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CWIKEL TYPE ESTIMATES FOR THE BORDERED
AIRY TRANSFORM

V. A. SLOUSHCH

To the memory of Vladimir Savel’evich Buslaev

ABSTRACT. Compactness conditions as well as estimates for singular values of the
bordered Airy transform fAg in L2(R) are studied for suitable functions f(z), g(z),
z € R. Sufficient conditions for the operator fAg to be in the Schatten—von Neumann
class Gp, p € (0,2), are obtained. In particular, certain conditions ensuring that the
operator fAg is in trace class are given.

INTRODUCTION

In the space Lo(R), we consider the unitary integral Airy transformation A defined
by the formula

Au(z) = /RAi(y —x)u(y)dy, u€ La(R)N Li(R).

Here Ai(z) = L [0 cos(% + zt)dt, z € R, is the Airy function. We shall be interested
in compactness conditions and in estimates for the singular values of the operator fAg,
fy9 € Lajoc(R). In what follows, the conditions for the operator fAg to belong to the
Lorentz classes &, 4, p € (0,2), ¢ € (0,+0c] will be stated. The results can prove to be

useful in the study of the spectrum of the Stark operator H = —% + x perturbed by a
decaying potential.

The conditions of being in the class &, , for p > 2 have been studied for a wide range
of integral operators (see, e.g., a survey of these results in [I]). These questions naturally
arise in the spectral theory of differential operators (the references to relevant papers can
be found in [2]). In particular, the conditions for the operator fAg to belong to the classes
Sp.q. P > 2, were obtained in [I] (see Theorem [l below). The conditions ensuring that
integral operators belong to the classes &, ;, p < 2, have been studied to a lesser extent.
Such results with no additional requirements on the smoothness of the operators’ kernel
were obtained in the papers [3,[4], and [2] for the operator f(iV)g(x) and in the paper [5]
for the operator f(H)g(z), where H is the Dirac operator. In [6] the conditions of being
in the classes &, 4, p < 2, were obtained for the operator f(#)g(z), provided that the
self-adjoint and lower bounded operator H generates a semigroup satisfying the Nash—
Aronson estimate (the upper Gaussian estimate). The results of [6] cannot be directly
applied to the operator fAg = Af(H)g because the Stark operator H is not bounded
from below. Nevertheless, after a certain modernization, the method developed in [6]
applies to the operator fAg. The present paper is devoted to the results obtained in this
way.
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The paper comprises Introduction and three sections. In §1 the relevant statements
pertaining to function spaces and classes of compact operators are collected. The condi-
tions for the operator fAg to belong to the classes &, 4, p > 2, as obtained in [I], are
also given. In §2, the main result of the paper (Theorem [2T]) is formulated. The proof
of the main result is given in §3. A brief outline of the results of the present paper was
published in [7].

In what follows, for a linear operator T" acting in a pair of Hilbert spaces the symbol
T* denotes the adjoint operator. For a measurable function f(z), x € R, the symbol
[f(z)] (or sometimes simply f for brevity) denotes the operator of multiplication by the
function f(z). The characteristic function of a set {2 is denoted by 1g. Moreover, the
following notation is used throughout:

>0
Ty o= T T2 (z) == (1+2HY% intz:=max{meN:m<z}, zeR
0, <0

The author expresses his gratitude to Professor T. A. Suslina for useful discussions and
help in the preparation of the manuscript.

§1. PRELIMINARY RESULTS

1.1. Function spaces and classes of compact operators. Let (£, dv) be a separable
measurable space with a o-finite measure. Alongside the standard classes L,(Z, dv), we
define the Lorentz classes L, 4(Z,dv), p € (0,+00), ¢ € (0, +0] (see, e.g., [3,2]). Namely,
for a v-measurable f: Z — C put Of(s) :={z € Z : |f(2)| > s} and v¢(s) := v(Of(s)),
s> 0. The class Ly, 4 is singled out by the requirement that the functional

(q f0+°° sqflufc/p(s) ds)l/q, 0<q<+o0;

1
sup,s 55/ (s), q = +oo.

(L.1) 1£lz,, = {

be finite. The space L,  is complete with respect to the quasinorm || - ||z, .; Lpq is
separable for ¢ € (0,+00); the space L, « is generally nonseparable and contains the
separable subspace

Lg,oo = {f €Lyt vi(s)=0(sP), s> +0, s = —|—oo}.

The following relations are noteworthy: Ly, = Ly, [|fllz,, = | fllz,-

For an arbitrary compact operator T acting from a Hilbert space $; to a Hilbert
space $)2, we denote by s,(T), n € N, the singular values of the operator T' (i.e., the
consecutive eigenvalues of the operator (T*T)'/2); let n(s, T) := #{n € N : s,(T) > s}
stand for the distribution function of the singular values. The following inequality will
be used below (see [9 §11.1, Subsection 3]:

(1.2) n(s+tS+T)<n(sS)+n(tT), s,t>0, S,TeE Sx.

The class &, 4(91,92), p € (0,40), ¢ € (0,+00] (see, e.g., [3]), is singled out by the
condition that the functional

(1.3) Tl o L@ 500205, 1) ds) 1,0 < g < oo
. S . —
o Sup,.o snt/?(s,T), q = +o0.
is bounded. The space &, , is complete with respect to the quasinorm | - [|g, ,; &, 4 for

q € (0,+00) is separable. The space &,  is nonseparable and contains the separable
subspace

6o i={T €6poo : n(s,T) =0(s7?), s = +0},
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in which the set of finite-rank operators is dense. The class &, , coincides with the
standard Schatten-von Neumann class &,. The functional ||T||s, , coincides with the
standard (quasi)norm in &,:

ITle, = (Z Sg(T)>1/p.

neN

1.2. The conditions for the operator fAg to belong to the classes &, ., p >
2. On the plane R? we define the measure dv(z,y) := Ai*(y — z)dzdy, (x,y) € R2
With each pair of functions f,g € L2 1oc(R), we associate the function of two variables
(f®g)(x,y) := f(x)g(y). Theorem 3.2 in [I] implies the following statement.

Theorem 1.1. Suppose that the condition f ® g € L, ,(R?,dv) is satisfied for some
p>2,q€ (0,+00] (orp=gq=2). Then fAg € &, , and we have

IfAglls,, < Clo.DIf ©9lL, .,
If, moreover, ¢ = +00 and Vigy(s) = o(s™P), s = +0, then fAg € 62700.
It is not hard to deduce the following corollary to Theorem [I.11
Corollary 1.2. Suppose that, for some p > 2, the conditions

(1.4) 1f(x) < C1(1+2%)7*2, z€R,

(1.5) (W)l < Co(1+9*) P2, yeR,

(1.6) a>1/2p, B>1/2p, (a+p5)>3/2p
are satisfied. Then fAg € &, and we have

(L.7) 1fAglls, < Cla, B,p)C1Cs.

62. THE MAIN RESULT

Let M denote the following set of rectangles forming a partition of the plane R:
[m,m+1) x [m,m+1), m € Z;

[

[

m+2Lm+ 2N X [-m — 1,—m), m,l € Z;
[m,m+1) x [-m —2* —m -2 m 1€ Zy;
[-m—1,-m) x [-m —2*Y —m —2Y) m,l € Z;
[-m =2 —m — 20 x [-m — 1, —m), m,l € Z;
[-m =2 —m — 20 x [m,m + 1), m,l € Z;
[—=m —1,—m) x [m + 2\, m +241) m,l € Z,;
[m,m+1) x [m+2l,m+241) mleZ,.

We define the following two functions on the set 9

(2)71/2, z <0,

(2)7, 220,
V() = {(z)l/z, 2z <0,

We introduce a measure on the set 9 by the formula dv, (K) = ¢,.(K)do(K), where
do(K) is the counting measure on M. With each pair of functions f,g € Lz joc(R) we
associate the sequence

U, 9) = {06 (£,9)} e Px(f,9) = 1f @ gllL,x) - p(K), K eN

—7/16 ,—(2/3)2%/? >
@(K):—{<Z> ¢ » 220, z=c—b, K=1a,b) X [c,d) € M;

z=c—b, K=|a,b)x[c,d) €M, >0.
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The main result of the present paper is the following claim.

Theorem 2.1. Assume that the condition ¥(f,g) € Ly (N, dv,.) is satisfied for some
p€(0,2), g € (0,+00], > > 2 -int (%) + 2. Then fAg € 6,4 and we have
IfAglle,., < Clp.q, ) 9(f, 9)lL,.,-
11 9(f,9) € Lo (N, duv.), then fAg e &
The proof of Theorem 2.1 will be given in §3. Theorem [2.]] implies the following.

Corollary 2.2. Let conditions (L) —(L8) be satisfied for some p € (0,2). Then fAg €
S, and estimate ([L7) is true.

§3. PrROOF OF THEOREM .11

3.1. Since the rectangles in the set 9t form a partition of the plane R?, the kernel of the
operator fAg admits the representation

f@) Ay —2)g(y) = Y Tr(x,y),

Kem
Ti(x,y) = Ligp) (@) f(2) Aily — 2)g(Y) e, (y), (z,y) € R?,
K =[a,b) X [c,d) € M.

(3.1)

Under the condition f,g € L 10c(R), the kernel Tk (z,y) determines a Hilbert—Schmidt
operator Tg, K € M.

Proposition 3.1. For arbitrary p = %, n €N, we have Tg € &, K € N, and

(32 ITxlls, < Clp, 20k (fighl/P(K), 2>2.2 = K e
Proposition Bl is proved in Subsection 3.4. For p = 2, estimate [32]) takes the form

(33) ITxlls, < CONIK(F. UL (K), >3, Ken

From the definition of the measure dv,, it follows that L, ,(M,dv..) C Lo(M,dv..), p €
(0,2), ¢ € (0,400], and, hence, under the conditions of Theorem 1] we have 9(f,g) €
Ly(M, dv,.), > 2 -int (%) + 2. Therefore, by B1) and B3), the series Y e [Tk [|&,
converges, the series ZKem Tx = fAg converges in G5, and

IFAglls, = > ITxlE,-

KeMn

The results of [§] (see also [9] §11.5, Subsection 4]) show that the following statement
is valid.

Proposition 3.2. If 1,1, € G, p € (0,1], then
1Ty + Talls, < IThlls, + 172,
Proposition immediately yields the next corollary.

Corollary 3.3. Supose {T},}nem C &p, p € (0,1], and the series ), ||Tn||p6p converges.
Then the series Y, T, converges in &,, and || >, Tn||](”5p <>. ||Tn\|p6p.
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3.2. Proof of Theorem [2.9]l Suppose that ¥(f,g) € L, ,(N, dv,,) for some p € (0,2),
q € (0,+00], 2 > % -int (%) + %. Picking the largest pg = % < p, n € N, we observe that

p% =n =int (%) +1, 2> 2. lo — %. We split the operator fAg (see (B])) into the sum

(3.4) TO(s)= Y Tk, TP(s)= Y Tk, s>0.

PV (f.9)>s Ik (f,9)<s

Proposition Bl and Corollary now yield the relation T((s) € Bp,, s > 0, and the
estimate

ITOW)E, < Clro. 0 (frg.8)lF, . s> 0,

ﬁK(fug) if 19K(fvg)>87
0 if 9x(f,9)<s.

(3.5)
9 (f.9.5) =
In a similar way, (33) yields the relation T(®)(s) € Gy, s > 0, and the estimate

IT® (5)]13, < COAD(,95)I3, 5> 0,

(2) )0 if Jx(f,g)> s,

(3.6)

By (1) we have
“+o0
[0, 9.9)I2, < ol + [ (uedalo) dom.

02(f..5)1%, < [ adsfo)da®, s>
Combined with B.4)-B.8) and ([L2), this leads to the inequalities
n(s, Ag) < n(s/2,T®(s)) + n(s/2,TO(s))
an ST, + 2 TOW)E,
< 052 [ 00(0)d0? + Clpn, )5 [m)ﬂ(s)sm +f (o) dam] .

The assertions of Theorem 2.1 for ¢ = +oc0 follow easily from ([B.7). For any ¢ € (0, +00),
relations (I3]) and (B.7) yield the estimate

oo s a/p +00
‘|ng||ép < 51/ ds? {8_2 / daz(l/,{)ﬁ(a)] + 52/ dsq(y,{)ﬁ/”(s)
2q 0 0 0

+o0 +o0 a/p
+ Ss / ds* {s—po : / dop"(u,{)qg(o)} .
0 s

Here S; = S;(5,p,q,p0), i@ = 1,2,3. By applying [6l Lemma 4.2] to the first integral
in B.8) and [0, Lemma 4.1] to the third integral, we get the required assertions of
Theorem 2.1 O

(3.8)

3.3. To complete the proof of Theorem 2.1] it remains to check the validity of Proposi-
tion Bl First, we obtain a number of preliminary estimates for the singular values of
the operators Tx, K € N.
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Proposition 3.4. For arbitraryp =2/(n+1), n € N, K = [a,b) X [¢,d) € M, and t > 0,
we have T € &, and

. [Ticlle, < Cp 2. 5,8){d =) ;3[3}2}<x — ) Y f @ gll 1ok
o [Ticle, = Cle, 0 5,00 = ) Ty = a) "4 f @ gl (),
7L3t3 n
C(p,, B,t) = Clp, a, B)e™ =I5 ()P (Vi) i1,
nin+2)

a>an):=1/4+n/2, B> B(n):= , t>0.

4

To verify Proposition 3.4l note that operator Ty admits the decomposition Ty =
My - - - M, where the operators M; are defined by as follows:

Mo = L4 )[f (p)e™|A[{z — c) =],
M; = [(x — )% e~ U=V A e P|A[(x — ¢) "%+, j=1,...,n—1,
My, = [(z = ¢)*me” VA e Al (y)] Lie,0),
Oél>3/4, aj+1>ozj—|—1/2, t> 0.
The operators M;, j =0,...,n satisfy the following estimates.

Lemma 3.5. For any an > 3/4, ajp1 > a; +1/2, j=1,...,n—1, and t > 0, the
operators M;, j = 0,...,n belong to the Hilbert-Schmidt class, and, moreover,

(3118) | Mple, < Clan)e™ mass (& — )~ fl Lo’

(3.11b) || M;le, < Claj, a1, )({E2)% (VE)ost—3eB° 34083 51 1
2 3
(3110) [ Malles < Clansn)d - o () (VBT ket @ =m0 g
The proof of Lemma is given in Subsection 3.6. Estimate ([3.3) follows from the

decomposition T = My - - - M,,, estimates ([B.I1]), and the inequality (see, e.g., [9, §11.5,
Subsection 4])

ITS]ls, < Cp: @)l Tlle, |Slle,: T €Sp SeGy,

1

3.12
(3.12) rt=pt+q¢ ', pqe(0,+0).

Similarly, the operator T i admits the decomposition T = N, - N,_1 - - Ng, where
No := [(z — a)~*]A[g(p)e™""P|1 0y,
Nj = [(x — a) "% eTIA[P)A* [(x — a)¥ eV VI j =1, n—1,
Ny = 1q,p) FA[IA (2 — @) et~ D17),
a; >3/4, ojp1 >a;+1/2, t>0.

Lemma 3.6. For any a1 > 3/4, aj41 > o5 + 1/2, 5 =1,...,n—1, and t > 0, the
operators Nj, j =0,...,n, belong to the Hilbert-Schmidt class, and

(3.13a) || Nole,leC(ar)e ™ max (y — a)/*|lgl L, (c.a);
y€le,d]

(3.13b) | Njlles < Cla, i, j) (2 (V)2 it~ 1B 34003 5 —q 1
_1 - [n27 n 3
(3.13¢)  [[Nulle, < Clam, n) (b — ) () (Vi)mi—tem e =3 DB £l L ay.

Lemmal[36lis proved in Subsection 3.6. Estimate (3I0) follows from the decomposition
Tx = Ny - Np—1 -+ Ny, estimates (B13)), and inequality (312]). O
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3.4. Proof of Proposition B.Il First, we verify Proposition Bl for p = 2. From the
estimate

| Ai(z)] < Cl2) Ve 357 2R,

for the Airy function (see, e.g., [10]) and the elementary inequality (a-+b)? < Cy(a)?(b)!!,
a,beR, 0 R it follows that

A2(y —2) < Oly — V2 — o)~ s—)Y7
A(y — 2) < Clo — a)V2(y — a) V2 3—)Y7,
This yields the inequality
(319 |Trlles < Taa(K)If @ gllnaoe 5, K =la,b) x [e,d) €.

Here and in what follows we use the notation
[o(K) :=min{(b—a)® max (y — a)" /%, (d — ¢)* max (z —c)"/*}.
(1) o= min {(b = o) max (y—a)™/", (d = )" ma (2= )71/}
It remains to observe that for all K = [a,b) X [¢,d) € 9T and « > 0 we have
(3.15) [ (K) < C(a){b—c)~ /4,

Inequalities (314)) and (B15) imply (B3).
Now we verify Proposition Bl for p = 2/(n + 1), n € N. From 33), BI0) it follows
that
n3¢3 _n
ITklls, < Clp, e B)La(K)e™ =I5 ) (VO " f © gl
1 n n(n+2)
o> Z + 5, 6 > T,
Choosing the parameter

(3.16)
t>0, K=la,b)Xlc,d eNn.

ntb—c)t, b—c>1,
t=<n"'e—b, b—c< -1,
n1, —1<b—c<1,

in (BI6) and using B13]), we arrive at (B.2]). O

3.5. In order to prove Lemmas and [3.6] we shall need explicit expressions for the
kernels of the integral operators A*[e”*P]A, A[e*P]A*, Rez > 0. By the Avron—Herbst
formula (see [11])

. 3 . .
A* [Gth]A = i3 [eitm]®*[ezt2p+1p2t]¢’ te R,

the integral operator A*[e!P]A, t € R, has the kernel

1 43 (z—1)2 | . ad
(3.17) Ko(t,z,y) = o it 'H;’;Lt, x,y,t € R.

v —4mit
Extending the form (A*[e”*P]Au,v), u,v € C§°(R), analytically from the imaginary line
to the right half-plane and using ([3.17), we prove that the operator A*[e”*P]A, Rez > 0,
is an integral operator with the kernel

]. z3 I*y2 Yy
(3.18) Ki(z,z,y) := I efr *;‘512, z,y €R, Rez>0.
TZ

On the other hand, the kernel of the operator A*[e~*P]A, Rez > 0, can be expressed as
follows:

(3.19) Ki(z,z,y) = / Ai(z — p)e P Ai(y —p)dp, z,y €R, Rez> 0.
R
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Finally, the kernel of the operator A[e*?]A*, Rez > 0, can be written as

(3.20) Ky(z,x,y) := / Ai(p —z)e? Ai(p —y)dp, =,y €R, Rez>0.
R

Comparing (3.18)-(B.20), we see that

1 2 _(@=—w? | ety
(3.21) Ky(z,z,y) = e~ =tz F g ycR, Rez>0.
Varz

3.6. Proof of Lemmas and

Remark 3.7. For all a,m >0 and ¢t > 0, we have

(3.22) /R (2)2% 5~ 4 < C(a) (m) 2 (2)2% (VD)2

+3

224172,

z+t2m

Proof. Estimate ([322]) will follow if we pass to the new variable n = and use the
inequalities (V)2 < (V£)2%(n)2, (2m)2® < (£2)2%(m)2°. O
Proof of Lemma B3l 1) Estimate (BI1al) is checked by an explicit calculation, with the
help of the inequalities

Aty —a2) < Cly—a2) " ? < Cla— o) Py — o)/

2) From (B.18) it follows that each M;, j =1,...,n — 1, is an integral operator with
the kernel
et /12
vAart
Estimate (811D follows from 3.22)), (323)), and the inequality

(=) <Cly — )™ (z —y)™.
3) The proof of estimate (B.IId) is similar to that of estimate (3.11D). O
Lemma is proved much as In this proof, identity (B2I]) is employed instead

of BI1).

_e=wn?  @i-lE-w),
t 2

(3.23) Mj[z,y] == (y—c) %tz —c)¥e 3 , z,yeR, t>0.
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