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THE JOHN-NIRENBERG CONSTANT OF BMO?, p > 2

L. SLAVIN AND V. VASYUNIN

ABSTRACT. This paper is a continuation of earlier work by the first author who
determined the John-Nirenberg constant of BMOP? ((0,1)) for the range 1 < p < 2.
Here, that constant is computed for p > 2. As before, the main results rely on
Bellman functions for the LP norms of the logarithms of A~ weights, but for p > 2
these functions turn out to have a significantly more complicated structure than for
1<p<2

§1. PRELIMINARIES AND MAIN RESULTS

For a finite interval J and a function ¢ € L!(J), let (¢) ; denote the average of ¢ over
J with respect to Lebesgue measure, <g0>J = ﬁ fJ . Take an interval @ and p > 0, and
let BMO(Q) be the (factor-)space

(L1)  BMO@) = {p € L(Q): llelmmor@ = sup e (), 7))/ < oo}
interval JC

The classical fact that all p-based (quasi)norms are equivalent justifies omitting the index

p on the left-hand side.

A weight is a function that is positive almost everywhere. We say that a weight w
belongs to A (Q), w € Ax(Q), if both w and log w are integrable on @ and the following
condition is fulfilled:

[wla_(q):= sup <w>Je_<1°gw>J < 0.
interval JCQ
The quantity [w]4_ (@) is called the A (Q)-characteristic of w. When @ is fixed or not
important, we write simply BMO for BMO(Q) and A, for A (Q).

BMO functions are integrable locally exponentially. We can state this property in
the form of the so-called integral John—Nirenberg inequality, which is a version of the
classical weak-type inequality proved in [5].

Theorem (John—Nirenberg). For every p > 0, there exists a number o(p) > 0 such that
if € € [0,e0(p)), Q is an interval, and ¢ € BMO(Q) with ||¢||smorq) < €, then there is a
number C(e,p) > 0 such that for any interval J C Q we have

(1.2) (€?), < C(e,p)et?ls.

We shall always use €o(p) to denote the best — largest possible — constant in this theorem
and call it the John—Nirenberg constant of BMO? (on an interval). Similarly, C(e, p) will
denote the smallest possible constant in (T.2]).

Observe that (L2) means that if ¢ € BMO, then e*¥ € A, for all sufficiently small
€ > 0. For ¢ € BMO, let

(1.3) e, =sup{e: ¥ € A}
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In fact, it can be shown that

eo(p) = inf{e, : [l¢llB7Mmor = 1} = sup{e: Yo, [[ollBmor =1 = €7 € A}

In this paper, our goal is to compute €q(p) for the case where p > 2. Here are some
previous results in that direction: Korenovskii [6] and Lerner [7] computed the analogs
of 9(1) and C(e, 1), respectively for the weak-type John—Nirenberg inequality; in [9],
we determined ¢0(2) and C(g,2); in [I2], the second author and A. Volberg found all
constants in the weak-type inequality for p = 2; and, finally, in [8], the first author
determined £o(p) for p € [1,2] (including new proofs for p = 1 and p = 2) and C(e,p)
for p € (1, 2] and sufficiently large €. This last paper built the framework that we follow
here, and we refer the reader to it for an in-depth discussion of the tools involved and
the differences between the cases of p = 2 and p # 2.

Let us state the relevant theorem from [g].

Theorem 1.1 ([8]). Forp € [1,2],
eo(p) = F (F(p) - /01 tP~1et dt) + 1] l/p.

e

Furthermore, if 1 < p < 2, then for all € € [(2 — p)eo(p),e0(p)) we have

(1.4) Oep) = =7
1. ep)=—"60
P T e/z)
and for all 0 < e < % we have
e3¢ 1
1.5 <C(e 1) < .

We can finally complete the picture for all p > 1. Remarkably, the formula for eq(p)
in the case of p > 2 is the same as for 1 < p < 2, though it takes much more work to
show.

Theorem 1.2. Forp > 2,
D 1 1/p
(1.6) eo(p) = {— (F(p) —/ tP1et dt) + 1] .
0

e

In contrast to the case where 1 < p < 2, for p > 2 we do not know the exact C(g, p)
for any e. While we could estimate this constant in a manner somewhat similar to (L),
the estimates we currently have seem much too implicit to be useful, so we omit them.

Without entering into details, we mention an important difference between the cases
of p<2andp> 2. It wasshown in [§] that the constant £¢(p) is attained in the weak-
type John—Nirenberg inequality for 1 < p < 2 (the case where p = 1 was treated in [6]
and [7], while the case where p = 2 had been previously addressed in [12]). However, the
method used to show this fact for p < 2 fails for p > 2, and we do not actually know if
the constant is attained (though we conjecture that it is).

On the other hand, another interesting result from [8] does go through for p > 2.
Specifically, we have the following theorem, which extends to p > 2 the main result of
Corollary 1.5 from [8]. It is a sharp lower estimate for the distance in BMO to L™ in
the spirit of Garnett and Jones [I].

Theorem 1.3. If p > 2, Q is an interval, and ¢ € BMO(Q), then

eo(p)

1.7 inf - iy > —0\P)
(1.7) ©) lle — fllBMor (@) > M (e, e o)

fere

and this inequality is sharp.
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As was explained in []], the main idea behind computing e¢(p) for p # 2 is to consider
the dual problem: instead of estimating the values of ||¢||mor for which the exponen-
tial oscillation (e¥~(¥)) might become unbounded, one estimates from below the BMO?
oscillations of the logarithms of A, weights and computes their asymptotics as the A,.-
characteristic goes to infinity. This idea is formalized in the following general theorem.

Fix p > 0. For C' > 1, let

(1.8) Qc={z € R? : €™ <9 < Ce™t}.
For an interval Q and every = = (z1,22) € Q¢, let
(1.9) Eroq={pel'(Q): (P)g =21, (%) = T2, [€¥]a(@) < Cl.

The elements of F, ¢ g will be called test functions. Define the following lower Bellman
function:

(1.10) by, c(z) = inf {<|ap|p>Q L9 € Eyc0})-

Theorem 1.4 ([8]). Takep > 0. Assume that there exists a family of functions {bc}c>1
such that for each C, be is defined on Qc, be < by.c, and be(0, -) is continuous on the
interval [1,C). Then
(1.11) ef(p) > limsup be (0, C).
C—o0

Thus, to estimate €y(p), we need a suitable family {bc}¢ of minorants of b, . Pre-
sisely as was done in [8], we actually find the functions b, ¢ themselves, for all p > 2 and
all sufficiently large C. We proceed as follows: in §2 we construct the so-called Bell-
man candidate, denoted by b, . This construction is subtler and more technical than
that in [8], and we briefly discuss the challenges involved. The proof that b, < b, ¢
constitutes §3l It is then an easy matter to prove Theorems and [[3] and it is taken
up in §4l Finally, in §5] we obtain the reverse inequality by demonstrating explicit test
functions that realize the infimum in (LI0).

§2. THE CONSTRUCTION OF THE BELLMAN CANDIDATE

For R > 0, let
Tr={zcR?* 25 = Re™}.
Then the domain Q¢ defined in (L8] is the plane region lying between I'y and I'c.

2.1. Discussion and preliminaries. As has been mentioned earlier, the construction
of the Bellman candidate given here for p > 2 is more involved than those presented
in [8] for p = 1 and p € (1,2]. However, our main goal is the same as before: we are
building the largest locally convex function b on Q¢ that satisfies the boundary condition
b(xy,e™) = |x1]|P.

We briefly explain the similarities and differences between the cases where p € (1,2]
and p > 2 (the case of p = 1 is different from both). In all cases, the graph of the
candidate b is a convex ruled surface, which means that a straight-line segment contained
in the graph passes through each point on the graph. The domain Q¢ then splits into
a collection of subdomains with disjoint interiors, Q¢ = Uj R;, such that b is twice

differentiable and satisfies the homogeneous Monge-Ampere equation by, y, bzpry = bilr ,
in the interior of each R;. Moreover, for each subdomain R, either b is affine in the entire
R;, or R; is foliated by straight-line segments connecting two points of the boundary
I't UT¢, and each point z € int(R;) lies on only one such segment. We call such
segments Monge-Ampere characteristics of b. Typically, if one knows the characteristics

everywhere in ¢, one knows the function b.
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(u+tg, Ce"+5)

T2 = k(u)(z1 — u) + €*

FIGURE 1. The geometric meaning of u(x) and &.

Thus, to construct a candidate one has to understand how to split {2¢ into subdomains
and how to foliate each of them so that the resulting function b be locally convex. If this is
done and certain compatibility conditions are ensured, then b will almost automatically
be the largest locally convex function with the given boundary conditions, as desired.
However, in general, this is a difficult task, and the situation is further complicated by
the fact that the splitting in question is usually different for different C.

Fortunately, at present there is a fairly general theory for constructing such foliations
on special nonconvex domains such as ours. Started in [I0] in the context of BMO?
it was much developed and systematized in [2] and [3] (still for the parabolic strip of
BMO?); now it is adapted to general domains like Q¢, see [4]. We also mention the
recent paper [I1], which formalized a theoretical link between the Bellman functions and
the smallest locally concave (or largest locally convex, as is our case) functions on the
corresponding domains.

A key building block for many Monge-Ampere foliations is the tangential foliation.
Let us explain this notion in our setting.

For C > 1, let £ = £(C) be a unique nonnegative solution of the equation

e t=01-¢), 0<E<1.

Note that £(1) = 0 and that & is strictly monotone increasing with limo_o £(C) = 1.
Let

62

and define a new function u = u(z) on ¢ by the implicit formula
(2.2) xo = k(u)(z1 — u) +e".

This function has a simple geometrical meaning illustrated in Figure [} if one draws the
one-sided tangent to I'c that passes through = so that the tangency point is to the right
of x, then this tangent intersects I'; at the point (u,e*), while the tangency point is
(u+¢&,CevT8). In particular u(0,C) = —¢. (We note that, in [§], ¢ and u were called ¢+
and u™, respectively.)

In the case where 1 < p < 2, for sufficiently large C, all of Q¢ was foliated by the
tangents ([Z2) for u € (—o0,00); thus, there was no need to split it into subdomains.
However, for p > 2, this uniform tangential foliation fails to yield a locally convex
function on the entire ¢, for any C. What actually happens — and, again, only for
sufficiently large C' — is shown in Figure [2] later in this section. There we have two
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tangentially foliated subdomains, R; and Rjs, linked by a special “transition regime”
consisting of two more subdomains: one is Ro, where the candidate is affine and the
foliation is thus degenerate, and the second is R4, where the characteristics are chords
connecting two points of I';. (In recent Bellman-function literature, these two particular
shapes are called “trolleybus” and “cup”, respectively; see [2] B, 4].) This transition
regime shrinks as C' grows, but never disappears. To show how all this fits together, we
need some technical preparation.

2.2. Technical lemmas.

Lemma 2.1.

(1) fw>0andv e (—w,—wpp%l), then

wP~! + (=)t

ew_ev

(2.3) <(p—1)(—v)P 27",

(2) If0 < w < 2= and v € (—w,0), then
wP™t 4 (—v)P~t
ew — ev
Proof. For statement (1), note that e*~?—1 > w—wv > 0, and so it suffices to check that
w4 (—0)P T < (p = D)(—v)P A (w —v).

Put 6 = —; then this inequality becomes

(2.4) < (p—1DwP 27",

—1
p—2)" "+ (p—1P2-1>0, P2 -<p<1.
p

The left-hand side is monotone increasing in 6, and equals 2 (’I’) - 1217 — 1 when 6 = pp%l. In

p—

its turn, this is a monotone increasing function of p, equal to 0 at p = 2.

For (2), observe that, since w > —vand 1 —w > 1 — g—j = p—il, we have
1 —
1—67(w7”)>(w—v)[1——(w—v) >(w—v)(1—w)2w v,
2 p—1
and (24)) follows from the obvious relation wP=1 + (—v)P~1 < wP=2(w — v). O

For any v < 0 and w > 0, put

(25) 7“(’[),’10) = e:) : 16;}’ q(an) = wpujf_vv)p

Lemma 2.2. For each w € (O7 %), there exists a unique v € (— w, —w p%) such that

06 (v, w) £ p(—0p_ purt —glow) o (o
' r(v,w) — ev e¥ —r(v,w) ew —e? '

Proof. Observe that it suffices to show only the first identity in ([26]), because then the

second follows by elementary rearrangement. In its turn, the first identity is equivalent

to the relation

(2.7)

F(v,w) == (¥ —e")(w? —(—v)? —pw? ™ —p(—v)P ) +p(w—v) (WP~ e’ +(—v)Pte") = 0.

Assume that w € (0, p—_pQ) and put A = ijl. To show that there exists v € (—w, —A\w)

3
such that F(v,w) = 0, we compare the signs of F'(—w,w) and F(—\w,w).
Since F'(—w, w)=4pwP~! (w cosh w—sinh w) >0, we want to check that F/(—Aw, w) <0.

Since
F(=w,w) = (¥ — e ) [(1=N)wP —p(1+ "N wP™ ] + p(1+A)w?P [e A+ AP~ e?],
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the inequality F(—Aw,w) < 0 is equivalent to

(1+Nw L+pA~t 4+ (p—1)N
SO w — ] -1+ P w < 0.
Let
t L+p\r~t 4 (p—1)Nr
(t) = 47— — =
et —1 p(1+N)(1+ Ap—1)
We shall show that ¢(t) < 0 for ¢ € (0, ”3—;2(1 + ). Note that, for ¢ > 0,

t t
1o ———

-1 < .
et —1 t+2

1
et>1+t+§t2 —

Therefore, for ¢ > 0 we have

1 L+ pAP~L 4+ (p—1)IP
viE) < _t[t+2 T A+ NI+ ) }
and it suffices to check that
P2y POENAHENT) L (po (V) AL )
3p 1+ pAp=l4 (p—1)N 1+pI=l4+(p—1)A

Since (p—2)(1 = AP) +pA(1 = AP72) > (p—2)(1+A)(1 = A\P~1) and AP < AP~L, it suffices
to verify that
1/p+(2—1/p)ar—1t 2
35 1P 1(_Apf§’) = —5 -2+ Up

This is true because the right-hand side is monotone decreasing in p and equals g when
p = 2. This proves that the desired v exists for each w.

To show that v is unique, we differentiate the function F' with respect to v. This
derivative can be written as follows:

F,(v,w) = (" (w—v)—e” + €")e" <

pwP~H(w—v)—wP + (—v)P
ev(w—v)—e¥ + e?

e )
(w0 e e)er (p O - e

e'LU — 67)
where we have used the second identity in (Z6]). Now, the first factor is positive, because
the function ¢ — e’ is strictly convex, while the last factor is negative by ([2.3]). Therefore,
F,(v,w) is negative for any root v of the equation F'(v,w) = 0 that lies in the interval

o= (-0 %)

( —w, —w pp%l), which is possible only when such a root is unique. O
From now on, when we use v and w, it is always presumed that w € (0, %), v E
(—w, —w %)7 and the pair {v,w} satisfies [2:6). For such v and w, each of the three

equal quantities in (28] is a function of w, and it is convenient to give them a common

name. Let
q(v,w) + p(=v)P~  pwP~" — q(v,w) wP! 4 (—v)P

(28) D(U)) = T(?) ’LU) v = ow _ T(U ’LU) =p cw _ v )

then D is a function of w defined on the interval (0, %). We list some of its properties.

Lemma 2.3. We have

(2.9) D(w) < p(p—1)(~v)P~2e™"
and
(2.10) D(w) < p(p — DwP™2e™".

Furthermore, D' >0 on (0, %).
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Proof. Inequalities ([229) and (ZI0) come directly from ([23) and (Z4)), respectively (note

_9 _9 .
that ”3—p < ZTI’ so (24) applies).

To check the sign of D’, we shall treat ¢ and r as functions of w and use the prime
sign to indicate the total derivative with respect to w. Thus, ¢ = qu + ¢,v, and

' = 1y + TV, where v, can be computed with the help of ([Z7). Also, we denote
f(w) := wP and g(w) = ™.
We need the following simple but key fact: equation (2.6) can be written as
¢ _q-f

2.11 — =
(211) P

> = D.

Using this identity, we see that
D (q - f’)’ @ = =g) == )" =9")

r—g (r—g')?
:g//(q_f/)_f//(,r,_g/): g// (q_f/_f_//>
(r—g')? r—g' \r—g g"/)
Since g is strictly convex, we have ¢’ > 0 and r — ¢’ < 0. On the other hand, the
expression in parentheses is negative by (210). O
For p > 2, let

519 ) 1 o e—5o(p)
(2.12) So(p) = BEGEk 0(p)7To(p)'

Lemma 2.4. Assume that & > &y(p). Let

cr =&le(1 =T (p—1)] Ve, ca =&[2e(1— g)p(p)]l/(pﬂ).
Then the equation

1 oo
o (L) [ ortetiaswrseomi <o

has a unique solution w, in the interval (0,cy).
Furthermore, the equation

(2.14) (é - l)p(p —1)ew/&=D) /00 P72e7%/8 ds = D(w)

w

has a unique solution @ in the interval (ws, ca).

Proof. First, observe that ¢; < co < £. The first inequality is trivial, while the second is

equivalent to £ > 1 — ﬁ(p), which is clearly satisfied under the assumption & > &y(p).
Second, we have co < %. Indeed, this inequality is equivalent to
(-2
>1—-— P
S G
Since £ < 1 and (1 - %)pﬁ > e~ 2, this inequality is weaker than & > 1— ﬁﬂp)’ which

is in its turn weaker than & > £y(p).
Consider equation (2ZI3)). When w = 0, the left-hand side of ([2ZI3]) is positive. For

w = ¢1, we have

oo

1 (o)
(E - 1) / P2/ ds — A Pem e/ = (1 - §)§p72/ sP2e ds — b Pem /8
c1 Cl/f

<=9 M(p—1) 2/ =2 (1=l (p—1)(1 - e ~/¢) <0,
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because ¢; < €. Thus, a solution w, € (0,¢;) exists. To prove that it is unique, we note
that the left-hand side of (ZI3]) is monotone decreasing in w for w € (0,p — 2), and that
c1 <p-—2.

Turning now to (ZI4)), for w = w, we have

oo

1
(Z - 1)19(17 - 1)6’7“"*(1/5_1)/ s"%e™*/Cds = p(p — w2 > D(w,)

W

by ([2I3) and (ZI0). Observe that, for any w, since 1 —e’~% < 1—e 2% < 2w, it follows
that
wP~!  (—v)P~t e wPTl

Lo p—2
D(w):pv > pe wm>§p€ YwP™=,

Therefore, putting w = ¢z on the left-hand side of (2.14]), we get

1 R 1
(g—l)p@—l)e@“/ﬁ-” / s/ ds < (1-§)¢" *pL(p)e’ = = Jpe~?c > < Diea),
(]

which implies the existence of a solution w € (ws,cs). To prove uniqueness, observe
that the derivative of the left-hand side of ([ZI4) is a positive multiple of the left-hand
side of (ZI3); thus, it equals zero at w = w, and is monotone decreasing for w €
(0, p — 2); in particular, it is negative for w > w,. Therefore, the left-hand side of ([2.14])
is monotone decreasing in w for w > w,, while the right-hand side is monotone increasing
by Lemma O

Remark 2.5. In what follows, in addition to w, we shall also use ¥, which is a unique
solution of the equation F(v,w) = 0 guaranteed by Lemma

2.3. The Bellman candidate. As was mentioned earlier, we split the domain Q¢ into
four subdomains, Q¢ = U?:l R;. Besides the numbers v and @ given by Lemma 2T14]
and Remark 28] in the definition below we use the function k defined in (21I) and the
function r defined in (Z3]). The splitting is pictured in Figure

F1GURE 2. The splitting of Q¢ for sufficiently large C.
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Rlz{xEQc:xgSk‘(@)(xl—u?)—&—e@}u{meﬁc:xl2w+§};
Ry = {ac €Qc: w <k(0)(x1 —0) + €', w3 > 1r(v,w)(z1 — W) + €,
xy > k(w)(z1 —w) + €}
(2.15) U{z€Qe:v+&<a Sw+E x> k(0)(z1 —0) + €7,
zy > k(w)(z — w) + € };
Ry={z€Qc: 21 <U+E x> k(0)(z1 —0) +"};
Ri={z €Qc:zy <r(v,0)(z1 —w) +e”}.

Our Bellman candidate will have a different expression in each of the four subdomains,
and will require several auxiliary objects. For z € R, we put

(2.16) mi(z) = %ez/g/ s|s[P~2e75/¢ ds,

and, for z < v,
(2.17) .

ms(z) = _%ez/f /”(_S>p_1e_s/g ds + e(z=0)/€ (e (my(w) — pw?~ ") — p(—v)P~1).

The following clear lemma, whose simple proof is left to the reader, gives rise to two new
functions on Ry.

Lemma 2.6. For each x = (x1,x2) € Ry there exists a unique pair {v, w} satisfying 27
and such that the line segment connecting the points (w,e™) and (v,e") passes through .
Thus,

x9 = r(v,w)(x; —w) + ev.
In the special case where x = (0, 1), this segment degenerates to a point: v =w = 0.

From here on, we reserve the symbols w and v for the two functions on R, given by
this lemma: w = w(z) and v = v(x); see Figure Bl

2 = r(v,w)(x; — W) + ¥

™~

z2 = r(v,w)(x; — w) +e¥

ey )

FIGURE 3. The subdomain R4 and the geometric meaning of v(x) and w(z).
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Finally, here is our complete Bellman candidate. For p > 2 and C > Cy(p), let

ma(u)(z1 — u) + uP, x € Ry,
q(v,w) (x1 — w) + WP

(2.18) by c(z) = —l—%(mz —r(v,w)(x; —w) — ew), T € Ro,
ma(u)(z1 —u) + (—uw)?, x € R3,
q(v,w) (z1 — w) + w?, x € Ry.

Recall that here v = wu(z) is given by Z2); v = v(z) and w = w(z) were defined in
Lemma (20} k is given by (21I); » and ¢ are given by ([Z3); m; is given by (216); and
ms is given by (ZI7). In addition, w was defined in Lemma [Z4] as the solution of equa-
tion (2.I4)), while v was defined in Remark[ZHas a unique solution of equation F'(v,w) = 0
with F' given by (2.7]).

In the next section we present the main theorem relating the candidate b, ¢ and the
Bellman function b, ¢ as defined in (II0).

83. THE MAIN BELLMAN THEOREM AND THE PROOF OF THE LOWER ESTIMATE
The following result is the principal ingredient in the proofs of Theorems and [[L3]
Theorem 3.1. If p > 2 and C > Cy(p), then
(3.1) bpc=byc in Qc.

As is common, we split the proof of Theorem [3.1] into two parts: the so-called direct
inequality b, ¢ > b, ¢ and its reverse.

Lemma 3.2. Ifp > 2 and C > Cy(p), then
(3.2) by >byc in Q.
Lemma 3.3. Ifp > 2 and C > Cy(p), then
(3.3) byc <byc in Q.

The proofs of Theorems and [[L3] involve only Lemma [3:2] which we prove in
this section. For the sake of completeness, we shall also show that the infimum in the
definition of the Bellman function is attained at every point in )¢, and our candidate is
in fact the Bellman function. This is done in §5] where we prove Lemma 3.3

An analog of Lemma [3.2] for p € [1,2] was proved in §5 of [§]. In fact, the proof given
there did not depend on the specific range of p. Rather, its main ingredient was showing
that b, ¢ is locally convex in (¢, i.e., convex along every line segment contained in Q¢.
More precisely, the main result of Lemma 5.1 in [8] can be restated as follows.

Lemma 3.4 ([§]). Fiz p > 0 and assume that for some C(p) > 1 there is a family of
functions {b, c}c>c(p) satisfying the following conditions for each C:

(1) by ¢ is locally convex in Q¢
(2) by ¢ is continuous in Qc;
(3) for each x € Q¢, we have

ch\n% bp,c(®) = by,c(2);

(4) for each s € R, we have by c(s,e®) = |s|P.
Then for all C > C(p) we have

bpyc 2 bpyc mn Qc.
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It is routine to check that conditions (2)—(4) are satisfied for the b, ¢ defined in (ZIF]).
Therefore, Lemma, will be proved once we have established the following result.

Lemma 3.5. For p > 2 and C > Cy(p), the function by ¢ is locally convez in Qc¢.

Let p > 2 and C > Cy(p) be fixed; till the end of this section we write simply b for b, ¢.
Before proving Lemma [3.5] we collect several useful facts from earlier work. First, as was
explained in [I0] and [8], showing that b is locally convex in Q¢ is the same as showing
that it is locally convex in each subdomain Ry and that b,, is monotone increasing in xy
across the shared boundaries between subdomains. Second, in R; and Rj3 the function b
has the form

b(z) = m(u)(z1 —u) + [ul”,
where m stands for mi or mg, respectively, and in each case satisfies the differential
equation

1
(3-4) m/(u) = E(m(U) — pulul’~?),
while u = u(z) is given by ([22). As was shown in [8], then we have
(3.5) by, = m'(u)e™"(1 =€)
and also
(3.6) bayay Doy, = bilxza s8N bzyz, = SgN (m/(u) - m//(u)).

Therefore, to show that b is locally convex in R, and Rj3, we simply need to check that
m}(u) —m/(u) >0 in Ry and m5(u) — m%(u) > 0 in Rj.

Proof of Lemma B3 First, we show the local convexity of b in each subdomain Ry.
In Ry, a direct computation gives
oo

2
ﬁ(mi(u) —mf(u))e /¢ = guP—2em/E — (1 - 5)/ e /8P ds =: Hy(u),
p\p— u
where u > w. We have
H(u) = eur e/ (p — 2 — ).

Therefore, H; is monotone increasing for u € (0,p — 2) and decreasing for u > p — 2.
Since Hy(u) — 0 as u — oo, to show that Hy(u) > 0 for u > w, it suffices to show
that Hy(w) > 0. This immediately follows by applying first (2.I4) and then (ZI0) with
w = W: T
Coy [Temstegpr gy = STV b < a2l
(1 f)/ﬁ) e 5sPTods = P p— D(w) < EwP™%e .
Therefore, b,,,, > 0 in Ry, so that b is locally convex in this subdomain.
In R,, b is affine and thus locally convex.
In R3, we compute

52
p(p—1)
—gup et -9 [
=: H3(u),

(m(u) — mj (u))e /¢

v

e /8 (—s)P P ds + e(ﬂ’*{’)(l/‘ffl)/Ooefs/gsp*2 ds>

w

where ©u < v. We have

Hj(u) = &(—u)P3e 5 (u - p+2) <0,
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and so to show that Hz(u) > 0, it suffices to show that Hs(v) > 0. Like in the case of
Hy, this follows by applying (2I4) and then (23] with v = v:
e oo B gemv(1/6-1)
| _ g)elm-n)1/¢ 1)/ sl gg ST
-9 @ p(p—1)
Thus, b is locally convex in Rs.
We state the result for R4 separately.

D(@) < £(=D)P~2e /¢,

Lemma 3.6. b is convex in Ry.
Proof. In Ry, b is given by
b(l‘) = q(v, w)(l‘l - U}) + f(’UJ), To = 7“(’[}, ’w)(l'l - w) + g(w)a

where, as in the proof of Lemma 23] we write f(w) = wP and g(w) = e”. Again, as we
did there, we shall use the prime sign to indicate the total derivative with respect to w.

To show that b is convex, we check that by, o, byye, = b2, and by,e, > 0 in the interior
of Ry. Differentiation gives

. 1
) w = )

r(zy —w) — 71+ g’ 2l —w) —r+ g

Wey =

and
¢ (@1 —w)—q+ [
r'(xy —w)—r+g

be, = [¢' (w1 —w) —q+ [ wa, +q=—r +q=-rD +gq,

where we have used (ZI1]). Similarly,

/ _ _ !
q(r1—w)—q+f -D

(3.7) bey = [¢' (w1 —w) — g+ f'ws, = r'(ry —w)—r+g
Therefore,
borwy, = —1D'wyy,  byywy, = —1D'Way,  byyw, = D'wy,,
and, since, wy, = —TWy,, we see that by, 2, byye, = b2 .
Furthermore, since D’ > 0 by Lemma 23] and since from geometry it is clear that
wg, > 0, we have bg,,, > 0, which completes the proof. ]

To finish the proof of Lemma B35, we need to verify that b,, is monotone increas-
ing in z9 across the boundaries between subdomains. We can write this requirement
symbolically as follows:

bz, ’Rl,u:i) < ba, |Rz’ ba, ‘R4,w:u’1 < ba, ’32’ bz, |R2 < ba, ’Rg,,u:'?}'

In fact, all three statements hold with equality (which implies that b is of class C! in the
interior of ¢, though we shall not use this fact).
By B7), we have b,, ’R4 wew = D(w). Now we use consecutively relations (B.3)), (3.4),

and (2I6]), integration by parts, and (2.I4]) to show that

_ 1 _ o0
(3:8) baslp, oy =mir(@)e " (1-¢) = g(1—g)p(p—new(l/f-l)/ sP=2e75/8 ds = D(w).
A very similar calculation, but with the use of ([2I7) in place of (210)), gives b,, =
D(w).
Finally,

‘Rg,’u:’f)

By (4) and B3,
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Therefore,

bl = Tz " D(@) + pa* ! —q(v, @) ¢ e D(w) + (e —r(v,w))D(w) D)
=
The proof is complete. O

Now we are in a position to prove the main theorems stated in Il

§4. PROOFS OF THEOREMS AND [[3]
We need two auxiliary results proved in [§].

For p > 0, let
» 1 1/p
— | £ _ p—1_t
w(p) [e (F(p) /0 tP e dt) + 1} .

Lemma 4.1 ([8]). Let ¢o(t) =log(1/t), t € (0,1). Then

(4.1) €po = 1, E_py = 00.
If p>1, then

(4.2) lollBMOr ((0,1)) = w(P)-
Consequently,

(4.3) eo(p) < w(p).

Lemma 4.2 ([8]). Let ¢ be a nonconstant BMO function. For e € [0,¢,), let F'(¢) =
[€°¢]a... Then F is a strictly monotone increasing and continuous function on [0,e,),
and lim. ., F(g) = oo.

Proof of Theorem [[.2. 'We use Theorem [[.4] with bc = by ¢ given by [2.I8). In view of
Lemma 32 bc < b, ¢, as required.

We need to compute b, ¢(0,C). Note that w < & by Lemma 24 and, thus, v >
—w > —¢ by Lemma Therefore, the point (0,C) is in the subdomain R3 and, since
u(0,C) = =&, we have

bp,c(0,C) = m3 (=€) + &
The quantity mg(—¢) is given by (217):

ms(—=¢§) = —% et /:(—s)ples/5 ds+el—6-0)/¢ (667@ (ml(@) —pwpfl) —p(—T/)p*l) )

By Lemmal[Z4l w € (0, o) with ¢ — 0as & — 1. By Lemma[22] v € (—w,0). Therefore,
limv =limw=20
£—1 £—1

and

0
lim by, (0,C) = lim (m3(—£)E+ &) = P / (—s)Pte ™ ds + e t'myi(0) +1 = wP(p),
C—oo £E—1 eJ 1
where we have used (ZI8]), which implies m4(0) = pI'(p).

Hence, by Theorem [[L4] we have £¢(p) > w(p), and application of Lemma 1] finishes

the proof. O

The proof of Theorem [[3] below is a version of the argument used in the proof of
Corollary 1.5 in [8]; the proof of sharpness, which involves the function ¢y occurring in
Lemma [£.]] is exactly the same and we omit it.
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Proof of Theorem [[3l Take any ¢ € BMO(Q). Without loss of generality, assume that
£, < 00. For e € [0,6,), let F(e) = [e*?]4__(q)- By Lemma 2 for sufficiently large ¢
we have F(g) > Cy(p). Therefore, for any subinterval J of Q,

{lep = (e, 17); = by o) (0, (P D) ) 2 by oy (0, (€597 590) ).

Take a sequence {J,} such that (¢*¢~ ¥\, ), — F(g). Since the left-hand side is
bounded from above by EPHQ"H%MOP(Qy we have

e lelBmor Q) = bpr(e) (0, F(€))-

Now, we let € = €, (and, thus, F(¢) — 00). This gives

EZHSDHZE)}MOP(Q) > 58(1’7)'
If f e L>®(Q), then e,y = e,. Thus, we can replace ¢ with ¢ — f above, which gives

eo(p
lle — fllBMor(Q) > M-
o

The same inequality holds true with ¢ replaced by —¢, and it remains to take the infimum
over f € L>®(Q) on the left. O

§5. OPTIMIZERS AND THE REVERSE INEQUALITY

In this section, we complete the proof of Theorem 3.1 by proving Lemma 3.3l For this,
we present a set of special test functions on the interval (0, 1) that realize the infimum
in definition (TI0) of the Bellman function b, ¢.

Without loss of generality we may assume that C' > 1. Let @ = (0,1). Recall the
Bellman candidate b, ¢ given by formula (2I8). For « € Q¢, we say that a function ¢,
on () is an optimizer for b, ¢ at z if

(5.1) P € Excq and  (lpe|"), = bp.o(x),

where the set of test functions F, ¢ ¢ is defined by (L9). Observe that if we have such
a function ¢, for all x € Q¢, then

bp.o(x) = (lel")g = bp.o(),

which is the claim of Lemma [3.3]

Our optimizers ¢, will have different forms depending on the location of z in Q¢.
Specifically, we shall have a different optimizer for each of the four subdomains Ry of Q¢
defined by formula (I8) and pictured in Figure 2l We do not discuss the construction
of these optimizers, but simply give formulas for them. A reader interested in where
they come from is invited to consult the papers [I0] and [3], where a number of similar
constructions were carried out in the context of BMO?Z.

For each x € Ry, let

(5.2) r(t) = u+ Elog (2)x(0,0) (1),
where u = u(z) is defined by ([22) and
T1—u

£

(This optimizer was defined in §5 of [8] under the name ¢ .)
Now consider the subdomain Rs. Let us give names to its four corners, clockwise from
top right:

X = (,w +£’e@+§), Y = (w,ew), Z = (T_); e'u)’ W = (1_)+£a617+§).

(5.3) o=




THE JOHN-NIRENBERG CONSTANT OF BMOP, p > 2 195

We already know the optimizers for the points X, Y, and Z: the first comes from
formula (52) (which applies because X € Ry N Ry) with a = 1; the other two are trivial,
because for each z € I'y the set E, ¢ g contains only one element, namely, the constant
function (t) = x1. Therefore, for all t € @, we define

px(t)=¢€log(3), ev()=w,  ¢z(t)=0.

Now we use these three optimizers to define ¢, for every z € Ry. Observe that Ry is
contained in the triangle with the vertices X, Y, Z. This means that every x in Ry has
a unique representation as a convex combination of these three points. Thus, there exist
nonnegative numbers a1, as, and a3 such that a; + as + a3 =1 and

(5.4) r=m X+ aY +a3Z.

To obtain ¢,, we concatenate ¢x, py, and ¢z in the appropriate proportion:

t—al—az

)X(a17a1+o¢2)(t) + Yz (T)X(a1+a2,1)(t)7

t—Otl
2

pa(t) = ox () X(0.00) (1) + 9y (55

or, equivalently,

(55) QOI (t) = ’ZT) X(0,0q +0’2) (t) + glog (%)X(O,Q1)(t) + ,I‘_)X(Otl +0’2,1)(t)v

with ap = ai(z) defined by (5.4).

This formula applies, in particular, to the fourth corner of R», i.e., the point W. That
point also lies in the subdomain Rj3, and is the key to defining the optimizer for all
other points in that subdomain. Specifically, with the knowledge of yy, we define the
optimizer ¢, for an arbitrary point = € R3 by the formula

(56) QOm(t) = SDW(%)X(O,TQ) (t) + glOg (%)X(Ta,oz) (t) + UX (ra,1) (t)
Here, u is given by ([22), « is as in (5.3)), and we also set
(57) T = e(u_ﬁ)/g.

It remains to define ¢, for € Ry. Recall the two auxiliary functions v = v(z) and
w = w(x) defined by Lemma 26 (see Figure B]). Every point x € R4 \ T'; lies on the line
segment connecting the points (v, e”) and (w,e"). Accordingly, we define ¢, to be the
appropriate concatenation of the two constant optimizers corresponding to those points:

(5.8) @z (t) = wx(0,8) () +vx(8,1) (1),
where
X1 — v
5.9 = =,
(5.9) p—

The following lemma immediately yields Lemma [3.3]

Lemma 5.1. Let ¢, be defined by (52) and [B3) for x € Ry; by BA) and (BX) for
x € Ro; by (00), B3), and BX) for x € Rs; and by (B.8) and &3) for © € Ry. Then

@ 15 an optimizer for b, ¢ at every x € Qc.

Remark 5.2. If a point z lies on a boundary shared by two subdomains, ¢, seems to be
defined by two different formulas. However, as is easy to check, in all cases above, such
two formulas give exactly the same function.

The proof of this lemma is very similar to that of Lemma 5.2 in [§], and we leave it
to the reader.
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