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HORMANDER’S THEOREM FOR STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS

N. V. KRYLOV

Dedicated to N. N. Ural’tseva on her jubilee

ABSTRACT. Hormander’s type hypoellipticity theorem for stochastic partial differen-
tial equations is proved in the case where the coefficients are only measurable with
respect to the time variable. Such equations arise, for instance, in filtering theory of
partially observable diffusion processes. If one sets all coefficients of the stochastic
part to be zero, one gets new results for usual parabolic PDEs.

§1. INTRODUCTION

Let (2, F, P) be a complete probability space with an increasing filtration {F;,t > 0}
of o-fields F; C F complete with respect to (F, P). Let d; > 1 be an integer, and let w¥,
k=1,2,...,d;, be independent one-dimensional Wiener processes with respect to {F;}.

Fix an integer d > 1 and introduce R? as a Euclidean space of column-vectors (written
in a common abuse of notation as) r = (z?,... ,xd). Denote

Di = 8/8:01, Dij = DZD]

and, for an R%valued function o4(z) = o4(w, ) on Q x [0, 00) x R? and functions u;(z) =
ug(w, ) on Q x [0,00) x R?, set

Lo,ui(x) = [Dyug(2)]o (2).
Next, we take an integer d, > 1, assume that we are given R?-valued functions oF = (o?%),
k=0,...,d; +ds, on Q x [0,00) x R% which are infinitely differentiable with respect to

x for any (w,t), and define the operator
(1.1) Li=2 > L2y + Lop.

Assume that on © x [0, 00) x R? we are also given certain real-valued functions ¢;(z) and
vE(x), k = 1,...,dy, which are infinitely differentiable with respect to x, and that on
Q) x [0,00) x R? we are given real-valued functions f; and g¥, k =1,...,d;. Then under
natural additional assumptions that will be specified later, the SPDE

(1.2) duy = (Lyugy + coue + fir) dt + (Lopue + vEu, + gF) dw®

makes sense (here and below the summation convention over repeated indices is enforced
regardless of whether they stand at the same level or at different ones). One could
consider such equations with infinitely many Wiener processes, rather than only with d
ones. However, this would make the presentation of the results much more technical.
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Our main goal in this paper is to show, somewhat loosely speaking, that if Qy € F,
(s1,82) € (0,00), and for any w € Qg and ¢t € (s1, s2) the Lie algebra generated by the
vector fields UflJrk, k =1,...,ds, has dimension d everywhere in a ball B in R¢, and
the f; and gf are infinitely differentiable in B for any w € €y and any t € (s1, s2), then
any function w,; satisfying (2] in Qg x (s1,s2) x B, for almost any w € €y, coincides
on (s1,s82) x B with a function infinitely differentiable with respect to . Thus, under a
local Hormander’s type condition we claim the local hypoellipticity of the equation.

We mention the paper [5], where the authors proved hypoellipticity for SPDEs whose
coefficients do not explicitly depend on time and w under Hérmander’s type condition
that is global, but otherwise much weaker than ours. The dependence on the time variable
t and w of the coefficients in [5] is allowed only through an argument in which a Wiener
process is substituted. However, it seems to the author of the present article that there
is a gap in the arguments in [5] when the authors claim that one can estimate derivatives
of order s + ¢ (¢ > 0) of solutions through derivatives of order s for any s € (—00,0)
and not only for s = 0. The claim albeit correct is only proved for s = 0 in [5], and even
if there are no stochastic terms, the proof of the claim is not completely trivial (see the
comment below formula (5.2) in [§]). It is worth noting that our methods are absolutely
different from those in [5]. Our main method of proving Theorems [Z3] and 241 is based
on an observation by A. Wentzell [I6] who discovered the It6—Wentzell formula and used
it to make a random change of coordinates in such a way that the stochastic terms in
the transformed equation disappear so that we can use the results from [8]. We apply
this method locally.

In [I2], Kunita also used Wentzell’s reduction of SPDEs with even time-inhomogeneous
coefficients to deterministic equations with random and time-dependent coefficients sat-
isfying a global Hormander type condition. He wrote that the probabilistic approach
to proving Hérmander’s theorem developed by Malliavin [I5], Tkeda and Watanabe [6],
Stroock [I7], and Bismut [I] can be applied to the case of operators continuously depend-
ing on the time parameter ¢. In [13], he replaced this list of references with [I5] [0, 18],
and [2]. However, to the best of the author’s knowledge, until now the best results in
proving Hérmander’s theorem by using the Malliavin calculus for parabolic equations
with the coefficients only continuous with respect to ¢ were obtained in [4], where equa-
tions with coefficients that are Hélder continuous in ¢ were considered. In our case the
coeflicients are only assumed to be predictable, so that if they are not random, then
their measurability with respect to ¢ suffices. Another objection against the arguments
in [I2] and [13] is that the reduction of SPDEs is done globally and yields deterministic
parabolic equations with random coefficients without any control on their behavior as
|x] = oo, which is needed for any existing theory of unique solvability for such equations.

Wentzell’s method allows us to derive, from a local version of Hormander’s type con-
dition, the infinite differentiability of solutions at the same locality, whereas in [5] [12]
and [13] a global condition was imposed, and the way w and ¢ enter the coefficients was
quite restrictive. Another difference between our results and those in [5] is that we prove
the infinite differentiability of any generalized solution and not only of measure-valued
ones.

Talking about generalized solutions, our functions u¢, f;, gF are, actually, assumed to
be given on a subset of ) x [0, 00) and take values in D, which is the space of generalized
functions on R%.

One more issue worth noting is that we derive a priori estimates, which allows us in
a subsequent paper [9] not only to show that the filtering density for ¢ > 0 is in C* if
the unobservable process starts at any fixed point x, but also to prove that it is infinitely
differentiable with respect to . As far as the author is aware, such kind of results has
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never been proved for degenerate SPDEs. As to the filtering problem, the reader may
know that the first filtering problems were successfully solved by Kalman and Bucy and
the solutions were used in the Apollo program many years ago. Needless to say that
any success in solving filtering problems numerically heavily depends on our knowledge
of the differentiability properties of their solutions, which may make our results valuable
for applications.

‘We finish the Introduction with a few more notation and a description of the structure
of the paper. For (generalized) functions u on R, by Du we mean the row-vector
(D1u,...,Dg4u), and when we write Du¢, we always mean (Du)¢. In this notation,

Ly,us = [Diut}az = Duoy.

It is known that the product of any generalized function and an infinitely differentiable
one is again a generalized function, and that any generalized function is infinitely differ-
entiable in the generalized sense, so that what is said above has perfect sense.

For R,t € (0,00), we set

Br={re€R?: |z| <R}, Cir=(0,t)x Bg,

and denote by Dpg the set of generalized functions on Bg. In the entire paper, T and Ry
are fixed numbers from (0, 00).

The rest of the paper is organized as follows. In §2 we state our main results, The-
orems 2.3 and 24 §3] contains a computation of the determinant of a matrix-valued
process satisfying a linear stochastic equation. In the very short §4l we remind the
reader one of the properties of stochastic integrals of Hilbert-space valued processes. In
g5l we discuss some facts related to stochastic flows of diffeomorphisms and change of
variables. The reader can find in [I4] much more information about stochastic flows of
diffeomorphisms in a much more general setting. Our discussion is more elementary than
in [14] albeit it is only valid in a particular case we need. In §6l we prove a version of
the It6—Wentzell formula we need. Finally, in §7 and §8 we prove Theorems 2.3] and 2.4]
respectively.

§2. MAIN RESULTS

Let P denote the predictable o-field in £ x (0, c0) associated with {F;}.

Definition 2.1. Denote by ©(Cr r,) the set of all Dg -valued functions u (written as
u¢(x) in a common abuse of notation) on 2x[0, T] such that, for any ¢ € C5°(Bg, ), the re-
striction of the function (ue, ¢) to % (0, T is P-measurable and (ug, ¢) is Fp-measurable.
For p = 1,2 denote by ©,°°(Cr R,) the subset of D(Cr r,) consisting of u such that for
any ¢ € C§°(Bg,) there exists m € R such that for any w € €, for almost all ¢ € [0, 7],
we have Cu; € HY (= (1 — A)"™/2Ly, Lo = Lo(RY)) and

T
(2.1) / el dt < o
0
Definition 2.2. Assume that we are given some u, f, g* € ®(Cr.g,), k =1,...,d; (not
necessarily those from {I). We say that the equality
(2.2) dus(z) = fi(z)dt + g (x) dwkF, (t,x) € Cr gy,

holds in the sense of distributions if f € D7 °°(Cr.r,), ¢* € D3°(Cr.R,), k= 1,...,d1,
and for any ¢ € C§°(Bg,) with probability one we have

t dy t
(2.3) (10.6) = (u0.0)+ [ (fuo)ds+ 3 [ gk aut
k=1
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for all ¢ € [0,T], where, as usual, (-, -) stands for pairing of generalized and test func-
tions.

Remark 2.1. Observe that if ¢¥ € D,°(Crr,), ¢,( € C°(Bgr,), and ¢ = 1 on the
support of ¢, then

(g5, @)* = 1o, D) < NICgs iy NN m

and the right-hand side has finite integral over [0,T] (a.s.) if m is chosen appropriately.
This and a similar estimate concerning (fs,¢) show that the right-hand side in (23])
makes sense.

In the following assumption we are talking about the objects from Il

Assumption 2.1. (i) The functions of(x), k = 0,...,dy +da, i, vF, k = 1,...,d,
are infinitely differentiable with respect to x and each of their derivatives of any order is
bounded on 2 x [0,T] x Bg,. These functions are predictable with respect to (w,t) for
any x € Bpr,;

(ii) we have u, f,g* € D;°(Cr.r,), k=1,...,d1;

(iil) equation (L2) holds on Cr g, in the sense of Definition 2.2}

(iv) for any ¢ € C§°(Bg,) there exists m € R such that for any w € Q we have
uOC S Hén

Remark 2.2. The argument in Remark 2] shows that (I2)) has perfect sense owing to
Assumptions 271 (i), (ii), and we need u € ©5°°(Cr g,) in contrast to Definition [22]
because Du and u enter the stochastic part in (L2).

Furthermore, under Assumption [Z1] for any ¢ € C§°(Bg,) there is m such that
up¢ € H3* and

T di
/ (nutcn%@n Il + S |gf<||%{5n) dt < oo,

k=1

By a classical continuity result, it follows that (a.s.) wu;¢ is a continuous Hg”fl—valued
function on [0, T]. If we drop Assumption 2] (iv), then the same will be true with (0, T
in place of [0, T] because u;¢ € H3* for almost all ¢t € (0,T).

Next, as usual, for two smooth R%valued functions o,y on R? we set
[0,7] = Do — Do,
where, for instance, D+ is the matrix with the entries (Dv)¥ = Djvi, so that
[0,7)" = o' Dy =+’ Djo.

Then we introduce collections of R-valued functions defined on Q x [0,T] x Bg,
inductively as follows: Lo = {o®+1 ... gditdz}

Loy =L, U{[o“ M) : k=1,...,do, M €L,}, n>0.
For any multi-index a = (v, ..., aq), a; € {0,1,...}, we write as usual
l)OéZD?l-...-l)g”l7 la| = a1+ -+ aq.

Also, we define BCy° as the set of real-valued measurable functions a on € x [0, 7] x R4
such that, for each ¢t € [0,T] and w € Q, as(z) is infinitely differentiable with respect to
x, and for any w € €2 and multi-index o we have

sup | D%y ()] < o0.
(t,x)€[0,T] xR
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Finally, we denote by Lie,, the set of (finite) linear combinations of elements of L,,
with coefficients that are of class BCy°. Observe that the vector-field o is not explicitly
included into Lie,. Finally, we fix Qg € F and S € [0,T'), and introduce

G= (S,T) X BRO-

Note that localizing our result in 2y can be useful in applications to filtering problems
for partially observable diffusion processes when Hormander’s type conditions are only
satisfied on part of trajectories of the observation process (see [9]).

Assumption 2.2. For every w € g, n € C§°(5,T), and ¢ € C§°(Bg,), there exists
n € {0,1,...} such that &n¢ € Lie, for any &€ € R9.

Here is our first main result which is proved in §71 We remind the reader that the
common way of saying that a generalized function in a domain is smooth means that
there is a smooth function which, as a generalized function, coincides with the given
generalized one in the domain under consideration. Naturally, below in this section the
above assumptions are supposed to hold.

Theorem 2.3. Assume that for any w € Qo, n=1,2,..., and ¢ € C§°(G), for almost
any t € [S,T] we have f,( € HY and

T
[ 1l e < o,

S

and that for any w € Q, n=1,2,..., and ¢ € C§°(G), for almost any t € [S,T] we have
g e HY, k=1,...,dy, and

d1 T
> [ lakcl de < .
k=175

Then, for almost all w € Qq, w(x) is infinitely differentiable with respect to x for
(t,x) € G, and each derivative is a continuous function in G.

Furthermore, let [so,to] C (S,T) and r € (0, Ry), let ¢ € C*(G) be such that ¢ =1
on a neighborhood of [so, to] X By, and take m (which exists by definition) such that (2.1
is true with p = 2. Then, for any multi-index o and | such that

(2.4) 20— la| —2) > d+ 1,

there exists a (random, finite) constant N independent of u, f, and g*, such that for
almost any w € Qy we have

T
(2.5) sup (D (@) <N [ 1Al + ] dt,
(t71)€[50,t0] X B,. S 2

provided that ngIQO =0,k=1,...,dy.
Here is a result which is “global” in t. We derive it from Theorem 2.3 in §8

Theorem 2.4. Suppose that an assumption stronger than Assumption is satisfied:
for every w € Qo and ¢ € C§°(BRr,) there exists n € {0,1,...} such that {Is. 1) € Lie,
for any € € R, Also suppose that the assumption stated in Theorem 23] is satisfied with
¢ € C§°(BRg,) rather than ¢ € C§°(G).

Then the first assertion of Theorem 23] holds true with (S,T] x Bg, in place of G,
and the second assertion holds with so € (S,T) and to =T, and with ( € C§°(Bg,) that
equals one in a neighborhood of B,.

If we additionally assume that us is infinitely differentiable in B, for every w € o,
then the first assertion of Theorem 2.3 holds true with [S,T] x Br, in place of G, and the
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second assertion holds with so = S and to = T, and with ¢ € C§°(Br,) that equals one
in a neighborhood of B, if we add to the right-hand side of 23] a constant (independent
of u) times ”CUS”iléH

Remark 2.5. The reader will see that Assumption 2.1] (iv) will be used only in the proof
of the second assertion of Theorem 2.4l for S = 0.

§3. ON LINEAR STOCHASTIC EQUATIONS

Let z; be a (d x d) matrix-valued continuous F-adapted process satisfying

t t
zp = I+/ afzs dwf +/ Bszsds, s>0,
0 0

where the o, k = 1,...,d;, and Bs are bounded predictable (d x d) matrix-valued
processes and [ is the identity (d x d) matrix. Our goal in this section is to give a
compact proof of the following known result (see, for instance, [19]), which we need.

Lemma 3.1. For s >0,

t t 1 dy
(3.1) det z; = exp (/ tra® dw” —I—/ {trﬁs ~5 Ztr((a?)z)] ds>.
0 0 k=1

Proof. Take a (d x d)-nonsingular matrix A = (A%) and view it as a function of its entries
AY 4.5 =1,...,d. Then det A is also a function of the A¥. Tt is know that (we write f,
to denote the derivative of f with respect to x)

(det A) 4i; = B/ det A,
where B = A~!. Also, as with derivatives with respect to any parameter,
Byr» = —BAsm B.
Observe that A%, = §"¢P™. It follows that
BY),, = =B/ B = — BT B,
(det A) g1 arp = —BI"BP*det A + B BP" det A.
Now we can use Itd’s formula. Denote ; = z; *. Then
ddet z = 27'ai™ 2 det 2, dw® + 27" 81" 2] det z, di

1 . o ,
+3 [a]' 2} — 22|l 2 o)™ 2P det 2 dt.

Observing that

Jr . mnj — 6zn, Jjp'r‘ mp — 67"7;17 x]r njy __ 67"n, xplzﬂnp _ 6zm

Ty 2t t %t t Rt = t At = )
we obtain
1 &
ddet z; = det 2 | traf dwl + tr B, dt + 3 Z ((tr af)? — tr((af)2)) dt} .
k=1

We see that det z; satisfies a linear equation as long as it stays strictly positive. A unique
solution of this equation which equals one at ¢t = 0 is given by the right-hand side of (B),
which does not vanish for ¢ > 0. This shows that (3] is true for all ¢ > 0, proving the
lemma. g



HORMANDER’S THEOREM 467
84. ON STOCHASTIC INTEGRALS
OF HILBERT-SPACE VALUED PROCESSES

Let H be a separable Hilbert space (in our applications H is one of the Hy " with
large n > 0). Take a predictable H-valued process hy,t € [0,T], such that (a.s.)

T
/Hm@&<m
0

for any w and set w; = w;}.

Lemma 4.1. The stochastic integral

t
/ hs dwg
0

has a (continuous) modification such that if there are ¢ € H, (so,to) C (0,T), and w € Q
for which (¢, h.(w))g =0 for r € (so,to), then

o [,

is constant on that w fort € [so, to).

The proof of this lemma is achieved immediately after one recalls that there exists a
sequence ny; — oo and a ¢ € (0, 1) such that (a.s.) uniformly on [0, T]

t o t
/ hN(nk,s-i-C)—c dws = E ISSthtmk—cItmkSs+C<tm+1,k (wtm+1,k—c_wtmk—0) _>/ hs dws,
0 0

m=1

in H, where t;,, = m2~ " k(n,s) =27 "[2"s], and h; is extended as zero outside [0, T).

§5. ON SOME RANDOM MAPPINGS

Here we suppose that Assumption 2] (i) is satisfied with Ry = oo and, moreover,
there is R € (0,00) such that, for any k¥ = 0,1,...,d; and w,t, we have oF(z) = 0 if
|z| > R.

Consider the equation

¢ ¢
(5.1) Ty = — / o (xy) dw® — / bs(zs) ds,
0 0

where
1 &
blw) = 0(x) — 5 3 Dot (o (x).
k=1

As follows from [3] (see [14] for a more advanced treatment of the subject), there exists
a function X;(x) on Q x [0, T] x R? such that

(i) it is continuous in (¢, z) for any w along with each derivative of X;(z) of any order
with respect to x;

(ii) it is Fi-adapted for any (¢, x);

(iii) for each z, with probability one it satisfies (5.1I) for all ¢ € [0,T7;

(iv) for any z, the matrix DX, (z) with probability one satisfies

DXy(z)=1— /0 Do*(X,(2))DX,(z) dw® — /0 Dby(Xs(z))DX,(z) ds

for all t € [0,T7.
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From Lemma [3.1] we see that for any = with probability one

det DX (z) = exp (—/Ottr Do(X,(x)) dwf—/ot {tr Dbs—% :letr((Daf)z)] (Xs(x)) ds)

for all t € [0,T]. By formally considering the system consisting of equation (B.1]) and the
“equation”

t
i :y+/ trDaf(xs) dw’sc
0

and applying the said above, we conclude that there exists a function Li(z) = I(w, z)
that is continuous with respect to (t,z) € [0,7] x R? for each w and is such that, for
each z,

It(x):/o tr Do (X, (x)) dw?

with probability one for all ¢ € [0,T]. Then for each (¢, z), with probability one

det DX, () = exp ( — I(z) — /Ot [tr Db, — % itr((Daf)Q)} (X4(z)) ds>

and since both parts are continuous with respect to (¢, ), the identity holds for all (¢, )
at once with probability one.

It follows that, perhaps after modifying X (z) on a set of probability zero, we may
assume that det DX;(z) > 0 for all (w,t,z). Also observe that obviously X;(z) = x for
|z] > R and |X(x)| < R for |z| < R. Hence, there is a random variable ¢ = ¢(w) > 0
such that det DX; > ¢ and

det[(DXt)*DXt] >e

for all (w, t,z). Combining this with the fact that DX;(x) is a bounded function of (¢, x)
for each w, we see that the smallest eigenvalue of the symmetric matrix (DX;)*DX; is
bounded from below by a § = §(w) > 0, that is

(5.2) |DX & > 51¢|?

for all (w,t,x) and ¢ € RY.

Now we need the following consequence of (5.2]), which is proved in a much more
general case of quasi-isometric mappings of Banach spaces in Corollary to Theorem II
of [1I0] (see also [11]).

Lemma 5.1. For all (w,t), the mapping X¢(z) of R? is one-to-one and onto RY.

Kunita [13] gave a different proof of Lemma 5] in a much more general case, based
on the fact that the mapping X;(x) is obviously homotopic to the identity mapping (but
still in his case an additional effort is applied because R? is not compact). Yet another
proof provides the following result, in which the nondegeneracy of the Jacobian is not
required and which may be of an independent interest.

Lemma 5.2. Let D be a connected bounded domain in R and X: D — D a continuous
mapping that has bounded and continuous first-order derivatives in D. Assume the fol-
lowing: X (x) =z if x € 0D, det DX () is either nonpositive or nonnegative in D, and
for any xo € D the mapping X (x) is a homeomorphism if restricted to a neighborhood of
xo (for instance, det DX (x) > 0 on D). Then the mapping X is one-to-one and onto D
and one-to-one and onto D.
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Proof. Since X is a local homeomorphism, X (D) is an open subset of D. Furthermore,
if y € 0X (D), then there are points z, € D such that X(x,) — y. Assuming without
loss of generality that the sequence x,, converges, say, to xg, we see that X (xzg) = y,
which implies that zo € 9D, so that 0X (D) C X(0D) = 0D. On the other hand, if
y € 0D = X(0D), then y ¢ X (D) but there is a sequence z,, € D such that X (z,,) — v,
so that y € 90X (D). Now we see that X (D) = X(0D) = dD. Since X(D) C D, we
conclude that X(D) = D and X(D) = D.

To prove that X is one-to-one, forn =1,2,..., 4= (i1,...,iq) and i, = 0,£1,..., we
introduce

Ci,n = (2'1/2", (il + 1)/2"] X e X (id/Qn, (id + 1)/2”].

Take a domain D’ C D' C D and observe that, because of our assumption that X is a
local homeomorphism, there exists n such that X restricted to C;,, N D’ is one-to-one
whenever this intersection is nonempty. In that case, also

Vol X(Cy N D) = / | det DX ()| da.
CinND’

Summing up these identities and then letting D’ 1+ D, we obtain
(5.3) Vol D = Vol X (D) < / | det DX ()] dz.
D

At this point we cannot replace < with = because we do not know yet that the sets
X (C;, N D') are disjoint.

Note that (5.3]) holds without the assumption that X does not move the points on the
boundary of D. We have only used the fact that X (D) = D. Also note for the future
that X is Lipschitz continuous in D. Indeed, if 1,22 € D and the open straight segment
connecting 7 and xo belongs to D, then | X (x1) — X (z2)| < Ny|z1 — x2|, where Ny is
the supremum of ||DX]|| over D. If the entire segment lies not entirely in D, then denote
by y1 € 0D and y, € 0D the points closest to x1 and 9, respectively, on the closure of
this segment. Then

| X (21) — X(22)| < Nolz1 — 31| + [y1 — y2| + Nolyz — @2 < (No + 1)|z1 — 2.

Next, we concentrate on the case where det DX (z) > 0. The other case is treated
similarly. It turns out that if ¢ € [0, 1] is sufficiently close to 1, then

(5.4) /D det(t + (1 — t)DX (z)) dz = Vol D.

To prove this, observe that, for ¢ € [0, 1] sufficiently close to 1, the Jacobian of the
mapping X (z) := tx + (1 — t)X(z) is positive on D (because for ¢ = 1 the Jacobian
equals one) and, therefore, the image D; of D under X; is a domain. For ¢ close to one
also D; N D # @ and the mapping X, is invertible (because X () is Lipschitz continuous
in D). Take such a point .

Notice that if yo € dD;, then there exist y,, — yo, ¥n € D;. Then there exist x, € D
such that y,, = X¢(z,) and for any convergent subsequence of x,, its limit, say x, is not
in D, because yo = X¢(xg) € D¢. Hence, xo € 9D, yo = g, and dD; C 9D.

Similarly, if ¢ € 0D, then there exist x,, — xg, x,, € D. Then y,, := X;(yn) € D; and
Yn = Yo = X¢(x0) = xo. If yo € Dy, then there is z € D such that yo = Xi(2) = Xi(x0),
which is impossible because dD 3 zy # z and X, is a one-to-one mapping in D. Hence,
To = yo € 0Dy, 0D C Dy, and 9D, = 0D.

Combining this with the fact that D is connected and Dy N D # @&, we easily see that
D, = D for t close to one. Now (5.4) follows. Being true for ¢ close to 1, formula (54
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is true for all ¢ € R, because the left-hand side is a polynomial with respect to t. By
plugging ¢ = 0, we obtain

(5.5) VolD:/ det DX (x) dz.
D

Now assume that there are points g, yo € D such that xg # yo and zg := X (z9) =
X (yo). Then there exists a (small) ball B centered at xo that is mapped to an open set
containing zo such that this set is also covered by an image of a neighborhood of yg. It
follows that the image of D\ B under the mapping X is still D. Then (53] applied to
D\ B in place of D shows that Vol D does not exceed the integral of det DX over D\ B,
which is strictly less than the right hand side of (53]) since det DX # 0 in B, because
the said neighborhood of zy has nonzero volume. This is a desired contradiction, and the
lemma is proved. O

Now we know that, for each (w,t) € Q x [0, T], the mapping # — X;(z) is one-to-one
and onto and there exists an inverse mapping X, ' (z), which is infinitely differentiable in
x by the implicit function theorem. Moreover, from formulas for derivatives of X; !(x)
we conclude that these derivatives are continuous and bounded as functions of (¢, ) for
each w.

Next, we define the operations “hat” and “check” that transform any function ¢;(z)
into

(5.6) du(@) = 3u(Xi(x), &= n(X; ' (@)).
Also, define p;(x) from the equation

pe(Xe(y)) det DXy (y) =1

and observe that, by the change of variables formula (notice that det DX; > 0, p; > 0),
we have

6.7 | Fexew = [

F(z)ée(z)pe(x) da,
Rd

whenever at least one side of the equation makes sense.

We are going to make the change of variables © — X;(x) in (L2); therefore, we need to
understand how the equation transforms under this change. Define the mapping “bar”
that transforms any R%-valued function oy(z) into

(5.8) 0i(z) = Yi(2)o:(z) = Yi(x)on(Xi(2)),
where
Y =(DX)™ .
Observe that, for real-valued functions,
Djor(x) = Dj[¢n(X:(x))] = Digy()D;X(x), Dé=D¢DX, D¢ =D3Y.
It follows that
(5.9) Lwu= Diag" = Ll

for k=0,1,...,d1 + ds.
One more standard fact is the following.

Lemma 5.3. For any smooth R%-valued functions o and B on R?, for all values of
arguments we have

(5.10) [, ] = @, B].
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Proof. Dropping the obvious values of arguments, we see that, by definition, the right-
hand side of (&I0) equals

DBa — Daj = Y[DBDXa — DaDXf) + D;Ya' — D,;Y 3.
Furthermore, since YDX =1,
D,;Y&a'DX +YDD;Xa' =0, D,Ya'=-YDD,Xa'V,
D;Ya'B=-YDD;Xa'B=-YD;;Xa'B = D;YBa.
This and the facts that DXa = & and DX = B prove the lemma. O

§6. ITO-WENTZELL FORMULA

Here we suppose that Assumption 2.1] (i) is satisfied with Ry = oo and define Cp =
C7,00- In this section we show what happens to the stochastic differential of a D-valued
process under a random change of variables.

We make the following assumption, which is justified in the situation of 5 but cer-
tainly not justified in a much more general setting in [I4]. This assumption is adopted
throughout the section.

Assumption 6.1. There exists a function X;(z) on Q x [0, T] x R? that has properties
(i)—(iv) listed in §5 and such that, for any (w,t), det DX;(z) > 0 for any = and the
mapping * — X;(z) is one-to-one and onto, so that there exists an inverse mapping
X, !(x), and for any R € (0, 00) we have

sup sup sup |X;(x)] < oco.
w t€[0,T] z|<R

We start by discussing Definition 2] (recall that Ry = 00).

Remark 6.1. Since || - [|gy < || - [[my for n < m, one can always assume that ([2.I)) is
true for any n < m. Also note that, as is well known and easily derived by using the
Fourier transform, for any r € {0,1,...} there is a constant N depending only on r and
d such that
16z =1L = A)@lle, N D 1D%lees Y 1DBlle, < NI ze
o] <2r || <27

for any ¢ € H3".

Remark 6.2. Let u € ©,°°(Cr), and let 9 be a set of 7 @ B(0,T) ® B(R?)-measurable
functions ¢y = ¢ () = ¢¢(w,x) on Q x (0,T) x R? such that

(i) for any ¢ € 9 and w and any t, ¢; € C§°(R?), and there exists R; € (0, 00) such
that, for any ¢t € (0,7, any ¢ € 9, and any w, we have ¢,(z) = 0 if |x| > Ry;

(ii) there is r € {0,1,...} such that, for ¢ € M and w € Q, the Ly-norm of any
derivative of ¢;(x) with respect to  up to the order 2r is bounded on (0,7") uniformly
with respect to ¢ € 9.

Then it turns out that for any w and any ¢ € C§°(R?) that equals one for |z| < R;
there is a constant N such that for all ¢ € (0,7) we have

sup |(ug, ¢¢)| < N|[Cuel| g2
pem

In particular, if m is such that (2II) holds and —r < m/2, then

T
/ sup |(ug, ¢¢)|P dt < 0.
0 feM
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Indeed, by Remark [6.]
sup |(ue, ¢¢)| = sup [(Qus, dr)| < N|Quill -2 sup [|del|mzr-
peMm peM peMm

Using the notation of §5l we observe that p;(x) is infinitely differentiable with respect
to x, and for any w any its derivatives is bounded on [0,7] x Bg for any R € (0, o).
Hence, the following definition makes sense: for u; € D, ¢ € C§°(R?), and t € [0, T], let

(61) (ata ¢) = (Ut, ¢tpt)-
Observe that if u; is a locally integrable function, this definition coincides with that given

in (5.0), due to (7).

Lemma 6.3. Ifu € D and t € [0,T], then ¢ — (u7(}5tpt) is a gemeralized function for
each w. Furthermore, if u € ®,°(Cr), then u € ©,°°(Cr).

Proof. To prove the first assertion, observe that if ¢™ converge to ¢ as test functions,
then their supports are in one and the same compact set and ¢ — ¢ uniformly on R¢
along with each derivative in . From calculus we conclude that the same is true for
qvbglpt(x) with every ¢ and w, and then by definition (u, g\g?pt) = (u, qvbtpt).

To prove the second assertion, first we take ¢ € C§°(RY) with unit integral, define
¢"(x) = n9(nz), and put u? = uy * ¢". It is known that u?(z) is an infinitely differen-
tiable function of x for each n, ¢, and w, and that up — u; as n — oo in the sense of
generalized functions for each ¢ and w. In particular,

(us, Gepe) = nliﬂgo(u?, 5tpt) = nlglolo /Rd U?(‘T)gt(fﬂ)/’t(f) dz.

Using this formula and the fact that, for each z, the function u}(z), continuous in x, is
predictable by definition, we see that u; possesses the measurability properties required
in Definition 211

Next, take an open ball B C R? and a function ¢ € C§°(B). Observe that, by
assumption, there is R € (0,00) such that X;(x) € Bg for all t € [0,T], z € B, and w.
Take an r € {0,1,...} such that —r < m/2, where m is as in Definition 2] corresponding
to the ball Bog, and let

N={y € C°(RY) : [¢]l g = 1}-

Since the inequality ¢t( r) # 0 implies that X, '(z) € B, that is € X;(B) and

x € Bpg, the supports of ¢t¢t lie in Bp for all t € (0,7) and v € 9. Remark 6.2 shows
that

@@l g2 = sup [(@r, ¢¥)| = sup [(ue, detoepe)| < NIQuell g-2r,
PEN PEN

where N is independent of ¢, and ¢ is any function of class C§°(B2g) that equals one on
Bpg. This obviously implies that u; satisfies the condition related to (21 if u; does, and
the lemma is proved. O

Here is the version of Ito—Wentzell formula we need.

Theorem 6.4. Suppose f € D7°(Cr) and u,g* € D;°(Cr), k = 1,...,d1, and
assume that 22) holds (m the sense of distributions). Then

(6.2) duy = [ft + @y Dy, u, b Dju auy, — DigFaik] dt + [gF — Du o dwf, < T,

(in the sense of distributions), where

dy
1
== E Jfgkafk.
2
k=1
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Proof. Take n € C§°(R?) and fix y € R%. Then by [7, Theorem 1.1] we have
d(u,n(- + Xi(9))) = (9f — Dowsot* (Xe(w))],n(- + Xi(y))) duwy

+ ([fe+ ai’ (Xe(y)) Diue— bi(Xe(y)) Diue — Digy o™ (Xe(y))],n( - + Xe(y))) dt,
in the sense that (a.s.) the integrals of both parts of this equation over [0, ¢] coincide for
all ¢ € [0, 7).

Then we take a ¢ € C$°(RY), multiply the two parts of (G.3) by ¢(y), and apply the
usual and the stochastic Fubini theorems (see, for instance, [7]). Since the set{X:(y) :

t €10,TY], y| < R} is bounded for each w and R > 0, in order to be able to apply Fubini’s
theorems it suffices to show that for any R > 0 (a.s.)

/OT sup (IGt(x)| +%:|Hf(x)|2) dt < oo,

(6.3)

e|<R
where
Gi(x) = ([fs + af (x) Dijuy — b() Diuy — Digfoi* ()], n(- + x)),
Hf(z) = ([9f — Diwot"(@)],0(- + ).

The fact that all terms in G and H apart from one admit the needed estimates easily
follows from Remark The remaining one is

T
Z/ sup (Dijuoi™(z),n(- +x))2dt§N sup  (Dug,n(- —|—x))2,
= Jo

|lz|<R t<T,|z|<R

where N < 0o, and the last supremum is finite (a.s.) by Lemma 4.1 in [7].
Thus, we are in a position to apply Fubini’s theorems. We also use (5.7), obtaining

[ (- + 0))(e) do
00 = [ (loh - Dawci@)n(- + 0)dlz)pi(o) do dut

+/Rd([ft+aij(x)Dijut_bi(w)DiUt—Digfaik(x)],77(-+96))qgt(w)pt(as) dx dt.

Here we substitute ™ in place of 1, where n™ tend to the delta-function as n — oo
in the sense of distributions. Then we use the simple fact (having very little to do with
Fubini’s theorem) that

[+ andita) o= (w. [ (- + )i do).
Rd Rd
where, for each w, the test functions

[ malr+ )du@ina) .

viewed as functions of y, vanish outside of one and the same ball and converge to
&¢(y)ps(y) uniformly on R? along with each derivative. Similar statements are true
about the other terms in (G.4]), for instance,

[ (Dot (- + ) dap(o)de = (Do, [ (- + o @ e)nla) de ).

We want to use the dominated convergence theorem to pass to the limit in (6.4]) with
n™ in place of 7. Notice that the supports of ¢;(y) and

(65) |+ e @b de
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lie in the same ball for all w,t,n. By Remark [6.2], for any w we have
2

(66) < NllCul?

(w001 [ o + 2ot @utalpu(o) o

with N independent of ¢ and n if ¢ € C§°(R?) equals one on the supports of (G.3).
Since u € ®5,°°(Cr), the right-hand side of (6.6) has finite integral over [0,7] if r is

chosen appropriately, and this allows us to pass to the limit in the stochastic integral

containing D;u;. The other integrals can be treated similarly, which leads to

d(uh(gtpt) = ([gf — Diutaik]vétpt) dwy
+ ([fe + ay Dyjuy — biDyuy — Digyai™], qvﬁtpt) dt.
This yields ([€2) by definition; and the theorem is proved. a

(6.7)

Corollary 6.5. Assume that u satisfies (L2) in Cp. Then

ds .
duy = {ZLideat + City + fr — Digfﬁé’“] dt + [@Df + g7 dwy.
t
b=1

Indeed, it is easily seen that
. 1 al
ai’ Dijus — by Dijuy = 3 Z Lif“t — Lyous,
k=1
dy

—D;Lyuc'™ == L2, Lypuy — Dywoy® =0,
k=1

and, by ([&.9),

L2 U — L2d k'l’l\/ .
o_tlerk t 5t1+ t

§7. PROOF OF THEOREM 23]

Remark 7.1. While proving Theorem 2.3] we may assume that ug = 0. Indeed, take
so € (S,T) and an infinitely differentiable function x:, ¢ > 0, such that x; = 0 on [0, 5]
and x; = 1 for t > sg. Then the function y,u; satisfies an easily derived equation and
equals zero at ¢t = S. Furthermore, f; and ¢gF remain unchanged for ¢ > sq under this
change of u; hence, if the theorem is true when ug = 0, then in the general case its
assertions are true if we replace S in them with sg. Due to the arbitrariness of sy, then
the theorem is true as it is stated.

Our next observation is that, while proving Theorem 23] we may assume that S = 0.
Indeed, if not, we can always make an appropriate shift of the origin on the time axis.

Remark [Z.I] allows us to assume that S = 0 and uy = 0. The rest of the proof will be
split into a few steps.

Step 1. First, suppose that, for k = 1,...,d;, gF(z) = 0 if |z| < Ry and v} = 0.
Also suppose that, for any k = 0,1,...,d;, we have of(z) = 0 if |z| > 2Ry and fi(z) =
ug(x) = 0 if || > Ro — &, where ¢ > 0. Then equation ([2)) is satisfied on Cr in the
sense of Definition Z2 with vf = gF =0 for k= 1,...,d;.

By Corollary [6.5]

t s d2
(71) (’l/;t, ¢) - / ( L§d1+kas + é\sas + fs7 (b) dS
0 \g=1 °
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for any ¢ € C§°(R?) with probability one for all ¢ € [0,7]. Let ® be a countable subset
of C§°(RY) that is everywhere dense in Hy for any n € R?. Then there exists a set )/
of full probability such that for any w € Q' and any ¢ € ® relation (1)) is valid for all
t € [0, 7). By setting u and f to be zero if necessary for w ¢ ', we may assume that
([TI) holds for any ¢ € ®, t € [0,T], and w. Furthermore, observe that, by assumption,
w(xz) = 0if |z] > Ry — . Hence, (2 holds with ¢ = 1 with probability one for an
appropriate m. By redefining u once again (if necessary), we may assume that for any w
there exists an integer r such that

T T
(7.2) / g2, dt < o, / [8]2, o dt < oc.
0 2 0 2

Having this and similar relations for f and remembering that ® is dense in H3", we easily
conclude that (1)) is true for any ¢ € C§°(R?), t € [0, 7], and w.
The next argument is conducted for a fixed w € Q. Introduce

G={(t,z) : t€(0,T),z € X; ' (Bg,)}-

Since X;(z) is a diffeomorphism continuous with respect to t, G is a domain. Further-
more, from the assumptions of the theorem it follows that for any ¢ € C§°(G) and any
n=1,2 ..., we have

T
|1l dt <.

Next, put Lo = {g%+!, ... gditdz}

Ly = L, U{[dt* M) : k=1,...,do, M € L,}, n>0.
Note that, by Lemma [5.3} if o € L,,, then & € L,,.

Now, take ¢ € C5°(G) and (1 € C§°(G) so that ¢; = 1 on supp (. By Assumption 22
there exists n € {0,1,...} such that for any i = 1,2,...,d there exist r € {0,1,...},
elements o). .. o0 ¢ L,, and real-valued functions 7Y, ... ~0U") of class BCye
such that

(re; = W(il)g(il) et V(ir)g(”)-
Obviously, we may assume that r is common for all i = 1,2,...,d. It follows that
CiYe; = 3D 4.y 5(ng6n),
which after multiplying by ¢ yields
Observe that for £ € R and A = DX we have Ye, N = €, so that
&= )\i,’})(ﬂ)a-(il) et /\i’f;(ir)a(”)_
Hence, for any ¢ € R? and ¢ € C§° (CAT'), (¢ is represented as a linear combination of

elements of L, with coefficients of class BCy.

We have checked the assumptions of Theorem 2.7 in [§]; that theorem implies that
U¢(x) is infinitely differentiable with respect to x for (¢,z) € G, each of its derivatives
is a continuous function in @, and an estimate similar to (Z3]) holds. Changing back
the coordinates, we get the first assertion of our theorem and, moreover, the fact that
in (Z4) the right-hand side can be taken to be d in place of d + 1.

Step 2. We keep the assumption of Step 1 that, for k = 1,...,dy, gF(z) = 0if |z| < Ry
and vF = 0. We will cut-off u; for z near the boundary of Bg,, so that the new function
will satisfy an equation in C'r to which we can then apply the It6—Wentzell formula.
The only difficulty which appears after that is that we will get a new gF which does
not vanish in Cp g,. Partial help comes from the fact that if we cut-off close to the
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boundary, then the new gF will be not vanishing only near the boundary. Due to this
fact, the transformations made in Step 1 will not lead exactly to a deterministic equation
like (1)) with random coefficients, but to an equation involving the stochastic integral
of gF dwf. This integral can be, so to speak, locally in time neglected near the lateral

boundary of a domain like G. This yields a deterministic situation where we apply [l

Theorem 2.7].
We take a sequence (" € C§°(Bg,) such that (" = 1 on Bg,_1/, and (" = 0 on
BRry—1/(n+1) and define uy® = u;¢". Then it is easy to show that

(7.3) duf = (Leu} + coup + f7') dt + (Lyruf + gi™*) dwy
in C7, where
f = fi¢" = w LiC" = (Lopur) Lx "y gf* = —uiLorC™

Also, take ¢ € C§°(R?) such that ¢ = 1 on Bg, and ¢ = 0 outside Bag,. Obviously,
in ([C3]) we can replace the operator L; with the one denoted by L; and constructed on
the basis of & := (oF. Thus,

(7.4) dup = (L + coul! + f7') dt + (Lyrul! + %) dwf.

Next, we change the coordinates by defining X;(z) as a unique solution of

(7.5) n=- b () dut / i) ds,

where
1
bi(z) = &(x) - 5 kZ:l Doy ()57 (x).
We also recall that u € ®;,°°(Cr,r,), so that the stochastic integral

t

n._ ~ T n k

my .7/ ur L7 ™ dwg
0 s

is well defined as a stochastic integral of a Hilbert-space valued function and is continuous
with respect to ¢ for all w. Then, as in ([Z1]), we arrive at the conclusion that for any
¢ € C§°(R?) with probability one we have

t da
10 @0 = @)+ [ (Ll e+ o) ds - .md)
0 Ny °

for all t € [0,T], where % are constructed from &* as in (£.8), starting with (Z.5) instead
of .I).

After that, by doing the same manipulations as below ([I]), we show that there is no
loss of generality in assuming that (Z.6) holds for all ¢ € C$°(R9), t € [0,T], and w. This
and our result about L,, are the only facts that we need from the arguments of Step 1.

Then we again argue with w € Qq fixed. Take to € (0,T) and yo € Br,—2/5. Then

there is € > 0 such that for z¢ = X{Ol(yo) we have
Xi(B:(20)) C Bry—1/n
for any t € (to — e,tp +€). For ¢ € C5°(B:(x9)) and t € (tg — €,tp + €) we have

~

(p,m) = (¢, mi, _.) by Lemma BTl because, for those ¢, L,1¢" = 01in Br,_1/n, ¢ =0
outside Br,_1/n, gZ)LJ;c (" =0, and

(¢, ULy C™) = (ur, prdLypC™) = 0.
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It follows that, for ¢ € C§°(B(z{)) and t € (to — &,t0 + €),
t d2 A
(ﬁ?, (;S) = (’l/itofs, (15) + / (Z L§d1+kﬁ? + Esﬁg + fi(7, ¢> ds.
to—e 1 n,s

As at Step 1, we use [8, Theorem 2.7] to conclude that 4} (z) is infinitely differentiable
with respect to z for (t,z) € G. := (tg — ,tp + ) X B-(x9) and each derivative is a
continuous function in G.. Furthermore, an estimate similar to ([25) is available for any
closed cylinder inside G.. Actually, Theorem 2.7 in [8] is formally applicable only if
to —e =0 and 4y,— = 0. Our explanations given in Remark [(.T] take care of the general
case.

Changing back the coordinates, we see that u}(y) is infinitely differentiable with re-
spect to y provided y is in a neighborhood of yy and ¢ is in a neighborhood of ¢y, and
that each derivative is a continuous function of (¢,y) for those (¢,y). Estimate 23 is
also valid in any closed cylinder lying in that neighborhood. Since yo € Br,_2/p, this
neighborhood of yo can be taken to lie in Br,_1/,, where ui = u; and f{* = f;. Now
the claim of the theorem follows from the arbitrariness of gy, which is provided by the
possibility to take n as large as we wish. Again as at Step 1, it suffices that condition
[24) be satisfied with d in place of d + 1.

Step 3. Now we abandon the assumption of Step 2 that v¥ = 0 for k = 1,...,d;,
but still assume that gF(z) = 0 if |z| < Rp for k = 1,...,d;. Introduce the function
ve(z,y) = yus(x) and the (d + 1)-dimensional vectors

k

st = (70). ksan oten= (7). ksaa

sttty = (0).

Obviously, Assumption is satisfied if we replace G, d, and dy with G x (0,1), d + 1,
and ds 4 1, respectively. Also, routine computations show that v; satisfies

dq
1
dvy = (5 Z[L?ifvt — VdefUt — Ldf(yfvt) — yfytkvt]
k=1
| detl
+ 5 Z LiflJrkvt + L(j-?vt —+ ¢ + yft) dt + L&{c’l}t dwf
k=1
The result of Step 2 implies that v; is infinitely differentiable with respect to (z,y) in
Bp, % (0,1) for any ¢t € (0,T) and the derivatives are continuous with respect to (¢, z,y).
Also, the corresponding counterpart of (2.5]) holds for v; under condition (24]). This
obviously proves the theorem in this particular case.
Step 4. Now we consider the general case. Take R{ € (0,Ry) and ¢ € C5°(Bg,)
such that ¢ =1 on Bpg;. Then, in accordance with classical results, for sufficiently large
constant K > 0, there exists a function v € ®5°°(Cr) such that vy =0,

T
[ ol e < o0
0

(a.s.) for any n, and
dvy = KAvpdt + (Legrve + v, + Cgl) dw?f.

Then the function w; = w; — v; satisfies an equation that falls into the scheme of
Step 3 with Ry, in place of Ry and a different f but still satisfying the assumption of
Theorem 2.3 The assertion of the theorem now follows, and the theorem is proved.
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8. PROOF OF THEOREM 2.4

The idea of the proof is to find a neighborhood of [S,T] x B, to which Theorem 23] is
applicable. First, we extend u; beyond T. For that, we take Ry € (0, Ry) and a function
¢ € C§°(BRr,) equal one in Bg, and consider the function v; = Cu, for ¢t € [0,7]. By
Remark[Z2] there is m € R such that, with probability one, v; is a continuous H5*-valued
process.

It follows that vr € H3" (a.s.), so that solving the heat equation

dve = Avydt, t>T, zeR%

with initial data vy, which is possible by classical results, allows us to extend v; beyond
T as an HI"-valued continuous functions of t. If we now accordingly define ¢, f,v,g,0
for t > T, then the assumptions of Theorem 2.3 will be satisfied with (S,T + 1) x Bp,
in place of G. This proves the first assertion of Theorem 2.4

Passing to the second assertion, we assume that ug is infinitely differentiable in Bpg,
for every w € €y. Then we want to reduce the general case to the one in which ug =0
in Bg, for w € Q. To achieve that, we take Ry € (r, Ry) and ( € C§°(Bpg,) as at the
beginning of the proof and solve the equation

dy
1
(8.1) dvy = {Avt +3 ZL?GM] dt + Legpvedwy,  t€(S,T), xeR?,
k=1

with the initial data vg = (ug. After making an appropriate random change of co-
ordinates in accordance with Corollary [6.5] we reduce this SPDE to a usual parabolic
equation with random coefficients that is uniformly nondegenerate for any w € Q (we
said more about this at the beginning of §7). By classical results, there is a solution
v; of this new equation with the initial data (ug, which, for any w € (), is continuous
in [S,T] x RY, along with each its derivative of any order with respect to x. This is
true because Cus € C§°(R?) for w € Qp. The same can be said about equation (8I)).
Furthermore,

T
(8.2) sup ‘Davt(gp)|2 + / ||vt‘|§{l+2 dt < N”CUS'”?L[HM
(t,2)€[S, T] xR s 2 2

provided that 2(I 4+ 1 — |a|) > d and w € Q.

We set vy = Cuy for t € [0,5], and then, in [0,T] X Bg,, the function u; — v; satisfies
the same equation as u; with gFl (s,r) in place of gF and with a new f; whose norms for
w € Qp admit obvious estimates in terms of the norms of the old one and the right-hand
side of ([B2). Hence, the assumptions of the present theorem are satisfied with Bg, in
place of Bg,.

By replacing u; and Ry with u; — v; and R, we see that without loosing generality
we may assume that u; = f; = gf = 0 for t € [0,5] on Bg,. In that case, we define
uw=fi=9F=0,0f=0k=0,1,...,d; +do, for t € [-1,5). We also introduce new
of for k=dy +dy+i,i=1,...,d, by setting oF = eil[—1,5)(t), where the e;’s form the
standard orthonormal basis in RY. After that we define L; for t € [—1,.5) in accordance
with (1)), where we replace dy 4+ d2 with dy 4+ d2 + d and observe that the new w; now
satisfies (L2)) in (—1,7) x Bg,. The reader may object that the wF are not defined for
negative ¢, but since dwf for negative ¢ are multiplied by zeros, one can simply take
independent Wiener processes and glue them to w¥ from —1 to 0. It is easily seen that
the first assumption of the present theorem is satisfied with I|_; 7} in place of I|5 7}, and
this completes the proof.



[1]

2]

3]

[4]
[5]

[6]

[7]
(8]
[9]

[10]
(11]

(12]

(13]
[14]
(15]

[16]

(17]

(18]

(19]

HORMANDER’S THEOREM 479

REFERENCES

J.-M. Bismut, Martingales, the Malliavin calculus and Hérmander’s theorem, Stochastic Integrals
(Proc. Sympos., Univ. Durham, Durham, 1980), Lecture Notes in Math., vol. 851, Springer, Berlin,
1981, pp. 85-109. MR620987

, Martingales, the Malliavin calculus and hypoellipticity under general Héormander’s condi-
tions, Z. Wahrsch. Verw. Gebiete 56 (1981), no. 4, 469-505. MR621660

Yu. N. Blagovescenskii and M. I. Freidlin, Some properties of diffusion processes depending on a
parameter, Dokl. Akad. Nauk SSSR, 138 (1961), no. 3, 508-511; English. transl., Soviet Math.
Dokl. 2 (1961), no. 3, 633-636. MR0139196

P. Cattiaux and L. Mesnager, Hypoelliptic non-homogeneous diffusions, Probab. Theory Related
Fields 123 (2002), no. 4, 453-483. MR1921010

M. Chaleyat-Maurel and M. Michel, Hypoellipticity theorems and conditional laws, Z. Wahrsch.
Verw. Gebiete 65 (1984), no. 4, 573-597. MR736147

N. Ikeda and S. Watanabe, Stochastic differential equations and diffusion processes, 2nd ed., North-
Holland Math. Library, vol. 24, North-Holland Publ. Co., Amsterdam; Kodansha, Ltd., Tokyo, 1989.
MR1011252

N. V. Krylov, On the Ité6—Wentzell formula for distribution-valued processes and related topics,
Probab. Theory Related Fields 150 (2011), no. 1-2, 295-319. MR2800911

, Hormander’s theorem for parabolic equations with coefficients measurable in the time vari-
able, SIAM J. Math. Anal. 46 (2014), no. 1, 854-870. MR3166958

, Hypoellipticity for filtering problems of partially observable diffusion processes, Probab.
Theory Relat. Fields 161 (2015), no. 3, 687-718. DOI 10.1007/s00440-014-0557-9. MR3334279

F. John, On quasi-isometric mappings. I, Comm. Pure Appl. Math. 21 (1968), 77-110. MR0222666
, Note on the paper “On quasi-isometric mappings. I”, Comm. Pure Appl. Math. 25 (1972),
497. MR0301557

H. Kunita, Stochastic partial differential equations connected with nonlinear filtering, Nonlinear
Filtering Stochastic Control (Cortona, 1981), Lecture Notes in Math., vol. 972, Springer, Berlin,
1982, pp. 100-169. MR0705933 (85€:60068)

, Densities of a measure-valued process governed by a stochastic partial differential equation,
Systems Control Lett. 1 (1981/82), no. 2, 100-104. MR670049

, Stochastic flows and stochastic differential equations, Cambridge Stud. Adv. Math., vol. 24,
Cambridge Univ. Press, Cambridge, 1990. MR1070361

P. Malliavin, Stochastic calculus of variations and hypoelliptic operators, Proc. Internat. Sympos.
SDE (Kyoto, 1976), Wiley, New York, 1978, 195-263. MR536013

A. D. Ventcel', On equations of the theory of conditional Markov processes, Teor. Veroyatnost.
i Primenen. 10 (1965), no. 2, 390-393; English transl., Theory Probab. Appl. 10 (1965), no. 4,
662-664. MR0191000 (32:8409)

D. Stroock, The Malliavin calculus and its applications, Stochastic Integrals (Proc. Sympos., Univ.
Durham, Durham, 1980), Lecture Notes in Math., vol. 851, Springer, Berlin, 1981, pp. 394-432.
MR620997

, The Malliavin calculus and its application to second order parabolic differential equations.
I, II, Math. Systems Theory 14 (1981), no. 1, 25-65; no. 2, 141-171. MR0603973|/(84d:60092a),
MRO0616961|/(84d:60092b)

1. Vrko¢, Liouville formula for systems of linear homogeneous Ité stochastic differential equations,
Comment. Math. Univ. Carolinae 19 (1978), no. 1, 141-146. MR0494493

127 VINCENT HALL, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MINNESOTA 55455
E-mail address: krylovemath.umn.edu

Received 20/0CT/2014
Originally published in English


http://www.ams.org/mathscinet-getitem?mr=620987
http://www.ams.org/mathscinet-getitem?mr=621660
http://www.ams.org/mathscinet-getitem?mr=0139196
http://www.ams.org/mathscinet-getitem?mr=1921010
http://www.ams.org/mathscinet-getitem?mr=736147
http://www.ams.org/mathscinet-getitem?mr=1011252
http://www.ams.org/mathscinet-getitem?mr=2800911
http://www.ams.org/mathscinet-getitem?mr=3166958
http://www.ams.org/mathscinet-getitem?mr=3334279
http://www.ams.org/mathscinet-getitem?mr=0222666
http://www.ams.org/mathscinet-getitem?mr=0301557
http://www.ams.org/mathscinet-getitem?mr=0705933
http://www.ams.org/mathscinet-getitem?mr=0705933
http://www.ams.org/mathscinet-getitem?mr=670049
http://www.ams.org/mathscinet-getitem?mr=1070361
http://www.ams.org/mathscinet-getitem?mr=536013
http://www.ams.org/mathscinet-getitem?mr=0191000
http://www.ams.org/mathscinet-getitem?mr=0191000
http://www.ams.org/mathscinet-getitem?mr=620997
http://www.ams.org/mathscinet-getitem?mr=0603973
http://www.ams.org/mathscinet-getitem?mr=0603973
http://www.ams.org/mathscinet-getitem?mr=0616961
http://www.ams.org/mathscinet-getitem?mr=0616961
http://www.ams.org/mathscinet-getitem?mr=0494493

	1. Introduction
	2. Main results
	3. On linear stochastic equations
	4. On stochastic integrals  of Hilbert-space valued processes
	5. On some random mappings
	6. Itô–Wentzell formula
	7. Proof of Theorem 2.3
	8. Proof of Theorem 2.4
	References

