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SPECTRAL ANALYSIS OF A FOURTH ORDER DIFFERENTIAL
OPERATOR WITH PERIODIC AND ANTIPERIODIC
BOUNDARY CONDITIONS

D. M. POLYAKOV

ABSTRACT. By the method of similar operators, the spectral properties of a fourth
order differential operator are studied under periodic or semiperiodic boundary con-
ditions. The spectrum asymptotics is obtained, together with some estimates for
the spectral resolution for the operator in question. Also, the operator semigroup is
constructed whose generator is equal to minus the operator under study.

§1. INTRODUCTION

Let Lo[0, 1] stand for the Hilbert space of complex functions square integrable on [0, 1]
with the scalar product (z,y) fo 7)dr, z,y € L2[0,1]. We denote by W30, 1] the
Sobolev space {y € Ls[0, 1] —-C:y has three continuous derivatives, ¢y is absolutely
continuous, and y'V € Ly[0,1]}.

We shall consider an operator Lp.: D(Lpe.) C L2[0,1] — Ls]0, 1] determined by the
differential expression

I(y) = y" —a(t)y” — b(t)y, where a,b € Ly[0, 1].

The domain D(Ly.) is determined by one of the following boundary conditions be:

(a) periodic, be = per : y¥)(0) =y (1), j =0,1,2,3;

(b) semiperiodic, bec = ap : y¥)(0) = —y(J)(l), j=0,1,2,3.

Specifically, we put D(Ly.) = {y € Wi[0,1] : y satisfies bc}. The corresponding
operators will be denoted by Lyer, Lap.

If a = b =0, we use the notation £J, or £, L3 . The operator Lj, is said to be
free. It will play the role of a nonperturbed operator when we study L., whereas the
operator B : D(B) = D(Lp.) C L2[0,1] — Ls[0,1], By = a(t)y” + b(t)y will play the
role of a perturbation. LY is a selfadjoint operator with compact resolvent. Since a,
b € Ly[0,1], they expand into the series a(t) = >, aie®™, b(t) = 3, bie™™, where
a; and b; are the Fourier coefficients of a and b, respectively. We emphasize that no
additional restrictions on a and b (like smoothness) beyond a, b € L2[0, 1] are imposed.

We describe the spectra o(L),) and the eigenfunctions of L), bc € {per, ap}:

(a) o(LY,) = {(2mn)*,n € Zy = NU{0}}; for n # 0, the corresponding eigenspace is
E? = Span{el, €2}, where el (t) = e ¢2(t) = 2™ t € [0,1]. For n = 0, we have
E§ = {aeg,a € C}, where eo(t) = 1, t € [0,1];

(b) o(£Y,) = {7*(2n +1)*,n € Zy = NU{0}}; the corresponding eigenspaces are
given by E? = Span{el, €2}, where el (t) = e " (ntt 2 (1) = eim(2nt Dt ¢+ [0 1].
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We denote by P,, n € Z,, the Riesz projection corresponding to the singleton
{(2mn)*} or {7*(2n + 1)*}. For every = € Ly[0, 1], we have

(a) Pox = (x,el)el + (z,€2)e2, n e N, Pyx = (z,eq)eo;

(b) Pyx = (z,e})el + (z,e2)e2, n € Z.

Throughout, we assume that by = fol b(t) dt = 0. This is not a restriction because the
shift of the potential by a constant shifts the spectrum by the same constant. However,
we take the value of by = 0 into account when we calculate the spectral asymptotics for
the operator in question.

The operators Ly, are interesting because they describe the vibration of beams and
shells as well as of a compressed rod on an elastic base (see, e.g., [, 2]). Presently, a
considerable interest to this topic emerges from numerous applications to optics, acoustics
(see [3]) and also to the study of nanotubes conductivity (see [4]).

A selfadjoint 4th order differential operator with periodic coefficients was studied in
a series of papers by Badanin and Korotyaev. In [5], the operator (% + V with real
periodic potential V' in L; was studied on the real line. In [6], the 4th order operator

H = ;—;—k%p% +q with real periodic potentials p and g was treated under the assumption
p, P’y ¢ € L1(0,1). In [7], the same operator was considered in Ly(0,1) with classical
boundary conditions and with p, p”, ¢ € L1(0,1). In []], a general periodic operator
of even order in Ls(R) and with coefficients in L; was studied. In all these papers,
the asymptotic of the spectrum was determined and the spectral bands were explored,
together with the high energy spectral characteristics. The method of the study was
based on the construction of Lyapunov functions.

We also mention the paper [9], in which a differential operator of arbitrary order m
with complex potential was treated and asymptotics formulas for its eigenvalues were
derived.

Mikhailets and Molyboga (see [10, 1T, 12]) obtained asymptotic estimates for the

operator (—1)% (f:TIJVV + g with periodic and semiperiodic boundary conditions, where ¢q is

a periodic distribution belonging to a Sobolev space.

Note also that in Naimark’s monograph [13] the eigenvalue asymptotics was described
for an nth order differential operator with regular boundary conditions in the space of
continuous functions and also in the space of vector-valued functions.

The theory of perturbed differential operators determined by boundary conditions
on a finite interval involves various methods. Thus, in the paper [I4] by Dzhakov
and Mityagin, the Schrodinger and Dirak operators were studied by resolvent meth-
ods, see [14, 15, [16]. These methods make it possible to calculate the first approximation
for eigenvalues of the perturbed operator and its projections.

In [17], Agranovich obtained certain results about the equiconvergence of spectral
resolutions for a perturbation subordinate to a fractional power of the nonperturbed op-
erator; also, he gave asymptotic estimates for the equiconvergence of spectral resolutions.
However, the results of that paper are applicable only in the case where a is a bounded
function.

In the present paper, we obtain second approximations for the eigenvalues, and also
estimate spectral projections for Lp.. Unlike Theorem V.4.15 in [15], the function a is not
assumed to be bounded. We employ the similar operators method (see [18], [19] 20| 21])
to study Lp.. This method emerged in the construction of an analog of the Bogolyubov—
Krylov substitution for nonlinear equations in a Banach space, see [I8] [19, 20, 21]. It
is intimately related to the Friedrichs method (see [16]), which is used for perturbed
operators with continuous spectrum. To develop the method of similar operators, some
patterns of harmonic analysis were invoked.
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The version of the similar operators method employed in the present paper was devel-
oped in [22] 23]. In [23] 24] it was used by the author to study Ly, under other classical
boundary conditions. The main idea of the method is in a similarity transformation
of L. to an operator whose spectral properties are close to those of the unperturbed
operator L) . Specifically, it is shown that L. is similar to an operator of block-diagonal
form in the basis of eigenvectors for £, (this is an analog of the Jordan theorem for a
linear operator in a finite-dimensional space). This simplifies the study of L. a lot.

Among the main results of the paper, we mention Theorem [7, which says that L.
is similar to an operator of the form indicated above and having the same eigenvalues
as L9, except a finite set. This statement provides a basis for the deduction of the
eigenvalue asymptotics and the proof of the equiconvergence of spectral resolutions.

The main results of the paper are stated below.

Theorem 1. The differential operator Ly. has compact resolvent and its spectrum has
the form

0(Lye) = U{AF,n >m+1}
for some m € N, where o, is a finite set of at most m points. The eigenvalues Xﬁ,

n>m+1, of Lyer have the following asymptotic representation:

7 —n— _1ap—p)l?
3F = (zﬂn) + (27n) aO_n2Z (An10—n—1 4 an_101_p)

" 14— ph
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Or, in an abridged form:

e 2 & 2
a—2n Al ynln_gl a2n al_nG_n_ql >

A = (27m)4 + (27n)2%ag + v n?, n>m+ 1.

Here (v,) and (v,F) are sequences summable with the powers % and 2, respectively, and
the ay, k € Z, are the Fourier coefficients of a.
For Lg;,, we have the following asymptotic representation:

N 4 2 = Oppl410—n—1—1 + Qn_1a1—y)(2l+1 2
AT = (r(2n+1)) "+ (7(2n+1)) ao—(2n+1)2z( ++1(2l+1)14_(2n+1)i( )
IZn
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:F(7T(2n—|—1))2<a o 1a2n+1+ 42: l—n n—Il— 1 2: n+l+10n— l )
1=0
l#n

@l4+1D*—(2n+1)4 (2l+1)*—(2n+1)4
l#n

1
_ 20951 i an+l+lan—l(2l + 1)2 _ 2a2n-|—1 io: al—na—n—l—l(Ql + 1)2) §+ ~ nQ
m @) - @ntl)r a2 @D @atii) "
l#n l#n
n>m-+1.
Or, in an abridged form:

AT = (r(2n+ 1))4 + (r(2n +1))%a0 + 7 0%, n>m+ 1.

Here (7,) and (7,F) are sequences summable with the powers % and 2, respectively.
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Theorem 2. If a is a function of bounded variation, then
E = (2mn)* 4 (27n)2a0 + O(1)
and
M= (r(2n+1))" + (720 + 1)) a0 + O(1)
for the cases of bc = per and bc = ap, respectively.

In the next theorem, the symbol ]5n, n>m+ 1 (m € N is taken from Theorem [IJ),
stands for the Riesz projection constructed for the subsets {Xfl} of the spectrum o(Ly.).
If Q is an arbitrary subset of N\ {0, ..., m}, then P() = Y kea Py is the Riesz projection
constructed for the set {X,T, k € Q}. Similarly, P(2) = >, ., Px. Next, we denote by

?(m) the Riesz projection for the operator Ly, that corresponds to the spectral set 7,,,
and we put P,y = P+ + Pp.

Theorem 3. The system of projections f’n, n € N, has the following property:

~ M (Ink(Q))?
[P(Q) — P(Q)]2 < BORE

where k() = minyeq k and M > 0 is a constant independent of k(S).

This theorem shows that the eigenfunctions and generalized eigenfunctions of the
operators in question form an unconditional basis. It should be noted that such estimates
cannot be obtained with the help of the resolvent method used in [I4] [I5, [16], because
the choice of an integration contour presents a problem.

Theorem [3 readily implies the following statement.

Theorem 4. The following equiconvergence estimates are true for the spectral resolutions
for Ly. and ESC:

n

Hﬁ<m>+ > Pi—Pm— Y. B
k=m+1 k=m+1

M(Inn)z
n

<
2

, n>m-+1,

where M > 0 is the constant from Theorem Bl

Remark 1. If a is bounded, the estimates of [I7] are applicable, yielding the same as
Theorem @ but without the factor of (Inn)z. This sharper estimate for bounded a also
can be obtained by the method of similar operators.

Theorem [§ claims that — L. is a sectorial operator and generates an analytic semi-
group of operators. Moreover, this semigroup is similar to a semigroup of the form
Timy(t) @ T™)(t) acting in Ly[0,1] = Him) © H(™) | where Himy = Im Py, Hm) =
Im(I — Ppy), and T (t) admits a representation of the form

T ()2 = Z e Pz, x € Lyo,1],
k=m+1
where Cy € EndHy, Hr = Im Py (the matrix of this operator will be described in

Theorem [)).
These results were announced in the short note [25].
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§2. CONSTRUCTION OF AN ADMISSIBLE TRIPLE

The general outline of the method of similar operators (see [22]) requires to start with
the construction of an admissible triple. In this section, we construct an admissible triple
for an abstract operator with the properties most close to those of the operators Ly, and
Lgp in question. In the next section, this construction will be specified for the operators
Ly, be € {per, ap}.

For a complex Banach space X, let End X denote the Banach algebra of all bounded
linear operators on X. Let A : D(A) C X — X be a closed linear operator. We denote
by £4(X) the Banach space of operators acting in X and subordinate to A. Thus, a
linear operator X : D(X) C X — X belongs to £4(X) if D(X) 2 D(A) and the quantity
IX)|la =inf{C >0 : || Xz| < C(z||+ ||Az|), = € D(A)} is finite. This quantity is taken
for the norm on £4(X

We recall the general notions of the method of similar operators (see [22] 23]).

Definition 1. Two linear operators A;: D(4;) C X — X are said to be similar if there
exists a continuously invertible operator U € End X’ such that UD(As) = D(4;) and
AUz = UAsx, x € D(Az). In this case we say that U transforms A; to As.

It is well known (see [22, Lemma 1]) that many spectral properties of similar operators
coincide.

Definition 2. Let  be a linear subspace of £4(X), and let J: 4 — YandI': Y — End X
be transformes, i.e., linear operators acting on linear operators. The triple (L, J,T') is
said to be admissible for a (nonperturbed) operator A : D(A) C X — X (then i is called
the space of admissible perturbations) if the following conditions are fulfilled:

1) $ is a Banach space (with its own norm || - ||,) embedded in £4(X’) continuously;
2) J and T are continuous transformes, moreover, J is a projection;

) (TX)D(A) € D(A), moreover, A(FX) (FX)A X — JX for all X € 4

) XTY,(IFX)Y € 4 for all X,Y € 4, and there exists a constant v > 0 such that

T[] < v, max{ [ XTY [, [(TX)Y [} < y[IX [ [[Y ]
5) for every X € 4 and e > 0, there exists A\. € p(A) with | X (A -\ 1)} <e.

=~ W

Theorem 5 (see [22]). Let (U, J,T') be a triple admissible for an operator A : D(A) C
X — X, and let B be an operator that belongs to the space i of admissible perturbations
for A. If ||| B|l«|IT|| < 1. then A—B is similar to A— JX,, where X, € L is a solution
of the (nonlinear) equation

(2.1) X = BIX — (TX)(JB) — (TX)J(BTX) + B = ®(X).

The solutions of [2I) can be found by the method of simple iterations, taking Xo = 0,
X1 = B, and so on (the mapping ®: 4 — Ll is a contraction on the ball {X € U :
|IX — B|| < 3||BJ|}). A similarity transformation taking A — B to A — JX, is done by
the operator I +T' X, € End X.

In our case, we take a complex Hilbert space H for X. Let G2(H) be the ideal of
Hilbert—Schmidt operators belonging to End H (see [26]). We recall the definition.

Definition 3. By a Hilbert-Schmidt operator X € End H we mean an operator satisfying
Z;’io | X f;]|? < oo for every orthonormal basis fo, fi,... in H.

Introducing the matrix (zy;) of X € End# in the orthonormal basis fo, fi,..., i.e.,
xr; = (Xfj, frx), k,j > 0, we can rewrite the above inequality as ZZ?]‘:O |z ] < oo.
This quantity is a norm on the Hilbert—-Schmidt ideal Go(H); it will be denoted by || - ||2.
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Let A: D(A) C H — H be a selfadjoint operator with compact resolvent R(-,A) :
p(A) — End H and with spectrum o (A) formed by a sequence of eigenvalues A, g, n € Z,
of the form

Ao =720+ 0)*, neZg,
Wheret9:OifA:£gmr and@zlifAzﬁgp.
The eigenvalues of A possess the following property:

1 . . .
(22) ‘)\7%9 - )\j,e > g|k4 _J4|’ ‘)\k,9| S Ck4a ka] Z 0) k 7& 7

where ¢ = (2m)* for # = 0 and ¢ = (37)* for § = 1.
Let eq, €L, €2, n € N, be an orthonormal basis. Denote by P, n € Z, the orthogonal
projection corresponding to the set {A, g} C 0(A) and defined by the formula

Pox = (z,el)el + (z,e2)e2, neN, Pyx=(x,e0)eq, n=0, for § =0,

Pox = (z,el)el + (z,e2)e2, neZ,, for § =1.
We shall consider an operator A such that AP, = AP, = A\, 0P, n € N, APy = Fp,
0 =0and AP, = AP, = A\, 1Py, n € Z,, for § =1.

Consider the operator matrix (Xj;) whose entries are the operator blocks Xy, =
Py XP;j, k,j€Zy. Given an operator X € £ 4(#), we consider the blocks of this matrix
separately in the case where 6 = 0.

If k=7 =0, then (Xyg) is a matrix of size 1 x 1 with only one entry Xpo = (Xeq, €g)
(see [23]). The entries of the matrix (Xxo), k > 1, of size 2 x 1 are of the form

(Xeo,e},)
(Xeg,e3)) "
Accordingly, the entries of the matrix (Xp;), j > 1, of size 1 x 2 are of the form
((XG}, 60)7 (X€?7 60))'
Finally, since dim Im P,, = 2 for n € N, the matrix (X3;), k, j > 1, has the form
(Xel er) (XeQ-,e}c)>
2.3 Xy = Y 4 .
(2:3) kj ((Xejl,e%) (Xe?,ei)
Note that for § = 1, the matrix (Xy;), k, j > 0, is also of the form (23]). In the subsequent
estimates, we use the identities || X||3 = > =0 | P X P;|3.
We introduce the selfadjoint operator A? : D(A%) C H — H by putting

e 1
l =
Az = g A2 o Pn;
n=0

the domain of this operator is D(A2) = {z € H : S o Anoll| Poz|? < oo}

The Banach space 4 of admissible perturbations will consist of all X € £ 4(H) repre-
sentable in the form

X = X().A%, Xo € 62(7‘[)

The norm of X in 4 is defined to be the quantity || X|. = || Xol|2-

Next, in accordance with the general outline described in [23], we construct trans-
formers J, I': £4(H) — L4(H). First, we define them on Gy(H).

Specifically, for every X € Go(H) we put

> . P.XP;
2.4 JX = § P, XP, TX= § Sl kel B
(2.4) 2 52 Mo = Ao
k#j

The consistency of this definition and the boundedness of the operators JX and I'X will
be established in the following lemma.
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Lemma 1. The transformers J, I': G3(H) — So(H) are well defined, bounded, and
possess the following properties:
1) J is a projection, ||J|| = 1;

2) we have ||T|| < where ¢ is defined in (22]).

1 < c
infk?éj ‘)\)ﬁg—kj,g‘ — 15

Proof. We verify 1). By orthogonality, we obtain

I(TX)z]* = || D (PuX Py) Z [ Pa(X Pp)||* = Z [P X Przl|* < | X112[|]|?,
n=0 n=0

where z € D(A) and X € Gy(H). Therefore7 X < IX]l, X € G2(H). Thus, J is well
defined, bounded, and ||J|| < 1. Note that ||.J|| = 1 if and only if X coincides with some
P7L7 n e Z+.

We verify 2), i.e., the boundedness of I' together with the consistency if its definition.

We have

> PkXP 2
ITX[5 = < P.X P;
2 ijO /\k 0 — 1nf;€7g] ‘)\k 0 — M50 k;()
- ! S PP = ! X2
infrzj [Aeo — Ajol? o " 2 infrgy Aee — Njol2
k#]
Thus,

1
mfk;ﬁ |>\k 0 — )\ |
Consequently, I" is well defined, bounded, and satisfies
1 c

T < - < —. O
H H - 1nf;€7gj ‘)\k,e — )\jﬂ‘ 15

X2 <

[ X]2 < 5 ||XH27 X € Gy(H).

The extensions of the transformers J and I to the spaces £4(#) and 4 (denoted below

by the same symbols) will be given as follows:
(25) JX =J(XAHA, TX=TXANHA X ecLa(H),
’ JX = J(XA A7, TX =TXA A7, Xeil

Lemma 2. FEvery operator I'X, X € i, admits an extension to the entire space H up
to an operator belonging to S2(H) (and denoted by the same symbol T X) is such a way
that

3
c2
(2.6) ITX]2 < =X)L, X €4,
where ¢ is taken from (22).
Proof. Since X € 4, we have X = X(.A2 with X, € Go(H). Using ([Z2), we obtain

— PkXP (PeXoPy)As, |1
X = |5 Z S
2
-4
J 1
<o s s Y xR < S0 Xl < CIxIE
k,j>0 ( J*) k,j=0 o )
k#j fitj k#a

Thus, I'X is a Hilbert—Schmidt operator. Consequently, I'’ X admits a bounded extension
to H that satisfies (2.6)). O
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Remark 2. In accordance with Lemma [ the transformer T' defined by (28] will be
regarded as a linear operator from i to G2(H) and will be denoted by the same symbol.
3

Furthermore, Lemma [2] shows that ||T'] < %

For every m € N, we introduce two transformers J,,: 4 — L and T';,: 8 — G3(H) in
the following way:

(27) In X = JX—J(P(m)XP(m))+P(m)XP(m), X e,
(28) I'X=TX-— P(m) (FX)P(m), X ey,
where P,y = Zkgm Pi. Note that /1 X =JX and 1 X =TX, X € 4l

The next statement is an immediate consequence of the definition of J, and T,
Lemma [2, and Remark

Lemma 3. All transformers Jp,, Ty, m € N, admit a bounded extension to £4(H)
(consequently, to L1). Also, we have

|l =1, D]l <

S|mw

where ¢ was defined in [22)).

Remark 3. Formulas [2.7) and (28] show directly that I'X (respectively, JX), X € 4,
differs from T, X (respectively, from .J,,, X') by the finite rank operator P(,,,)(I'X) P,
(respectively, P,y (JX)P(y)). Therefore, in what follows we shall verify all required
properties for I'X and JX.

Now we show that (Y, J,,, ') is an admissible triple.
Lemma 4. The triple (84, Jp, Tn) is admissible for A; moreover, the quantity v = v,
3

(see the definition of an admissible triple) obeys the inequality v, < %, where ¢ was

defined in ([2.2).
Proof. We verify all properties of an admissible triple. The first two properties follow
from the representation of the space of admissible perturbations, Lemma [3] and formulas
(E7) and (Z3).

We prove property 3), i.e., the relation (T',,X)D(A) C D(A) for every X € 4. By
Remark[3], we can consider I',, X in place of I'’X. We represent X in the form X = XQA%7
where X € G5(H). Take an arbitrary vector z € D(A), then 2 = A~ 'y, where y € H.
We have

TX)A Ly = i (B XP) Ay i (PXoAZP)y N (PXoPy)y
(

kim0 8 A im0 Mo =200 Xie T2 (N — N, 0)/\]29
[y [ o
By (2.2) and the inequality supy, j>q5; $ < 4, it follows that
2 (PuXoP 2 0 Meo(PeXoPy)y ||
HA(FX)A_lyH :H Z XoBy)y | _ ko (PeXoP))y

T
(Ako — Aj, 0)>‘;9 k=0 (Mo = Aj0)A7

%k

8

& 00
k4(PkX0P)y
< TURROIIN < B sup ST [(PeXoP))yl?
k‘Z—O (k4 — j4);2 p (B — jh2je kz_l J
J= oy J=
i#k
2
< sup || Xol3]lyl1? < 4¢®|| Xo 13yl
Sup (k—j)2]4|| 2[lyl [ Xoll2[lll

kg
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Thus, (IX)A 'z € D(A), and the above estimates show that the operator A(I'X).A~1
is bounded. Consequently, (I X)D(A) C D(A), whence (I',;, X)D(A) C D(.A). It remains
to show that the operators A(T',,X) — (I',, X).A and X — J,,, X possess equal matrices.
For k # j, we have

Ak 0Th; (1 — Ok;) Ty (L= 0k) Ao\ _ ((TrgQwo = Ajo) (1= 0ky) | _ ~ ~
( Mo — \; )_( Moo — Aj )‘( Mo — Aj )‘x’“j_‘s’”w’””

k0 — Aj0 k0 — Aj0 k0 — Aj0

where (Zy;) is the matrix of X, and property 3) follows.

We verify property 4). Taking X, Y € 4, we write them in the form X = XoA? and
Y = Yy A2. Then XT,,Y can be written as XT',,Y = XoA2T,,Yo A2 = ZyA2. We show

that Zy is a Hilbert—Schmidt operator. By Lemma [B] it suffices to prove this for some
m € N. Using ([2.2]), we obtain

2
. > (PYoP)A
1Z0]|2 = | X0 AZTY, |2 = ||X0< § j )

Ak,o — Ajo
7 ’
<3 I PLYoP;
= k,sju>pm (k4_j4)2 Z T 2
=2 Fa=m
1 SlXIENY I
< sup WHXOM Z [P.Yo P13 < m2 ’
e kig=m

where c is taken from (22)). Therefore, Zy € G3(H), and the operator XT',,Y belongs

to the space 4 of admissible perturbations, moreover, || XTI, Y. < %HXH*HYH*
similar argument yields a similar estimate for (I',, X)Y. Now, a direct calculation shows
that ||T | < 2.

We verify the last property of admissible triples. Let X = XOA% be an arbitrary
operator in 4, and let € > 0. For the role of \., we take —cn, n € N, where ¢ > 0 is the
quantity from ([2.2) and n € N satisfies %c%n*% | Xoll2 < e. Then

1X (A = AD) ™M < || Xoll2fl A% (A= AT~ = 11 Xoll2 max

2 m
k? | Xo|2¢2
< <
62|\X0||2ma1 k4—|—n = 2{’1%
Thus, (4, J, Tyn) is an admissible triple, and the lemma follows. |

§3. A PRELIMINARY SIMILARITY TRANSFORMATION

We return to the study of the operator L. defined in the Introduction. We apply the
abstract method described in the preceding section to the study of the spectral properties
of the operators Ly, bc € {per,ap}. The role of A will be played by the operators Lger
and Lgp defined as follows:

LY ePr = L) Pn=XaPn, n€N, LY Py=L),.Py=P,
LY, Py =L, Py=MPp, nely,

where the orthogonal projections P,, n € Z, are those described in the Introduction.

Now, Lger and L?Lp are selfadjoint operators with compact resolvent and with eigenvalues

satisfying ([Z2)), where ¢ = (27)* in the case of L9, and ¢ = (3m)* in the case of LJ,. In

per
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what follows, we put H = Ly[0, 1] throughout, and we identify this space with the space
L2 (R, C) of 1-periodic functions on R that are square integrable on [0, 1].

The perturbation B described in the Introduction belongs to the space £r0 (H), bc €
{per, ap}. Consequently, the operators JB, I'B, J,, B, and I',,, B defined by 24), (Z7),
B3)) are well defined.

Since B does not belong to the space of admissible perturbations constructed in the
preceding section, we must do a preliminary similarity transformation (see [22]) of Lj. to
the operator Ly = LY. — B, bc € {per, ap}, where B belongs to 4. This is our objective
in this section.

First, we consider the operator B = By + By, where By = ay” and Bsy = by,
y € D(LY.), bc € {per,ap} and a, b € H. We represent the perturbation B in the form

B = (B(L§)"#)(L5.)? = (Bi(L§)73)(L5.)% + (Ba(L).) "% )(L5.)%.
Since a and b belong to H, we have
a(t) — Zale%ﬂt’ b(t) _ Zble%ﬂt-
1eZ. ez,

Consider the case of bc = per. The numerical block matrices (A5"), (B5), k,j > 0,
are defined in the same way as in the preceding section (in particular, formula [23) is
true). We calculate the entries of these matrices. For the operator of multiplication by
a, the entries are found in the following way:

1 TN 1 . . .
(aej,er,) = /0 a(t)ej(t)ep(t) dt = / > a2 At = ;.

0 Jez
Arguing similarly, we obtain
(act,ex) =a_j_i, (aej,er) =ajr, (a€l,er) =a_jii.
Ifk=0,j>1,0ork>1,5=0, we have
(aeo,e0) =0, (aep,er) =0, (aeq,er) =0,
(ae;,eo) =aj, (ae?,eo) =a_;.
Thus, the matrix of B; has the following form:
0 CLj a_]‘
(3.1) AW =—2mj)* (0 ajp ajp|, kj>1
0 ajtr a—jik
Since By is multiplication by a function b in 7, the matrix (By5"), k, j > 1 looks like
this:
0 b b
(3.2) B = bk bj—k b_ji
be  bjyk bjik
The matrix entries of U}, for bc = ap are calculated similarly. The matrices (2;%), (B}}),
k, j > 0, have the following form:

AL = —(m(2j+1))2 ( Pk TRl
=i+ D

a bji—r  b_j_p—1
% 1.) p— j ‘] .
& (bj+k+1 bjtk >

Next, we prove several technical lemmas.

(3.3)
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Lemma 5. The operators I'B and I',, B, m € N, are Hilbert—-Schmidt, and moreover,

we have limy, o ||Tm B3 = 0.
Proof. We show that I'B is a Hilbert—Schmidt operator. Since B is multiplication by a
function b in H, it suffices to consider I'B; in place of I'B. First, we consider the case of

bc = per. By ([B1)), we have

oo oo oo 9
ITB1l5 =D I(TBiej. eo)* + Y [(Biej,eo)l* + Y |(UBiej,e)]

j=1 J=1 k,j=1

o0 o0 o0
+ Z ‘(FBle]l,ez)lz—l— Z ‘(FBlei,e,lg)lz—i— Z ‘(F316§7€i)’2
k,j=1 k,j=1 k,j=1
oo o0 .
la;]?(2m5)* la—;*(2m5)* |aj_i|?(2mj)*
f; (@mj)® Z Gt 2 @k - @)

k,j=1
k#j
o~ la—j—k[*(27j o lajk[?(2m5)* o la—j+xl*(2m))
+k§:1((27rk)4 Z (2mk)t— (275)%)2 +k§:1((277k‘)4—(27rj)4)2
K g K]
1 0 +la—i <~ 1 Jaj—i?
< (S e 5 L5 s
= 1 1 2 Y
(2m) <j1 j el G
J#k
Lo Jojwl o 1o gl | o 1= ol
PR G R R ) <
i#k i#k 7k
Consequently, I'B € G3(H). By Remark Bl the T',, B, m € N, are also Hilbert—Schmidt

operators.
Similar arguments based on ([B3]) show that I'B € &4(H) for bc = ap. Thus, I',,B

belongs to G2(H) also in this case.
Next, from (2:8]) we deduce that
. 2 _ _ 2
Jim [T, Bz = lim [[T'B = Py (T'B) Pm) |2

o0

— i 12 —
=dm Y IRTB)RIE =0 0
max{k,j}>m+1

Lemma 6. The operator J,, B belongs to the space 34 of admissible perturbations.
Proof. By Remark Bl we may consider JB instead. We represent it in the form

JB = (JB(Ly,)”#)(L3,)* = Byp(Ly,)*
and show that B;p belongs to Go(H). Using (B1]) and (B2), for bec = per we obtain

|JB(LS) "% |3 = [(JB(LS,,) e, eo)|? +Z| JB(LS,,) ek, elh)?
n=1
+Z| JB pcr —3 ’n,’ n ‘2+Z| JB pcr 'n,’ n |2+Z JB pcr % 1213 n)|2
n=1
‘agn 27T’I’L |a 2n| 27TTL 2 |b2n‘ ‘b 2n|
fZ e Z mr— + 2laol +Z Z @2

Argulng similarly on the ba31s of (33), we analyze also the case of bc = ap. Thus,
Bjp € G2(H). Therefore, the J,,B, m € N, belong to 4l. O
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Lemma 7. The operators BT, B and (U'), B)Jm B belong to the space 8L of admissible
perturbations.

Proof. In accordance with Remark Bl first we prove that BI'B € 4. For this, we write
BI'B = (BT'B(Lj,) " *)(L}.)* = By(Lj,)*
and prove that By € G5(H). In its turn, By can be represented in the form
By = BiU'By(L},.) "% + BiT'By(Ly,) "2 + BoU'Bi(Li),) ™ # + BoD'By(L3,) 2.

We prove that ||[ByI'By(LY.)~ 2|2 < co. First, we consider the case of be = per. By &)
and [3.2)), we have

-1 71
HBerl( per ||2 - Z | BlFBl per) ;7et)|2
k,j=1

+ Z |(BlFBl(Lger)__ 2 ek |2+ Z BlFBl(Lger)__ ; ei)‘Z
k,j=1 k,j=1

= 1 = 1
+ > [(BiITBi(LY,) " 2€3,e3)> + > [(BiTB1(LY,,) %€, €0)|?
kj=1 =1

o0
1
+ ) |(BiTBy(LY,) " 2€3,e0) .
j=1
We estimate the first summand (the remaining ones are treated similarly):

Z | Berl per)_ _]’ 119)|2

k.j=1

o (k1 + aigay4) (2m)) (2w |
D (o=
I#]

IA
7-
e

NE

i Jar] o] \? L1 ii Z lai—k|]aj i\
-7 ) e -7 )
=1 j=1k=1
1#5 l;éJ
We estimate only one of the two terms on the right (the other one is estimated in the

. 1 S oo 00 lai x| la;—1]\2
same way). For definiteness, we choose the term ¢ > .7, > )~ (lel’l# W)

and denote it by 7;. Consider the sequences f;: N — R, = [0,00),j > 1, of the form

£i) = \‘lg 1=t for I # j and 0 for | = j and estimate their norms in £':
o] 1
e = 31550 Z a;- ll < lalle <221>2 _lallew o
’ =1 ’ |l _7 — 12 ]\/g ’ =
I#j l;é]

Since the sequences k +— |ajz—;|: N — Ry, [ > 1, denoted by @; in the sequel, belong to
22, we have
o0

Za'lf]

=1

o0

2; larllez1£5(0)] < lales Z 51 = %

Consequently,

_alle: s~ 1 lalli
T 2dn? 2T d
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Similar arguments and calculations are applicable in the case where bc = ap. There-
fore, BlfBl(Lgc)_% belongs to G3(H). Since Bs is multiplication by a function b in
H, the operators BiT'By(LY.)"%, BoT'Bi(LY,)"2, BoT'By(LY,)"2 also belong to &Sa(H).
Consequently, BI'B belongs to 4, and so BI',, B € 4l

It remains to prove that (T, B)J, B € 4. By Lemmal[f] the operator I',,, B belongs to
G3(H), and Lemma [6 shows that .J,, B belongs to il. Since the product of two Hilbert—
Schmidt operators is of trace class (see [26]), we see that (I',,B)J,, B belongs to . O

Lemma 8. There exists m € N such that the operators B, J,B, I',,B satisfy the
following conditions:

(a) I'yB € EndH and |T',,B||2 < 1;

(b) (T, B)D(LY,) € D(LY,);

(¢) BT, B, (T'y,B)Jm B € U, where i is the space of admissible perturbations;

(d) LY. (T;nB)x — (UyyB) LY, x = Bx — (J,,B)x, x € D(LY.);

(e) for every e > 0 there exists \. € p(LY,) with | B(L), — X\I)7Y| < e.

Proof. Lemma [0l shows that I'y, B € G2(H) C End H; moreover, by 28), [T, Bll2 < 1
for sufficiently large m € N. Thus, (a) is fulfilled.

To verify (b) for I'B (see Remark[B]), we argue as in the proof of property 3 in Lemmal[dl
Thus, (T, B)D(LY.) € D(LY,).

Property (c) follows from Lemma [7]

To verify (d), we argue as in the proof of property 4 in Lemma [l Furthermore, by

@1) and Z3), for z € D(L).) we have
Ly (P B)z = Ly.TBa — Ly Py (PB) Py = Ly LB — Py (Lye L' B) Pl
= (B = JB)z + (I'B)Lj,x — Piny(B — JB)Pinyx — Py (TB) Ly Py
= (B - JuB)x + (I',,B)LY, x.
Thus, (d) follows.

It remains to establish (e). Consider the case of bc = per. For arbitrary € > 0, we
choose n € N in such a way that

1 3

AlallZ | IIbI7\? 33
3.4 .
(34) < 3 T 1R90) ammt <

Also, we take —m*n for the role of A.. Direct inspection shows that B(L% )~ % is bounded

per

; b||? P
and || B(L pcr)*%”g < 4”‘;”22 + ng;Hgfg~ Then for every n € N satisfying ([8.4]) we have

1
,3 >\k

IB(Lper = AD)~H| < || B(L

per)

1 1
§(4|a|32+||b||p>2 o o < (el PN S

3 1890 ) m k>1 k*+n — 3 1890 ) 4nni

per

wlw

This proves (e) for LY

per» and the case of bc = ap is treated similarly. O

Theorem 6. If m € N satisfies
(3.5) [T Bll2 < 1,
then the operator Ly. = LY. — B is similar to the operator Ly = LY — B, where

(3.6) B=JuBy+ (I +TB) Y(BiI'yWwBy — (TynB1)JmBy) + C.
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The operator C is defined by C = JnBs+ (I+T7,,B)"Y(B1T';, By + Bol',, By + Bol',,, Bo —
(T'ynB1)JmBo — (T, Be) J By — (T, B2) J, Ba), and moreover,

(3.7) (LY. — B)(I +T,B) = (I + T, B)(LY, — B).

The operator B in BZ0) is representable in the form

(3.8) B =JB; + BiI'B, — (I'By)JB; + C € 4,

where C' = Cy(LY,)%, Co belongs to the trace class &1(H) on Lg[0,1] (see [26]).

Proof. The existence of m € N satisfying (35]) was proved in Lemma By ' Theorem 2
in [22] and Lemma 8 the operator L. = LY. — B is similar to Ly = LY — B and B9,
B0 hold true. The operator C' in ([B:8)) has the form

C=—(I+TB) YTWB)(BiI'mBy — (TmBi)JmB1) +C1 + C,
where
Cy = BiTI',,B; — BiT'By — (I',B1)JmB1 + (U'By)JBy + J,,B1 — JB;

is of finite rank and, consequently, belongs to &1 (H).

From Lemma [7, it follows that the operators (I';,B)J,, B and BT, B belong to il
Consequently, C € 4 and BTy, By, (I B1)J By € 4. Thus, C is representable in the
form C = C’O(Lgc)%, where Cj belongs to G1(H) (as the sum of a finite rank operator
and the product of two Hilbert-Schmidt operators, see [26])). Thus, B € 4. O

84. PROOFS OF THE MAIN RESULTS

Theorem [0l allows us to reduce the study of L. to the study of Ebc, and the latter will
be done on the basis of Theorem [B] by the method of similar operators.

In the next statement, the number m is chosen in such a way that

3
c2 || B«

(41) ITnBls <1, 1P 1
where ¢ = (27)% if be = per and ¢ = (37)? if bc = ap. This statement is a principal result
of the paper.

Theorem 7. Let m € N satisfy &I). Then the operator Ly, = L), — B (consequently,
also Ly.) is similar to an operator of the form

(4.2) LY, — JmXs = Ly, — Py X Py — > P X.P;.

jzm+1
The operator X, € 3 is a solution of the equation
(4.3) X =BlpX — T X)(JmB) — (X)) J (BT X) + B,

in Y. The operator I + I';, X, is invertible, and the similarity transformation taking
Ly = Lgc — B to Lgc — I Xy is done with the help of the operator

(4.4) Up =T +TmB)(I+TpnX,)=1+V,,
where V,, € &o(H). Moreover, J,, X, is representable in the form
(4.5) JmX. = JB+ J(BI'B) + Ty,

where Ty = Ty(LY.)2, T} € &1(H).
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Proof. By (BE) (see the first condition in ([@I])), the operator I + I, B is invertible.
Theorem [6] shows that Ly, = Lgc — B is similar to L. = Lgo — B, where B is given by
B). Since B belongs to il (by Theorem[d), we see that Ly, = L) — B (consequently, also
Ly. = LY, — B) is similar to an operator LY, — J,, X, of the form (£2)), where X, € il is
a solution of equation ([@3]). Applying J,,, to the two sides of this equation, we obtain
I X, = I (B X,) + Ju B
= JmB + Jo (BT B) + Jpn (BT (X, — B)) = JB + J(BTB) + Ty,

where Ty = Tj(LY.)2, T} € &1(H). We have used the fact that the product of two
Hilbert—Schmidt operators is of trace class and that the operators J,, X —-JX,I',,X-T'X,
X e, m € N, are of finite rank.

Clearly, the operator establishing similarity between L. and L(gc — Jm X coincides

with the operator U, in (£4). Since I, B, I';, X, € G3(H), we see that the operator V,,,
in ([£4) belongs to G2 (H). O

Below ¢P, p > 1, stands for the space of sequences summable with power p. Before
proving the main results, we state a lemma.

Lemma 9. The eigenvalues fi, n € N, of the matriz

(o) ex) (o) 2

where ¢; € (%, d; € 01, 1 < j <4, admit a representation of the form

~ c1(n) +ca(n 1
e %4() + 5\/(01(11) —c4(n))? 4 4cz(n)es(n) + &5,
where the sequences () belong to (3, i.e., S lef |5 < oo.
We proceed to the proof of the main results.

Proof of Theorem [1l. Theorem[T] (already proved) makes it possible to establish the asym-
ptotics for the eigenvalues of Ly.. Lemma 1 in [22] and Theorem [[show that the operator
LY, — Jn X, of the form ([Z) commutes with all projections P, P, k > m + 1 (see
the Introduction). Consequently, the spaces H () = Im P,y (where P,y = > P;)
and H; = Im P;, j > m + 1, are invariant for Lgc — JnX.. Since the operators Ly, and

js<m

LY —Jm X, are similar, we have o(Ly,.) = o(Lye) = o (LY. —JmX.). It can easily be shown
that L. = LY — B (like LY, — J,,, X ) has compact resolvent. Thus, if \g € /(LY. —J,n X.),
then there exists a vector zo € D(L,) with (L), — J,, X.)zo = Aoxo. Now, the form of
Jm X, implies

(4.6) Ay Pimyro = Mo Pumymo,  AjPjro = AoPjzo, j > m+1,
where

Aty = (Lpe = I Xs| Him))
is the restriction of L), — Jpm Xy t0 H(pm):

A; = (LY, — JmX.

H;)
is the restriction of Lgc — Im X to Hj, j > m+ 1. Since I = P,y + Z;’;mﬂ P; (the

projections Pj, j > m + 1, constitute a partition of unity), by (0] we see that at least
one of the vectors Pjzg, j > m + 1, P(,)xo, is nonzero. Thus, Ay is an eigenvalue of
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the corresponding operator among A;, j > m + 1, and A,,). Thus, we have proved the
inclusion

o(Lye) = 0(Lye) = 0(LY, — T Xs) € 0(Amy) U < U U(Aj)>.

j>m+1

The reverse inclusion is obvious. Consequently,

(4.7) 0(Lye) = 0(Lye) = o (LY — JmXs) = 0(Apm)) U < U a(Aj)>.

j>m+1

Since H () is finite-dimensional, dim H (,,,y = m, (A1) implies that the set o(A(,,)) = o(m)
is finite. Also, the spaces H;, j > m + 1, are two-dimensional. Thus, the operators A,
and Aj, 7 > m + 1, are well defined.

Since each Ly, is similar to the corresponding operator Ebc, all subsequent calculations
will be done for Ly..

We calculate the eigenvalues of Ly.. For this, we use the representation [B.I)), (8.2) of
matrices, and also the Fourier series expansions for a and b:

a(t) _ Z ale2i7rlt, b(t) _ Z ble%ﬂ'lt.

lez lEZ

Suppose that bc = per. Formula (3] shows that the block matrix (AP), n € N, of
B has the form
0 apn a_p
Q[Z%r = —(27‘(’71)2 0 ap a_on
0 a2, ap

Accordingly, for bc = ap the block matrix (A%), n € N, has the form
AP — _ 2 1 2 Qg a—2n—1 )
o= —nm 2 (0

The block-diagonal entries C2e, n € N, of the matrix of the operator BI'B in the case
of bc = per have the form

© 2 0 aQp—; + a—1Qntg Ma_p_| + Q10 _nqy
er 2
an =n § m 0 ap—jai—n + Ap410—n—] 20]—na_p_y
=1 0 20p410n—1 Ap410—n—] + Qn_10]—n

Accordingly, for bc = ap, the matrix has the form

00
21+ 1)?
Cap = (2 1 2 (
l;a_én
On—1Q]—n + p4i+10—n—]—1 P
204141001 On+1410—n—1—1 + An—1Q1—n

Using Theorem [1 formula (£5), and Lemma [0 we deduce that the remainder has the
form ~y,n2, where

o0

>l <.

n=m-+1
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Thus, for n > m + 1 the eigenvalues of L., have the following asymptotics:

Y n —n— n—lUl—n l2
A= (27rn) + (27n)2%ag — n? Z (@n 10 l4l i a4 )
-n

l;én

2 2 1 — al—na—n—ll2 = al-i-nan—ll2
F (2mn)°| a-2nazn + Ant Z 4 Z 4

=1 =1
l#n l#n

212 14— nt 272 14 —nt
=1 =1
l#n l#n

e’} 2 oo 2\ 2
a_2n alJrnanfll G2n alfnafnfll + ~ 2
- - 1 4 nlt

n>m+1.
This can also be written in the form
(4.8) 2= (27771)4 + (2mn)%ag + yFn?,
where (7;F) belongs to ¢2. Indeed, we have

Gl+nan ll lak|lazn+k| -
Z Z k(k+2n) k—|—2n Z§k§k+2"’

=1
l#n

where the sequence (Ek) belongs to ¢! and the sequence &2, is summable with a power
greater than 1. Then

Z Ex€rton
k=1

Estimating all summands in the asymptotic formula for eigenvalues in a similar way, we

arrive at (L8).

In the case of bc = ap, we argue much as above to obtain the following asymptotic
formula for the eigenvalues of L,:

oo
< lklliEle < oo
2 =1

On+i410—n—1—1 + an—lal—n)(2l+ 1)2

A= (r@n+1)" + (r(2n+1))%a0 — (2n+1)2 > : 2+ 1)7 = 2n+ 1)

1=0
l#n

@11 (2L 1) = Appi1an—1(2041)2
2n+1))? n—102n
T (r(2n+1)) (“ 2n-102n+1+ 42 (20+1)"— (2n+1)4 ZZ; (2+1) —(2n+1)

l;én l;’fn

_ 20,,2”,1 i an+l+1an7l(21+1)2 _ 2a2n+1 i alfna7n7l71(2l+1)2 §+§ TL2
w2 « (20+1)* = (2n+1)* m2 e (2041)4 = (2n+1)t e
l;én l;én

n>m-+1,
where Y07 Wn\% < oo. We also have the following abridged asymptotic formula:
A= (n(2n+1)" + (r2n+ 1) ’ag + 77 n
where (7.F) belongs to ¢2. This completes the proof of the theorem. g

Proof of Theorem Bl If a is a function of bounded variation, then its Fourier coefficients
admit the estimate |an| < > where co is some constant (see [27]). Now, arguing as in
the proof of Theorem [I we establish the claim. |
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Corollary 1. The operator Ly, = Lgc — B, bc € {per,ap} is spectral in the sense of
Dunford (see [16]).

In what follows, we consider the spectral projections described in the Introduction.
Note that we have the following partition of unity:

I= Z Pk—l—P(m), I = Z ]Sk—Ff)(m),
k>m+1 k>m+1

where Jg(m) = (I 4 Vi) Poy(I + Vi)t

Proof of Theorem Bl Theorem [l implies that L. is similar to L), — J,,, X, (see formula
([#£2)) and the corresponding transformation is done by the operator U, described in
(#4). The operator V,,, in (£4) has the form V,,, =T',, B+TI',,, X, + (I',, B)(I';, X.). Since
LY. — B = (I1+Vy) (L), — JnX.)(I+ V)", by Lemma 1 in [22] the spectral projections
P(Q) and P(R) are similar, moreover, P(Q2) admits the representation P(€) = (I +
Vi) P(Q)(I + Vi)~ L. Consequently, P(€2) — P() is representable in the form

P(Q) — P(Q) = (I + Vi) PQ)I + V;) ™t = P(Q) = (Vi P(Q) — P(Q)Vin) (I + Vi) ™!

First, we consider the case of bc = per. For further use, we need to estimate the
quantities [Ty Xs P(Q)[l2, [P Xull2, [[TmBP(Q)ll2, and [[P(Q)T'Bllz. By @.1)
and Remark [B] we have

< (PXoP)AR ||

>

T X P(Q)]13 = [T Xo(L§,) 2 P(Q)]I3 =

p>0, j>k(Q) Ap = A
P#£]
3 g4 ad ,
<c max ————— P,XyP;
= 2052k (p — )2 >Oz>:m 125 Xo P 3
PF] p=0,j>k(Q)
PF]
< c3 max ;HX ”2 < L”X H2
= pz0zk@ (p2 - 52200 T (2k(Q) — 120
P#£]
Thus,
3
cz || Xo|2
I, X.PQ)s2 < =",
T X P@) 2 < g

where Xy € G3(H) is taken from the representation X, = XO(LQC)%, and ¢ = (2m)* for
be = per, ¢ = (37)* for be = ap.
Similarly, we prove the estimate

c3[| Xol2

2k(02) —1

Next, we estimate the quantity ||I',,, BP(€)]||2. Since Bs is multiplication by the function
b in H, it suffices to estimate the quantities |I',,, B1P(2)||2 and ||P(2)T,,B1]l2. Using
the matrix representations ([B1)), (32, and Remark Bl in the case of bc = per we obtain

[PE)T 1 Xol2 <

oo o o0

IPBLP@)I5 = > [(PBiej,eo)l” + 3 [(TBiefco)+ 3 [(DBuej, ;)
F>R(Q) J>k(9) p=l
p#J, 3>k (€2)
n Z (CBie2, )P+ Y [(TBiel, )P+ > |([Bie?,e2)
p=1 p=1

P#J, J>k(ﬂ) p#5,5>k(2) p#5,3 >k(Q)
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_ Z |aa| (2m5)* Z la— g| 27TJ n i |a;—p[*(2m5)*
4 _ N1)2
R P, 20 (@) - @m))
P#J,j>k(Q)
|a—J p| ZWJ) S |aj+p| |a—3+p| ZWJ)
+ + 5+
Z ((2mp)*—(2mj)*)? p; ((2mp)*— Z ((2mp)*—(2mj)*)?
P#J, J>k(ﬂ) p#5,i>k(Q2) PFJ, J>k(9)
|a3| 1 |a J| 1 - |aj*p|2
S R SN CTISNEE N S S
g>k @) 7 ]>k @) =1

p#5,i2k(2)

p=1 =1 pe =7 = pe—17
Pp#5,5>k(Q P#J,j>k(Q) p#J,J>k(Q2)
k(Q)—1 [
1 1 1
< seelalls f Y )
4 2 _ 2( _
on 2 G MOPMD —p) |2 o+ HO)p — W)
< ||a||1g2011 k() —1)(2k(2) + 1)
— k2(Q) k(Q)+1 ’

where ¢; > 0 is a constant. Consequently,

cillalle (K(Q) — 1)(2k(Q) + 1)\ 2
|0 BP(Q)]|2 < ) (m ( W) 1 ))

Similar arguments yield the same estimate (with a constant co > 0) in the case of be = ap.
Similar inequalities hold for ||P(2)I',, Bl|2 in both cases.

Using the above estimates, inequality ([B.3]), and also the representation of the opera-
tor V,,, we arrive at
I1P(€) = P(Q)l2 < [V P(Q) ]2 + [ P(2)Vin |2
< T BiP(Q)]l2 + [T Xu P [[2 + ([P B2 + | P(2)Fm X |2
+ T X P(Q)[l2 + |1P(Q)T 1 Bi |2

Berllallee (1 ((BQ) — DEKQ) + D\ E | 3ed[Xo2 _ M(nk(e)?
<T@ (ln( RQ) 41 >)+2k<9>31§ K

where M > 0 is a constant independent of k(Q), with ¢ = (27)* for bc = per, and
c = (3m)* for be = ap. O

Corollary 2. Under the assumptions of Theorem Bl, we have

M
1Py = Pallz < =%, meN,

where My > 0 is a constant. In this case Q is a singleton {n} and there is no summation
on j.

Corollary 3. Under the assumptions of Theorem B, we have

o0

M}
Y P = Pall3 < —5.

n=m-+1
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Proof of Theorem [l The partition of unity formulas and Theorem [3] imply

Hﬁ<m>+ Y. Be—Puy- Y B
k=m+1 k=m+1 2
S LR D S ST M W S o |
k=m+1 k=n-+1 k=m+1 k=n-+1
—_— 1

=~ > M(Inn)?

> A- Y af <M

k=n+1 k=n+1 2
and the proof is complete. |

Corollary 4. The spectral resolutions for Ly. = LY. — B and LY. converge uniformly:

nlgrgoHP(m)Jr Z Py = Py = Z P
k=m-+1 k=m+1

=0.
2

§5. CONSTRUCTION OF AN ANALYTIC SEMIGROUP OF OPERATORS

In this section, the results about the spectral properties of L. = L(gc — B obtained
above (especially, Theorem [1]), will be used to show that the operator — L. = —Lgc + B
is sectorial and to construct the analytic semigroup whose generator is this operator.

Definition 4 (see [28]). A linear operator
C:DC)cX¥ - X

in a Banach space X is said to be sectorialif it is closed and densely defined and, moreover,

for some ¢ € (§,7), M > 1, and real a, the sector Sy, = {A € C : |arg(A —a)| <

©, X\ # a} is included in the resolvent set for C and ||(A — C) 71| < |)\Ma\ for all A € S,
In the next theorem and its proof, we use the notation of Theorem [7

Theorem 8. The differential operator — Ly, = —Lgc + B is sectorial and generates an
analytic semigroup of operators T: Ry — End H. Furthermore,

T(t) = Umf( )Um1?
where Up, = (I + Ty B)(I +T1nX,) and T: Ry — EndH is the semigroup generated by
—LY. + JnX.. Moreover, this semigroup is similar to a semigroup of the form Tim)(t) ®
T (t) acting on Ly[0,1] = Hm) @ H™) | where Him) = Im Py, H™) = Im(T — Piny),
and T (t) is representable in the form

T () = Z Ot P, x € Ly0,1],
k=m-+1
where Cy, € End Hy, Hy = Im Py,. The natural number m is chosen so that the claim of
Theorem [T be true.

Proof. By Theorem [[ and formula (£1), the operator Ly, (respectively, —Lp.) is similar
to LY. — JmX. (respectively, to —LY + J,, X.), where X, = Xo(L) )7, Xy € &Sa(H).
Consequently,

1) o(—Lye) = o(—L, + JmXs) = 01 U < U aj>,

j>m+1
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where o, is a finite set;
2) R\, —Ly) = Upn R\, =LY, + J, XU,

where U, is the transformation operator, A € p(—Ly.) = p(—=LY, + Jpn X)), A & 0(—Lpe).
To estimate the resolvent of —Lgc + Jm X, we consider the identities

—L). 4 T X = M = (I + Jn Xu (=LY, — NX)"H) (=LY, — \)
= (I + JuXo(L3.)* (~ L = A1) ) (= Li), = AD).

We exhibit a sector containing the spectrum of —L? .+ J,, X and such that the operator
I+ JmXO(Lgc)%(—Lgc — AI)~! is invertible. By 1), the spectrum of —L9 + J,, X, is
the union of a finite set and the sets o, j > m + 1, where 0; = {—Xj}. All eigenvalues
of =LY, + J, X, belong to the sector v = 7y + 2|/ X|3, where 7 is the sector with
vertex at zero such that the argument obeys the condition %’ < arg z < %7'. For
every A in +, the operator I + JmXo(Lgc)%(—LgC — M)~ ! is invertible and we have
HJ,,LXO(LSC)% (=LY, — M)~ < 1. A direct calculation shows that the resolvent satisfies
the inequality

2 2

Al S A 20Xl

IR(A, =Ly + Jmn Xl <

Consequently, the operator —LY + J,, X, (thus, also —Lp.) is sectorial. By Theo-
rem I1.4.6 in [29], the operator —Ly. is the generator of an analytic semigroup 7'(t) =
U, T(t)U,,' (because —Ly. and —LY), + J,,, X, are similar), where

1
T(t) = %/FeMR(A,—Lgc+JmX*)d/\.

Consider the orthogonal decomposition
H=Hum) D H™) | where H(m) = Im Py, H™) = Im ( Z Pk)_
k>m+1

Accordingly, the operator —LY. + J,, X, decomposes as follows:
Lo + T Xs = (= Ay + Py | Hm)) © AT,

where X(m) is the restriction of L), — JnX. to H(n) and Alm) s the restriction of
—LY + J;n X, to H™. By [29], the semigroup T'(t) is similar to T(,,(t) &™) (t), where
T(™)(t) is representable in the form

(m) Z et Py, xeH,
k=m+1

with Cy, € End Hy, Hy = Im P;,. Using the calculations made in the proof of Theorem [I]
we obtain the following formula for the matrix of C}, in the case of Lye,:

0 ap—@ag—; —a_1Qpy; Q) —QaA_f_) — A_|G_y
—@rky T [0 WP(R) + k%) B (k) + k262 ,
0 vy (k) + k&) vy (k) + k%€,
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where I is the unit matrix and

_1ap— )2
(2rk) ao—kzz (ap—1a1 k+ak+la k—1) ,

PEr(k) _ & k4
l;ék - )
r aj—pa—_j—xl
oB (k) = (k) 0ok — 267 Y =0
IZk
N g1kl
per 1y — (97k)? — 92 Sk ®IARY
vg (k) = (2mk) az ;l‘l—k‘l’
l;ék
er (ak41a_i— k+ak_lal o)l?
b (k) = (27k) ao—kQZ + o ,
with (£)), (&), (&), (&) € £*. 7k

Accordingly, for L, this matrix has the following form:

o (k) + (2k + 1), w3 (k) + (2K + 1)%€
—(m(2k +1))*1 — (ng(k) + (2k + 1)2%¢] vf‘f”(k) + (2K + 1)2578)

where I is the unit matrix and

pay i) (20 1)2
VI (k) = (w(2k + 1))%a0 — (2% + 123 Ukt ¥ hrtadokoi)) Q21 1)

204+ 1)*— (2k+1)* ’

M8

= .
2 a_pa_i—p_1(20 + 1)
DY — (2t 120 e 2ok o )2 Ukt
v (k) = (m(2k + 1))%a k-1 — 2( +>§(2l+1)4_(2k+1)4’
1#£k

ap /1y _ 2 _ 2 A1 ky1 (20 + 1)
03" ) = (2 1) =220+ 17 oy e

£k
(Akr1410—1—k—1 + ap—1a;—k) (20 + 1)?
204+ 1)* — (2k+1)* ’

M8

v§P (k) = (m(2k + 1))2ag — (2k +1)2

o~
O

Z
with (£3), (£9), (&7), (¢8) € ¢*. This proves the theorem. O

The author is grateful to the referee for useful remarks and for attention to this work.
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