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ABSTRACT. Let E be an elliptic curve without CM that is defined over a number
field K. For all but finitely many non-Archimedean places v of K there is a reduction
E(v) of E at v that is an elliptic curve over the residue field k(v) at v. The set of
v’s with ordinary FE(v) has density 1 (Serre). For such v the endomorphism ring
End(E(v)) of E(v) is an order in an imaginary quadratic field.

We prove that for any pair of relatively prime positive integers N and M there
are infinitely many non-Archimedean places v of K such that the discriminant A(v)
of End(E(v)) is divisible by N and the ratio Ajg,v) is relatively prime to NM. We
also discuss similar questions for reductions of Abelian varieties.

The subject of this paper was inspired by an exercise in Serre’s “Abelian £-adic
representations and elliptic curves” and questions of Mihran Papikian and Alina

Cojocaru.

§1. INTRODUCTION

Let K be a field, K its algebraic closure, Gal(K) = Aut(K/K) the absolute Galois
group of K. Let A be an Abelian variety of positive dimension over K. We write
End(A) for its endomorphism ring and EndO(A) for the corresponding finite-dimensional
semisimple Q-algebra End(A4) ® Q. One may view End(A) as an order in End’(A).

Let n be a positive integer that is not divisible by char(K). We write A[n] for the
kernel of multiplication by n in A(K). It is well known that A[n] is a finite Galois
submodule of A(K); if we forget about the Galois action then the commutative group
Aln] is a free Z/nZ-module of rank 2dim(A). If ¢ is a prime different from char(K)
then we write Ty(A) for the Z,-Tate module of A that is defined as a projective limit of
commutative groups (Galois modules) A, where the transition map A[¢it1] — A[¢?] is
multiplication by £. Tt is well known that T;(A) is a free Z;-module of rank 2dim(A)
provided with continuous Galois action

pPe,A — AutZ[ (Tg (A)) .

In particular, Ty(A) carries the natural structure of Gal(K')-module. On the other hand,
the natural action of End(A) on A, gives rise to the embedding

End(A) ® Z/nZ — Endgax) (A[n]).
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If (as above) we put n = £/ then these embedding are glueing together to the embedding
of Zs-algebras
(%) End(4) ® Z¢ = Endgayx)(T¢)(A)).
Tate [19,20] conjectured that if K is finitely generated then the embedding () is actually
a bijection and proved it when K is a finite field. The case when char(K) > 2 was done
by the author [2] 22], the case when char(K) = 0 by Faltings [4 5] and the case when
char(K) = 2 by Mori [10] (see also [29] 26}, 27]).
Now let us consider the 2 dim(A)-dimensional Q,-vector space
Ve(A) = Ti(A) @z, Q
and identify Ty(A) with the Z,-lattice
Tg(A) ®1C Tg(A) Rz, Qg = W(A)
This allows us to identify Autz, (T;(A)) with the (compact) subgroup of Autg,(Vz(A))
that consists of all automorphisms that leave invariant T;(A) and consider py 4 as the
{-adic representation
PLA: Gal(K) — Autze (Tg(A) C Allt@,Z (W(A))
(By definition, Tp(A) is a Galois-stable Z,-lattice in Vy(A).) We write Gy 4 for the image
G4 = pe.a(Gal(K)) C Autg, (Ty(A)) C Autg, (Ve(A4)).
It is known [I5] that Gy, 4 is a compact ¢-adic subgroup of Autg, (V;(A4)). Extending the
embedding (x) by Qg-linearity, we get the embedding of Q-algebras
(%) EndO(A) ®q Q¢ = End(A) ® Q¢ = Endgaix)(Ve)(A)) C Endg, (V(A)).

When K is finitely generated then the Gal(K)-module Vp(A) is semisimple: the case of
finite fields was done by A. Weil [L1], the case when char(K) > 2 was done by the author
[211, 22], the case when char(K) = 0 by Faltings [4, 5] and the case when char(K) = 2 by
Mori [I0] (see also [26]). The semisimplicity of the Galois module V;(A) means that the
Gy, a-module V;(A) is semisimple.

Example 1.1 (see [20]). Let k be a finite field and
o k =k, x— #®

the Frobenius automorphism of its algebraic closure. Then oy, is a topological generator
of Gal(k). If B is an Abelian variety over k of positive dimension then by Tate’s theorem
on homomorphisms

End(B) ® Z¢ = Endgaix)(Te(B))
coincides with the centralizer End,, (T¢(B)) of o}, in Endyz, (Ty(B). In addition, oy induces
a semisimple (diagonalizable over Q) linear operator Frp in V;(B). The ring End(B) is
commutative if and only if the characteristic polynomial

Prey (£) = det(tld — oy, Vo(B)) € Qu[t]

has no multiple roots. (Actually this polynomial has integral coefficients and does not
depend on a choice of ¢ # char(k).)

Let &y 4 C GL(V¢(A)) be the Zariski closure of
Gra C Autg, (Ve(4)) = GL(V2(A))(Q)

in the general linear group GL(V;(A)) over Q. By definition, & 4 is a linear Q-algebraic
subgroup of GL(V;(A)). When K is finitely generated, the semisimplicity of the Gy, 4-mo-
dule V;(A) means that (the identity component of) &, 4 is a reductive algebraic group
over Q. If, in addition, char(K) = 0 then by a theorem of Bogomolov [II, 2 [16], G 4 is
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an open subgroup in &, 4(Qg). It is known [I6] that if the group &, 4 is connected for
one prime £ then it is connected for all primes.

1.2. Let K be a number field. For all but finitely many non-Archimedean places v of K
one may define the reduction A(v), which is an Abelian variety of the same dimension
as A over the (finite) residue field k(v) of A at v; see [18]. If £ does not coincide with the
residual characteristic of v then each extension T of v to K gives rise to an isomorphism
of Tate modules T;(A(v)) = Ty(A) that, in turn, gives rise to the natural isomorphisms

Endz, (T;(A(v))) =2 Endg, (Ti(A)), Autz, (Ty(A(v))) = Autg, (Te(A)).
Under this isomorphism
Fr 4y € Autz, (T;(A(v))) C Endgz, (T;(A(v)))
corresponds to a certain element
Frobg a0 € Ge,a C Autg, (Ty(A)) C Endg, (T;(A)) C Endg, (Vz(4)),

which is called the Frobenius element attached to T in Gg a. (All Frobg 4 ¢’s for a given
v constitute a conjugacy class in Gy 4.) This implies that the polynomial PFrA(v)(t)
coincides with the characteristic polynomial

P, 4(t) := det(tId — Frobg, 4, Vi(A))

of Frobgy 4. In particular, End(A(v)) is commutative if and only if P, 4(¢) has no
multiple roots.
In the general case, if we denote by

B(FrobaA)g)o C Ende (Tg(A))

the centralizer of Frobgs 4, in Endgz, (T;(A)) then from Tate’s theorem on homomor-
phisms (Example [[LT) it follows that 3(Frobg 4 ¢)o is isomorphic as a Zg-algebra to
End(A(v)) @ Zy.

By the Chebotarev density theorem, the set of all Frobg 4 ¢’s (for all v) is everywhere
dense in Gy 4 [I5] Chapter I.

Our main result is the following statement.

Theorem 1.3. Let A be an Abelian variety of positive dimension over a number field K.
Suppose that the groups &, o are connected. Let P be a finite nonempty set of primes
and suppose that for each £ € P we are given an element

fr € 80,4(Qr) C Autg, (Ve(A))
such that its characteristic polynomial
Py, (t) = det(t1d — fo, Ve(A)) € Qolt]
has no multiple roots. Let

3(fe)o C Endg, (Ty(A))

be the centralizer of fo in
Endz, (T)(4)) € Endg, (Vi(A)).

Then the set of non-Archimedean places v of K such that the residual characteristic
char(k(v)) does not belong to P, the Abelian variety A has good reduction at v, and

End(A(v)) ® Ze = 3(fe)o VP

has positive density. (In addition, for all such v the ring End(A(v)) is commutative.)
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Example 1.4. Let A be an Abelian variety of positive dimension over a number field
K and suppose that the groups &, 4 are connected. Let r be a positive integer and let
l1,...,¢. ber distinct primes. Suppose that for each ¢; we are given a non-Archimedean
place v; of K such that its residual characteristic char(k(v;)) # ¢;, the Abelian variety A
has good reduction A(v;) at v; and the endomorphism ring End(A(v;)) is commutative.
This implies that the characteristic polynomial of each Frobenius element Froby; 40 €
Gy 4 has no multiple roots. Recall that the centralizer 3(Froby; 4,¢)o is isomorphic
as Zg-algebra to End(A(v;)) ® Zy. Let us put P = {¢4,...,¢.}. From Theorem [[3] it
follows that the set of non-Archimedean places v of K such that the residual characteristic
char(k(v)) does not belong to P, the abelian variety A has good reduction A(v) at v,
and
End(A(v)) ® Zy, £ End(A(v;)) ® Zg, Yi=1,...,7

has positive density.

Example 1.5. Let E be an elliptic curve without complex multiplication that is defined
over a number field K. By a theorem of Serre [I5, Chapter IV, Section 2.2],
&5 = GL(Vi(E)).
In particular, ®, g is connected and isomorphic to the general linear group GL(2) over
@[ while
&,6(Qr) = Autg, (Ve(E)).

Let P be a finite nonempty set of primes. For each £ € P we fix a commutative semisimple
2-dimensional Qg-algebra Cy. Let us choose an order Oy in Cy, i.e., a Zy-subalgebra of
Cy (with the same 1) that is a free Zy-submodule of rank 2. Let us fix an isomorphism
of free Z,-modules

Oy 2 Ty(E),
which extends by Qy-linearity to the isomorphism of Q-vector spaces
Co=0;®z, Q =Ty(E) @z, Qe = Vi(E).
Multiplication in Cy gives rise to an embedding
Cy — Endg, (Vi(E));
further we will identify C, with its image in Endg, (Vz(E)). Clearly, C, coincides with
its own centralizer in Endg, (V;(E)). On the other hand, one may easily check (using the
inclusion 1 € Oy) that
Op = {u e Cy | U(Tg(E)) - Tg(E)}.

This implies that O, coincides with the centralizer of C} in

Endyz, (T¢(E)) C Endg, (Ve(E)).

Since Cy is 2-dimensional, there exists f; € Cy such that the pair {1, f¢} is a basis of the
Qq-vector space Cy. Replacing fr by 1 + ¢M f, for sufficiently big positive integer M, we
may and will assume that

fe € C; C Autg, (Ve(E)).
Clearly, the centralizer 3(f¢)o of f; in Endg, (T;(E)) coincides with the centralizer of Cy
in Endgz, (T;(E)). This implies that

B(f()o = O( vl e P.

Applying Theorem [[.3] we conclude that the set of non-Archimedean places v of K such
that the residual characteristic char(k(v)) does not belong to P, the elliptic curve E has
good reduction at v, and

End(E(v))®Z; =2 O, VP
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has positive density.

For example, if F' is an imaginary quadratic field with the ring of integers O and N
is a positive integer, then we consider the order A = Z + N - Op of conductor N in F
and the collection of Z-algebras

O =AR7Z, VlecP.

We see that the set X(F, F, N) of all non-Archimedean places v of K such that the
residual characteristic char(k(v)) does not belong to P, the elliptic curve E has good
ordinary reduction at v, and

End(E(v)) QL EARZy, VeP
has positive density. In particular, this set is infinite.

Corollary 1.6. Let E be an elliptic curve without CM that is defined over a number
field K. Let N and M be relatively prime positive integers. Consider the set i(E7 M, N)
of non-Archimedean places v of K such E has good ordinary reduction at v, the resid-
ual characteristic char(k(v)) does not divide NM, the discriminant A(v) of the order
End(E(v)) is divisible by N and the ratio A(v)/N s relatively prime to MN. Then
E(E, M, N) contains a set of positive density. In particular, i](E7 M, N) is infinite.

Remark 1.7. Actually, one can prove that i(E, M, N) has density, which is, of course,
positive.

Remark 1.8. The discriminant A(v) is not divisible by a prime £ if and only if either
End(E(v)) @ Q¢ = Qe ® Q¢ D Z; ® Zy = End(E(v)) ® Z¢

or End(E(v)) ® Qq is a field that is an unramified quadratic extension of Q, and
End(E(v)) ® Z; is the ring of integers in this quadratic field.

Proof of Corollary [L8. Let P be the set of prime divisors of M N. Choose an imaginary
quadratic field F', whose discriminant is prime to NM and put A =7Z + N - Op. Then
i(E,M, N) contains all the places of X(E, F, N) except the finite set of places with
residual characteristic dividing M. The set X(E, F, N) has positive density (see Example

[LH), which would not change if we remove finitely many places from it. |

Remark 1.9. Serre [15, Chapter IV, Section 2.2, Exercises on pp. IV-13] sketched a proof
of the following assertion.

The set of non-Archimedean places v of K such that char(k(v)) does not belong to P,
the elliptic curve E has good ordinary reduction at v and

End(E()@Q,=2C, VeP

has positive density. In particular, if one defines the set ¥p(E) of all places v such that E
has good ordinary reduction at v, the residual characteristic char(k(v)) does not belong
to P, and the discriminant of the quadratic field End(FE(v)) ® Q is divisible by all £ € P
then Xp(F) is infinite. (See also [I3 Corollary 2.4 on p. 329].)

Theorem 1.10. Let g > 2 be an integer, n = 2g+1 or2g+2. Let P be a nonempty finite
set of primes and suppose that for each £ € P we a given a field K9 of characteristic
different from £, a g-dimensional simple Abelian variety BY) over K that admits a
polarization of degree prime to ¢ and such that EndO(B(Z)) is a number field of degree 2g.
(For example, if B is a principally polarized g-dimensional simple complex Abelian variety
of CM type then we may take BYY) = B for all £ € P.)

Let K be a number field and f(x) € K[z] a degree n irreducible polynomial whose
Galois group over K is either the full symmetric group S,, or the alternating group A.,.
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Consider the genus g hyperelliptic curve Cy : y* = f(z) and its Jacobian A, which is a
g-dimensional Abelian variety over K.

Let 3 be the set of all non-Archimedean places v of K such that A has good reduction at
v, the residual characteristic char(k(v)) does not belong to P and the Zg-rings End(A)®Z
and End((B?) ® Zy are isomorphic for all £ € P. Then ¥ has density > 0.

The paper is organized as follows. In §2] we discuss f-adic symplectic groups that
arise from polarizations on Abelian varieties. §3] deals with trace forms and realated
symplectic structures. 4l deals with centralizers of certain generic elements of linear
reductive groups over Q. g5 deals with applications of the Chebotarev density theorem
for infinite Galois extensions of number fields with ¢-adic Galois groups. In 6 we prove
Theorems and [[LTOl

§2. POLARIZATIONS AND SYMPLECTIC GROUPS

Let B be an Abelian variety of positive dimension g over a field K and let £ be a prime
that is different from char(K). We write
xe: Gal(K) — Zy,

the cyclotomic character that defines the Galois action on all £-power roots of unity. Let
A be a polarization on B. Then A gives rise to the altermating nondegenerate Z,-bilinear
form
(SWH Tg(B) X Tg(B) — Ly

such that

exe(pe.s(o)z, pe.s(0)y) = xe(o)exe(z,y)
for all o € Gal(K) and z,y € T;(B); in addition, ey ¢ is perfect/unimodular if and only if
deg(\) is not divisible by ¢ (see [7]). Let us consider the (compact) group of symplectic
similitudes

Gp(Ty(B),exe) = {u € Autg, (Ty(B)) | 3c € Z; such that ey o(ux,uy) = c-exo(z,y)
for all z,y € Ty(B)}. Clearly,
Go,p = pr,a(Gal(K)) C Gp(Tu(B), ex)

Extending ey ¢ by Qg-linearity to V,(B)
nondegenerate Zg-bilinear form

C AutZ[ (TZ(B)) C AthZ (Vg(B))
(B) ®z, Q¢, we obtain the altermating

Vi(B) x Vo(B) — Qu,
which we continue to denote ey ¢. Clearly,
exe(pe,B(0), pe.(0)y) = xe(o)ere(z,y)
for all 0 € Gal(K) and x,y € Vy(B). Let us consider the group of symplectic similitudes
Gp(Ve(B),exe) = {u € Autg,(Ve(B)) | 3¢ € Q; such that ey ¢(uz,uy) = c-exe(z,y)
for all x,y € Vy(B)}. Clearly, Gp(T¢(B),ex) is the open compact subgroup of the
(locally compact) group Gp(Vi(B), ex ) that coincides with the intersection
Gp(Vg(B), e,\)g) N Autz, (Tg(B))

We have

GgyA C Gp(Tz(B),e)\ﬁz) C Gp(Vg(B),eAyg) C Ath[(VZ(B)).
We write &p(Ve(B), ex ) C GL(Vy(B)) for the connected linear reductive algebraic group
of symplectic similitudes over Q; attached to ey . Its group of QQ;-points

Gp(Ve(B), ex0)(Qe) = Gp(Ve(B), exr) C Autg, (Ve(B)) = GL(Ve(B))(Q)-
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Let us consider the finite-dimensional semisimple Q-algebra
End’(B) = End(B) ® Q.
We have the natural isomorphisms of Q-algebras
[End(B) ® Z] ®z, Q¢ = End(B) ® Q¢ = [End(B) ® Q] ®g Q¢ = End"(B) ®q Q.
By (*x), there is a natural embedding
End’(B) ®¢ Q¢ = End(B) ® Q; < Endg, (Vi(B)).
We may view End’(B) as a certain Q-subalgebra of End”(B) ®q Qy, identify the latter
with its image in Endg, (V¢(B)), and get
End"(B) C End’(B) ®g Q; C Endg, (Vi(B)).
The polarization A gives rise to the Rosati involution [T, [11]
End’(B) — End®(B),u — v’

such that

e)\,f(uxay) = e}x,é(mvuly) vay S W(B)
This involution extends by Qg-linearity to the involution of the semisimple finite-dimen-
sional Qg-algebra EndO(B) ®0 Q,

End’(A) ®g Q; — End’(B) ®g Qp,u — o/,

such that

eA,Z(uxa y) = e)\,f(x, u’y) V(E, Yy S ‘/Z(B)
This implies that

u € [End’(B) ®¢ Q¢]* C Autg,(Vi(B))
lies in Gp(Vy(B), ex¢) if and only if

u'u € Q)Id.
The following statement will be used in the proof of Theorem
Theorem 2.1. Suppose that EndO(B) is a number field of degree 2g. Then there exists
an element u € End(B) and a positive integer q € Z such that
End’(B) = Qu], vu=gq, ueGp(Vi(B),exe)

and the characteristic polynomial P, (t) = det(t1d — u, Vy(B)) of u has no multiple roots.
In addition, the centralizer 3(u)o of w in Endg, (T¢(B)) C Endg,(Vi(B)) coincides
with End(B) & Zy.

In the course of the proof of Theorem [2.1] we will use the following statement that will
be proven at the end of this section. (See also [23] Section 4].)

Lemma 2.2. Let Q be a field of characteristic zero, Fy/Q a finite algebraic field exten-
sion, and F/Fy a quadratic field extension. Let 7 € Gal(F/Fy) be the only nontrivial
element (involution) of the Galois group of F/Fy. Then there exists uw € F such that
F=Q[u] and u-1u=1.

Proof of Theorem 21 From Albert’s classification [I1] (see also [12]) it follows that the
field F := End’(B) is a CM field and the Rosati involution coincides with the complex
conjugation z — %z on F' and R := End(B) is an order in F. Recall that F' is a purely
imaginary quadratic extension of its totally real number subfield Fy and the complex
conjugation is the only nontrivial element of the Galois group of F/Fy.
We have
Fy:= F®Q, = End’(B) ®g Q; C Endg, (Vi(B)).
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Clearly, all elements of the commutative semisimple Qg-algebra F, act as semisimple
linear operators in Vy(B). The Fy-module Vy(B) is free of rank 1 [I8, Section 4, The-
orem 5(1)]. This implies that Fp coincides with its own centralizer Endp, (V;(B)) in
Endg, (V¢(B)). On the other hand, the intersection
Fy N Endg, (Tg(B))

coincides with

Ry:=R®Z;=FEnd(B)®Z
[18, Section 4, Theorem 5(1)].

Suppose that we have constructed an element v € R = End(B) such that F =
End®(B) = Q[u] and u'u = ¢ for some positive integer ¢. This implies that the centralizer
3(u) of v in Endg, (V¢(B)) coincides with the centralizer End g, (Vz(B)) of Fy, i.e., equals
F;. Tt follows that the centralizer 3(u)o of w in Endyz, (T¢(B)) coincides with the the

intersection Fy N Endg, (T¢(B)), i.e., equals R,. In addition, since Fy is the centralizer of
u in Endg, (Ve(B)) and

dimg, (Fy) = 2¢ = dimg, (Vi(B)),
the characteristic polynomial P,(t) of v has no multiple roots. We have
exe(uz,uy) = ex oz, w'uy) = exe(r,q-y) = q- exelz,y)
for all z,y € Vy(B). This implies that
u € Gp(Vi(B), ex).

Now let us construct such an u. Applying Lemma2.2] (to @ = Q), we obtain the existence
of u; € F with Qu;] = F and «} - u3 = 1. Then there is a positive integer m such that
u := muy lies in R. Clearly,

Qb =Qui] =F, u' =mu), o -u=m?u) -u=m? 1=m?

Now one has only to put ¢ = m?2. O

Proof of Lemma 221 Recall that for each u € F' the @Q-subalgebra Q[u] of F' generated
by w is actually a subfield, i.e., coincides with the (sub)field Q(u).
Since F/Fy is quadratic, F = Fy(+/3) for some nonzero § € Fy. We have

F=Fy+Fy-Vo, 7(Vo)=-Vs

and Fy coincides with the subfield of 7-invariants in F.
Suppose that there is a nonzero 8y € Fy such that Fy = Q(642). Replacing if necessary
Bo by 26y, we may and will assume that

5B2 +14#0.
Let us put
368 — 1 260
= -4/90.
=it Y’
Clearly,

5B —1 2
BER ()= g~ gV T8
spE—-1

and therefore Q(3) contains 7(8) = 1/, which implies that it contains both 5z
0
200 . /5. This implies that Q(8) contains 832 and therefore contains Q(5433). Since

5Bg+1
Q(6B3) = Fy, the subfield Q(3) contains Fy and we have

Fo cQ(B) CF.

and
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Since Fy does not contain 8, Fy # Q() and therefore Q(S) = F. We have

Qs =Q((B) = F.
This ends the proof if we find 8y € Fy with
Fo = Q(853).

Now let us construct such a fy. If Fy = Q) we may take any

BoEQ=F, f#0 B+

Now suppose that Fy # Q. Since Fy/Q is separable, there is v € Fy with Fy = Q(7).
Clearly, v ¢ Q C Q; in particular, v # 0. Since separable F/Q contains only finitely
many field subextensions of @, there are two distinct positive integers i, j € Z C @ such
that the subfields Q(5(y+)?) and Q(5(v+)?) do coincide. (Notice that i? # j2.) This
implies that 25(j — i)y lies in Q(5(vy + )?), i.e.,

57 €Q8(y+1)%) = Q8(y + )%
This implies that both

(y+i)? 3 (y+9)? (Y+4)? 0 (v+4)°
= and =
¥ 0. ¥ d-
lie in Q(8(y +4)?). This implies that
. AR +1i)?2 +7)? .
(2 — 2j) + 7J _O ' ) 7J) € QO(v+4)?).

Since % # j2, we conclude that 1/ lies in Q(§(+ +4)?) and therefore

Q(7) = Fo 2 Q(6(v+14)*) > Q(1/7) = Q(y) = Fo.
This implies that Q(§( +1)?) = Fy and we may put Sy = 7 + i. O

We finish this section with the following elementary (and probably well-known) state-
ment that will be used later in Example

Lemma 2.3. Let @ be a field of characteristic zero and C a finite-dimensional commau-
tative semisimple Q-algebra. Then there exists an invertible element u of C' such that

C = Qlul.

Proof. Tt is well known that commutative semisimple C' splits into a finite direct sum

C= @c
i=1

where each C; is an overfield of Q. Tt is also clear that C;/Q is a finite algebraic field
extension. Since we live in characteristic zero, each C;/Q is separable and therefore there
exists nonzero z; € C; such that C; = Q[z]. Let P;(t) € Q[t] be the minimal polynomial
of z; over Q). By definition, P;(¢) is an irreducible monic polynomial of degree [C; : Q).
We have
ZCQcCQcCca.

We may choose integers n; € Z in such a way that all P;(¢t + n;) are distinct and do not
vanish at zero; in particular, they all are monic irreducible and therefore relatively prime
to each other. Clearly, P;(t + n;) is the minimal polynomial of z; — n; over K. Clearly,
Q; = Qlz] = Q[z; —n;]. This implies that the field C; is isomorphic as ()-algebra to the
quotient Q[t]/P;(t +n;)Q[t]. This implies that the Q-algebra Q[t]/{ITi_, P:(t +ni)}Qlt]
is isomorphic to the direct sum @®;_,C; = C. Now one may take as u the image of ¢
in C. (]
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§3. TRACE FORMS

3.1. Let ¢ be a prime. Let Fy/Qy be a field extension of finite degree g. Let Op = Op ¢
be the ring of integers of the ¢-adic field Fy , := Fpy, which carries the natural structure
of a free Zy-module of rank g. We fix a uniformizer m € Oy that generates the maximal
ideal in Oy. We write

Tro :=Trp, /g, Fo — Qe
for the (Qg-linear) trace map from Fy to Q. It is well known that the symmetric Q-bi-
linear trace form

BTrZ FO X FO — Qg, T,y — TI‘()(.’L'y)

is nondegenerate. This means that the homomorphism of Q,-vector spaces

¢Tr: FO — Hosz (F07 Qﬁ)
that assigns to each a € Fj the Q-linear map

Bri(a,?): Fo = Qp, z — Bry(a,z) = Tro(ax)
is an isomorphism. Recall that the natural homomorphism of Z,-algebras
Oy ®z, Q= Fy, t®@crc-x

is an isomorphism. This implies that the restriction map

HOHlQ[ (F07 Qg) — HOIHZZ (Oo, Q[)

is an isomorphism of Z,-modules. (Further we will identify these modules, using this
isomorphism.) We have

Homg, (O, Z¢) C Homg, (Oy, Q¢) = Homg, (Fo, Qp).
The preimage
D~ = ¢} (Homg, (O, Zs)) C Fy
is the inverse different, which is a fractional ideal in Fj that contains Qg [14, Chapter 111,
Section 3]. Since the obvious Zg-bilinear pairing of free Z;-modules of rank g

Oo x Homg, (O, Z¢) — Zy
is unimodular, the Z-bilinear pairing of free Zy-modules of rank g
Oo x D™t = Zy, (x,y) — Tro(zy)
is also unimodular. Notice that there is a nonnegative integer d such that
D =770, C F,.
This implies that the symmetric Z,-bilinear pairing
By Oy x Oy = Ly, x,y+— Tro(n %zy)
is unimodular.

Let T = Ty be a free Op-module of rank 2 provided with an alternating Og-bilinear
unimodular form
eo: T xT — Og.
Since T has rank 2, such a form exists and is unique, up to multiplication by an element
of OF. This implies that if « is an automorphism of 7" then

eo(uz, uy) = det(u) - ep(z,y) Va,yeT.
Consider the 2-dimensional Oy ®z, Q¢ = Fy-vector space

V=V :=T®z Q
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and extend ey by Fy-linearity to the alternating nondegenerate Fy-bilinear form
VxV = F,
which we continue to denote eq. Clearly, if u € Autg, (V'), then
eo(ux,uy) = det(u) - eg(uz,uy) Va,y e V.
Here and above
det: Autp, (V) = GL(2, Fy) — F§
is the determinant homomorphism.
Lemma 3.2. The alternating Zg-bilinear form
e=ep: T xT = Ty, x,y— Tro(n %eo(z,y))
is unimodular.

Proof. Let I: T — Z; be a Zy-linear map. We need to prove that there is exactly one
z € T such that

I(z) = Tro(r~%ep(z,2)) Vo eT.
In order to do that, we choose a basis {f1, f2} of the free Op-module T'. Then [ gives rise
(and is uniquely determined by) two Z,-linear maps

li:R—>Zy, arlla-e;)
for i = 1,2. We have
larfi + azf2) = li(a1) + l2(a2)  Vai,az € Oy.
Since ETr is unimodular, there exists exactly one ¢; € Oy with
l;(a) = Bry(a,¢;) YaecO
for ¢ = 1,2. This implies that
l(a1f1 + azf2) = Brv(a1, 1) + Bry(az, c2)
= Tro(m~ ¢ arer) + Tro(m~ ¢ - agey) = Tro(m~ ¢ - [arer + agcs)).
Since eg is unimodular, there is exactly one z € T' with
eo(f1,2) =c1, eo(f2,2) =ca.
This implies that
eo(arfi + azfz,2) = a1c1 + azces
and therefore
Warfi + azfa, 2) = Trolr ™% - eo(ar fi + azfa, 2)] = e(arfi + azfz, 2). O

3.3. Let C = Cy be a 2-dimensional commutative semisimple Fy-algebra. Then C is
either a quadratic field extension F' of Fy or is isomorphic (as an Fp-algebra) to the
direct sum Fy @ Fy. Suppose that R = Ry C C is an Op-subalgebra of C' that is a free
Op-module of rank 2. Clearly, the natural homomorphism of Oy-algebras

R0, F =-C, z®ar— azx

is an isomorphism.

Suppose that C = F is a field (that is a quadratic extension of Fp). Then Oy C
R C O where O is the ring of integers in the ¢-adic field F. This implies that there is a
nonnegative integer ¢ such that

R=R;:=0y+ 70 C O=R,.
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Conversely, for any nonnegative integer i the Op-(sub)algebra Oy + 7O C C' is a free
Op-module of rank 2.
Suppose that C := Fy @ Fy and let us put

O:=0000gC Fy® Fy=C.
We view Qg as a Og-subalgebra of O via the diagonal embedding. Then
OyCcRCO.
This implies that there is a nonnegative integer such that
R=R;:=0y+7'0CO=Ry.

Conversely, for any nonnegative integer i the O-(sub)algebra Oy + 7'O C C is a free
Op-module of rank 2.

We fix an isomorphism 7" = R of free Oyg-modules of rank 2. This provides T with
the natural structure of free R-module of rank 1 and gives rise to the embedding of
R-algebras

R — Endp, (T),
which extends by Fy-linearity the embedding of Fj-algebras

C = R ®o, Fo = Endo, (T) ®0, F = Endg, (T ®0, F) = Endg, (V).

Further we will identify C' with its image in Endg, (V). Clearly, V becomes a free C-mo-
dule of rank 1. In particular, the centralizer of C' in Endp, (V') coincides with C. Since
T is a free R-module of rank 1, the centralizer of C' in Endp, (T') C Endg, (V) coincides
with

R C C C Endp, (V).

Actually, we can do better and view V as the 2g-dimensional Qg-vector space and T as
the Z,-lattice of rank 2¢g in V. Indeed, C' is a finite-dimensional semisimple Q-algebra
of Q-dimension 2¢g that acts faithfully on the 2g-dimensional Q-vector space V. This
implies that the centralizer of C' even in Endg, (V) coincides with C' and the centralizer
of C in Endg, (T) C Endg, (V) coincides with

R C C C Endg,(V)

(recall that T is a free R-module of rank 1 and therefore the centralizer of R in Endgz, (T)
coincides with R). If

u e C* C Autg, (V)
and ¢ = det(u) € Fy actually lies in Q} then
e(uz, uy) = Tro(r%eq(uz, uy))
= Tro(r e eo(2,y)) = ¢ Tro(n™* - eo(2,y)) = c-e(z,y)
for all z,y € V. This implies that « lies in the group Gp(V,e) of symplectic similitudes.

Lemma 3.4. There exists
u=uwy e€C" = CZ
that lies in Gp(V, e) = Gp(Vy, eq) and such that
Qefu] = Qfu] = C = Co.
In particular, the centralizer of u, in Endyg, (T;) C Endg,(Vz) coincides with

R=R,CcCC EndQ[(Vz).
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Proof. Suppose that C' is a quadratic overfield F' of Fy. Let 7 be the only nontrivial
element (involution of Gal(F'/Fp). Then V becomes a one-dimensional vector space over
F but we view V as a 2-dimensional Fy-vector space and each v € F acts on V as
an Fy-linear operator that is multiplication by u. Then the determinant det(w) of this
operator is the norm of v with respect to F/Fy, i.e,,

det(u) = u - 7(u).

This implies that if u - 7(u) = 1 then w lies in the symplectic group Sp(V,e) C Gp(V,e).
So, we need to find u € F* with

u-Tru=1, Qu]=F.

But the existence of such u is guaranteed by Lemma and we are done.
Suppose that C = Fy & Fy. Let

u = (uy,us) € F x Fj =C".
Clearly det(u) = ujug € F§. This implies that if up = u;* then
det(u) = wyug = ugu; ' =1

and w lies in the symplectic group Sp(V,e) C Gp(V,e). By Lemma 23] there exists a
nonzero u; € Fy with Qy[u1] = Fy. Replacing uy by ¢Nu, for sufficiently large positive
integer IV, we may and will assume that

O#Ul € L0y C 1Oy

and therefore u; ' ¢ Oy. This implies that the degree g minimal polynomial Py (t) € Qg[t]
of u; over Q; has coefficients in Zy, which is not the case for the degree g (monic)
minimal polynomial Py(t) € Qq[t] of uy = u;' over Q. Since both P; and P, are
monic irreducible over QQg, they are relatively prime. This implies that if we put u =
(uy,u;') € Fy @ Fy then the Q-(sub)algebra Q[u] of Fy @ F, is isomorphic to the
quotient Qg[t]/ Py (t)P2(t)Qq[t] and therefore has Q,-dimension

deg(PPy) = g+ g = 29 = dimg, (Fo ® Fo)

and therefore
Qul=FyoF=C. O

§4. LINEAR ALGEBRAIC GROUPS OVER Qg

The content of this section was inspired by exercises in Serre’s book [I5, Chapter IV,
Section 2.2].

4.1. Let V be a vector space of finite positive dimension d over Q,. We write Id for
the identity automorphism of V. Let T be a Z,-lattice in V' of (maximal) rank d. For
every u € Endg, (V) we write 3(u) for its centralizer in Endg, (V) and Qq[u] for the
Qg-subalgebra in Endg, (V) generated by u. We have

Id, u € Q¢[u] C 3(u) C Endg, (V).
Consider the intersection
3(u)o := 3(u) NEndg, (T) C Endz, (T) C Endg, (V).

Clearly, 3(u)o coincides with the centralizer of v in Endg,(T) C Endg,(V). It is also
clear that 3(u)o is a Zg-subalgebra (order) in 3(u) and the natural map

3(u)o®z, Qe = 3(u), ucr cu

is an isomorphism of Q,-algebras.
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If v € Endg, (V) then we consider its characteristic polynomial
P,(t) = det(tId — u, V) € Qqt]
and define A(u) € Qg as the discriminant of P,(t). For each g € Autg,(V)
Pgug—l(t) = Pu(t)v A(gu.gil) = A(u)

The polynomial P,(t) has no multiple roots if and only if A(u) # 0. If this is the case
then u is a semisimple (diagonalizable over Q) linear operator in V', the subalgebra

@g [u] C EndQl (V)

is a commutive semisimple Q- (sub)algebra of Q¢-dimension d, which coincides with 3(u).
Let & C GL(V) be a connected reductive linear (sub)group of positive dimension.
Clearly ®(Qy) is a closed subgroup of Autg, (V) with respect to the ¢-adic topology. One
may view
Az u— Au)
as a regular function on the affine algebraic variety &. We assume that A is not identically
zero on &.

Lemma 4.2. Let G be an open compact subgroup in &(Qg). Then the subset
Ga:=GN{A=0}C@qG
has measure zero with respect to the Haar measure on G.

Proof. The group G carries the natural structure of an open compact f-adic subgroup
of &(Qy); in addition, if N is the dimension of G then N coincides with the dimension
of &. Clearly, every nonempty open (with respect to the ¢-adic topology) subset of G is
dense in & with respect to the Zariski topology. This implies that the interior of Ga with
respect to the f-adic topology is empty. Notice that G a is a closed analytical subspace of
G that is stable under conjugation. It is known [I7, Section 4.2] that there is a positive
integer a such that for each positive integer n there is an open subgroup G(n) in G with
index
(G : G(n)) = al™.

In addition, there is a positive integer b such that the image C}, of Ga in the finite group
G/G(n) consists of at most o™ N1 elements ([I7, Example at the end of Section 4.1
and formula (73) of Section 4.2]). Since the (normalized) Haar measure of each coset of
the subgroup G(n) in G is 1/(G : G(n)), we conclude that the Haar measure of Ga does
not exceed

bgn(Nfl)
min) = =N
Since m(n) tends to 0 while n tends to oo, the Haar measure of G is zero. O

4.3. Let u be an element of &(Qy) with A(u) # 0, i,e., Py(t) has no multiple roots. Then
u is semisimple and regular in GL(V') and therefore is a semisimple regular element of &.
Recall that the subalgebra
Qe [u] C Endg, (V)
is a commutative semisimple d-dimensional Q-(sub)algebra that coincides with 3(u).
Let ¥ be the maximal torus in ® that contains (regular) u. Since such a ¥ is unique
[3, Chapter IV, Section 12.2], it is defined over Q; and we have

u e 3T(Qp) C&(Qy) C Autg, (V).
Consider the subset '(u) C (Qy) that consists of all
u € ‘I(Qg) C 6(@[) C Athe (V)
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such that A(u) # 0. Clearly, ¥’(u) is open everywhere dense in T(Qy) with respect to
the f-adic topology, it contains u and all its elements are semisimple regular in & and
commute with u. Then for each v € T'(u)

3(u) C Endg, (V)

is also a commutative semisimple Q-(sub)algebra of Qy-dimension d that coincides with
Qp[u]; it also contains u and therefore contains Qg[u], which is also d-dimensional. This
implies that

Qelu] = 3(u) = 3(u) = Q¢[u] C Endg, (V)
and therefore
3(u)o = 3(u)o C Endg, (T)
for all u € ¥'(u).
Let us consider the map of /-adic manifolds
Vu: 6(Q) x T'(w) = (Q), (9,u) = gug™".

Clearly, A does not vanish on the image of W.

It is known (6, p. 469, Proof of Theorem 2.1}, see also [8, Proof of Proposition 7.3])
that the tangent map to ¥, is everywhere surjective (recall that every u € ¥'(u) is
regular in &). This implies that ¥, is an open map, i.e., the image under ¥,, of any
open subset of &(Q,) x T'(u) is open in &(Qy). In particular, if G is an open compact
subgroup in &(Qy) then ¥'(u)g = ¥'(u) NG is a (nonempty) open subset in G whose
closure contains Id and therefore the image ¥, (T'(u)g x G) is an open subset in G whose
closure contains Id. Notice that

3(gug™") = g3(u)g™" Vg eG.
If, moreover,
G C Autg, (T) C Autg, (V)
then
3(gug™)o = g3(u)og™' = g3(u)og™" VgeG.
In particular, the Zg-algebras 3(gug~—1))o and 3(u)g are isomorphic. In addition, ifu € G
then

ue U, (¥(ug xG).
Theorem 4.4. Let G be an open compact subgroup in &(Qy) that lies in
Autgz, (T) C Autg, (V).
Let u be an element of (Qy) such that its characteristic polynomial
Py(t) = det(tId —u, V) € Q[t]

has no multiple roots. Let us consider the set X (u,T,G) of all elements u € G such that
the Z¢-algebra 3(u)g is isomorphic to 3(u)g. Then X (u, T, G) is a nonempty open subset
i G that is stable under conjugation. Its boundary lies in Ga and contains Id.

Remark 4.5. Suppose that u; and uy are elements of &(Qy) with
A(ur) #0,  A(ug) #0.
Consider elements
U1 EX(U.1,T,G), UQEX(UQ,T,G).

We have isomorphisms of Z-algebras

3(ur)o = 3(u1)o, 3(uz)o = 3(uz)o.



96 YU. G. ZARHIN

This implies that either 3(u;)o and 3(usz)g are isomorphic and
up € X(u, T,G), us € X(u1,T,G)
or they are not isomorphic and
up & X(u2, T,G), wug ¢ X(u,T,QG).

It follows that the subsets X (uy, T, G), and X (ug, T, G) either coincide or do not meet
each other.

Proof of Theorem 4.4. 1t is clear that X (u,T,G) is stable under conjugation, u lies in
X (u, T, G) while Id does not belong to X (u, T, G). In the notation above, ¥, (T'(u)g xG)
is an open subset in G whose closure contains Id (and therefore Id lies on the boundary)
and such that for each u € Uy (T}; x G) the Zs-algebra 3(u)o is isomorphic to 3(u)g. This
implies that X (u, T, G) contains open ¥, (¥’ (u)g x G) C G. In particular, X (u,T,G) is
nonempty and its closure in G contains Id. It remains to prove that X (u, T, G) is open.
Let u; be an element of X (u,T,G). Clearly,

X(wT,G) = X(u1,T,G).

On the other hand, the centralizer 3(u;) of uy in Endg, (V) is isomorphic to 3(u), i.e., is a
semisimple commutative Qg-algebra of Q,-dimension d where d = dimg, (V'). This means
that the characteristic polynomial of u; has no multiple roots and therefore (replacing u
by u1) we may define '(uy), ¥,,, and T'(u1)g. Since up is an element of G, it lies in
the open subset ¥, (' (u)¢ x G) of G. On the other hand,

U, (T (u)e xG)C X(u, T,G) = X(u,T,G)

which proves the openness of X (u, T, G).
We still have to check that A vanishes identically on the boundary of X (u,T,G). In
order to do that, recall (Remark [5]) that if

ueG, Au)#0

then either X (u,T,G) = X (u,T,G) or these two open subsets of G do not meet each
other. Taking into account that v € X (u, T, G), we obtain that

{G\Ga}\ X (0, T, G)

coincides with the union of all (open) X (u,T,G) where u runs through the (same!) set
{G\ Ga}\ X(u,T,G). This implies that G \ {Ga U X (u,T,G)} is an open subset in
G that obviously does not meet X (u,T, ). This implies that the closure of X (u,T, &)
lies in
X(u,T,G)UGA.

Since X (u,T,G) is open, its boundary lies in Ga. On the other hand, we saw in Sub-
section 3] that Id lies in the closure of X (u,T, &) but not in X (u, 7T, G). This implies
that Id lies on the boundary of X (u, T, G). O

Example 4.6. Suppose that & = GL(V). Let C be a d-dimensional semisimple com-
mutative Q-algebra and R C C an order in C, i.e., a Zg-subalgebra of C' (with the
same 1) that is a free Z;-module of rank d. By Lemma[Z3] there exists u € C* such that
C = Qq[u]. We fix an isomorphism of free Zy-modules R = T and use it in order to pro-
vide T with the structure of a free R-module of rank 1. Tensoring by Q,, we obtain the
natural structure of a R®z,Q; = C-module on T®z,Q, = V. This gives us the Q-algebra
embedding C' — Endg, (V) in such a way that R C C lands in Endg,(T) C Endg, (V).
Further we will identify C' and R with their images in Endg, (V) and Endg, (T') respec-
tively. (In particular, we may view u as an element of C* C Autg,(V).) Since u lies
in semisimple commutative C C Endg,(V), it is a semisimple linear operator in V.
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This provides V with the natural structure of a free C-module of rank 1; in particular,
the centralizer Endc (V) of C' in Endg, (V) coincides with C. Similarly, T becomes a
free R-module of rank 1 and the centralizer Endg(T") of R in Endgz,(T) coincides with
R. Tt follows that the centralizer of u in Endg, (V') coincides with C' and therefore the
centralizer 3(u)o of u in Endz,(T) C Endg,(V) coincides with R. In particular, the
Q¢-dimension of the centralizer of semisimple u in Endg, (V) coincides with dimg, (V)
and therefore the characteristic polynomial of u has no multiple roots.

Let X(R,T,G) be the set of all u € G such that 3(u)g is isomorphic as a Zg-algebra
to R. Then

X(R,T,G) = X(u,T,G).

From Theorem E4l it follows that X (R, T, ) is an open nonempty subset of G, whose
closure contains the identity element and the boundary has measure zero with respect
to the Haar measure on G.

Example 4.7. Suppose d = 2g is even, C is a g-dimensional semisimple commutative
Qq-algebra and R C C is an order in C. Let T be a a free R-module of rank 1. Then V =
T ®z, Q¢ is a free R ®z, Q; = C-module of rank 1. We may view T as a rank g Z,-lattice
(and a R-submodule) in V. Consider the free R-module T = T @Homy, (T, Z;) of rank 2,
which is a rank 2g Z,-lattice in the 2g-dimensional vector space V.=V @ Homg, (V, Q).
Notice that V carries the natural structure of a free C-module of rank 2 and we have a
natural embedding

C ®C < Endg, (V) ® Endg, (Homg, (V,Qy))
C Endg, [V @ Homg, (V, Q/)] = Endg, (V)
such that each (ui,us) € C & C sends (z,l) € V & Homg,(V, Q) to (u1z,lug). Further
we will identify C @ C with its image in Endg, (V). Under this identification the subring
R®R CC®C lands in
Endgz, (T) @ Endz, (Homyg, (T, Z¢)) C Endg, (T @ Homg, (T,Z¢)) = Endg, (T).

Clearly, C®C coincides with its own centralizer in Endg, (V) and R@®R coincides with its
own centralizer in Endg, (T). Notice that the Q,-dimensions of C & C and V do coincide.
There is a perfect alternating Z,-bilinear form

e: TxT—=Zy, (x1,01),(x2,12) = li(x2) —la(z1)
for all
1,82 €T, l1,la € Homg, (T, Zy).
This form extends by Q-linearity to the nondegenerate alternating Q-bilinear form

VXV —=Qp (x1,h),(x2,l2) = li(z2) — la(zq)

V,Tl,xg S V, ll,lg S Homze (V,Qg),
which we also denote by e.
Let & = 6p(V,e) C GL(V) be the (connected) reductive algebraic Qg-group of sym-
plectic similitudes of V attached to e. We have

6(@6) = ij(vv 6)(@4) = Gp(V, 6).
If uy € C* and ¢ € Q) then the element (ui,qu; ') € (C ®C)* C Autg,(V) lies in
Gp(V,e). When ¢ =1 this element lies in Sp(V,e).

Using Example L6 choose u; € C* C Autg,(V) such that the characteristic poly-
nomial P, (¢) has no multiple roots, Q[u;] = C and the centralizer 3[ui]o of uy in
Endg, (7) C Endg, (V) coincides with R. We may choose ¢ in such a way that the char-
acteristic polynomial P 1 (t) = (t/q)9P., (q/t) of qu; " has no common roots with P, (t).
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(For example, pick an integer N such that none of the roots of P,(t) is of the form £/
and put ¢ = £2N.) Then the characteristic polynomial of

u=(ur,qui’) € (C®C)* C Autg, (V)

coincides with the product (t/q)9P,, (¢/t) - Py, (t) and therefore has no multiple roots. It
follows that Q[u] = C @ C and therefore the centralizer of u in Endg, (V) coincides with
C & C and therefore the centralizer 3(u)o of u in Endz, (T) C Endg,(V) coincides with
ROR.

Let G C Autz,(T) be an open compact subgroup in Gp(V,e). Let X(R® R, T,G)
be the set of all u € G such that 3(u)o is isomorphic as a Zg-algebra to R @ R. Then

X(R&R,T,G) = X(u,T,G).

From Theorem [4]it follows that X(R®R, T, ) is an open nonempty subset of G whose
closure contains the identity element and the boundary has measure zero with respect
to the Haar measure on G.

Corollary 4.8. Let G be a compact profinite topological group. Let P be a nonempty
finite set of primes.
Suppose that for each £ € P we are given the following data.

o A Qq-vector space Vy of finite positive dimension d; provided with a Zg-lattice
Ty C Vy of rank dy.

e A connected reductive linear algebraic subgroup &, C GL(V;) of positive dimen-
ston.

o An element

uy € @g(@g) C Athe (Vg)

such that its characteristic polynomial
Py, (t) =det(tld —u,, V) € @g[t}

has no multiple roots. We write 3(ug)o for the centralizer of u, in Endg, (Ty) C
Endg, (VZ) :
e A continuous homomorphism of topological groups

pe: g— Autze (Tz) C Athe (Vg),
whose image
Gy := pe(G) C Autg, (T}) C Autg, (V),

is an open subgroup in Bo(Qy).
Consider the subset Yy, C G that consists of all o € G such that the centralizer 3(pe(o))o
of pe(o) in Endg, (Ty) C Endg, (Vi) is isomorphic (as a Zg-algebra) to 3(ue)o.
Consider the product-homomorphism

p=1lp:6- 1[G, o {pe(0)}eep

teP teP
Then the image p(G) is an open subgroup of finite index in [[,cp G¢ and the intersec-
tion
Y = ﬂ Y,CgG
lepP
of all Yy is an open nonempty subset in G that is stable under conjugation and its closure
contains the identity element of G.
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Proof. Clearly, (every Yy and therefore) Y is stable under conjugation. From Theorem 4]
it follows that every
X(up, T, Ge) C Gy
is an open nonempty subset of Gy and its closure contains the identity element of Gy.
Clearly,
Yy = py (X (g, Ty, Go)) C G
This implies that every Yy is an open nonempty subset in G and its closure contains the
identity element of G. This implies that Y is also open. It remains to check that Y is
nonempty and its closure contains the identity element. In order to do that, notice that
each Gy contains an open subgroup of finite index that is a pro-¢-group. So, there is an
open subgroup G; of finite index in G such that Gy 1 := pe(G1) is a pro-¢-group. Clearly,
Gy,1 is a closed subgroup of finite index in G, and therefore is open in Gy and therefore
is open in ®,(Qy) as well.
Let us consider the product-homomorphism

p1:G1 — H Gei, o= {pe(o)}ep.
P

The image p1(G1) C HZGP Gy, is a compact subgroup that maps surjectively on each
factor Gy,1. Since the Gy 1’s are pro-f-groups for pairwise ¢, we have

p1(G1) = [] Gea.
leP
i.e., py is surjective. (Compare with [8 Proof of Proposition 7.1]. Actually, this argument
goes back to Serre [I5, Chapter IV, Section 2.2, Exercise 3¢ on pp. IV-14].) Since p; is
surjective,
Y G =p (][ X(ue, Th, Gr)) € G
teP
is nonempty (as the preimage of a nonempty subset) and its closure contains the identity
element of Gj. O

Corollary 4.9. We keep the notation and assumptions of Corollary Assume ad-
ditionally that G is a closed subgroup of [[,cp Ge and p;: G — Gy coincides with the
corresponding projection map (for all ¢ € P). Then G is an open subgroup of finite index

in [lyep Gos
Y=¢n]] X(u,T,G)cg
LeP
is on open nonempty subset of G while the boundary of Y in G contains the identity
element of G and has measure zero with respect to the Haar measure on G.

Proof. Clearly, G is compact. From Corollary .8 it follows that G is an open subgroup
of finite index in [],.p G¢. By the definition of Y,

Y=6n ][] X(u.T:.Go) C [] G
Lep teP
It follows that the closure Y of Y lies in
[T X7, Gy (Gl € T] Ge.
leP (EP

Recall (Corollary [48)) that Y is open in G. This implies that the boundary Y of Y lies
in the (finite) union Z of products

Z,=(Gyax [ G

LEP t#£p
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for all p € P. By LemmalL2 (G,)a has measure zero with respect to the Haar measure
on G,. This implies that each product-set Z,, has measure zero with respect to the Haar
measure on [[,.p Ge. It follows that their union Z and therefore its subset Y have
measure zero with respect to the Haar measure on [[,.p G¢. Since 9Y lies in G, which
is an open subgroup of finite index in [[,.p G¢, the boundary 9Y" has measure zero with
respect to the Haar measure on G as well. O

Remark 4.10. Since Y is open nonempty in G, its measure (with respect to the Haar
measure) is positive.

§5. FROBENIUS ELEMENTS

Let P be a finite nonempty set of primes. Let K be a number field and L C K a Galois
extension of K that is unramified outside a finite set of places of K. Let G := Gal(L/K)
be the Galois group of L/K.

Let v be a non-Archimedean place of K. Let us choose an extension @ of v to K. Let
D(v) C Gal(K) be the decomposition group of © and I(v) C D(v) the (normal) inertia
(sub)group of @. It is known that the quotient D(v)/I(v) is canonically isomorphic to the
absolute Galois group Gal(k(v)) of the finite residue field k(v) at v. In particular, this
quotient has a canonical generator ¢ that corresponds to the Frobenius automorphism
in Gal(k(v)).

There is a natural continuous surjective homomorphism (restriction map)
resy,: Gal(K) — Gal(L/K)

that kills I(v) if and only if v is unramified in L. If this is the case then the restriction
resy, induces a continuous homomorphism D(7)/I(v) — Gal(L/K) and we call the image
of ¢z the Frobenius element at ¥ in Gal(L/K) and denote it

Frobg 1 € Gal(L/K).

All the Frobg ;s (for a given v) constitute a conjugacy class in Gal(L/K).
If I'/K is a Galois subextension of L/K, then the corresponding Frobenius element

Frobg 1 € Gal(L'/K)
coincides with the image of Frobg 1, under the natural surjective homomorphism (restric-
tion map)
Gal(L/K) — Gal(L'/K).

We will need the following variant of Chebotarev’s density theorem that is due to
Serre [15, Chapter I, Section 2.2, Corollary 2].

Lemma 5.1. Let X be a subset of the Galois group G = Gal(L/K) that is stable under
conjugation. Assume that the boundary of X has measure 0 with respect to the Haar
measure on G. Then the set of non-Archimedean places v of K such that the corresponding
Frobenius elements Froby lie in X has positive density.

We will apply Lemma [51] in the following situation.
The field L is a compositum of infinite Galois extensions K (¢/K) for all £ € P. The
inclusions K C K(¢) C L induces a continuous surjective homomorphism

pe: G=Gal(L/K) - Gal(K({)/K),

which we denote by
pe: G — Gal(K(0)/K).
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The product-homomorphism
p:G— H Gal(K(¢)/K), o~ {pi(0)}eecp
LeP

is an embedding, whose (homeomorphic) image is a certain closed subgroup of the product
[I,cp Gal(K(¢)/K) that maps surjectively on each factor. Further we will identify G with
this closed subgroup in [[,.p Gal(K(£)/K).

Lemma 5.2. Suppose that for each £ € P we are given the following data.

o A Qq-vector space Vy of finite positive dimension d; provided with a Zg-lattice
Ty C Vi of rank dy.
e A connected reductive linear algebraic subgroup &, C GL(Vy) of positive dimen-
ston.
o An element
uy € 6((@@) C AUth (V()

such that its characteristic polynomial Py, (t) = det(t1d — ug, V) € Qq[t] has no
multiple roots.
o A compact subgroup

Gy C Autg, (Ty) C Autg, (Vo)

that is an open subgroup in G,(Qy).

o An isomorphism of compact groups
Gal(K({)/K) = Gy.

Further we will identify these two groups via this isomorphism and G with a

certain closed subgroup of [[,cp Ge that maps surjectively on each factor. We

keep the notation py for the projection map

Q — Gz.
For each £ € P and 0 € G, we have
pe(0) € Gy C Autg, (Ty) C Autg, (Vo).

o For each ¢ € P, consider the subset Yy C G that consists of all 0 € G such that
the centralizer 3(pi(c))o of pe(o) in Endgz, (T;) C Endg,(Vy) is isomorphic (as a
Zy-algebra) to 3(uy)o.
Also consider the intersection
Y=Ycgc]]Ge
(eP (cp

Then the set of non-Archimedean places v of K such that the corresponding Frobenius
elements Froby lie in Y has density > 0.

Proof. We put X :=Y C G. We know that Y is stable under conjugation, has posi-
tive measure, and its boundary has measure 0 with respect to the Haar measure on G
(Remark LT0l and Corollary [48). Now the result follows from Lemma [B.11 O

Remark 5.3. Suppose that for each £ € P we are given an open normal subgroup G} in
G of finite index. Put

¢=¢nl]Gicg, Y =Yngcg.
LeP

Then G’ is an open subgroup of finite index in G and therefore is closed in G. We know
that Y is open in G and its boundary contains the identity element. This implies that
Y’ is an open nonempty subset of G; in particular, it has positive measure with respect
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to the Haar measure on G. Since each G is normal in Gy, the subgroup [[,cp G} is
normal in [[,.p G¢ and therefore G’ is normal in G, which implies that Y is a subset of
G that is stable under conjugation. On the other hand, the boundary of Y” lies in the
boundary of Y and therefore also has measure zero with respect to the Haar measure
on G. Now Lemma [5.J] implies that the set of non-Archimedean places v of K such that
the corresponding Frobenius elements Froby lie in Y/ has density > 0.

5.4. Let P be a nonempty finite set of primes, A an Abelian variety of positive dimension
g over a number field K. We put

d:29a WZW(A)7 TKZTK(A)v PL = PLA,

Q = Gal(K), Gg = pgﬁA(Gal(K)) = GgyA.
We define K (¢) C K as the field | ;= , K(A[¢]) of definition of all {-power torsion points
on A. From the definition of Tate modules it follows that K (¢) coincides with the subfield
of ker(py_a)-invariants in K and Gal(K (¢)/K) = Gy 4. Let v be a non-Archimedean place

of K and ¥ an extension of v to K. Assume that A has good reduction at v and the
residual chacacteristic of v is different from ¢. Then

FI"ObEK(g) = Frobg’A,g S GZ,A = Gal(K(f)/K)
(I8 Section 2], [15, Chapter I]). On the other hand, recall (Section [[2]) that there is an
isomorphism of Z-algebras
() 3(Frobg a¢)o = End(A(v)) ® Zs.
Theorem 5.5. Let g be a positive integer. Let P be a nonempty finite set of primes.
Suppose that for every £ € P we are given the following data.

e A 2g-dimensional Qg-vector space V; provided with alternating nondegenerate
Zy-bilinear form

eg:Vngg—H@g.

We write Gp(Vy, e¢) C Autg, (Vi) for the corresponding group of symplectic simil-
itudes.
o An element

uy € Gp(Vp, ep) C Autg, (V2)
such that the characteristic polynomial

Py, (t) = det(t1d — uy, V;) € Quft]

has no multiple roots. Let 3(ug) be the centralizer of ug in Endg,(Vz), which is
a commutative semisimple Qg-algebra of dimension 2g.

o A Zjy-lattice Ty of rank 2g in V; such that the restriction of ey, to Ty x T, takes
values in Zy and the corresponding alternating Zg-bilinear form

Ty x Ty — Ze, z,y— e(z,y)
is perfect. Let 3(uy)o for the centralizer of uy in
Endgz, (T;) C Endg, (V),
which is an order in 3(ug) and coincides with the intersection
3(ug) N Endg, (T7).

Let A be a g-dimensional Abelian variety over a number field K that admits a polar-
ization A such that its degree deg(\) is not divisible by £ for all £ € P. Suppose that
G a = 6p(Vi(A),exe for all primes £.
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Let X2 be the set of non-Archimedean places of K such that A has good reduction at v,
the residual characteristic of v does not belong to P and the Zy-algebras End(A(v)) ® Zy
and 3(ug)o are isomorphic for all ¢ € P.

Then ¥ has positive density.

Remark 5.6. If &, 4 = &p(Vp(A), ex ) for one prime ¢ then it is true for all primes [24].
Such A are sometimes called Abelian varieties of GSp type. If A is an abelian variety
of GSp type then the set of non-Archimedean places v of K such that End”(A(v)) is a
degree 2g CM field has density 1 [30].

Proof. For each ¢ € P, let us fix a symplectic isomorphism
de + (Tu(A),exe) = (Ti, eq).
Extending ¢, by Qg-linearity, we obtain a symplectic isomorphism
(Ve(A),exe) = (Vi, er),
which we continue to denote by ¢,. Clearly,
GP(VZ(A)7 6,\,4) = gb;le(Vg), el)(bl'
Let us put
= 6 ' € 67 Gp(Va), ee)de = Gp(Va(A), exr) C Autg, (Ve(A).
Clearly, the characteristic polynomial of uj, has no multiple roots (since it coincides with
the characteristic polynomial of u,) and the centralizer 3(uj}) is isomorphic as Z,-algebra

to 3(uy)o.
Now Theorem follows from Lemma combined with (). O

§6. PROOF OF MAIN RESULTS

Proof of Theorem [L3l In light of Subsection B4l the result follows from Lemma
combined with (sxx). g

Proof of Theorem [LI0. Recall that A is a Jacobian and therefore admits a canonical
principal polarization A. This implies that the corresponding alternating Z,-bilinear
form
[SWA Tz(A) X Tg(A) — Ly
is unimodular. It is also known [24] that our assuptions on the Galois group of f(x)
imply that
Bae=6p(Vi(A), exe)

for all primes £.

For each ¢ € P the Abelian variety B() admits a polarization say, ju, of degree prime
to £. This implies that the corresponding alternating Z,-bilinear form

eppr: Ty(BY) x Ty(BY) - 7,
is unimodular. We put
Ve=Vy(BY), T,=T,(BY), er=epu..

Since both alternating forms ey ¢ and e, » are unimodular and the ranks of free Z,-mo-
dules Ty(A) and T;(B®) do coincide, there is a symplectic isomorphism of free Z,-mo-
dules

i = Ty(A) = Ty(BY),
which extends by Qy-linearity to the symplectic isomorphism of Q-vector spaces

Vi(A) = Vy(BY),
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which we continue to denote ¢. Clearly,
Gp(Va(A),exe) = &~ Gp(Ve(B'), €,.0)9.
Using Theorem 2.1 pick
u, € End((B")) C Endg, (Ve(B“) = Endg,(V;)
such that its characteristic polynomial has no multiple roots, u; lies in
Gp(Ve(BY), e4,) = Gp(Vi, e0),

and the centralizer 3(ug)o of u, in Endy, (T,(B"“))) = Endg, (T}) coincides with the set
End((B®)) ® Z. Now the result follows from Theorem O

§7. COMPLEMENTS

Theorem 7.1. Let g > 2 be an integer, n = 2g+1 or 2g+2. Let P be a nonempty finite
set of primes and suppose that for each £ € P we are given a g-dimensional semisimple
commutative Qg-algebra Cp, and an order Ry in Cy.

Let K be a number field and f(x) € K[z] a degree n irreducible polynomial whose
Galois group over K is either the full symmetric group S, or the alternating group A,,.
Let us consider the genus g hyperelliptic curve Cy : y* = f(z) and its Jacobian A, which
is a g-dimensional Abelian variety over K.

Let X be the set of all non-Archimedean places v of K such that A has good reduction at
v, the residual characteristic char(k(v)) does not belong to P and the Zy-rings End(A)RZ,
and Ry @ Ry are isomorphic for all £ € P. Then X has density > 0.

Proof. Recall that A admits a principal polarization A and for each prime ¢
exe: To(A) x Ty(A) — Ze
is the corresponding alternating perfect Z,-bilinear pairing. Let ¢ be a prime that lies
in P. We put
R=Rey C=Cy
and fix a free R = Ry-module T = Ty of rank 1 (e.g., To = Ry). Let
V=V, T=T, V=V,

be as in Example 7l In particular, T, is a free Zy,-module of rank 2g that is a lattice
in the 2¢g-dimensional Q-vector space V.
In addition, using Example [£77] we obtain an alternating perfect Z,-bilinear form

er: Ty xTy—Zy
and an element
uy € Gp(Vg, eg) C Althz (Vg)

such that the centralizer 3(u¢)o in Endg, (T,) C Endg, (V) is isomorphic to R, & Ry.
Now the result follows from Theorem [5.4] a

Theorem 7.2. Let g > 2 be an integer, n = 29 + 1 or 2g + 2. Let P be a nonempty
finite set of primes and suppose that for each ¢ € P we are given the following data.
o A degree g field extension Fy /Qe. We write Og ¢ for the ring of integers in the
L-adic field Fy .
o A 2-dimensional semisimple commutative Fy ¢-algebra Cy.
o An Og -subalgebra Ry of Cy that is a free Og g-module of rank 2.
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Let K be a number field and f(x) € K[z] a degree n irreducible polynomial whose
Galois group over K is either the full symmetric group S, or the alternating group A,,.
Consider the genus g hyperelliptic curve Cy : y*> = f(z) and its Jacobian A, which is a
g-dimensional Abelian variety over K.

Let X be the set of all non-Archimedean places v of K such that A has good reduction at
v, the residual characteristic char(k(v)) does not belong to P and the Zy-rings End(A)RZ,
and Ry are isomorphic for all { € P. Then X has density > 0.

Proof. The proof is literally the same as the proof of Theorem [l with the only modifi-
cation: we need to use Lemma [3.4] instead of Example 4.7 O

Remark 7.3. Let N be a positive integer. The assertions of Theorems [[.3] [L10, £.5]
1l (respectively, of Example and Corollary [[L6) remain true if we impose an
additional condition on the places v that the residual characteristic of v does not divide
N and A(v)[N] lies in A(v)(k(v)) (respectively, F(v)[IN] lies in E(v)(k(v))). Indeed, let
P’ be the set of prime divisors of N. Then the proofs remain the same with the only
modification: we should deal with the finite set of primes P = P UP’ (instead of P) and

apply Remark (instead of Lemma[5.2)) to Gy = Gy 4 for all £ € f’,
G2 = G&A N [Id + N - Endzz (Tg(A))] C G&A =Gy

if £| N and

Gia=Goa=Gy
if £ does not divide N. It would be interesting to compute explicitly the corresponding
densities (at least, in the case of elliptic curves) or just to study their asymptotic behavior.

Remark 7.4. In Theorems [[3] [LI0, 5.5 11 we assume that Gal(f) = S, or A,
only in order to make sure that the Jacobian is of GSp type. See [24] 25| 28] where we
discuss the cases of smaller Gal(f)’s when the Jacobian is still of GSp type and therefore

Theorems [[L3] [LT0, 55 [T11 remain true.
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