,2) € II}. We assume that ) is a domain
with Lipschitz boundary and, in particular, a connected set (see Figures 1 and 5, which
correspond to the cells in Figures 2 and 4). Finally, let 2 be yet another Lipschitz domain
that coincides with Qg off a ball Bro = {x : |z| < R’} with a large radius R® > 0 (cf.
Figures 5 and 6). Viewing the domain Q as a solid, we consider the spectral problem of
elasticity theory in a matrix form (see [B] [6]):

(1.4) D(=V,) " A(z)D(V)u(z) = Mp(z)u(z), x € Q,
(1.5) D(v(z)) T A(z)D(V,)u(z) = 0, r €Y,
(1.6) u(x) =0, zel.

We explain the notation adopted. The displacement vector is regarded as a column
(u1,u2,u3)" in R3 (here T means transposition), and u, and usz are the projections of
u to the axes z, = y, and x3 = z, respectively, p = 1,2. The columns of strains and
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F1GURE 3. A mushroom-like periodicity cell.

FIGURE 4. The two-dimensional cross-section of a cell.

stresses, e(u) and o(u), are defined respectively by the formulas

€(U) = (511,522,533, \/§€23, \/§€317 \/iflz)T,

U(U) = (011,02270337 \/5023, \/5031, \@012)T,
e(u;z) = D(Vy)u(z), o(u;z) = A(x)e(u;x),

(1.7)

where €3, = %(@uk + Oru;) and the o are the Cartesian coordinates of the strain and
stress tensors (the factors v/2 are involved in the definition (7)) for equating the natural
norms of the tensors and the corresponding columns; see [6, §2.1]), and D(V,) is the
following (6 x 3)-matrix of differential operators:

8 0 0 0 2-1/2p9, 9-1/29,
DV.)T =0 a8 0 27120, 0 27129, |,
—1/2 —1/2
(1.8) 0 0 93 2729, 27129, 0
o, P
sz 82 5 8]:8—
D5 L

The material density p and the elements A,, of the (6 x 6)-matrix A of elastic modules
are bounded measurable functions on {2 that are subject to the positivity condition

(1.9) calé? <ETA@)E < Calel’, €€R® ¢, <p(x) <C,,
and the stabilization condition

(1.10) |[Apq(x) — Apy| < coexp(=dola]),  |p(x) — po| < coexp(—dola]),
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F1GURE 5. The cross section of a periodic half-layer.
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FIGURE 6. The cross section of a periodic half-layer perturbed locally.

where ca, Ca, ¢,, C,, and ¢, dg are positive numbers, and relations (L9) remain valid for
the numerical (6 x 6)-matrix A and the scalar py in formula (LI0), probably, with new
positive constants ¢%, CY ,cg, C’g. The spectral parameter A is the squared frequency
of elastic oscillations. The Dirichlet boundary conditions (@) correspond to the rigid
clamping of the surface I' which, by assumption, includes the half-planes {x : yo = =+I,
z < —H}, while the Neumann condition, involving the outward unit normal, means that
the other part X = 9Q \ T of the surface is traction-free. In the sequel, we shall need the
following restriction: off the ball Bg, the surface I' is invariant under shifts by £1 along
the xi-axis (see Figure 7, where the surface I' (the shadowed domain) and the ball Bg
are depicted schematically). Formally, the requirements listed look like this:

I ={zel: 4y, >0}, TH\Bpro=TIF\Bpo,
(1.11) IE={o:(p£1,y2,2) €T}, {z:y =+1/2, 2< —H} CTE,
Lo=T¢FuUly.
Elastic bodies with a periodic structure as described occur in practice; imposing the
boundary conditions (L5 and (LG allows us to interpret 2 as an elastic cushion clamped
between two absolutely rigid stamps. Part of the cushion goes beyond the stamp’s edges
(in our notation these are the lines where the type of the boundary conditions changes).
The discrete spectrum and the continuous spectrum of problem ([4))—(LH) are related to
the arising of elastic trap modes and also waves that propagate along the edge and decay
exponentially as the distance from the edge grows (see the paper [7] and the surveys
2 5).
Since the boundary of the body and the coefficients of the differential operators in-
volved may happen to be irregular, we understand problem ([4)—(T6]) as the following
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FIGURE 7. A periodic clamping zone with local perturbation.

integral identity [9] [10]:
(1.12) (AD(V,)u, D(Va)v)a = Apu,v)q, ve HY(Q;T)?,

Here (,)q is the inner product in the Lebesgue space Ly(Q), H*(€;T) is the Sobolev
space of functions that vanish on I' (the mark © above H), and the upper index 3 indicates
the number of vector components. We omit the size of the vectors in the notation for
norms and inner products. In the terminology of [10], the Neumann condition (T3]
and the Dirichlet condition (LG]) are (respectively) the intrinsic condition and the stable
condition for the system of equations of elasticity theory.

The Hilbert space H L(Q;T)3 equipped with a specific inner product, namely

(1.13) (u, vy = (AD(V)u, (D(V)v)a + (pu, v)a

(see the Korn inequalities (B and (234) below), will be denoted by H. Half of the
quantity (u,u) is the sum of the elastic and kinetic energies. The formula

(1.14) (Ku,v) = (pu,v)q, wu,v € H,

determines a positive, symmetric, and continuous (and hence, selfadjoint) operator K in
the space H. Since the first term on the right-hand side in (I4) is nonnegative, the
norm of K does not exceed 1. Therefore, Hilbert space operator theory (see, e.g., [111
§83.7, 10.2]) guarantees that the spectrum of K lies on the interval [0, 1] of the real axis
in the complex plane C, and the set C\ [0, 1] is included in the resolvent set of K.

The definitions (LI3), (II4)) and the spectral parameter change

(1.15) p=(1+N""
allow us to rewrite the variational problem ([L12]) as an abstract spectral equation:
(1.16) Ku = pau.

Due to (LIH), the A-spectrum of problem ([I2]) inherits all properties of the u-spectrum
of equation (LI6) except those related to the point p = 0, which corresponds to the
infinitely remote A. Therefore, in what follows we restrict ourselves to studying the
spectrum of K.

3. Preliminary description of the results. Since the domain (2 is unbounded, the
embedding H'(Q2) C L2(Q) is not compact, so that the essential spectrum of K consists
of more than the point p = 0 (see [II, Theorem 9.2.1]). In §2 we use the Gelfand
and Fourier transformations to introduce model problems on the periodicity cell IT and
on the section ® = (—1/2,1/2) x (=1/2,1/2) of its cylindrical part, which determine
the structure of the essential spectrum. Largely, we use the method traditional for the
theory of elliptic boundary-value problems in domains with piecewise smooth boundary
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(see the key publications [12]-[I5] and, e.g., the books [16, [I7]), which include, as an
intermediate element, the study of systems of differential equations in domains that go to
infinity cylindrically or quasicylindrically (periodically). That theory provides necessary
and sufficient conditions for the operator of the boundary-value problem in question to
be Fredholm in the usual or weighted Sobolev spaces. The loss of the Fredholm property
for some A\ means precisely the arising of a point (ILI5) that belongs to the essential
spectrum of K.

Nevertheless, when studying the operator of problem (L4)—(LH), we need to deviate
from the usual method. First, since the data of the problem are not sufficiently smooth,
we are forced to deal with the variational setting (I.I2)) (rather than with the classical one,
as is practical in the theory in question). However, this does not cause any complications,
because we can use the Parseval identities for both transformations. Though such a
generalization is evident, the author has found no detailed account of the corresponding
arguments in the literature. They are reproduced in the proofs of Theorems 2.1l and 2.2]
but not in detail.

A more substantial deviation from the standard pattern is caused by the unbounded-
ness of the periodicity cell II: the pencil 2 related to the model problem (Z6]) on II (see
formula ([27)) acquires both the discrete spectrum (Z36) and the continuous spectrum.
In its turn, the continuous spectrum of the operator K is born by both parts of the
spectrum of 2. This gives rise to the absolute threshold u(]? and to the partial thresh-

olds (™ (see formulas ([Z50) and (Z351])), while the essential spectrum is obtained as the

union of the segments [0, ,u?] and A(™ corresponding to the above thresholds (see ([Z52).
This structure gives way to arising gaps, i.e., intervals containing points of the discrete
spectrum only, but having both its ends in the essential spectrum. The verification that
such a gap arises indeed in the case of a “cushion with fringe” depicted schematically in
Figures 5 and 6, is the main result of the present paper. To deduce estimates for the
eigenvalues of the model problem on the cell IT (Figures 3, 4) we apply the max-min
principle (see, e.g., [I1, Theorem 10.2.2]), along with asymptotic constructions typical of
joints of elastic bodies that have different limiting dimensions (see, e.g., [I8]-[21]).

The model problem on the periodicity cell involves two parameters: the spectral pa-
rameter A occurring in the system of differential equations (IL4)), and the dual variable n
of the Gelfand transformation. In the above-mentioned theory of boundary-value prob-
lems in domains with piecewise smooth boundary, the parameter A is fixed, and, when
the spectrum of the quadratic pencil ([Z7) generated by the model problem in II is stud-
ied, some complex values of the prescribed spectral parameters n are allowed. Another
method for the investigation of formally selfadjoint systems of differential equations in
R™ with periodic coefficients is based on the theory of selfadjoint operators in Hilbert
space (see the survey [22] and the books [24 [25]); in the framework of that method, the
dual variable n € R™ is fixed, and the object of study becomes the spectrum of the un-
bounded operator generated by the corresponding Hermitian form (see [I1l, Chapter 10])
in the Lebesgue space on the periodicity cell. In this paper we use both approaches; in
particular, the band structure of the spectrum is established via describing the spectrum
of the problem operator on the cell.

It should be noted that the known examples of a gap opening in the continuous
spectrum pertain precisely to the setting of elliptic systems with periodic coefficients
in R"™, as described in the preceding paragraph (see the papers [23], [26]-[30] and the
survey [31]), and the result is achieved with the help of the method of variation of periodic
coefficients. Below, a gap in the continuous spectrum of the operator of problem (L4)-
(L6) will be constructed exclusively by choosing the form of the cell; i.e., the matrix A°
of elastic modules and the density p may be thought of as constants.
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§2. THE BASIC PROPERTIES OF THE OPERATOR

1. The model problem and the Gelfand transformation. We freeze the coefficients
of our differential operators at infinity, i.e., we make the changes A(x) — A° and p(z)
po (see the stabilization conditions (II0)), and pass from the domain Q2 to the periodic
set Qg (see formula ([I3)). Then, the Neumann conditions (intrinsic conditions in the
terminology of (L)) in the resulting model problem,

(2.1) (AOD(Vx)u,D(Vx)v)QO = Apo(u,v)q,, v € Ho,

are imposed on the surface Yo = 90 \ Ty, and the (stable) Dirichlet conditions (L) are
imposed on the surface F(jf described in (I.IT]) and having periodic structure. Accordingly,
the Hilbert space H, consists of vector-valued functions u € H'({)? that vanish for
v €Ty =T UTly. We recall that (u,v)q, is the inner product in Ly(02°).

The Gelfand transformation (discrete Fourier transformation; see [32] and also, e.g.,
the books [25] [T6] and the paper [33]), defined by the formula

1
2.2 v(z) = v(z;n) = — exp(—in(j + v(j + Y1, Y2, 2),
(2.2) (2) (z3m) m; p(—=in(j +y1)) v(j + y1, 2, 2)
yields the isometric isomorphism
LQ(Qo) = LQ(O, 27T; LQ(H))

Here Lo(0,27;B) is the space of abstract functions with values in a Banach space B,
and the norm looks like this:

o 1/2
Jos La(0.2m8)] = ([ otms P an)
0

Observe that on the left-hand side in (Z2) the point x belongs to the periodic domain
Qp, while on the right-hand side x is an element of the standard periodicity cell II (see
the definition in (T3))).

The inverse transformation is of the form

1 27
(2.3) U(w;n) = v(x) = E/o exp(iny1)o(y1 — [y1],y2, 2 1) dn.

Here [t] = max{n € Z : n < t} is the integral part of ¢ € R and, as usual, ¢ is the
imaginary unit. Now z € II on the left-hand side of (23], but « € Qg on the right-hand
side. Since v(0,y2,2) = 0(1, y2, z) for smooth functions with compact support, and
(2.4) Pu(x;n) = P(01 + in, 02, 05)0(x; 1)

for any differential operator P(V,) with constant (or periodic) coefficients, the transfor-

mation (22)) establishes the isomorphism
H'(Q0) = La(0, 275 Hye (I1));

per

here H].(II) is the Sobolev space of functions with period 1 in the variable z; = y;.

Using ([2.4) and the Parseval identity

2
(25) (w0)a, = [ (@(in),5C.n))mdo,
0
we reshape problem (Z)) to the following family of problems on the periodicity cell II:

a(u,v;n, 1) := (A°D(0y + in, 02, 93)u(;n), D(01 + i1, D2, 03)v(-;m))1n

(2.6) o1 3
= )\po(u(, 77)a"('§ 77))Ha \AS Hper(H;'Y) y for a.e. ne [Oa 27T)
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Note that, since in what follows we shall need complex values of the parameter 7, on the
left-hand side in (2.0 we write the complex conjugate number 77. Also in (2.0]), ﬁéer(ﬂ; )
denotes the Sobolev space of functions that vanish on v = I'g N JII and have period 1
in the variable y;, and for simplicity of notation the Gelfand transforms are denoted by
letters in bold.

Remark 2.1. The Parseval identity (2.0 and the extension of the Lebesgue inner product
by duality between the Sobolev space H' () and its dual H(Qp)* allow us to extend
the Gelfand transformation to functionals in H'(Q)* and to establish the isomorphism

HY(Q0)* ~ La(0, 27; H, (TD)*).

per
This fact will be used in the study of the nonhomogeneous problems (2.1) and (2.0)).

By the Riesz theorem on the representation of a linear functional in Hilbert space, the
variational spectral problem (2.6]) gives rise to a quadratic pencil

(2.7) nea(m ) @ HE G (I6)? — HE (T )2

per per

Since the domain II is unbounded, this pencil requires a separate consideration.

2. Spectrum of the pencil on a cross section of the periodicity cell. For fixed
n € [0,27) and A € R, we apply the Fourier transformation

(2.8) V(@) = Vg, ¢) = % / exp(—iz()v(y, 1) dz

to problem (26)) after multiplying its solution by an appropriate cutoff function. This
yields yet another family of spectral problems on the rectangle © = (—1/2,1/2) x
(=1/2,1/2), which is a cross section of the prism II. Namely,

Q(Uv V; 7, C) = (AOD(al + 7'773 82, ZC)U( YR C)a D(al + Zﬁa 82, ZZ)V( 51, C))@

(29) 0 rl 3
= )‘p (U( ' ’ﬂ?C)?V( ! 377,0)97 Ve Hper(G;g) ) for a.e. < € Ra

where I;T;er(é);ﬁ) is the Sobolev space of functions 1-periodic with respect to y; and
vanishing on the sides 6% = (—1/2,1/2) x {#1/2} of the rectangle, and the complex
conjugate parameters 7 and ¢ arise for the same reason as in (2.6). Problem (2.9) has

its own quadratic pencil
(2.10) ¢ A(G,A) = HY(0;0)° — HL,(6;0)°.

per
We recall that the parameters 7 and A are assumed to be fixed and, so far, real.

The following facts should be mentioned. First, the coefficients of the differential op-
erators involved are constant, and the periodicity conditions make the angular points on
the boundary of the rectangle inessential. Thus, the variational setting ([29]) is equivalent
to the classical one (see the results on smoothness improvement for solutions of elliptic
boundary-value problems in [I0, Chapter 2]):

L(Vy,i¢;in)U(y;n, ¢) := D(=01 — in, —02, —i¢) T A’ D(0y + in, 02, i) U (y; m, ()
=MU(y;n.¢), ye®, Ulyin () =0, yeb*

2.11 1 1
(2.11) U(E,ymn,é)=U(—§,y2;n,é),
1 1 l
81U(§ay2777)<) :81U(—§,y2,7],<>, |y2|<§
As a result, we can view the pencil (ZI0) as a map
(2.12) A(GmA)  Hyd (0)* N Hyer(0:0)° — Hy M (©)7

for any smoothness exponent s € N={1,2,...}.
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Second, the embedding H'(©) — Ly(©) is compact, and for any (;,(» € C the
difference L(Vy;7n, ¢1) — L(Vy;n,¢2) turns out to be a matrix first order differential
operator (see the definition in the first line of [Z.I1)); i.e., A((1;m, A) — A(C2;m, A) is a
compact operator. Consequently, by [34] 1.5.1], the map (2.I2)) is an isomorphism for all
¢ € C except for a countable collection of normal eigenvalues with a single accumulation
point at infinity (see also Remark [22]).

Finally, L(V,,i(;n) is an elliptic differential operator with a parameter (see [35]), i.e.,

(2.13) det L(¢,i¢;m) > cy(I€2 +IC)?), €€R? (eR

Therefore, by the results of [35], the eigenvalues of the pencil 2 lie inside the union of a
strip and a double angle:

(2.14) {CeC: [ < Bya} U{C € C: [Re] < 50| Tm ().

The positive numbers ¢, and £, x, 2y in ZI3) and (ZI4) depend on 7 and A, but
obvious reasons show that they can be taken to be the same for all € [0, 27).

Remark 2.2. If n, A € R and i¢ € R, || > B, , then the formally selfadjoint problem
(211) is uniquely solvable, because ¢ does not belong to the set [ZI1) and, thus, is not
an eigenvalue of [34]. This observation establishes one of the conditions of Theorem 1.5.1
in [34] (the other conditions have already been verified).

3. Spectrum of the pencil on the periodicity cell. The following statement about
the solvability of the problem

(215) Q(uv vin, H) - ApO(ua V)H = f(V), v E Io{;er(H; 7)3a

with a linear functional f € (.Folrl)er(l'[; 7)3)* is verified by a standard method (see [12] and
also [16]).

Theorem 2.1. Let i € [0,27). The operator of problem (Z18), viewed as the map [2.7),
is Fredholm if and only if the pencil ZI2) has no real eigenvalues.

Proof. The “if” part. By the Korn inequality (B.1]) (to be discussed below), the auxiliary
problem
(216) q(quvH; 777HH) - (>‘ - AH)/JO(UH7VH)HH = fH(VH)7 VH € ﬁIl (HH;A/H)Ba

per

posed on the prism I = {z € II: 2 > —4H} (see the definition ([2)) and involving
a large positive number Az, is uniquely solvable for any functional £ on the Sobolev
space H_,.(IT";y7)? of vector-valued functions in H'(IT¥)? that vanish additionally on
the surface v = (117 NTy)U{x € I : 2 = —4H} and have period 1 in the variable y;.

We construct a right regularizer (parametrix) for the operator of problem (2.I5]). The
solution u € ﬁ;er(ﬂ; )3 of (2.15) with a right-hand side § € (ﬁéer(ﬂ; 7)3)* will be sought
in the form

(2.17) u=xFu + (1 - xzHu™,

where x%, € C*(R) is a cutoff function equal to 0 for z < —(3 4+ p)H and to 1 for
z > —(2 4 p)H (we use the indices p = £1 and p = 0). As components in (ZI7),
we take the solution u’ € H! (IT1*;H)3 of problem (ZI8), extended by zero to I,

per
and the solution u™ € HJ (II°°;4>)3 of the following problem in the infinite prism

I = (—-1/2,1/2) x (=1/2,1/2) xR :
(218) q(uoo’voo; ﬂaHOO) - )\po(uoovvoo)nx = foo(voo), v>® e ﬁl

per

(1%, 7).
The right-hand sides of the above problems will be the functionals £ (v) = f(x%v) and
£°°(v) = §((1—xY%)v), respectively, and the Dirichlet conditions for (ZI8)) will be imposed
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on the union v of the strips v3° = (—1/2,1/2) x {£{/2} x R. The presence of the cutoff

function yY% ensures that £ ¢ (Hrl)er(HH :vH)3)*. Hence, there is a vector-valued function

ul 1 H. H\3 oot . .
€ Hper(H ;v'7)? satisfying the integral identity ([2.10) and such that
(2.19) 05 Hy o (5 )| < e[| 875 Hpor (75 9)* || < Cl[If; Hper (15 7) |-

To find a solution of ([ZI8]), we apply the Fourier transformation (2.8)). The Parseval
identity for Fourier images reshapes (2.9)) to a family of nonhomogeneous problems (2.9):

= A" (U= (51,0, V>(+in.Q)e = F(V=in,(), Ve Hécr(@;ﬁ)g-
Since the line R C C is free from the spectrum of the pencil 2, the estimates [35] for
solutions of elliptic problems with a parameter (see [12] or [16, Chapter 3] for the details)
show that a solution U € H!_ (0;6)3 of problems ([Z20) exists for a.e. ¢ € R, and

per

(2.21) T8l < ellF2% Ol

(2.20)

where c is independent of the functional F*° and the parameter (, and
(2.22) IU>; 012 = IV, U La(©)|* + (L + ¢ |U; LoO|f?,
1 F°%58]l¢. = sup{|[F= (V)] : V™ € Hp (6;6), [[V>;0]c =1},

Now, the inverse Fourier transformation

U™ (51, €) s u™ (a3 77) = / expliz)U> (1, ¢) d¢

1
V2T Jr
provides a solution u® € H;er(ﬂoo;fyoo)?’ of problem (ZI8)), while formulas (Z21)) and

[222)), together with the rule for differentiation of Fourier images, ensure the estimate
o i (59™) | < [ Uielzac<e [ F=se. |z, dc

115 7)< ellfs Hper (T 7).

The last inequalities in the chains (Z23]) and (ZI9]) are ensured by the properties of the
functionals £ and .

We calculate the discrepancy of the vector-valued function (ZI7) in problem (215))
with a right-hand side f. Let v € Héer(H' 7)3, and take vIT = x 3 v and v®© = (1—x ;" )v

as test functions in (ZI6]) and (ZI8), respectively. Observe that
f(v) = £ (v1T) + £ (v>)

by the definitions of the cutoff functions and the right-hand sides of the integral identities.
Also, we have

(2.23)

< £ Hpe

q(a v, %) = g(x ' u ,vin, 1) + 7 (u¥ vy, 10),
q(u>v>;n, 11°) = q((1 — xz")u™, vin, ) + ¢ (u™, v;n, 1),

where
FH(,v) =g (", v;n, 1) = (A°D(0y + in, 83, 83)u’, D(0,0, 9sx 1" )v)u
(2.24) — (A°D(0,0,03x 1 )u?, D(0; + in, D9, 03)V)m,
Fo(f,v) := g (u>,v;n,I) = —(A°D(d; +in, da, d3)u™>, D(0,0,03x 5" )V)n

+ (AYD(0,0,95x 5" )u™, D(81 + in, D2, 3) V).
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The forms (Z24]) arose as a result of shifting the cutoff functions X1+—11 and 1 —X;Il from the
test function v to the solutions u”’ and u™. While doing so, we were forced to commu-
tate twice the differential operator D(0; + i1, 02, 03) with the cutoff functions mentioned
above, obtaining the matrix-valued functions D(0,0,83X;§1) and D(0,0, —63)(;11) (ob-
serve that x4, depends only on the variable 3 = z). In what follows the fact that the
supports of the derivatives d3x}; and d5(1 — x5') = —03xj" are compact sets will be
important.

So, adding the integral identities ([2.10]) and (2.18), making the above transformations,
and recalling the definitions (217, we find that

(2.25) q(u, vin, 1) = Ap° (w, ¥)i = f(v) = FH (5, v) = F2(5,9) = FA(5.v).
The linear maps
(Hpor(1:7)*)" 2§ o0 FH(G, ). F (), FA( ) € (Hper(I17)°)
turn out to be compact, because (2:24)) and the expression
‘/__.A(fa V) = AHPO(uH7 XJJLFIIV)HH

involve no products of first derivatives of components of the vector-valued functions
u? u™ and v, and integration in all cases is over the bounded set {x € I : —H > 2 >

—4H}. Thus, for the abstract equation
(2.26) P FAG ) = PG ) = FAG ) = £ e (' (I59)")",

the Fredholm alternative is valid; i.e., if the right-hand side f satisfies a finite collection
of orthogonality conditions, then (2.28]) admits a solution f for which formula (Z:25]) turns
into the integral identity (2I5]), which has a solution (ZIT)). In other words, we have
constructed a right regularizer; now, in order to check that the operator of problem (24
is Fredholm, it remains to verify that the kernel of the operator is finite-dimensional; this
will be done in Remark 2.4.

The “only if” part. If the real axis R contains an eigenvalue of the pencil ([212)), then
the range of the operator of problem (ZI5]), viewed as a map (27), is not closed. The
corresponding singular sequence of functions for this operator can be constructed in a
standard way (see [I2] and, e.g., [16, Theorem 3.1.1 and Remark 3.1.5]). Moreover, in
the proof of the second part of Theorem we shall find a Weyl singular sequence for
the operator IC in a similar situation and by the same method. Therefore, here we do
not present these constructions. O

For n € [0,27) and ¢ € R, we introduce the unbounded symmetric operator M (n, ()
generated in Ly(©)? by the Hermitian form @ defined in (Z9) (see [11, §10.1]). The
relationship between the pencils ([2I0) and ([2I2) (see above) shows that the domain
D(M(n,¢)) of M(n,() is the subspace H2..(0)*N H'(©;0)3, and this operator is closed.
It is selfadjoint, because the matrix differential operator L(V,, i¢;in) in problem (ZIT)) is
formally selfadjoint. Since the embedding H!(©) C Lo(©) is compact, Theorems 10.2.5
and 10.2.2 in [IT] imply that the operator M (n, () has a discrete spectrum consisting of

eigenvalues

(we list them with multiplicities; the fact that they are positive is ensured by the lemma
below). Moreover,

(228 M(n.0) = inf {|U; L2(0)| QU U, ) | U € f},(8:0)°\ {0} }.
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Lemma 2.1. We have
(2.29) QU.U;n,¢) = ca(l +[¢[*)|IU; L2(©)1%,
where ¢4 > 0 is a constant independent of n € [0,27), C € R, and U € ﬁ;er(é); 6)3.
Proof. Put
(2.30) U(z) = exp(inyr +iC2)U(y).
Clearly, we have U € Ifll(G) x (0,1);0 x (0,1))3, but the periodicity of vector-valued
functions is lost. Nevertheless, by the Dirichlet conditions on the faces 6 x (0,1) of the
parallelepiped © x (0,1), we have the Korn inequality
[t4; L2 (© x (0, H))||* + [|Vold; La(© x (0, H))||?
< e[| D(Va)U; L (© x (0, H))|J?
(see [36], 37, [6], and also relation (BI])). In the second term on the left, we keep only the

derivative 0.U and perform differentiation and integration with respect to z € (0, H).
As a result, we arrive at the estimate

1+ [KPIU; L2(O)* < enllD(D1 +in, D2, iC)Us La(©)]12,
as required. O
Formulas (Z29) and ([228) imply the inequality Ai(n,¢) > ca(1l + [¢]?). Since the

eigenvalues depend continuously on the parameter ¢ (see, e.g., [38, Chapter 7]), the
function ¢ — Aq(n, () takes all values starting with

(2.32) Aumin(7) = min{A; (7,¢) : ¢ €R} >0

and up to +oo. Thus, by Theorem 2.1, the operator of problem (ZIH]), viewed as the
map (27), is not Fredholm for

(2.31)

A> PalAmin(n)-

4. Spectrum of the operator K. For n € [0,27) fixed, we introduce the selfadjoint
unbounded operator m(n) in La(II)? generated (see [LT, Chapter 10]) by the Hermit-
ian form ¢(u,v;n,II) indicated on the left-hand side of (2.6 and closed on the space

I—ifpl,er(l'[; 7)3. The next statement says that this operator is positive.

Lemma 2.2. We have
(233) Q(uau;nvn) Z CA,HHU;LZ(H)Hza
where Ca 1 > 0 is independent of n € [0,27) and u € HY (IT;~)3.

per

Proof. As in the proof of Lemma 2] we introduce a vector-valued function I/ by formula
230), but now we put ¢ = 0 and replace U(y) with u(z). We apply the Korn inequality
@31) on the sets {x € II: z > —H} and Q, = © x (—=(n — 1)H,—nH),n € Z; the
corresponding constants will be denoted by ¢y and cg. Observe that cy does not depend
on n, because the parallelepipeds Q,, are congruent. Summing the inequalities, we obtain

(2.34) o5 H (I0)|1* < enl|D(Va)U; Lo (1D,

where ¢r = max{cg, ¢y }. Now, keeping on the left only the Lo-norm of the vector-valued
function U itself, and taking the factor exp(iny;) into account, we get

(2.35) [[w; Lo (I0)||* < e[| D(By + in, D, 83)w; Lo (11|12

Note that D(V,)U = exp(iny)D(01 + in, d2,03)u, and exp(iny) disappears when we

calculate norms, because 7 is real. Relation ([235) turns into (233 because the matrix
AV is positive definite. O
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By Theorem 2] and Definition ([Z32]), the essential spectrum of the operator m(n) is
located on the ray [Amin(7), +00). The interval (0, Amin(7)) contains only points of its
discrete spectrum:

(2.36) 0<can <AV < AP () <o < AN (),

The number N(n) of eigenvalues, listed in ([230) with multiplicities, depends on 7; the
cases of N(n) =0 and N(n) = 400 are not excluded.

Remark 2.3. In general, the function n — N(n) is not continuous, because the eigenvalues
A () can run away from the interval (0, Awin(7)), disappearing inside the continuous
spectrum [Amin (1), 00) of the operator m(n). Thus, at the discontinuity points of the
function in question, at least one of the one-sided limits of the eigenvalues AV(M)(n) is
equal to Apin ().

Theorem 2.2. A point p € (0,1] belongs to the discrete spectrum or to the resolvent set
of the operator K if and only if for X = u=t — 1 the half-interval [0,27) is free of the
spectrum of the pencil (2.71).

Proof. The “only if” part. As in the proof of the first statement in Theorem 21l we
consider an auxiliary problem on the bounded domain Q(R) = Q¢ NBp :

(2:37) (AD(Vo)u®, D(Va)vM)am) — (A = M) (pu”, v)qmy = fH(07), v € H(R).

The space H(R) consists of all vector-valued functions v? € ﬁéer(Q(R); [ NBg)? that
vanish on OBr N, and the parameter A? is assumed to be sufficiently large to ensure
that the following is true: by the Riesz theorem on representation of a linear functional,
the Korn inequality for u® € H(R) guarantees the unique solvability of problem (237
and the estimate
[u®; HY(QR))|| < el f% HER)|
with a constant ¢ independent of the parameter R > R? and the functional f%.
We construct a right regularizer for the operator of the problem

(2.38) (AD(V,)u, D(Vz)v)a — Apu,v)q = f(v), veH.
The solution of (Z38) with right-hand side g € H* will be sought in the form
(2.39) b = xhu 4+ (1 — x%)u’,

where x5, € C*(R3) is a cutoff function equal to zero for |z| > (2 + p)R and to 1 for
lz] < (1 + p)R, and |Voxh(z)| < cR7Y, p = 0,1,2. Also in (2.3), uf* € H(R) is the
solution of (Z37) in a bounded domain, and u® € Hq is the solution of the following
problem on the periodic set g:

(2.40) (A°D(V,)u®, D(V,)v")q, — Mpu®,v%)q, = f2(0°), ° € Ho.

The right-hand sides have the form fR(v?) = g(xkLv®) and fO(v°) = g((1 — xk)v°),
respectively. Note that (1 — x%)u® satisfies the boundary-value condition (L)), due to
the definition of the cutoff function x% and the requirement (LIT)).

Since the half-interval [0, 27) is free from eigenvalues of the pencil 2, it follows that,
combining the Gelfand transformation, the inversion of the operator of the problem

q(a(),V; 7771_[) - )‘pO(a07v)H = .]?O(V)’ \AS ngr(n;’y>3a

with parameter 7 € [0, 27), and the inverse transformation (2.3]), we obtain a solution of
([2:40)) subject to the estimate

2 27
[u®s Hol|* < C/O [a% HY (1) dn < C/O 175 (Eper (T59)) (| d

< | % HGII* < cRllgs HE|I*.

(2.41)
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Note that here (and throughout the proof) ¢ means a constant independent of R, and that
the additional factor R arose on the right in the chain (Z4I) because |V x5 (z)| < cR™L.

Let v € H; then vf* = x4v € H(R) and v° = (1 — x%)v € Ho. We plug these two test
functions in the integral identities (237)) and (Z40), respectively. Adding the results, we
observe that, by the identities xLx% = Xk, (1—x%)(1—x%) = 1—x} and the definitions
of f and f°, we have

FROGY) + (1= xR)v) = g(xkv) + 8((1 = xR)v) = g(v).
Finally, we use ([Z39)) to arrive at the integral identity
(2.42) (AD(V,)0, D(V,)v)q — AMpv,v)q = g(v) + &% (g;v) + &°(g;v), v e H,
where
6% (g;v) = (AD(V)u", D(Vaxg)v)a
— (AD(VoxR)u™, D(Va)v)a — A (pu”, xko)e,
8%(g;v) = — (AD(V,)u’, D(Vixg)v)a + (AD(Vexg)u’, D(Ve)v)o
(2.44) + (A= A")D(V,)u’, D(V,)((1 = XR)v))e
= A(p = "), (1 = xR)v)a-

As in the calculations in ([224]), here we have performed a commutation of the differ-
ential operator D(V,) with the cutoff functions x% and 1 — x%, i.e., D(V,x%) " is a
matrix-valued function obtained from (L8] by the substitutions 9/0z; — 9;x’. Also,
to the right-hand side of ([2:44]) we have placed the discrepancies that arose because of
freezing the coefficients at infinity (see the deduction of the model problem Z1J) in Sub-
section 1 of §2). The stabilization condition (LI0) and inequality (ZZI]) imply that the
norm of the operator generated in the space H* by the terms indicated does not exceed
cRY exp(—dpR). The presence of the exponential function above shows that the factors
with power-like growth, which arose, e.g., on the right-hand side in (241]), leave the ma-
jorant infinitely small as R — +o0o. The other terms in (Z43) and ([2:44) give rise only
to compact operators in H*, because the corresponding expressions contain no products
of first derivatives of (components of) uf*, u°, and v, and integration is taken over the
bounded set {z € Q : R < |z| < 4R} D supp |[Vyx%|. Thus, if R > RO is sufficiently
large, then for the equation

(2.45) g+6%(g ) +6%g;-) = f e N,

similar to (2.20), the Fredholm alternative is valid. Imposing a finite number of orthog-
onality conditions on the right-hand side f, we can find the functional g € H*. Then we
can use formula (2:39) to obtain a function v € H satisfying the integral identity (Z38)
(by ([242)) and (243). So, we have constructed a right regularizer for the operator of
problem (Z38]).

Now we show that the kernel ker(IC — ) is finite-dimensional. Let u € H be a solution
of (LI2). Since problem (Z37)) in the bounded domain Q(R) is uniquely solvable, we get
the relation

(2.43)

Ixzus HH(Q)]| < ellu; La(QUR))|-

Here the right-hand side arose because of commutation of the corresponding differential
operator with the cutoff function y}% (cf. ([Z43)). We multiply the solution by 1 — xkL,
freeze the coeflicients, and turn to the uniquely solvable model problem ([2.40)); this gives
the estimate

11 = xg)us HH ()] < e([lu; L2(QR)) || + exp(—doR) [lus H (Q)]).
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The two inequalities above imply that for sufficiently large R we have
lus HH(Q)]] < Cllu; L2(QUR)) |,

which shows that the subspace ker(K — p) is finite-dimensional. It remains to mention
that, by the definitions (LI3]) and ([LI4), problem (238) is equivalent to the nonhomo-
geneous abstract equation ([LI6) with the right-hand side (1 + \)~'F € H and with the

parameter (TH).

Thus, the operator K — p is Fredholm; i.e., the point 1 does not belong to the essential
spectrum of F.

The “if” part. First, suppose that the half-interval [0, 27) contains an eigenvalue 79 of
the pencil  — a(n; A). Then there is a nontrivial vector-valued function u € ﬁ;er(ﬂ; 7)3
satisfying problem (Z.8) with the parameters 79 and A. Put

(2.46) wl(z) = 272X (y; — 29X (2971 — 1) exp(inoy1 )u(z).

Here X € C(R) is a cutoff function such that X(y1) = 0 for y1 < 0, X(y1) = 1
fory3 > 1, and 0 < X < 1. The number ¢ € N is taken so large that the support
{z : 29 < y; < 29F1} of the vector-valued function u? is disjoint with the ball Bgo;
then u? € H by (LII) and the definition of the space H (II;7)3 (see the comment on

per
formula ([226)).

Since the product X, of the cutoff functions on the right in (246) is equal to 1 for
y1 € (29 + 1,291 — 1), the second condition in (LI0) allows us to write

(pul,u?)g >279(29 — 27 _ 2) (|Ju; Ly(ID)||? — cexp(—6027))
Z C1 — 6027‘1 Z 61/2.

Here ¢y and c¢; are positive constants, and the index ¢ is assumed to be large.
Similarly,

(put,ul)q < c2, (AD(Vy)u?,D(Vz)ul)g < cs.

Hence, the sequence (2:46)) is bounded and uniformly separated away from zero in the
norm of the space H, and it converges to zero weakly in H, because the supports of u?
and u? are disjoint for g # p. Thus, it remains to verify the third fundamental property
of a Weyl sequence (see, e.g., [11, §9.1]), namely,

(2.47) IKu? — pu®; H|| — 0, g — +o0.

We have
[Ku? — pu; H| = sup{|[(Ku? — pu?,w)| : w € H, lw; H|| = 1},
(Cut — put,w) = (14 X) " (AD(V.)uf, DV, )w)a — Aput, w)a)
= (1+ X)) ((A’D(V)u?, D(Vi)w)a, — Apo(u?, w)a,)
+ O(exp(—6029)).

(2.48)

Here we have used formulas (LI0) and (TI2)-(TI4). Putting v(z) = X,(y1)w(z), in
the last-written inner product in (Z48]) we transfer the cutoff function A}, and also the

factor exp(inoy;) from the vector-valued function u (see (2.46])) to the test function w.
Since the support of the commutator D(V,A;) lies in the closure of only two prisms Il
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and Ilsq+1_1, we obtain
(A°D(V,)u?, D(V,)w)a, — Apo(ud, w)a,
= 2792((A°D(d + ing, Dz, D3)u, D(1 + in, Da, Bz) exp(inoy1)v)a,
— Apo(u, exp(inoy1)v)a, + O(1))
= 27Y2((A°D(d + ing, Da, D3)u, D(0y + i1, Dz, B3) V)
— Apo(u, v)n +O(1))

(2.49)

=0(277?).

Here, we applied the definition (22]) of the Gelfand image v = v, and then identity (2.6])
for the spectral pair {ng, u} of the pencil a(-; ). Relations (Z4])) and (249) imply the
convergence (2.47).

If a point 79 of the continuous spectrum of the pencil n — a(n; \) lies on [0, 27),
then, by Theorem 211 the pencil ¢ — 24((; 7, \) has a real eigenvalue {y. Let U denote
an eigenfunction corresponding to (. The construction of elements of an appropriate
singular Weyl sequence differs little from that used earlier in (2:46]):

ul(z) = 2794, (y1) Xy (2) exp(inoys) exp(iCoz)U (y).

The function z — X, (z), cutting off in the vertical direction, is added because the solution
U(z) = exp(i€pz)U(y) of the system of differential equations

L(Vy,0.;in)U(z) = Apold (z), z € 11

(see the definition of the differential operator in the first line of (ZII))) satisfies the
Dirichlet conditions ([L6]) on the faces {£1/2} x (—1/2,1/2) x R of the prism and the
periodicity conditions on the other two faces, i.e., possesses the required properties of
the function u in (Z48]), but does not belong to the Sobolev space H!(II)3. The factor
2717 is responsible for the preservation of inequality (28] (of course, without its middle
part). The other calculations and arguments need no essential changes. O

By Theorem 2:21and the remarks about the operator m(7) made before the formulation
of that theorem, the segment [0, uf] (the ray [A?,+00)) is occupied by the continuous
spectrum of the operator K (the continuous spectrum of problem (IZ12))). The absolute
thresholds

(2.50) pi =1+ A = (o) min{Awin(n) : 1 € [0,21)}

are related to the continuous spectrum of the pencil ([2.7) (i.e., to the loss of the Fredholm
property by the operator of the model problem (2:6]) on the section © of the periodicity
cell II), and are only determined by the limiting rigidity matrix A and by the size I

(see (LIO) and (T2), respectively), via the eigenvalues ([227)) of the pencil ([ZI2]) (see

formula ([2:27])).
Besides the thresholds (2350), partial thresholds may arise:

(2.51) u = (AT A = AT

min’

where n =1,..., Npax, Nmax = max{N(n) : n € [0,27)},
A(")

min

= mln{A(n)(n) ne [0, 27‘(’)},

and the number A](rffa)m is defined similarly. Here we have used the eigenvalues of the
operators m(n), and if A (n) is absent on the list ([@386]), then we put A (n) = +oo.
The partial thresholds (Z5]) are generated by the discrete spectrum (Z36]) of m(n). By
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Theorem 22 and the continuous dependence of A (1) € [0, Apin(n)] on 1, each of the
thresholds (Z51)) is an end, upper or lower (respectively), of the segments

(2.52) A® = [l ™) and YA
forming the continuous spectra of the operator K and problem (LI2), and
)\( =Py lA(n ,u:(:) _ (1 + )\g))fl

max?

Since the continuous spectrum of problem (LIZ) is a union of finite and half-infinite seg-
ments (in particular, [A}, +00)), this spectrum can admit gaps, i.e., intervals containing
discrete spectrum points only. An example of such a gap is presented in the next section.

5. On the exponential decay of solutions at infinity. By what was said about
the eigenvalues of the pencil [212)), in particular since they belong to the set (214]), the
absence of points of the spectrum on the real axis means that there are no such points
also in a strip {¢ € C : Im¢ € (—d(A),0]} for some §(A\) > 0 and all n € [0,27). It is
well known (see [12] and also, e.g., [16, Chapter 3]) that this property of the spectrum
ensures the exponential decay of solutions of problem (ZI5]) with appropriate right-hand
sides. Now we formulate the result, postponing comments till Proposition 2.2 where a
similar statement will be established for problem ([2:38]).

Proposition 2.1. Suppose that, for some A > 0 and n € [0,27), the real axis is free
fmm the spectrum of the pencil ¢ — A(C; A\, ). Also, suppose that a functional £ €
(Hrl)er(H 7)3)* satisfies

(2.53) [£(exp(=82)v)| < cs(B)|[vi H A, v € Hp (T;7)”.

There exists a number 6(X,n) > 0 such that if § € (0,0(A,n)), then for the solution
u e 0L (I1;~)? of problem ZI5) we have exp(—dz)u € HE  (II;~)3 and

lexp(—=6z)u; H' (D] < e5(es(£) + 1F; (Hper (157)*)|| + [u; H' (L))

The constant cs depends on §, but not on u and £, and cs(f) is the coefficient occurring
on the right-hand side in ([2.53)).

In particular, Proposition Z.1] implies that the eigenfunctions corresponding to the
eigenvalues ([2:36) decay exponentially as z — —oo.

Remark 2.4. Independently of the presence or absence of the spectrum of the pencil 2
on the line R C C, the kernel of the operator of problem [21I5]), viewed as the map (Z7),
turns out to be finite-dimensional. Indeed, we can always find § > 0 such that the line
R+i) ={C € C: Im¢ =4} is free from the spectrum of the pencil. By the results of
[12] (see also [I6, Chapter 3] and the proof of Theorem [2]), the operator of problem
[2I3), acting from the space

(2.54) W57per( )3 ={uce Hlloc(ﬁ)3 : exp(dQ)u € H! (H;v)g}

per

of exponentially decaylng vector-valued functions to the space
(255) (Wl e (1T = {f : [f(exp(62)v)| < cllvi H ()|, v € H}, (T1;9)*},

of functionals, is Fredholm, so that its kernel is finite-dimensional. It remains to observe
that, since the space ([2.54)) is wider than H! (IT; )3, the kernel could only become larger

per
when we pass to functions that grow at infinity. Consequently, the kernel of the operator

defined on H;er(l'[ )3 is also finite-dimensional.
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We turn to problem (4)—(L6]), or (II2)). We equip the space
(2.56) W(S) = {u € HL.(Q)? : exp(d(|y1]| — 2))u € H}

with the natural norm ||u; W(9)|| = || exp(§(|y1| — 2))u; H||. Clearly, W(0) = H. If § > 0,
then the vector-valued functions in the space ([Z.50) decay exponentially at infinity, but
if < 0, then certain growth is allowed.

Let W(8)* be the dual space. Since (C2°(Q) N H)? is dense in W(§), the integral
identity (2Z38) remains meaningful for any v € W(J), f € W(=9)*, and v € W(-9).
Thereby, this identity gives rise to an operator

Qs+ W(8) = W(=0)"

which coincides with the operator considered before for § = 0.
If the half-interval [0, 27) is free from the spectrum of the pencil ([27)), then, for some
d(A) > 0, the rectangle

{neC :Renel0,2r),Imne (=5A),0(N)}.

possesses the same property. Let 6 € (—d(A),d(N\)). We extend the Gelfand transfor-
mation ([22]) to complex values of 1, and in the inverse transformation ([2.3]) we shift
integration to the half-interval {n € C: Ren € [0,27),Imn = ¢} (cf. [33] and [I6] §3.4]).

Consider the nonhomogeneous model problem (2] and introduce the space Wy(0)
by formula (Z56) with Ho in place of H. As the right-hand side of a problem on the
periodic set g, we take a functional fO € Wy(—61)*, where §; € (0,5()\)). Since v
fO(exp(£68y1)v) is a continuous functional belonging to the dual space H* for all § €
[0,01], and 0,0 is the image of the function « — —iyiv(x), the Gelfand transformation
yields an abstract 27-periodic function holomorphic in the strip and continuous up to
the boundary of the half-strip. The operator of problem (ZI5]), viewed as a map

Wi, per(T59)° = (WL, er(1159)%)°

(see (254) and ([Z51])), has a resolvent Rs(n) holomorphic in the strip {n : |Imn| < §(\)}
and 2m-periodic along the real axis. As a result, the inverse Gelfand transformation
determines a family, parametrized by § € [—d1, 1], of solutions

s B 1 27+ . ” - . p
V) = = /,»5 exp(inyn )5 () F° (-5 1) di

of the model problem on the periodic set 3. These solutions do not differ from one
another, because the difference of two solutions is representable as a contour integral
along the boundary of the rectangle v% — v%2, and the integrals along its lateral sides
cancel, because of the opposite directions of integration and the 2m-periodicity of the
integrand with respect to the variable Ren. Thus, for the solution v° € Hy we have
exp(dy;) exp(—82)v° € H for all § € [—dy,61], whence v° € Wy(d1). Also,

[ Wo(d1) < ell £ Wo(=61)" |l

Now, let u € H be a solution of problem ([238)) with a right-hand side f € W(—9)*
for some 6 > 0. We multiply a test function v by a smooth cutoff function X equal to 0
for |z| < RY and to 1 for |z| > 2R° and transfer the following forms to the right:

(A= A%)D(Vo)u, D(V.)(Xv))a,  M(p — po)u, Xv)g,
(A’D(V)u, D(V.X)v)q, —(A°D(V.X)u,D(V.)v)a.

In the first pair we have an additional weight factor exp(—dg|z|), occurring in the stabi-
lization condition (II0)), and in the second pair integration is over a compact set. Thus,
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the product v° = Xv turns out to be a solution of the model problem in Qg with the
right-hand side f° € Wy(—61)*, where §; = min{4, dp}. So, the above arguments, which
followed the lines of [33] (see also [16] §3.4]), imply the next statement.

Proposition 2.2. Suppose § € (0,00] (see (LIN)) and f € W(=08)*. Then the solu-
tion u € H of problem (238) belongs to W(J) and satisfies the estimate ||u; W(S)| <
cs || fsW(=0)"]].

In particular, this shows that the eigenfunction u corresponding to a point p of the
discrete spectrum of I decays exponentially at infinity.

The verification of Proposition Bl repeats, with simplifications, the above proof of
Proposition

Remark 2.5. In contrast to the kernel of the operator m(n), mentioned in Remark 2] the
kernel of the operator I — p may fail to be finite-dimensional. Here is a simplest example.
Let Q = Qp, let A = A° and suppose that for all » on a segment [1;,72] C [0,27)
of positive length the operator m(n) has an eigenvalue A = pyA. The corresponding
eigenfunction

u( ' an) € ﬁzl)er(; 7)3

decays exponentially at infinity by Proposition 2.1l Consequently, for any density ¢ €
Cg°(n1,mz2) the formula

1 27 )
u?(z) = \/—2_7r/0 exp(iny1)u(y: — [y1], y2, ;1) dn

gives us a solution of the homogeneous problem, and this solution belongs to the space

H = Ho.

§3. SPECIFIC FORMS

1. The Korn inequality. Let = be a 3-dimensional elastic body with Lipschitz bound-
ary = and compact closure =. A part I' of the surface of = is clamped rigidly; i.e.,
Dirichlet conditions of the form (L) are preassigned on I'. Various methods for the

proof of the Korn inequality
(3.1) s HA@)|? < ezl D(Va)us L)%, we H'(E:T),

which was already used in the proofs of Lemmas 2] and 222] can be found in [39]-[37].
Largely, the dependence of the Korn constant ¢z on the domain E is not known; in [37] it
was proved only that if a body = is star-shaped relative to the ball Bg, then the constant
¢ in the inequality

(32)  JuH'E)? < cIDVa)us La@)|P + s La(BR)|?), w e H' ()P,

can be taken depending only on the ratio of the diameters D and 2R > 0 of the domains
= and Bg.

In the case of thin elastic bodies (plates and rods), to make the Korn inequality
asymptotically sharp relative to the small geometric parameter A > 0, we should consider
anisotropic and weighted Sobolev norms, (] and (822), on the left-hand sides in [42] and
[43] (see also the book [6] and the survey [44] §2]). Here we present such an inequality,
anisotropic and weighted, see [43 [45], for a rod Gj, = wp, x (0,1) with cross section
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wn = {y : h~'y € w}, where w is a domain in R? bounded by a simple closed contour

Ow:

sl = | Gz o w\% ra
et Gzsnaon o sl
v i st i Gyt

+ ! wg;whm i ity
< || D(Va)w; La(G)|.

Here p = 1,2, and pp(z) = z + h is a weight factor equal to O(1) far from the clamped
end wp,(0) = wp, x {0} of the rod (for z > ¢ > 0), and equal to O(h) near that end (for
z < Ch). In [5] 46] it was shown that for many purposes inequality (33) is insufficient,
and that an additional relation of the form

(3.4) ok (wp = @p); La(Gr)II* < e D(Va)w; La(Gn)|®
is required. In (B4, the quantities

(3.5) Wp(z) = (measy wh)*l/ wp(y, 2) dy

are the mean displacements. Of course, the constants ¢ in (8.3) and (B.4) are independent
of h € (0,1] and w € H'(Gp;wp(0))3. The proof of inequalities B3] and (3.4) can be
found in [6, Chapter 3] and [44] §2].

2. Cushion with fringe. Suppose that the periodicity cell has the form
(3.6) II=T11(1/6) UG U B,

where II(H) is a half-infinite prism (IL2), B = {x : |y|> + |z — 5/6]> < 1/4} is the ball
of radius 1/2 centered at x = (0,0,5/6), and G}, is the rod mentioned in the preceding
subsection. The number hy will be chosen so that G), C II(c0) = {z = (y,2) : |y, <
l,/2,z € R} for h € (0, hg]. We assume that the disk {y : |y| < 1} lies inside the reduced
(h = 1) section w; then the rod G}, includes the cylinder wy, = {z : |y| < h, |z —3/4| <
1/4}. For the role of the clamped surfaces we take the half-planes ©* = % = {2 : y, =
+1/2,z < 0}.

Plane pictures of the periodicity cell and the cushion with fringe 2 are presented in
Figures 4 and 6, respectively; to form the periodic set Q¢ (Figure 5) one needs to restore
the two elements of the fringe that are defective in Figure 6.

Now we deduce an asymptotically sharp, weighted and anisotropic, Korn inequality
for the cell (B:6l); we use the method described in [I9] (see also [44, §3]). Let u €
ﬁl(H; ¥ N OII)3. Repeating the proof of Lemma 2.1l we arrive at the relation

(3.7) lus H(IL(1/6))[|* < ¢l| D(V)w; Lo (D).
We employ the corollary
(3.8) |~ s L2(© x (=1/6,1/6))|* < cllus H' (© x (~1/6,1/6))||*

to the one-dimensional Hardy inequality

(3.9) / |W (r)|? dr §4/ 2 d;;/( )’ dr, W € CL0,+o00),
0 0
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involving the radial variable r = |y| and integrated over the angular variables of the
spherical system of coordinates. As a result, for the field w(z) = X(h™12)u(z) on the
rod GGj, we obtain the estimate

ID(Va)w; La(Gr)|* < 2| D(Va)us La(G) | + 2| D(9: X u; La(Gh) |*
< 2| D(Va)u; La(Gh)|I* + ch™|lus La(wn x (0, k)]
< 2| D(Vo)u; La(G)|* + ell |2 75 La(wn x (0, k)]
< [ID(Va)us Lo(11(1/6) U G) 1%

(3.10)

Here X is the same cutoff function as in ([246). Since w(y,0) = 0 because of cutting off,
we have inequalities ([3.3]) and (34 at our disposal. Observe that, first, in the middle of
the calculations (B.I0) we used the fact that r < ch on the cylinder wy, x (0, k), and second,
to deduce formula (B8] from the Hardy inequality (39) we should put W(r) = x(r)u(z),
where x is an appropriate cutoff function.

We represent the restriction of the vector-valued function u to a ball B in the form

INT
(3.11) u(z) = ut(z) + d(y, 2 — 3/4)a, /B d(y7 z— Z) ut(r) =0 € RS,

where d(z)a is the rigid displacement (i.e., a is a column in R® and d is a linear matrix-
valued function of size 3 x 6, similar to the matrix D(x) " in formula (L)),

1 00 0 27124, _271/2g,
(3.12) dz)={0 1 0 —271/2 0 212,
0 0 1 2742, —271/24 0

Due to the orthogonality conditions in (BT, the following version of the Korn inequality
is valid (see [41],[37] and, e.g., [0, §2.2] and [44] §2]):

(3.13) luts HY(B)|? < ¢ D(Va)u'; La(B)|* = ¢l D(Va)u; La(B)||.

The last identity is ensured by the relation D(V,)d(z) = 0 implied by (LJ) and BI2)
(strains vanish at the rigid displacements).
It remains to handle the column a. Formulas (3.1 show that

(3.14) a = {/wh d(y,z_Z)T d(y,z_Z) dx} /wh d(y’Z_Z)T(u(x)—uL(g;))dx,

and the Gram matrix occurring in braces becomes diagonal because the point (0,0,3/4)
lies in the center of the circular cylinder wy; namely, this Gram matrix looks like this:

diag {%2, Th2 Tpz T p2 (i + h2) T p2 (i + h2> , %4}.
2 2 2 16 12 16 12 8

The first three positions are occupied by the volume of the cylinder wy, and the last
three by its moments of inertia.

By (BI4]), we have

(3.15) lag|> < ch™*meas3 wh/ (Jug ()| + |ué‘(x)\2) dz, ¢=1,2,3.

WA

First, let ¢ = 3. We observe that measzw), = O(h?) and u, = w, on w), and estimate
the integral in (BI5) with the help of (B3) and (BI3), obtaining

(3.16) las[? < ch 2| DV, )us Lo (D)
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For ¢ = 1,2, the factor h~! arises in the majorant for the norm |lwy; L2 (cws)|| because of
the anisotropic structure of the Korn inequality (83). As a result, we obtain

|aq|* < ch™?(||lwg; La(wn)||? + [lug s La(wn)||?)
(3.17) < ch™2(h™?||D(Va)u; La(11(1/6) U G)[* + | D(V)us La(B)||*)
< ch™H|D(Va)u; Lo(TD) |12
A similar inequality is fulfilled for ¢ = 4, 5:

|ag—p|? < ch™?(|Jwp; La(wn)||” + h?[|lws; La(@n)|I” + lu; La(n)||?)

(3.18) < ch™*||D(V)u; Loy(ID)||2, p=1,2.
Finally,
|a6|2sCh8(\ | o) — goun (o) s +\ | @)~ ot @) da] )
< h(‘ / (1 (wa(x) — W3(2)) — yalwn () — wr(2)) da
(3.19) o

+ h2mea52wh/ lut () (z))? d:v)

wh
< (| D(Va)w; La(Ga)|I* + | D(Va)us Lo (B)|1?)
< ch™*||D(V,)u; Lo (I1)||.
Note that, instead of the Korn inequality (B.3]), here we have used inequality ([3.4) in-
volving the mean values ([3.3]) of the displacements w, on a section of the rod G, and

that the substitutions w,, +— w, — W, in the first integral in the chain [B.I9) are possible,
because the integral of y3_, over a circular section of the cylinder oy, vanishes.

Collecting relations (B17), BI5)-BI19), BI0), and [B3), we arrive at the following

result.
Theorem 3.1. For any u € }DII(H; ¥)3 we have
o FCL/6) | 0 X0; Gl + s (B 4+ 12 (o |+ [as )
< en | D(Va)us Lo(ID)|?,

where X,(Z) = X(h7'2); |...| is the weighted anisotropic norm @B3); u*, as, and
a' = (a1, a2,a4,as,as)" € R® are the components in the decomposition BI) of the field
u on the ball B; and cry is a constant independent of h € (0, h).

Let R be the subspace in H* (I1; 32)3 distinguished by the five orthogonality conditions

3 T
(3.20) /d’(y,sz) u(z)dz =0 € RS,
B 4

where d’(z) is the (3 x 6)-matrix obtained from the matrix (BI2]) by replacing the unit
at the third position in the third column with zero.

Corollary 3.1. For any u € R we have
(3.21) lus H (ID)[|* < Cuh™2 || D(V )u; Lo (ID)| 1%,

where Cry is a constant independent of u and h € (0, hy].
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Proof. Tt suffices to note that o’ = 0 by [B20), and we have the inequalities
lu; HY(Gr) \ TI(1/6)[|> < ch~21 Xpu; Gal %,
lus HY(B)|I* < e(Ju™s HY(B)|* + |as ),

which, together with B3], BI0), B1), BI3), and BI0), lead to the desired estimate.
]

3. Existence of a gap in the continuous spectrum. The absolute thresholds (2.5T])
do not depend on h > 0. Now we verify that, as this geometric parameter becomes
smaller on the interval (p?, 1), one or several segments of the continuous spectrum of K
separated away from the segment [0, u?] can be formed.

Proposition 3.1. There exists hg > 0 such that if h € (0, ho] and n € [0,27), then for
the discrete spectrum (230) of the operator m(n) we have

(3.22) N(n) =6, AV <. <AP () <eaht, AO(n) > Cxb?,
with constants cx and Cy > 0 independent of 1.

Proof. We employ the max-min principle (see, e.g., [T, Theorem 10.2.2]):
; . u,u;n, Il

(3:25) A =g ink, B
whe;re q is the Hermitian f9rm (26D, and &; is an arbitrary subspace of codimension j — 1
in Hl (I, )%, ie., dim(H ], (II;£)? 6 &) = j — 1. We shall construct some special test
fields supported on B U G}, and, thus, 1-periodic in the variable y;. We put

w () = ep Xo(2) — ypesdzXo(2),
(3.24) w?P(z) = ep(z — 3/4) Xo(2) — ypesd: ((z — 3/4)Xo(2)), p=1,2,

w(z) = (y2e1 — y1e2)Xo(2), w®(z) = e3Xo(2).
Here e, and e3 = (0,0,1)" are the unit vectors of the axes y, and z, and X, € C*°(R)

is a cutoff function equal to 1 for z > 1/3 and to 0 for z < 1/6. Since X, = 1 on the ball
B, the restrictions of the fields ([8:24]) to B are nonzero rigid displacements, so that

(3.25) |w?; Ly (TD)||* > ¢o > 0.

Calculating the strains e (w?) (see formulas (L7)-(L8)), we find that, among these
strains, only the following are nontrivial:

ezz(whix) = —yp02 Xo(2), ens(w’Pix) = —y,02((2 — 3/4) Xo(2)),

e3p (W) = g3 (W’ x) = —(—=1)Py3_,0.X0(2), ezz(w®;x) = 9, Xo(2).

The derivatives 9, Xy = 0X(/0z are nonzero only for z € (1/6,1/3); i.e., the functions

([B26)) are supported on the rod Gj. Clearly, meassGy, = O(h?) and |y,| < ch for z € G,.
Thus,

T

(3.26)

q(w?,w?0,1) = (A°D(V,)w?, D(V,)w!)y < c,h*, q¢=1,...,5,

3.27
(3.27) q(w®, w5 0,11) < cgh?.

Now, the inequality N(n) > 6 follows from the next two observations. First, for the
vector-valued functions

(3.28) w? = exp(—iny )w? € H. (II; 2)%,

per

the quantities g(w9, w%;7,II) and ||w9; Ly (IT)||? coincide with the left-hand sides of in-

equalities (B.27) and ([B28]), respectively. Second, since any subspace £ of codimension
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FIGURE 8. Periodic structure of the clamping zone.

Q0000
0000
0000
0000
0000

FIGURE 9. Two-periodic structure of the clamping zone.

5 contains a nontrivial linear combination of functions [B.28), it follows that for j = 6
the right-hand side of ([3.23) does not exceed ch? and, if h is small, lies in the half-
interval [0, Apin(n)). Therefore, by [1Il Theorem 10.2.2], the operator m(n) has at least
6 eigenvalues on that half-interval.

The same theorem and formulas ([B:26) and [3:25)) show that A®)(n) < ch?. It remains
to verify the last relation on the list [8:22]). For the role of & we take the subspace R(n)
of vector-valued functions u = exp(—iny; )u with v € R. The first observation made
above and inequalities (L9) and B.2I)) imply that

[ Lo (I ~2q(w, w9, 10) > eallus La(W)[| 7% D(Va)u; La(I)|* > eaCry A2,
whence A©)(n) > c,C h?. O

Thus, the segments AM ... A®) of the continuous spectrum of K (see [Z532)) lie
in the set [(1 + cph*)~1, 1], and the segments A with n > 6 lie in [0, (1 + Cxh%) 1.
If h is small, then these sets do not intersect; therefore, the continuous spectrum of IC
necessarily has at least one gap.

4. Generalizations and consequences. The Dirichlet boundary conditions () are
necessary for building an example of a waveguide with a gap in the continuous spectrum.
Such conditions may be posed on one of the faces only, or even on a union of stripes
in that face (Figure 8). However, in the case of the Neumann conditions (LH) on the
entire boundary 02 =: ¥, the absolute threshold )\? (see (250)) becomes zero, because
for n = ¢ = 0 the model problem (29 on the section © acquires the zero eigenvalue. As
a result, all of the half-axis R (all of the segment [0, 1]) becomes filled with the essential
spectrum of problem (L4)—(T6) (of the operator K).
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F1cURE 10. A gap between the fifth and sixth segments.

It may be assumed that, under the stabilization conditions (LI0), the rigidity matrix
AY and the density po of the material depend I-periodically on the variable z3 = z.
In that case, instead of the Fourier transformation (Z.8]) we should apply the Gelfand
transformation (2.2)) relative to the variable [z, which leads to a model problem on the
parallelepiped © x (0,1) with periodicity conditions on its upper and lower faces. The
same modifications are required if the Dirichlet conditions are posed on a set periodic in
the two directions z; and z (Figure 9).

The form of the joints (B:6) is not of principal importance. What is important indeed
is that two massive bodies are connected with a thin and long cushion (Figures 3 and
4). We also remind the reader about the Dirichlet conditions on the lower prism. The
construction is low-sensitive to the elastic properties of the material: all bounds in the
estimates of Subsection 3 in §3 are determined by the constants ¢%, C% and cg, C’g
occurring in (I3), but not by the rigidity matrix A° and the density po themselves.

The gap discovered is depicted in Figure 10. It is located between the first five and
the sixth segment of the essential spectrum and is marked by a dashed line. The author
does not know whether there are gaps to the right or to the left of that one.

If a single ball in the half-layer given by formulas (I3]) and (3.6) is soft and/or heavy
compared to the other part of the elastic joint, then, by using the max-min principle
B23) with test functions localized in that ball, it is not difficult to verify (cf. [47]) the
following statement: if the characteristics of the material are chosen appropriately, then
an arbitrarily small interval (0, 0) of the continuous spectrum of problem (L4)—(L8) can
contain any preassigned number of eigenvalues. No example of an elastic waveguide for
which the gap contains an eigenvalue is known.
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