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SEVERAL ASPECTS OF APPLYING DISTRIBUTIONS TO ANALYSIS

OF GRAVITATIONAL SHOCK WAVES IN GENERAL RELATIVITY

I. YA. AREF′EVA, A. A. BAGROV, AND L. V. JOUKOVSKAYA

Dedicated to Ludwig Dmitrievich Faddeev on the occasion of his 75th birthday

Abstract. The ultrarelativistic limit of the stationary Schwarzschild solution in de
Sitter space-time of dimension D = 4, 5 is considered. A regularization procedure
required for the mathematically correct definition of such a limit is formulated. Some
auxiliary statements are proved.

§1. Introduction

Shock waves describe the ultrarelativistic limit of boosted stationary solutions. The
study of shock waves is an important and actively developing field of research within
general relativity. Mathematically, this limiting procedure is realized by an application
of the boost to the metric form ds2 = gik(x) dx

i dxk (i, k = 0, . . . , D − 1). The boost
corresponds to the change of the coordinate system such that in the new system the
source of the gravitational field moves with velocity v in some given direction, under the
assumption that the limit passage v → 1 is performed, which corresponds to a source
moving near the speed of light, and that the source energy is finite, while the mass of
the source goes to zero. For example, the boost along the coordinate x1 can be realized
by the change of coordinates

(1)

x̃0 = γ(x0 + vx1), γ ≡ (1− v2)−1/2,

x̃1 = γ(vx0 + x1),

x̃m = xm, m = 2, . . . , D − 1,

followed by the limit passage

(2) ds̃2 = lim
v→1

ds2.

A physical consequence of this change of the metric is the Lorenz contraction of the
gravitational field in the direction of the moving particle. In the limit case the gravita-
tional field is located on the hypersurface x0 + x1 = 0, transversal to the velocity vector
of the gravitational source.

For the first time, the procedure was realized in the paper [1] for the simplest case
of the initial Schwarzschild metric. Since then, several solutions of this type have been
found and analyzed; see, e.g., [2]–[9].

The recent interest in shock waves is related to the TeV-gravity scenario [10]–[13].
According to this scenario, the gravitational interaction of elementary particles may
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be observed in experiments at large colliders [14]–[17]. There is also a conjecture that
shock waves may serve as good models for describing gravitational fields of relativistic
elementary particles [18]–[23].

It should be noted that, in theories with such space-time, several mathematical prob-
lems require special consideration. First, the limit (2) is not well defined for all initial
metrics. Second, in the cases where this limit can be taken, the resulting gravitational
field is located on a surface whose dimension is less than that of the initial space-time,
which means that the support of some metric elements gik can have zero measure. Instead
of a smooth tensor field we get a distribution.

A possibility for dealing with gravitational fields whose metric components are distri-
butions was studied in [24]–[27]. In the present paper, we consider the question of the
existence of the limit (2). We propose examples of metrics for which such a limit cannot
be realized in a naive way, and we construct a regularization procedure that makes it
possible to extend the class of spaces for which the Hilbert–Einstein equations admit
gravitational shock wave solutions.

§2. Regularization of the limit procedure

To pass to the coordinate system in which the gravitational field source moves with
the speed of light, we need to find the following limit:

lim
v→1

γf(γ2(x0 + vx1)2), γ ≡ (1− v2)−1/2.

The following statement is proved easily.

Lemma 1. For any integrable function f(x) ∈ L1(R), the following identity is true in
the sense of distributions on the space of continuous functions C0(R):

lim
v→1

γf(γ2(x0 + vx1)2) = δ(x0 + x1)

∫ ∞

−∞
f(x2) dx.

Proof. Consider the integral

(3) γ

∫ ∞

−∞
f
(
γ2(x0 + vx1)2

)
g(x0) dx0,

where g(x) is a continuous function. Denote

γ(x0 + vx1) = x.

The integral (3) takes the form∫ ∞

−∞
f(x2)g

(
−vx1 +

1

γ
x
)
dx,

and the continuity of g(x) allows us to write

lim
v→1

∫ ∞

−∞
f(x2)g

(
−vx1 +

1

γ
x
)
dx = g(−x1)

∫ ∞

−∞
f(x2) dx,

which proves Lemma 1. �

This simple result is well known and was presented, e.g., in [2]. However, it is valid
only if ∫ ∞

−∞
f(x2) dx < ∞.

This integrability condition fails if the source is embedded in a space-time that pos-
sesses the event horizon. This concerns, for example, the case of the de Sitter space-time.
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Below it will be shown that, to obtain a shock wave propagating in the dS space-time,
one must give a meaning to the following limit procedure in the sense of distributions in
the argument Y :

lim
γ→∞

(
γ

(Z2 − γ2Y 2)2
f(γ2Y 2)

)
.

It is well known that expressions of the form 1
Z2−γ2Y 2 , as well as of the form

1
(Z2−γ2Y 2)2 ,

do not determine distributions in Y for any γ �= 0 [28, 29]. Therefore, to get a mathe-
matically correct result, we need a regularization procedure.

Lemma 2. The identity

lim
γ→∞

(
γ

Z2 − γ2Y 2

)
reg

f(γ2Y 2) = δ(Y )

∫ ∞

−∞

(
1

Z2 − x2

)
reg

f(x2) dx

is true in the sense of distributions on the space C0(R). Here regularization is understood
as follows:

(4)

∫ ∞

−∞

(
γ

Z2 − γ2Y 2

)
reg

f(γ2Y 2)g(Y ) dY

=

∫
|Z−x|<ε

1

2Z

f(x2)g
(
x
γ

)
− f(Z2)g

(
Z
γ

)
Z − x

dx+

∫
|Z−x|>ε

1

2Z

f(x2)g
(
x
γ

)
Z − x

dx

+

∫
|Z+x|<ε

1

2Z

f(x2)g
(
x
γ

)
− f(Z2)g

(
−Z

γ

)
Z + x

dx+

∫
|Z+x|>ε

1

2Z

f(x2)g
(
x
γ

)
Z + x

dx.

Remark. When defining the regularization (4), we assume that:

• we have

(5)

∫ ∞

−∞

(
γ

Z2 − γ2Y 2

)
reg

f(γ2Y 2)g(Y ) dY ≡
∫ (

1

Z2 − x2

)
reg

f(x2)g
(x
γ

)
dx;

• the regularization of the right-hand side of (5) is defined by
(6)∫ ∞

−∞

(
1

Z2 − x2

)
reg

f(x2) dx =

(∫
f(x2)

2Z

( 1

Z − x

)
reg

dx+

∫
f(x2)

2Z

( 1

Z + x

)
reg

dx

)
;

• the two terms on the right in (6) are regularized naturally:

∫ ∞

−∞

( 1

Z − x

)
reg

f(x2) dx =

( ∫
|Z−x|<ε

f(x2)− f(Z2)

Z − x
dx+

∫
|Z−x|>ε

f(x2)

Z − x
dx

)
,

∫ ∞

−∞

( 1

Z + x

)
reg

f(x2) dx =

( ∫
|Z+x|<ε

f(x2)− f(Z2)

Z + x
dx+

∫
|Z+x|>ε

f(x2)

Z + x
dx

)
.
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Proof. Lemma 2 is proved by direct calculation of the limit as γ → ∞. We use the
continuity of the function g(x). On the right-hand side of (4) we obtain

lim
γ→∞

((
γ

Z2 − γ2Y 2

)
reg

f(γ2Y 2), g

)

= lim
γ→∞

( ∫
|Z−x|<ε

1

2Z

f(x2)g
(
x
γ

)
− f(Z2)g

(
Z
γ

)
Z − x

dx+

∫
|Z−x|>ε

1

2Z

f(x2)g
(
x
γ

)
Z − x

dx

)

+ lim
γ→∞

( ∫
|Z+x|<ε

1

2Z

f(x2)g
(
x
γ

)
− f(Z2)g

(
−Z

γ

)
Z + x

dx+

∫
|Z+x|>ε

1

2Z

f(x2)g
(
x
γ

)
Z + x

dx

)

=

∫
|Z−x|<ε

1

2Z

f(x2)g(0)− f(Z2)g(0)

Z − x
dx+

∫
|Z−x|>ε

1

2Z

f(x2)g(0)

Z − x
dx

+

∫
|Z+x|<ε

1

2Z

f(x2)g
(
x
γ

)
− f(Z2)g(0)

Z + x
dx+

∫
|Z+x|>ε

1

2Z

f(x2)g(0)

Z + x
dx

= g(0)

( ∫
|Z−x|<ε

1

2Z

f(x2)− f(Z2)

Z − x
dx+

∫
|Z−x|>ε

1

2Z

f(x2)

Z − x
dx

)

+ g(0)

( ∫
|Z+x|<ε

1

2Z

f(x2)− f(Z2)

Z + x
dx+

∫
|Z+x|>ε

1

2Z

f(x2)

Z + x
dx

)

= g(0)

(∫
f(x2)

2Z

( 1

Z − x

)
reg

dx+

∫
f(x2)

2Z

( 1

Z + x

)
reg

dx

)

≡ g(0)

∫
f(x2)

( 1

Z2 − x2

)
reg

dx. �

Using this auxiliary result, we can prove a similar relation for functions with higher
singularity.

Lemma 3. The identity

lim
γ→∞

(
γ

(Z2 − γ2Y 2)2

)
reg

f(γ2Y 2) = δ(Y )

∫ (
1

(Z2 − x2)2

)
reg

f(x2) dx

is true in the sense of distributions on the space C0(R). Here we apply the regularization
(7)((

γ

(Z2 − γ2Y 2)2

)
reg

f(γ2Y 2), g

)

=

∫
|Z−x|<ε

1

2(Z2 + x2)

f(x2)g
(
x
γ

)
− f(Z2)g

(
Z
γ

)
− ∂

∂Z

(
f(Z2)g

(
Z
γ

))
(Z − x)

(Z − x)2
dx

+

∫
|Z−x|>ε

1

2(Z2 + x2)

f(x2)g
(
x
γ

)
(Z − x)2

dx

+

∫
|Z+x|<ε

1

2(Z2 + x2)

f(x2)g
(
x
γ

)
− f(Z2)g

(
−Z

γ

)
− ∂

∂Z

(
f(Z2)g

(
−Z

γ

))
(Z + x)

(Z + x)2
dx

+

∫
|Z+x|>ε

1

2(Z2 + x2)

f(x2)g
(
x
γ

)
(Z + x)2

dx.
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Remark. The regularization is available because∫ (
γ

(Z2 − γ2Y 2)2

)
reg

f(γ2Y 2)g(Y ) dY =

∫ (
1

(Z2 − x2)2

)
reg

f(x2)g
(x
γ

)
dx.

Proof. Using the identity

∂

∂Z

(
f(Z2)g

(Z
γ

))
= 2Zf ′(Z2)g

(Z
γ

)
+

1

γ
f(Z2)g′

(Z
γ

)
,

where

f ′(x) =
∂

∂x
f(x),

and calculating the limit as γ → ∞ of the right-hand side of (7), we get

lim
γ→∞

((
γ

(Z2 − γ2Y 2)2
f(γ2Y 2)

)
reg

, g

)

= lim
γ→∞

( ∫
|Z−x|<ε

1

2(Z2 + x2)

f(x2)g
(
x
γ

)
− f(Z2)g

(
Z
γ

)
− ∂

∂Z

(
f(Z2)g

(
Z
γ

))
(x− Z)

(Z − x)2
dx

+

∫
|Z−x|>ε

1

2(Z2 + x2)

f(x2)g
(
x
γ

)
(Z − x)2

dx

)

+ lim
γ→∞

( ∫
|Z+x|<ε

1

2Z

f(x2)g
(
x
γ

)
− f(Z2)g

(
−Z

γ

)
− ∂

∂Z

(
f(Z2)g

(
−Z

γ

))
(Z + x)

Z + x
dx

+

∫
|Z+x|>ε

1

2(Z2 + x2)

f(x2)g
(
x
γ

)
(Z + x)2

dx

)

= g(0)

( ∫
|Z−x|<ε

1

2(Z2 + x2)

f(x2)− f(Z2)−
(

∂
∂Z f(Z

2)
)
(Z − x)

(Z − x)2
dx

+

∫
|Z−x|>ε

1

2(Z2 + x2)

f(x2)

(Z − x)2
dx

)

+ g(0)

( ∫
|Z+x|<ε

1

2(Z2 + x2)

f(x2)− f(Z2)−
(

∂
∂Z f(Z2)

)
(Z + x)

(Z + x)2
dx

+

∫
|Z+x|>ε

1

2(Z2 + x2)

f(x2)

(Z + x)2
dx

)

= g(0)

(∫
f(x2)

2(Z2 + x2)

( 1

(Z − x)2

)
reg

dx+

∫
f(x2)

2(Z2 + x2)

( 1

(Z + x)2

)
reg

dx

)
≡ g(0)

∫
f(x2)

( 1

(Z2 − x2)2

)
reg

dx.

We have used the fact that the coefficient of g(Z/γ) tends to zero as γ → ∞. �

§3. Shock wave in dS

Now we apply the above regularization procedure to get a shock wave that is an
ultrarelativistic limit of the D-dimensional Schwarzschild–de-Sitter solution (here we
consider the cases of D = 4 and D = 5). We also show that the result does not depend
on the choice of the smoothing parameter ε and can be obtained by subtraction.

Formally, this shock wave was obtained in [2], without mathematical justification. For
this reason, we do not write the initial metric and present only the integral representation
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that requires regularization. Note that in the formula below the parameter a is related
to the cosmological radius of the dS space-time, and Z is one of the coordinates.

The integral defining the metric limit looks like this:

(8)

∫ ∞

−∞

(Z2(a2 − Z2) + (a2 + Z2)x2)

(Z2 − x2)2(a2 + x2 − Z2)
3
2

dx.

We see that this integral has two second order poles on the real axis at the points
x = ±Z. In accordance with the above regularization procedure and Lemma 3, we have

Preg(Z, ε) = P (1)
reg + P (2)

reg ,

where

P (1)
reg =

∫
|Z−x|<ε

a2 + Z2

2(Z2 + x2)

1

(a2 + x2 − Z2)
3
2

dx

+

∫
|Z−x|>ε

[Z2(a2 − Z2) + (a2 + Z2)x2]

(Z + x)2(Z − x)2
1

(a2 + x2 − Z2)
3
2

dx,

(9)

P (2)
reg =

∫
|Z+x|<ε

a2 + Z2

2(Z2 + x2)

1

(a2 + x2 − Z2)
3
2

dx

+

∫
|Z+x|>ε

[Z2(a2 − Z2) + (a2 + Z2)x2]

(Z − x)2(Z + x)2
1

(a2 + x2 − Z2)
3
2

dx.

(10)

First, we consider P
(1)
reg . As ε → 0, the first term on the right in (9) is small and the

asymptotics of the second term is given by the sum of two terms related to the boundary
points:

Sing Part
(
P (1)
reg

)
= Sing Part

(
P (1)
reg

)∣∣
Z−x∼ε

+ Sing Part
(
P (1)
reg

)∣∣
Z−x∼−ε

,

where

Sing Part
(
P (1)
reg

)∣∣
Z−x∼ε

∼ 1

(a2)
3
2

∫ Z−ε [Z2(a2 − Z2) + (a2 + Z2)Z2]

4Z2(Z − x)2
dx,(11)

Sing Part− P (1)
reg

∣∣
Z−x∼−ε

∼ 1

(a2)
3
2

∫
Z+ε

[Z2(a2 − Z2) + (a2 + Z2)Z2]

4Z2(Z − x)2
dx.(12)

Calculating integrals (11) and (12) explicitly, we get

Sing Part
(
P (1)
reg

)∣∣
Z−x∼ε

= (Z − x = y)

=
1

(a2)
3
2

∫ ε [Z2(a2 − Z2) + (a2 + Z2)Z2]

4Z2y2
dy

=
1

(a2)
3
2

∫
ε

a2

2y2
dy =

1

2a

∫
ε

1

y2
dy ∼ 1

2a

1

ε
,

Sing PartP (1)
reg

∣∣
Z−x∼−ε

= (Z − x = −y → y = x− Z)

=
1

(a2)
3
2

∫
ε

a2

2y2
dx =

1

2a

∫
ε

1

y2
dx ∼ 1

2a

1

ε
.

Therefore, as expected, we have a singularity as ε → 0. But it does not depend on Z,
which allows us to subtract it from the expression without loss of the physical meaning.
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Indeed,

Preg(Z, ε) = P (1)
reg + P (2)

reg

=

∫
|Z−x|<ε

a2 + Z2

2(Z2 + x2)

1

(a2 + x2 − Z2)
3
2

dx

+

∫
|Z−x|>ε

[Z2(a2 − Z2) + (a2 + Z2)x2]

(Z + x)2(Z − x)2
1

(a2 + x2 − Z2)
3
2

dx

+

∫
|Z+x|<ε

a2 + Z2

2(Z2 + x2)

1

(a2 + x2 − Z2)
3
2

dx

+

∫
|Z+x|>ε

[Z2(a2 − Z2) + (a2 + Z2)x2]

(Z − x)2(Z + x)2
1

(a2 + x2 − Z2)
3
2

dx

=

∫ −Z−ε

−Z+ε

a2 + Z2

2(Z2 + x2)

1

(a2 + x2 − Z2)
3
2

dx

+

∫ Z−ε

Z+ε

a2 + Z2

2(Z2 + x2)

1

(a2 + x2 − Z2)
3
2

dx

+

(∫ −Z−ε

−∞
+

∫ Z−ε

−Z+ε

+

∫ ∞

Z+ε

)
[Z2(a2 − Z2) + (a2 + Z2)x2]

(Z2 − x2)2

× 1

(a2 + x2 − Z2)
3
2

dx

= I4(Z) + Sing PartP (1)
reg

∣∣
Z−x∼−ε

+ Sing PartP (1)
reg

∣∣
Z−x∼ε

+ Sing PartP (2)
reg

∣∣
Z+x∼−ε

+ Sing PartP (2)
reg

∣∣
Z+x∼ε

+O(ε)

= I4(Z) +
1

2a

2

ε
+

1

2a

2

ε
+O(ε).

In other words, the integral (8) can be understood in the principal value sense near
the points x = Z and x = −Z. The independence of the singular term of Z makes it
possible to perform renormalization simply by removing this term.

Therefore, we have shown that the passage to the ultrarelativistic limit can be per-
formed not only for the case where the components of the initial metric are integrable
functions, but also in the cases where they are integrable in the sense of principal values:

p.v.

∫ ∞

−∞

(
Z2(a2 − Z2) + (a2 + Z2)x2

)
(Z2 − x2)2(a2 + x2 − Z2)

3
2

dx =
8

a2

[
−1 +

Z4

2a
ln

(
a+ Z4

a− Z4

)]
.

This confirms the mathematical correctness of a series of papers devoted to shock waves
in the dS space-time [2]–[9]. Finally, we consider the case where D = 5. Then the integral
to be regularized has the form

∫ (
Z2(a2 − Z2) + (a2 + Z2)x2

)
(Z2 − x2)2(a2 + x2 − Z2)2

dx =
3π

2a3
−1 + 2Z2

a2√
1− Z2

a2

.
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Omitting explicit calculations, we only present the singular term near the point x = Z:(∫ Z+ε

Z−ε

+

∫ −Z+ε

−Z−ε

)
[Z2(a2 − Z2) + (a2 + Z2)x2]

(Z − x)2(Z + x)2
1

(a2 + x2 − Z2)2
dx

=
[Z2(a2 − Z2) + (a2 + Z2)Z2]

4Z2(a2)2

(∫ Z+ε

Z−ε

)
1

(Z − x)2
dz

+
[Z2(a2 − Z2) + (a2 + Z2)Z2]

4Z2(a4)

(∫ −Z+ε

−Z−ε

)
1

(Z + x)2
dx

=
2Z2a2

4Z2(a2)4

(∫ Z+ε

Z−ε

1

(Z − x)2
dx+

∫ −Z+ε

−Z−ε

1

(Z + x)2
dx

)
=

1

2a2

(
−4

ε

)
.

As before, this singular term does not depend on Z and can be subtracted.
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[5] J. Podolský, Exact impulsive gravitational waves in spacetimes of constant curvature, arXiv:

gr-qc/0201029.
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