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MOBIUS STRUCTURES AND TIMED CAUSAL

SPACES ON THE CIRCLE

S. BUYALO

ABSTRACT. A conjectural duality is discussed between hyperbolic spaces on one hand
and spacetimes on the other, living on the opposite sides of the common absolute.
This duality goes via Mdbius structures on the absolute, and it is easily recognized in
the classical case of symmetric rank one spaces. In the general case, no trace of such
duality is known. As a first step in this direction, it is shown how numerous Mobius
structures on the circle, including those that stem from hyperbolic spaces, give rise
to 2-dimensional spacetimes, which are axiomatic versions of de Sitter 2-space, and
vice versa. The paper has two Appendices, one of which is written by V. Schroeder.

CONTENTS

Introduction

On the other side of the absolute

Recovering the hyperbolic plane H?

Recovering the de Sitter space dS?
Automorphisms of M,

Timed causal spaces on the circle

The canonical causality structure

Timelike lines and a causal space

Timed causal space

Mobius structures and hyperbolic spaces
Semimetrics and topology

Boundary continuous hyperbolic spaces
Monotone Mobius structures on the circle
Axioms for monotone M&bius structures on the circle
Examples of monotone Md&bius structures on the circle
Harmonic pairs

Timelike lines

Time between events

Timed causal spaces and Mobius structures
Mobius and sub-Mobius structures

Timed causal space and a sub-Mobius structure
The sub-Mobius structure M is a Mobius one
Time inequalities

The time inequality for dS? via H?

Hierarchy of time conditions

The weak time inequality

The implication (LQI)==(TT)

2010 Mathematics Subject Classification. Primary 51B10, 53C50.

Key words and phrases. Mobius structures, cross-ratio, harmonic 4-tuple, hyperbolic spaces, space-
times, de Sitter space.

Supported by RFBR (grant no. 17-01-00128a).

EEEEEEEREEEREEEREEEEREEREEE]

©2018 American Mathematical Society

715


https://www.ams.org/spmj/
https://doi.org/10.1090/spmj/1513

716 S. BUYALO

7.5.  Monotone Mobius structures with (VP)
7.6.  The fine topology and axiom (I)

7.7. Convex Mobius structures

§8. Appendix 1

§9. Appendix 2

Acknowledgments

References

EEEERERE

§1. INTRODUCTION

It is classical that the quadratic form
gv) = 2% +y* = 2°

on R? v = (z,y,2) € R3, has the following property: on any connected component of
the set g(v) = —1 it induces a Riemannian metric of the hyperbolic plane H?, while on
the set g(v) = 1 it induces a Lorentz metric of the de Sitter 2-space dS®. The (set of
lines in the) cone g(v) = 0 serves as the common absolute S* of both H? and dS*. A
similar picture occurs in any dimension and even for all rank one symmetric spaces of
noncompact type.

In other words, we observe a life on the other side of the absolute S* of H? that is
the de Sitter space dS%. For mathematical aspects of the duality between hyperbolic
spaces H"™ and de Sitter spacetimes dS™ "', see, e.g., [Ge,Yul. The interplay between
the geometry of hyperbolic surfaces and the Lorentz (2+1)-spaces was exploited in the
famous paper [Mes], see also [A-S]. Duality for quadratic forms of arbitrary signature
was discussed in [Ro]. For physical aspects of de Sitter spaces see, e.g., [SSV] and the
references therein.

In §21 we describe this duality in intrinsic terms. The basic feature is the canonical
Mébius structure My on the absolute S, which governs the two sides H? and dS? of
it. In particular, the isometry groups of H and dS? coincide with the group of Mdbius
automorphisms of My. We show how to recover the hyperbolic plane H? and the de
Sitter 2-space dS? purely out of M.

Moreover, we explain a mechanism of the passage from H? to dS? and back. In brief,
H? is the homogeneous space of the My-automorphism group PSLs (R) over a compact
elliptic subgroup isomorphic to S, while dS? is the homogeneous space of PSLs (R) over
a (closed) hyperbolic subgroup isomorphic to R.

This rises a bold question: Is there any life (a spacetime) on the other side of the
absolute, i.e., the boundary at infinity, of any Gromov hyperbolic space with the same
symmetry group? The main result of the paper is the answer “yes” for a large class of
hyperbolic spaces with the absolute S*, see Theorem [l

A Mobius structure on a set X is a class of semimetrics having one and the same cross-
ratio on any given ordered 4-tuple of distinct points in X, see §4 Every hyperbolic space
Y induces on its boundary at infinity X = 0. Y a Md&bius structure which encodes most
essential properties of Y and in a number of cases allows us to recover Y completely, e.g.,
in the case where Y is a rank one symmetric space of noncompact type, see [BS2,BS3].
In Subsection [£:2] we explain this for the class of boundary continuous hyperbolic spaces.
In Appendix 1 (§8)), we show that every proper Gromov hyperbolic CAT(0) space is
boundary continuous.

We axiomatically describe a class M of monotone Mobius structures on the circle S*,
see 5l The class M includes every Mobius structure M induced on S! by a hyperbolic
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CAT(0) surface Y without singular points, see Theorem [5.3l In particular, the isometry
group of Y is included in the group of Mdbius automorphisms of M. Furthermore, the
canonical Mobius structure My is the most symmetric representative from M.

On the other hand, the set aY of unordered pairs of distinct points on the circle
X = 8! has a natural causal structure, which is independent of anything else, see §2
The points of aY are called events. There is a large class T of 2-dimensional spacetimes
compatible with that causal structure, and we characterize it axiomatically in §8l Any
spacetime T € T is a triple T = (aY,H,t), where H is a class of timelike curves in aY
called timelike lines, which are actually timelike geodesics, and t is the time between
events in the causal relation. The spacetime T € T is called the timed causal space. We
prove the following.

Theorem 1.1. There are natural mutually inverse maps T M—=T and M: T - M
such that the groups of automorphisms of any M € M and of the respective T =T (M) € T
are canonically isomorphic.

From constructions of §2 it follows that the canonical M&bius structure My on S*
determines the de Sitter space dS?, that is, ZA“(MO) = dS? and J\/j(dsz) = Mjy. In other
words, Theorem [[1] says that a monotone Mobius structure on S! on one hand, and the
respective timed causal space with the absolute S' on the other, are different sides of
one and the same phenomenon also in the general case.

The fundamental feature of spacetimes is the time inequality. In 7l we discuss a hier-
archy of time conditions, in particular, we introduce the weak time inequality, and show
that every timed causal space T' € T satisfies the weak time inequality, see Theorem [[3l

In Subsection [[H we introduce the Increment Axiom (I), which implies the time
inequality, and show that the subset Z C M of Mébius structures satisfying (I) contains
the canonical structure My, My € Z (Proposition [[.I0), with a neighborhood of M, in
the fine topology (Proposition [T.14]).

In Subsection [[77], we introduce the Convexity Axiom (C) for monotone Mébius struc-
tures M € M, which implies the convexity of a functional Fy; playing an important role
in the hierarchy of time conditions, and show that the subset C C M of convex Mobius
structures contains My (Proposition [[T5]).

The spacetimes of class T are related to the de Sitter 2-space dS?, at least in a
sense, as the hyperbolic CAT(0) surfaces without singular points with the absolute S*
are related to the hyperbolic plane H2. Should one extend the results of this paper to
more general hyperbolic spaces even with 1-dimensional boundary at infinity, this could
potentially produce new interesting classes of spacetimes, e.g., those having a branching
time (timelike lines).

§2. ON THE OTHER SIDE OF THE ABSOLUTE

This section serves as a motivation, it contains no new results, and its constructions
are widely known. Here, we show how the two sides H and dS? of the common absolute
S! can be recovered by the canonical Mébius structure My on S*. It is common to define
H? and dS? in the quotient of R? out of the antipodal map # — —z. This does not
affect H2, while dS? becomes a nontrivial line bundle over S, that is, the open Mobius
band.

2.1. Recovering the hyperbolic plane H?. The canonical Mobius structure M, on
the circle S! is determined by the condition that any its representative with infinitely
remote point is a standard metric (up to a positive factor) on R=RU {00} extended in
the sense that the distance between any x € R and oo is infinite.
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To recover H? from My, we consider the space Y of all Mébius involutions s: S* — S*
with respect to My without fixed points. The space Y serves as the underlying space
for H?, and what remains to do is to introduce a respective metric on Y.

A line in Y is determined by a pair x, ' € S* of distinct points and consists of all
involutions s € Y that permute z, 2/, sz = 2/. Given two distinct points s, s’ € Y, the
compositions s’s, ss’: S' — S' have one and the same fixed point set consisting of two
distinct points x, 2’ € S'. Thus, there is a uniquely determined line in Y through s, s'.

We say that an ordered 4-tuple ¢ = (z,2’,y,2) € (S1)* of pairwise distinct points is
harmonic if
(1) |yl - 22| = [zz] - 2"y
for some and hence any metric on S* of class My. For the canonical Mobius structure
My, the harmonicity of (z,2’,y, z) is equivalent to the fact that the geodesic lines zz’,
yz C H? are mutually orthogonal.

A sphere S between z, 2’ € S! is a pair (y,2) C S* such that the 4-tuple (z,2’,y, 2)
is harmonic. We take spheres S, S’ C S! between z, 2’ such that S is invariant under s,
s(S) = S, and S’ is invariant under s, s'(S") = S’. The spheres S, S’ with these
properties exist and are determined uniquely. Now, we take y € S, ¢ € S’ and put

(2) |ss'| = |In(z,y,y/,2"),
_ =y’ llye]|
BREIREL
ratio is well defined and independent of the choice of y € S, 3/ € S’. It is easy to show
that |ss’| is the distance in the geometry of H?, see Subsection 23l

where (z,y,y’, ") is the cross-ratio of the 4-tuple (x,y,y’,2’). This cross-

Remark 2.1. This construction is easily extended to any rank one symmetric space of
noncompact type, see [BS2].

2.2. Recovering the de Sitter space dS?. Let aY be the space of unordered pairs
(x,y) ~ (y,x) of distinct points on S! with the topology induced from S!, that is,
aY = St x S'\ A/~, where A = {(z,x): x € S'} is the diagonal. Then aY is a
nontrivial R-bundle over RP! ~ S, i.e., aY is the open Mobius band. In this case, S! is
the boundary of aY at infinity, O aY = S'. The points of aY are called events.

We say that two events e, ¢/ € aY are in the causal relation if and only if e, € do
not separate each other as pairs of points in S'. This defines the canonical causality
structure on aY.

A light line in aY is determined by any z € S* and consists of all events a = (z,2) €
aY, 2’ € S\ z. For this light line p,, x is a unique point at infinity. Two distinct light
lines p,, p, have a unique common event (z,y) € aY, and any two events on a light line
are in the causal relation.

The canonical causality structure as well as light lines are inherent in aY, and they
do not depend on anything else.

Remark 2.2. In the higher-dimensional case, a causality structure can be defined simi-
larly, but then it depends on the Md&bius structure because events are codimension one
spheres in S™.

A timelike line in aY is determined by any event e € aY and consists of all a € aY
such that the 4-tuple (e, a) is harmonic. For the timelike line h, C aY determined by
e = (x,2'), the points z, 2’ € S are the ends of h. at infinity. From the definitions, it
follows that a € h. if and only if e € h,,.

Any two events on a timelike line are in the causal relation. Conversely, for any two
events a, a’ € aY that are in the causal relation and not on a light line there is a unique
timelike line (the common perpendicular) h. with a, a’ € h.. (This amounts to the



MOBIUS STRUCTURES AND TIMED CAUSAL SPACES ON THE CIRCLE 719

existence and uniqueness of a common perpendicular to divergent geodesics in H2. For
a (de Sitter) proof, see Corollary and Lemma BT0l) Let a = (y,2), o/ = (v, 7),
e = (x,2') in this case. Then the time t = t(a,a’) between the events a, o’ is defined by
formula (2]):
t=|In(z,y,y',2")|

(note that a, o’ are spheres between z, z').

It follows that two timelike lines he, h: intersect each other if and only if the events
e, €/ € aY are in the causal relation and not on a light line. In this case, the intersection
he N her is a unique event.

An elliptic line in aY is determined by any Mobius involution without fixed points
s € Y and consists of all events a € aY such that sa = a. No two distinct events on an
elliptic line are in the causal relation.

Remark 2.3. The last definition makes sense only for the canonical Mobius structure M
because in the general case a Mobius structure may fail to admit any Mébius involution
without fixed points.

2.3. Automorphisms of M,. To introduce a metric structure on aY, we consider the
Lie algebra g of the Lie group G = SLy(R). Given «, 8 € g, we have the Killing form
1
(3) (0, 5) = 5 Tr(a)
as a scalar product. Note that the matrices 01,029,035 € g,

1o o 1] o 1
EE (VIS e V] G S O]
are mutually orthogonal and ||o1]|? = (o1,01) = 1 = ||o2||?, ||o3]|* = —1.
The group G acts on R =R U {oc} by the linear-fractional transformations
b _
& i with  [¢ b € G,
cr+d lc d

which are Mobius with respect to the canonical M6bius structure M. The action is not
effective with the kernel Zo = {+id}, G/Zs = PSLy(R). The group PSLy(R) with the
left invariant Lorentz metric () is the anti de Sitter 3-space AdS®.
We denote by K; = {exp(to;) : t € R}, i =1,2,3, a 1-parametric subgroup in G, and
by K; its image in PSLy(R). Note that K; = K; for i = 1,2 and that K3 = K3/Zs.
The space Y of Mobius involutions s: S — S! without fixed points can be identified
with the homogeneous space G /K3 = PSLy(R)/K3, because the group

cost sint
K3 = {gg(t) = exp(tos) = {_ <int cost] (te R}

stabilizes s = g3(5) = [ % §], which acts on R as the Mobius involution s(z) = -1
without fixed points. The space G/Kj3 carries a left-invariant Riemannian metric hg
originated from the subspace L3 C g spanned by o1, 02, and (G/Ks, hs) is isometric
to H?. To see that, we compute the respective Riemannian distance between two in-
volutions s1, s € Y. By conjugation we may assume that s; = s, so = s, where

s' = gi(t) - s- gy (t) for some t € R,

g1(t) = exp(tor) = ﬁ; eE)t.]

Then s = [_eo,zt e;t] and §'(r) = —%. The curve ¢ — ¢1(t) is a unit speed ge-

odesic in G. While projected to PSLy(R), the speed is doubled because of linear-
fractional action of PSLa(R), so we have |ss’| = 2¢t. In the upper half-plane model
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of H? the involution s fixes i = (0,1) with Euclidean distance |0i|. = 1 and s’ fixes
ie?* = (0, e?) with Euclidean distance |0ie?|, = %, whence |ss’| = 2t equals the H>-dis-
. 2t
tance |(0,1)(0, ¢?)] = In [5ecle = o1,
The action of PSLy(R) on R ~ S! induces the standard action of PSL2(R) on aY.
Note that a = {—1,1} € aY is a fixed point for Ky because

exp(tory) = cosht sinht
PU92) = lginht  cosht| "

and
cosht(—1) + sinht cosht + sinht
sinh ¢(—1) + cosht’ sinh ¢ + cosh ¢

exp(tos)a = { } = {-11}=a

It follows that aY can be identified with the homogeneous space PSLa(R)/K>2, or sim-
ilarly with PSLo(R)/K;. The space aY = PSLa(R)/K> carries a left-invariant Lorentz
metric hy originated from the subspace Ly C g spanned by o1, o3, and dS? = (aY, ha).

In the rest of the paper, we explain how a Mé&bius structure M from a large class of
structures on the circle gives rise to a spacetime, and vice versa, without any assumption
on symmetries of M.

§3. TIMED CAUSAL SPACES ON THE CIRCLE

In this section we list axioms for timed causal spaces on the circle.

3.1. The canonical causality structure. Recall that on the space aY of unordered
pairs of distinct point in X = S', which is homeomorphic to the open Mdbius band, we
have the canonical causal structure. That is, events e, ¢/ € aY are in the causal relation
if and only if they do not separate each other as pairs of points in X. Otherwise, we also
say that events e, ¢/ € aY separate each other. Whenever e, ¢/ € aY are in the causal
relation and not on a light line, we say that the events e, ¢/ are in the strong causal
relation.

The canonical causal structure and light lines are inherent to aY, see Subsection

For a fixed event e € aY, the set C, of all ¢ € aY in the causal relation with e is
called the causal cone. The pair e C X decomposes X into two closed arcs, which we
denote by et, e~, with e Ne™ = e. Every a € aY with a C e* is in the causal relation
with e. We let

C;t:{aEaY:aCei}.

Therefore, a choice of e*, e~ induces the decomposition C, = C U C of the causal
cone C. into the future cone C.f and the past cone C;” with Cf N C; = e, and moreover
introduces a partial order on aY in the following way. Every a € C’ét decomposes X
into two closed arcs, and if a # e, we canonically define a* as one of them that does

e
not contain e, otherwise aX = e*. Now, by definition, a <. @’ if and only if one of the
following holds true:

e ac(C,

~,d € Cf;
e ¢ Califa,d € Cf and a C ()] if a,d € C;.
As usual, we say that a <. a’ if a <. d’ and a # d'.
Note that there is no global partial order on aY compatible with the canonical causal
structure, and the order defined above only appears if an event e € aY, the future arc

e', and the past arc e~ are chosen.
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3.2. Timelike lines and a causal space. The notion of a timelike line is not inherent
to aY, and we define this notion axiomatically.

Axioms for timelike lines

(hl) every event e € aY uniquely determines a timelike line h, C aY, and every

timelike line in aY is of the form h, for some e € aY;

(h2) any event a € h, separates e;

(h3) any two events on a timelike line are in the causal relation;

(h4) for any point z € X \ e there is a unique event . = (z,y) € he;

(h5) if an event a € aY is on a timelike line h,, then e € hg;

(h6) for any two distinct events a, a’ € aY there is at most one timelike line h, with

a, a’ € he.

The space aY with a fixed collection H of subsets satisfying the axioms of timelike
lines is called a causal space. We use the notation (aY,H) for a causal space. In view of
Axiom (h1), we say that an event e € aY and the timelike line h, C aY are dual to each
other.

From (h4) it follows that for every event e = (z,u) € aY we have a well-defined map
Pe: X — X given by pe(z) = z, pe(u) = u, and (z, po(x)) = x,. for every x € X \ e. The
map pe. is called reflection with respect to e.

Lemma 3.1. For every e = (z,u) € aY, the map p.: X — X is an involutive homeo-
morphism.

Proof. By definition, p2(2) = z and p?(u) = u. Let y = pe(z) for x € X \ e. Then
(z,9), (pe(y),y) € he, whence p.(y) = x by (hd). Thus p_ ' = p., and p, is a bijection.
The event e decomposes X into two closed arcs e™, e~ with X =eT Ue ", et Ne™ =e.
An orientation of X determines linear orders on et, e~. From (h2) and (h3) it follows
that p.: e™ — e~ reverses the orders. Hence, p, is continuous and, therefore, a homeo-
morphism. O

Proposition 3.2. Let (aY,H) be a causal space. Then:

(a) for any e € aY the line h, is homeomorphic (in the topology induced from aY)
to R, and the boundary of the closure h, C aY N0 aY is €, Oh, = €;

(b) for any two distinct events a, a’ € aY there is a timelike line h including a, o' if
and only if a and a’ are in the strong causal relation. In this case, h is unique
with this property;

(¢) any two distinct timelike lines he, her € H have a common event a if and only if
e, € are in the strong causal relation. In this case, a is unique;

(d) a light line p, C aY intersects a timelike line h, C aY if and only if ¢ & e. In
this case, the common event a € p, N h, is unique.

Proof. (a) Let po: X — X denote reflection with respect to e, and let e C X be one of
the two closed arcs in which e decomposes X. Then the map int et — he, 2 — (2, pe(z)),
is an order preserving bijection. Extended to e™, it gives an order preserving bijection
to he = he Ue. Thus, he is homeomorphic to int e™ ~ R, and dh, = e.

(b) Any distinct a, o’ € aY on a timelike line h are in the causal relation by (h3), and by
(h4) they are not on a light line. Hence, a, a’ are in the strong causal relation. Conversely,
assume that events a, a’ € aY are in the strong causal relation. Let p = p, o pos be the
composition of the respective reflections, and let a™ C X be the closed arc determined
by a that does not contain a’. Then p(a™) C inta™, and thus there is a fixed point
x € intat of p, p(xr) = z. Tt follows that both reflections p,, pss preserve the event
e = (x,y), where y = py/(z). Hence, e € hy N hy, and by (h5) we have a,a’ € he. By
(h6), he is unique with this property.
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(¢) By the duality (h5), this is a reformulation of (b).
(d) This immediately follows from (h2) and (h4). O

Remark 3.3. Axiom (h6) was not used in Lemma B} and it was only used in Proposi-
tionB.2to prove the uniqueness in (b) and (c). Thus, all the conclusions of Proposition [3.2]
except for the uniqueness in (b) and (¢) hold true without Axiom (h6). We shall use this
remark in Subsection 5.4

3.3. Timed causal space. The notion of a time is also defined axiomatically.

The time axioms

(t1) A time ¢(e,e’) > 0 between two events e, ¢’ € aY is determined if and only if e,

¢’ are in the causal relation;

(t2) t(e,e’) =0 if and only if e, ¢’ are events on a light line;

(t3) t(e,e’) =t(e/, e) whenever t(e,e’) is defined;

(t4) timelike lines are ¢-geodesics:

(a) if e, e/, e” € h, are events on a timelike line such that e < ¢’ < ¢, then
tle,e') +t(e/,e") = tle,e");
(b) for every e € h, and every s > 0 there are e € h, NCF with t(e,eq) = s;

(t5) for any events e = (x,y), d = (z,u) in the strong causal relation, we have

t(ze7 ue) = t(.’lfd, yd)v

(t6) for any e = (z,y) and d = (z,u) € h, the 4-tuple (d, e) is harmonic in the sense

that t(ya, ua) = t(ys, 2p), where a = (x, 2), b = (z,u).

A timed causal space is defined as T = (aY,H,t), where t is a time on the causal
space (aY,H). This is a version of Busemann (locally) timelike spaces, see [Bus], and
also an axiomatic version of the de Sitter space dS?. Since dS? is recovered from the
canonical Mébius structure My on the circle, see Subsection 22 the results of §hl (see
Proposition B.8] Lemma and Proposition [F.11) show that dS? is a timed causal
space.

We denote by T the set of all timed causal spaces (aY,H,t), where the collection H
of timelike lines satisfies Axioms (h1)—(h6), and the time ¢ satisfies Axioms (t1)—(t6).
A T-automorphism, T = (aY,H,t) € T, is a bijection g: aY — aY that preserves the
timelike lines H and the time ¢, t(g(e), g(e')) = t(e, e’) whenever t(e,e’) is defined (we do
not require that the causality structure be preserved, because this is automatic).

Remark 3.4. T am not satisfied with the terminology in, e.g., [Busl[PY], where the term
“timelike (metric) space” is used, because the corresponding object is never a metric
space and its basic feature is a causality relation. On the other hand, to talk of “timelike
causal spaces” sounds a little bit tautologically. Thus, I use the term “timed causal
space” instead.

Remark 3.5. The strange looking Axioms (t5), (t6) are automatically satisfied for the
timed causal spaces induced by monotone Mdbius structures on the circle, see §8l How-
ever, their value and importance are justified by the fact that (t5) and (t6) are indis-
pensable when we recover a Mdbius structure on the circle from a timed causal space,
see 0l especially Lemma [6.4] and Lemma [6:9. In fact, Axiom (t6) follows from the other
axioms, see Appendix 2.
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§4. MOBIUS STRUCTURES AND HYPERBOLIC SPACES

On the boundary at infinity of any boundary continuous Gromov hyperbolic space
there is an induced Mobius structure. In this section, we recall the details of this fact.

4.1. Semimetrics and topology. Let X be a set. A function d: X2 — R=RuU {0}
is called a semimetric if it is symmetric, d(z,y) = d(y, z) for each z, y € X, is positive
outside the diagonal, vanishes on the diagonal and there is at most one infinitely remote
point w € X for d, i.e., such that d(x,w) = oo for some z € X \ {w}. Moreover, if w € X
is such a point, then d(z,w) = oo for all z € X, x # w. A metric is a semimetric that
satisfies the triangle inequality.

A 4-tuple ¢ = (1, 29,73,74) € X* is said to be nondegenerate if all its entries are
pairwise distinct. We denote by reg Py = regP4(X) the set of ordered nondegenerate
4-tuples.

A Mébius structure M on X is a class of Mobius equivalent semimetrics on X, where
two semimetrics are equivalent if and only if they have the same cross-ratios on every
q € regPy. An M-automorphism is a bijection f: X — X that preserves cross-ratios.

Given w € X, there is a semimetric d, € M with infinitely remote point w. It can
be obtained from any semimetric d € M for which w is not infinitely remote by a metric
Inversion, o.0)

d(x,y

Aol y) = d(z,w)d(y,w)’
Such a semimetric is unique up to a homothety, see [FS], and we use the notation |zy|,, =
dy,(z,y) for the distance between z, y € X in that semimetric. We also use the notation
X, =X\ {w}.

Every Mobius structure M on X determines the M-topology whose subbase is given
by all open balls centered at the finite points of all semimetrics in M that have infinitely
remote points.

For the following fact see [Bull, Corollary 4.3] in a more general context of sub-M&bius
structures. Here we give the proof for the reader’s convenience.

Lemma 4.1. For every w € X, every semimetric d € M with infinitely remote point
w € X, and every x € X, the function f,: X = R, f.(y) = d(x,y), is continuous in
the M -topology.

Proof. The function f, takes values in [0, cc]. Given s,¢ € [0, 0], we denote by By(z) =
{y e X : f.(y) < s} the open d-ball of radius s centered at x, and we let Ci(z) =
{y € X : f.(y) >t} be the complement of the closed d-ball. The inverse image f,*(I)
of any open interval I C [0, 00] is either an open ball Bg(x), or a complement Cy(z), or
an intersection Bs(z) N Cy(x) for some s > t.

Let d, € M be the metric inversion of d. Then d,(y,w) = 1/d(x,y), whence Cy(z) =
{y € X : d;(y,w) < 1/t} is the open d,-ball of radius 1/¢ centered at w. It follows that
[ 1(I) is open in the M-topology. O

4.2. Boundary continuous hyperbolic spaces. Let Y be a metric space. Recall
that the Gromov product (z|y), of z, y € Y with respect to o € Y is defined by the
formula L

(ly)o = 5 (lzo] +[yol — |zyl),

where |zy| is the distance in Y between z, y. We use the following definition of a
hyperbolic space, adapted to the case of geodesic metric spaces.

Definition 4.2. A geodesic metric space Y is Gromov hyperbolic if for some 6 > 0
and any triangle zyz C Y the following is true: if ¢y € zy, 2/ € xz are points with
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|zy/| = |z2'| < (y|2)=, then |y'2'| < 4. In this case, we also say that Y is -hyperbolic,
and ¢ is a hyperbolicity constant of Y.

A Gromov hyperbolic space Y is boundary continuous if the Gromov product extends
continuously to the boundary at infinity .Y = X in the following way: given &, n € X,
for any sequences {x;} € &, {y;} € n there is a limit (¢|n), = lim;(z;|y;), for every
o €Y, see [BS1 3.4.2] for more details. Note that in this case (§|), is independent of
the choice of {z;} € &, {y;} € n. This allows one to define, for every o € Y, a function
(€,1) = do(€,m) = e~ €M which is a semimetric on X.

Lemma 4.3. Let Y be a boundary continuous hyperbolic space. Then for any o, o' €Y,
the semimetrics d,, dos on X = 0,.Y are Mébius equivalent.

Proof. Given a 4-tuple (z,y,z,u) CY, we put
cdo(z,y, 2,u) = (z[u)o + (y[2)o — (2[2)0 — (ylu)o

for a fixed 0 € Y. Then cd,(x,y,2z,u) = cd(z,y, z,u) is independent of the choice of o
because all entries containing o enter cd,(z,y, z,u) twice with the opposite signs.

Now, given a nondegenerate 4-tuple ¢ = (a, 8,6,7) € reg Py(X), for any {x;} € «,
{y:} € B, {z:} €7, and {u;} € 4, the limit

Cd(Oé, 67 Y, 5) = hm Cd(‘riu Yiy Zis u’L)
exists by the boundary continuity of Y, and this limit coincides with («|d), + (B|7)o —
(a]vo) — (B0)o. Thus the cross-ratio
do(cv,7)do(8, )
do(cv, 8)do(B,7)

is independent of o. Hence, the semimetrics d,, d,, are M&bius equivalent for any o,
oey. O

= exp(—cd(a, 5,7,0))

The Mobius structure M on the boundary at infinity X = 0, Y of a boundary contin-
uous hyperbolic space Y generated by any semimetric d,(§,n) = exp(—(&|n)o), 0 € Y, is
said to be induced (from Y'). For any w € X and o € Y, the metric inversion d,, of d, with
respect to w is a semimetric on X of class M with the infinitely remote point w. Recall
that any two semimetrics in M with a common infinitely remote point are proportional
to each other. Thus, the metric inversions with respect to w of the semimetrics d,, d,
are proportional to each other for any o, o’ € Y.

In Appendix 1, we shall show that every proper Gromov hyperbolic CAT(0) space is
boundary continuous, see Theorem Bl

85. MONOTONE MOBIUS STRUCTURES ON THE CIRCLE

5.1. Axioms for monotone Mobius structures on the circle. We say that a
Mébius structure M on X = S' is monotone if it satisfies the following axioms:

(T) topology: the M-topology on X is that of S';
(M) monotonicity: given a 4-tuple ¢ = (x,y,2,u) € X* such that the pairs (z,v),
(z,u) separate each other, we have

|zy| - |zu| > max {|acz| < yul, |zul - \yz|}
for some and hence any semimetric in M.

Remark 5.1. These axioms have arisen in a discussion with V. Schroeder while working
on [BS4].
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A choice of w € X uniquely determines the interval zy C X, for any distinct z, y € X
different from w as the arc in X with the endpoints x, y that does not contain w. As an
useful reformulation of Axiom (M), we have the following statement.

Corollary 5.2. For a nondegenerate 4-tuple ¢ = (x,y,z,u) € reg Py, assume that the
interval xz C X,, is contained in xy, xz C xy C X,. Then |xz|y < |2y|y.

Proof. By assumption, the pairs (x,y), (z,u) separate each other. Hence, by Axiom (M)
we have |zz||yu| < |zy||zu| for any semimetric in M. In particular, |zz|, < |zy|,. O

We denote by M the class of monotone Mdbius structures on S*.

5.2. Examples of monotone Mobius structures on the circle. By Theorem B.1],
every proper Gromov hyperbolic CAT(0) space Y is boundary continuous, and, thus,
OsoY possesses an induced Mobius structure.

Recall that in any CAT(0) space Y, the angle /,(z,x’) between geodesic segments
ox, or' with a common vertex o is well defined and, by definition, it is at most m,
Lo(z,x') <.

A point o0 in a CAT(0) space Y with 0,.Y homeomorphic to the circle S* is said to be
singular if there are two geodesics ££', ny’ C Y through o such that the pairs of points
(&,&) and (n,7') in OY separate each other and Z,(&,n) + Zo(&',n') > 2m.

Theorem 5.3. Let Y be a Gromov hyperbolic CAT(0) surface with 05Y = S and with-
out singular points. Then the induced Mdbius structure M on X = 0,Y is monotone.

Proof. For the induced Mobius structure, the M-topology on X coincides with the stan-
dard Gromov topology, see [BS1], 2.2.3] or [Bull Lemma 5.1]. Thus M satisfies Axiom (T)
by assumption. To check Axiom (M), consider a 4-tuple ¢ = (£,&’,m,7') € X* such that
the pairs (£,¢’) and (n,7n’) separate each other. Since Y is Gromov hyperbolic, there
are geodesics &', ' C Y with the endpoints at infinity &,&" and 7,7/, respectively.
The assumption on separation and the fact that Y is a CAT(0) surface imply that these
geodesics intersect at some point o. We have (£|€"), = 0 = (n|1’)o. Thus, [€£'| =1 = |n1/|
for the semimetric |zy| = exp(—(z|y),) on X. Recall that this semimetric is a semimetric
of M.

The angles at o between the rays oz, z = £,7n,£,n’ in this cyclic order, form two
opposite pairs. Since o is not singular in Y, at least one of the angles Z,(x, z) is less than
7 for each opposite pair. By Corollary B4l (z|z), > 0, so that |zz| < 1. It follows that

[6€"] - [nm| > max {[&n| - &0’ [€"n] - [€n']},
i.e., M satisfies Axiom (M). O

Examples 5.4. 1. The canonical M&bius structure My on the circle is monotone.

2. Let S be a closed surface of negative Euler characteristic with an Euclidean metric
having cone type singularities with complete angles strictly greater than 27 about every
singular point, and let Y be the universal covering of S with the lifted metric. Then Y
is a Gromov hyperbolic CAT(0) surface with 9,.Y = S'. From Theorem Bl it follows
that Y induces a Mobius structure M on 0, Y. However, M is not monotone.

3. The absence of singular points on a Gromov hyperbolic CAT(0) surface Y does
not mean that Y has no metric singularities. Remove an open equidistant neighborhood
of a geodesic line in H? and glue the remaining pieces by an isometry between their
boundaries. Then the resulting Y is a proper Gromov hyperbolic CAT(—1) surface with
05Y = S' without singular points, and Theorem [5.3] can be applied to Y. At the same
time, Y has metric singularities along the gluing line.
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4. Every (topological) embedding f: S — R? induces on S! some metric and there-
fore a Mobius structure My. For f = id, the Mobius structure My coincides with the
canonical one, and thus it is monotone. However, if f(S') C R? is an ellipse with princi-
pal semiaxes a, b such that 4ab < a? + b2, then M ¢ is not monotone. That is, in general,

the Mé&bius structure induced on a convex curve in R2 is not monotone.

In what follows, we assume that a monotone Mébius structure M on X = S? is fixed.

5.3. Harmonic pairs. A pair ¢ = (z,y), b = (z,u) € aY of events is said to be
M -harmonic, or to form an M-harmonic 4-tuple, if

(4) 2] - [yu| = |zul - |yz|

for some and hence any semimetric of the Mébius structure (this is the same as ();
however, for a general Mobius structure M on S!, the interpretation of () for the
canonical My as orthogonality of the corresponding geodesic lines in H? makes no sense).
Nevertheless, in this case we also say that a, b are mutually orthogonal, a L b. Note that
any harmonic 4-tuple ¢ = (a, b) is nondegenerate.

Lemma 5.5. If events a = (x,y) and b = (z,u) € aY are mutually orthogonal, a L b,
then they separate each other and z € xy C X, is a unique midpoint.

Proof. We have |xz|, = |2y|,. By Corollary 52| 2z € xzy C X, is a unique midpoint, and
thus a, b separate each other. O

Lemma 5.6. For every e € aY and every x € X \ e, there is a unique y € X such that
the pair a = (z,y), e € aY of events is harmonic.

Proof. Let e = (z,u). By Axiom (T) and Lemma EI] the functions f., fu: X — R =
R U {0}, f.(t) = |2t|s, fu(t) = |ut|, are continuous on X = S!, and they take values
between 0 = f.(2) = fu(u) and f,(u) = fu.(2) > 0 on the segment zu C X,. Thus, there
is a midpoint y € zu C X, between z and u, |zy|, = |yu|.,. By Corollary (.2 such a
point y is unique. O

Proposition 5.7. For every monotone Mdbius structure M € M there is a uniquely
determined timed causal space T = f(M) € T such that the automorphism group Gy
of M injects into the automorphism group Gp of T: If g: X — X is an M-Mdbius
automorphism, then the induced g: aY — aY is an automorphism of T.

We prove Proposition 5.7 in Subsections [5.4] and

5.4. Timelike lines. Any timelike line & in aY is associated with an event e € aY,
h = he, and is defined as the set of events a € aY such that the pair (a,e) is harmonic,
he ={a€aY: ale} Wedenote by H = H the collection of timelike lines in aY.

Proposition 5.8. The collection H satisfies Axioms (h1)—(h5).

Proof. Axioms (hl), (h5) are fulfilled by definition, (h2) follows from Lemma and
(h4) follows from Lemma [5.0]

To check (h3), assume that e = (z,u) € aY, a = (x,y), o’ = (2',y') € he. Then z is
the midpoint of the segments zy, 'y’ C X,,. Therefore, by Axiom (M), the pairs (,y),
(2’,y’) do not separate each other, that is, the events a and a’ are in the causal relation.
Hence, (h3) is valid. O
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We say that an event a € aY is a common perpendicular to events e, ¢/ € aY if e,
!/
e € hg.

Corollary 5.9. Given e, ¢ € aY in the strong causal relation, there is a common
perpendicular a € aY to e, €.

Proof. By Proposition 0.8 the collection H = Hjps of timelike lines in aY determined
by the M&bius structure M satisfies Axioms (h1)-(h5). Thus, the assertion follows from
Proposition B2[(b), see Remark O

We postpone the proof of (h6) to Subsection 5.5 see Lemma G510

5.5. Time between events. The time between events a, a’ € aY is defined if and only
they are in causal relation. We do this essentially as in Subsection [2.2] using formula (2)).
First of all, by definition, the time between events on a light line is zero, t(a,a’) = 0 for
a,a € pg, veX.

Next, assume that a, a’ € aY are in strong causal relation. Then by Corollary E.9
there is a common perpendicular e € aY to a, o/, that is, a, a’ € h.. Let e = (z,y),
a=(z,u), a’ = (z',u’). Then, by definition,

5) (o) = ]m loz] - lve]

2] - [y2'|

for some and hence any semimetric on X from M. The harmonicity of (a,e) and (da/,e)
implies that

|| - |y

)

(6) te(a,a’) = Pn

_ ‘ | - Jyz]

_ ‘ 22| - yul

|wul - [yw| 2] - |yu'| |zul - [y2']

and we often use these different representations of ¢.(a,a’).

Lemma 5.10. Given distinct a, a’ € aY in causal relation, there is at most one common
perpendicular b € aY to a, a’. In particular, the time t(a,a’) = t.(a,a’) is well defined,
and Aziom (h6) is fulfilled for the collection H of timelike lines.

Proof. The idea is taken from [BS4]. If the events a, a’ are on a light line, then they
cannot lie on a timelike line, say h., because by Axiom (hl) they both must separate e,
which would contradict (h4). Thus, we assume that a, o’ are not on a light line.

Assume there are common perpendiculars b = (z,u), b’ = (2/,u’) € aY to a, a’, that is
bl a,a and b L a,d’, or which is the same, b, b’ € h, N h, . By the already established
Axiom (h3), see Proposition B8 b and b’ do not separate each other. Let a = (z,y),
a’ = (2',y’). Without loss of generality, we assume that on X, we have the following
order of points: zz'yy'v'uz’.

By Axiom (h5), a, @’ € hy N hy. The times t = t,(a,a’), t' = ty(a,a’) were already
defined by (B). Computing them in a semimetric of the Mobius structure with infinitely
remote point x, we obtain

//|

T v _ e

¢ em
2l x|

Using the order of points zz'yy’'u’'uz’ on X, we see, in particular, that the interval 2’z
is included in the interval zz’. By Corollary B2 |zz'| > |2/#’|. Similarly, 2'u C z'v/,
whence |z'u| < |z'u'|. Thus, t > t/, and if ¥’ # b, then the inequality is strong. Applying
this argument with the infinitely remote point g, we obtain ¢ < /. Therefore, t = t/
and b =1 O
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Proposition 5.11. The time between events in aY defined above satisfies Azioms (t1)—
(t6).

Proof. Axiom (t1) is satisfied by the definition of the time .

Axiom ($2): If events a, a’ are on a light line, then t(a,a’) = 0 by definition. Con-
versely, assume that t(a,a’) = 0 for events a, a’ € aY in causal relation that are not on a
light line, in particular, a # a’. Then by Lemmas and [.10] there is a unique e € aY
with a, @’ € he. Let e = (z,y), a = (z,u), @’ = (2/,u’). Since a # o', we have 2’ # z, u.
On the other hand, from (@) it follows that |zz’| - |yz| = |zz| - |[y2’| for any semimetric
on X from M. In particular, |z2'|, = |zz|,, and by monotonicity (M), = is the midpoint
between z, 2’ in X,,. Hence, p.(z) = 2z’ = u, a contradiction.

Axiom (t3) follows from the definition of the time ¢ and (H).

Axiom (t4a): Let e, €/, e’ € h, with e < e’ <e€”. If ¢ coincides with e or €, then the
required identity is trivial. Thus, we assume that e < ¢’ < €”. Without loss of generality,
we may assume that for a = (z,y), e = (2,u), ¢ = (2/,u), e’ = (2”,u”), the points z,
z', 2" lie on one and the same arc determined by a in the order xzzz'z"y. Then

_ lyz| _ lyz
|zz] - |yz'|’ |z2| - yz"|’

_ = _ =2 1y

exp(t(e,e’)) exp(t(e’,e"”))

and we obtain
exp(t(e,e’) +t(e,e")) =

Axiom (t4b): given an event e = (z,u) on a timelike line h, C aY with a = (z,y),
and s > 0, we take a semimetric of class M with the infinitely remote point y. Then
|zz|, = |zul, :=t > 0, and there is no loss of generality in assuming that t = 1. Note that
the function f,: X, = R, f,(2") = |z2'|,, is continuous, see Lemma [T} and monotone,
see Corollary It varies from 0 = f;(x) to oo = fy(y). Thus, there is z_ € zz and
2, € zy with f,(z4) = eT*. For the events e+ = (24, u+) € hgy, where uyx = p,(24), we
have

|z2+y

In
|z,

tle,ex) = = |In|zzs],| = s.

Choosing a decomposition X = e U e~ determined by e so that y € e, we have
e+ € ha NCTE and t(e,ey) = s.

Axiom (t5): Let e = (z,y), d = (z,u) be events in strong causal relation. Then by
@), @) we have

|zul - lyz|

t(2e, Ue) = ‘ln =t(xq,Ya)-

2] - [yul
Axiom (t6): given e = (z,y) € aY, d = (z,u) € he, we put a = (z,2), b = (z,u). Then

by (@), (@) we have

xy| - |zu zy| - |zu
) = 0 22 ) = [ 2
|zul - |zy] |22 - [yul
On the other hand, the pair (a,e) is harmonic, so that |zu| - |zy| = |zz| - |yu|. Hence,
t(yavua) = t(ybvzb)- ([l

Proof of Proposition 5.1l Given a monotone Mobius structure M € M, above we have
defined a class H = Hjps of timelike lines in aY that satisfies Axioms (h1l)—(h6), and
a time ¢t on (aY,H) that satisfies Axioms (t1)—(t6). Therefore, a timed causal space
T = (aY,H,t), T = T(M), is defined.

Let g: X — X be an M-Mobius automorphism. Then the induced map g: aY — aY
preserves the causality structure, the class of timelike lines #H, and the time ¢, because
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the last two are defined via cross-ratios. Thus, g is an automorphism of 7. If § = idp,
then, in particular, it preserves every light line. Hence, g = id, and the group Gj; of
M-automorphisms injects into the group G of T-automorphisms. |

§6. TIMED CAUSAL SPACES AND MOBIUS STRUCTURES

In this section we adopt the following more advanced point of view on Mobius struc-
tures, see [Bull.

6.1. Mobius and sub-Mobius structures. Let X be a set, reg Py = reg Py(X), see
Subsection 4.1l For any semimetric d on X we have three cross-ratios

r2(q) crs(q)

for ¢ = (@1, 22, x3,x4) € reg Py, the product of which equals 1, where |z;x;| = d(z;, z;).
With d we associate a map My: reg Py — L4 defined by

(7) Ma(q) = (Incri(q),Incra(q), Incrs(q)),

where Ly C R? is the 2-plane given by the equation a + b+ ¢ = 0.

Two semimetrics d, d’ on X are Mobius equivalent if and only My = My . Thus, a
Mobius structure on X is completely determined by a map M = M, for any semimetric d
of the Mobius structure, and we often identify a Mobius structure with the corresponding
map M. A bijection f: X — X is an M-automorphism if and only if M o f(q) = M(q)
for every ordered 4-tuple g € reg P, and the induced f: regP; — reg Py.

Let S,, be the symmetry group of n elements. The group S acts on reg P, by permu-
tation of the entries of any g € reg P,. The group S3 acts on L4 by signed permutations
of coordinates, where a permutation o: Ly — L4 has the sign “—1” if and only if o is
odd.

The cross-ratio homomorphism ¢: Sy — S3 can be described as follows: a permuta-
tion of ordered vertices (1,2,3,4) of a tetrahedron gives rise to a permutation of pairs
of opposite edges ((12)(34), (13)(24), (14)(23)). Thus, the kernel K of ¢ consists of four
elements 1234, 2143, 4321, 3412, and is isomorphic to the dihedral group D, of automor-
phisms of a square. We denote by sgn: Sy — {£1} the homomorphism that associates
the sign “—1” with every odd permutation.

It is easy to check that any Mo6bius structure M: reg’ Py — L4 is equivariant with
respect to the signed cross-ratio homomorphism,

(8) M (7 (q)) = sgn(m)o(m) M (q)

for every q € reg Py, m € Sy, where ¢: Sy — S3 is the cross-ratio homomorphism.

A sub-Mdébius structure on X is a map M : Py — L4 with the basic property (§) (we
drop the details related to degenerate 4-tuples, which can be found in [Bull). Now, we
describe a criterion for a sub-M6bius structure to be Mébius. Given an ordered collection
q=(x1,...,71) € X*, we use the notation

|w@s| |zowy| _|miwy| |mows] |miwa| |32y

g eri()

IEEAIE N I O |zomyl |2y ]

¢ = (T1, -, T 1, i1, Th),
i=1,...,k.
For a sub-Mébius structure M on X we define its codifferential M : reg Ps — Ls = L3
by
(6M(q)); = M(q;), i=1,...,5.
Furthermore, we denote M(q;) = (a(q:),b(qi),c(q:)), i = 1,...,5, ¢ € regPs. The
following theorem was proved in [Bull, Theorem 3.4].



730 S. BUYALO

Theorem 6.1. A sub-Mdbius structure M on X is a Mdébius structure if and only if for
every nondegenerate 5-tuple ¢ € X® the following conditions (A) and (B) are satisfied:

(A) b(q1) +b(qs) = b(g3) — a(qr);
(B) b(q2) = —a(qa) + b(q1)-

Remark 6.2. Conditions (A) and (B) are in fact equivalent to each other. This follows
from the Ss-symmetry of the codifferential 6 M and was explained in detail in [Bu2].

6.2. Timed causal space and a sub-Mobius structure. We begin with the following
remark.

Remark 6.3. For the monotone Mobius structures on the circle, Axiom (M) is equivalent
to the fact that a(q) < 0 and b(q) > 0, where M(q) = (a(q),b(q),c(q)) € Ly whenever
q = (z,y,2,u) € reg Py is such that the pairs (x,u) and (y, z) separate each other. This
follows from ([T).

With every timed causal space T = (aY,H,t) we associate a sub-Mdobius structure M
on X = 8! as follows.

We fix an orientation of S!. Then for any 4-tuple ¢ € reg Py we have a well-defined
cyclic order co(q). Let A C Py be the set {mqg: m € Sy}, A = A(q), for a given q € Py.
Note that the cyclic order co(mq) = co(q) is independent of = € Sy, and we denote it by
co(A4).

Let co(A) = 1234. With any pair 4,7 + 1 of consecutive points in co(A), we associate
the timelike line h; ;41 dual to the event (4,7 4+ 1). Two other points of co(A) determine
the events a = (i + 2)(;i11), @ = (i +3)(i,i+1) € hiiv1, and with (i,7 + 1) we associate
the time #;(;4.1) > 0 between a and a’. In that way, every pair (,i + 1) of consecutive
points in co(A) is labeled by a positive time ;(;;1).

Adjacent pairs are labeled in general by distinct numbers ;(;41), t(i41)(i4+2); however,
by Axiom (t5), the opposite pairs are labeled by one and the same number, that is,
Lii+1) = t(i+2)(i+3), Where indices are taken modulo 4.

Assume that a 4-tuple ¢ = (x,y, z,u) € regP, is obtained from co(A) by fixing the
initial point and by the transposition of two last entries of co(A), that is, x is the chosen
initial point and co(A4) = xyuz. Then we put

(9) M(Q) = (_tmy>tyu>tmy - tyu) € Ly.

We denote by B C A the subset consisting of all 4-tuples obtained from co(A) by
fixing an initial entry and transposing two last entries of co(A). The set B consists
of 4 elements, |B| = 4, and it is the orbit of a cyclic subgroup I'y; C Sy generated by
the permutation 7 = 2413 € Sy, that is, I'; = {id, 7, 7%, 73} and B = {oq: 0 € '}
for any ¢ € B. For example, if co(A) = zyuz, then q = (z,y,2,u), 7q¢ = (y,u,x, 2),
7T2q = (u,z,y,x), ’/qu = (z,x,u,y) € B.

Lemma 6.4. For any q, ¢ = ocq € B with 0 € I'yx, we have
M(q") = sgn(o) (o) M(q).

Proof. Tt suffices to prove this for the generator o = 2413 of I',. Assume without loss
of generality that ¢ = (z,vy, 2z,u) and, hence, co(4) = zyuz. We also write co(A) =
1234. Then ¢’ = 0q = (y,u,x,2). By definition, M(q) = (—t12,t23,t12 — t23), M(¢') =
(—tas, t34, tag — t34). On the other hand, sgn(c) = —1 because o is odd, and ¢(c) = 213.
Therefore,

sgn(o)p(o)M(q) = —(taz, —t12,t12 — tag) = (—ta3, t12, taz — t34) = M(q),
because t12 = t34 by Axiom (t5). O
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Furthermore, for every p € A there is ¢ € Sy and ¢ € B such that p = 0q. We put
(10) M (p) = sgn(o)d(o) M(q).

Proposition 6.5. Formula [I0) defines unambiguously a map M : reg Py — Ly, which
is a sub-Mobius structure on X.

Proof. We show that for another representation p = o'q’ with ¢’ € Sy, ¢ € B, for-
mula ([I0) gives the same value M(p). We have o'¢’ = oq, so that ¢’ = pq with ¢/p = 0.
Since ¢, ¢’ € B and the group Sy acts on A effectively, we have p € I';. Then

M(q") = sgu(p)p(p)M(q)
by Lemma [6.4] and we obtain
sgn(o’) (o) M(q') = sgn(o’p)d(o’p)M(q) = M(p).
Thus identity (I0) defines unambiguously a map M : regPy — L4, which now satisfies

(@A) for any p = oq with ¢ € regPy, 0 € Sy. Hence, M is a sub-Mébius structure
on X. O

Note that to define the sub-Mébius structure M we do not use Axiom (t6).

6.3. The sub-MGdgbius structure M is a Mobius one. Given a nondegenerate 5-tup-
le ¢ € regPs, we label its cyclic order by co(q) = 12345. Assuming that the order of
q = xyzuv is cyclic, we have co(q;) = co(q); for ¢ = 1,...,5. For every i € co(q),
we consider three variables t§i+1)(i+2), t%i+2)(i+3), t2i+3)(i+4), associated with the 4-tuple
co(q;) = co(q); as in Subsection[6.2] where indices are taken modulo 5. These 15 variables
satisfy 10 equations

(11) tzi+1)(i+2) = tzi+3)(i+4)’
i _ gitl i+4
(12) tivayit3) = Lara)its) T Hit2))its)

which follow from Axioms (t5) and (t4a), respectively. We compute 6M(q) = v for
q € regPs with co(q) = 12345 as follows. The time-labeling of co(q;) = co(q); is given
by tzi+1)(i+2)7 tzi+2)(i+3), tEi+3)(i+4), tz(i+4)(i+6). Thus, in accordance with our definition
of the sub-Mobius structure M, we have

| | | | -
(=t tir ey Lt — i) = M(mo' " ),
where m = 1243, o = 4123. Therefore,

) i

M(0" ™ q;) = sgn(m)p(m) M (70" qi) = (Hii1)(i02): Hiroyies) — Lty 42y —Hi42)(i3))

and we obtain

ap by ¢ tys t3y —thy —t3y
ag by tis 13, — 135 —t3,
6M(q)=[as bs cs| = [ty ti5—1tly —ti;
as by ¢4 #112 t33 - t%Q —t%:s
as bs cs 15y 135 — 15, —t3;

Theorem 6.6. The sub-Mdbius structure M associated with any timed causal space
(aY, H,t) is Mobius.

Proof. We show that M satisfies equations (A) and (B) of Theorem G It suffices to
check that for every unordered 5-tuple z, vy, z,u, v C X of pairwise distinct points, equa-
tions (A) and (B) are satisfied for some ordering ¢ € regPs of the 5-tuple, because in
this case dM(q) lies in an irreducible invariant subspace R of the corresponding repre-
sentation of S5, describing the Mébius structures, see [Bu2]. Hence, 0M (¢) € R for any
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ordering of the 5-tuple. Or, applying the procedure above, we may check (A) and (B)
directly. Thus, we assume that ¢ = (x,y, z,u,v) € reg P5s has the cyclic order zyzuw.
Equation (A) can be rewritten as

0=0b1+by—bs+a,=—c1 —bz+bs=: A(v)
because a; + by + ¢; = 0, and using (), (I2) we get
A(v) = —e1 = by + by = t3y + 1y — t]5 + 33 — 1
= t3q — 175 + oy — 17,
= 13 + 5y — 1]5 + 33 — 1
=134 — 175+t
=13, +ta3 — 115 — 1
=13, — 11 = 0.
Similarly, equation (B) can be rewritten as 0 = by — ba — aq =: B(v), and using (1),
([I2) we see that
B(v) = by — by — ay =ty — thy — t3, + t55 — t1
= 154 — tyy + 35 — 11,
=154 — ly3 +tis + U5 — 1y
= 54 + 15 — i
=154+ 15— t1y — 17, = 0.
Therefore, M is a Mobius structure by Theorem O
Proposition 6.7. The Mobius structure M = ]/\Z(T) associated with a timed causal

space T € T is monotone, M € M, and the timed causal space T(M) associated with M
coincides with T, T(M) =T.

The proof proceeds in three steps, Lemmas —~[610

Lemma 6.8. The Mdobius structure M = ]\//T(T) satisfies Aziom (M), and the time of
the timed causal space T = (Y, H,t) is computed in the usual way via M -cross-ratios.

Proof. We check Axiom (M) and simultaneously compute the time ¢(e, €’) between events
e, ¢ € aY, assuming without loss of generality that e = (y,9'), ¢ = (u,u’) € h, for
a = (x,2) such that the 4-tuple ¢ = (z,y, z,u) € regP, is obtained from co(q) = zyuz
by fixing the initial point # and by transposing the last two entries of co(q). Note
that the pairs (x,u) and (y,z) separate each other. Then, by definition, M(q) =
(a(q),b(q),c(q)) = (—tzy, tyu, tay — tyu) with the negative first entry a(q) = —t, and
the positive second entry b(¢q) = ty,. By Theorem 6.6, we have M(q) = My(q) for any
semimetric d € M. Thus,

d(z, z)d(y, u) d(z, u)d(y, z)

— pale) — A ’ 1 — el = 2\ ! 1.
B 78 B 0 B

This shows that M satisfies Axiom (M), see Remark [6.3] and that t(e,e’) = t,, = ty, =
Incra(q). O

Lemma 6.9. Let h = h, be a timelike line in a timed causal space T'. An event d belongs
to he if and only if the 4-tuple (d,e) is M-harmonic, that is, harmonic with respect to
the Mobius structure M = M(T).
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Proof. Let e = (z,y) and d = (z,u).

If d € he, then by Axiom (h2), d separates e, and by Axiom (t6), we have t(yq, uq) =
t(yp, up), where a = (x,z), b = (z,u). Thus, we may assume without loss of generality
that co(q) = zzyu for a nondegenerate 4-tuple ¢ = (e,d). Note that t(ys,uq) = tzz
and t(yp, 25) = tgy. Therefore, t,, = ty,. The 4-tuple ¢ = (u,z,y, z) is obtained from
co(q) = uxzy by fixing the first entry u and permuting the last two entries z, y. Therefore,
by definition, M (q) = (—tyu, tzz,0). Since M(q) = My(q) for any semimetric d € M, we
obtain (.4) - d(g.2)

d(z,u) - d(y, z
P= D = ) a2y
Hence (d, e) is M-harmonic.

Conversely, if (d, e) is M-harmonic, then, by Lemma[5.5] d and e separate each other.
By Axiom (h3), there is a unique v’ € X \ e such that d’ = (z,u') € h.. By the first
part of the proof, the 4-tuple (d’,e) is M-harmonic. Taking a semimetric d € M with
the infinitely remote point z, we observe that

(13) d(z,u) = d(u,y) and d(z,u')=d(,y),

because the 4-tuples (d,e), (d',e) are M-harmonic. Suppose u # w’. Then the 4-tuple
(z,y,u,u’) is nondegenerate, and u, v’ are on the arc determined by e that does not con-
tain z. Without loss of generality, we assume that (x, u) separates (y,u'). By Lemmal[6.8]
M satisfies Axiom (M). Thus,

d(I7 U) ' (yv ’U,/) > d(I7 u/) ’ d(ya u)
in contradiction with (I3]). Hence u = v’ and d = d’' € he,. O

Lemma 6.10. The set A of open arcs in X coincides with the set B of open balls with

respect to the semimetrics d € M = M(T) with infinitely remote point that are centered
at finite points of d, A = B.

Proof. Let a@ € A be an open arc in X and let z, y € X be the endpoints of a. We
put e = (z,y) € aY and take z € . Then for u = p.(z) the event d = (z,u) lies on
the timelike line he. By Lemma 69, the 4-tuple (d,e) is M-harmonic. Thus, z is the
midpoint between x, y with respect to any semimetric d € M with infinitely remote
point u. By Axiom (M), v € « if and only if d(z,v) < r := d(z,2) = d(y, z). Therefore,
« coincides with the open ball B,.(z) with respect to d of radius r centered at z. This
means that A C B.

Let 8 = B,(0) € B be the open ball with respect to a semimetric 6 € M with the
infinitely remote point w, of radius r > 0 and centered at o € X,,. We show that § € A.

Let d = (o,w) € aY. By (h4), for any y € X, y # o, there is a unique event
e =yaq = (y,9') € hq. We fix such y, denote by et C X the closed arc determined by e
that contains w, and consider the corresponding linear order <=<, on hy with the future
arc et.

First, we show that for r = §(y,0) the open ball B, (o) coincides with the open arc
inte™ € A determined by e that contains 0. We denote by d™ C X the closed arc
determined by d that contains y, and by d~ the opposite closed arc. Then inte™ =
(d*Ninte”)U(d” Ninte™).

We have u € d* Nint e~ if and only if the pairs (y,0), (u,w) separate each other. By
Axiom (M), this is equivalent to 6(u, 0) < 6(y,0) = r. On the other hand, v € d~ Ninte~
if and only if v’ = pg(u) € d™Nint e~. By the above, this is equivalent to §(u’, 0) < r. By
Lemma[69] the 4-tuple (d, uq) is harmonic, where ug = (u, v'). Thus, 6(u,0) = d(v',0) <
r. Therefore, int e~ = B,.(0) for r = §(y, o).
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It remains to show that for any r > 0 there is y € X, with §(y,0) = r. We fix some
y € Xu, y # o, and use the notation introduced above. By (t4b), for any s > 0 there is
ex = (ux,u’y) € hgyN CF with t(e,ex) = s. By Lemma B9, the 4-tuples (d,e), (d,e)
are M-harmonic. Hence, §(0,y) = 6(0,y"), 0(0,ux) = §(o,u’,). As above, Axiom (M)
implies
d(u_,0) < d(y,0) < §(ug,o0).
By Lemma [6.8 the time t(e, e4) is computed via M-cross-ratios,

0(w, y)d(ux, 0) N 0(uy,0)
6(wau:t)6(y70) 5(y70)

whence s = +1n 5(5?;;;). This shows that for any A > 0 there is u € X,,, u # o, with

d(u, 0) = Ad(y, 0). Hence, for any r > 0 there is y € X, with d(y,0) =r. O

)

t(e,er) = |In

Proof of Proposition 6.7l By Lemma 6.8, the Mobius structure M = M (T') satisfies Ax-
iom (M) for any timed causal space T' = (aY,H,t) € 7. Lemma shows that M
satisfies Axiom (T). Thus, M is monotone, M € M.

Let T = (aY,H',t') = T(M) € T be the timed causal space determined by M. By
Lemma [6.9] we have H' = H, and by Lemma [6.8] ¢/ = ¢. Thus, T/ = T. O

Proof of Theorem [IL1l Given M € M, we show that M’ = M, where M’ = Mo ZA“(M)7
that is, M'(q) = M(q) for every q € regPy. Using (8), we may assume without loss of
generality that the cyclic order of ¢ = (z,y, z,u) is co(q) = zyuz, so that ¢ is obtained
from co(q) by choosing the first entry « and permuting the last two entries. In particular,
(z,u) and (y, z) separate each other. Then, by the definition (@), we have

M/(Q) = (_tazya byus oy — tyu)a
where t3y = t(2q,Uq), tyu = t(zs, 2) for a = (z,y), b = (y,u) € aY, see Axiom (h4), for
T =T(M) = (aY,H,t) € T. By the definition (@) of the time ¢, we have t(z,,u,) =

|zz|-|yul |zl |yz|
lzul-|yz] lzy[-Juz]
have used the fact that (z,u), (y,z) separate each other and the monotonicity of M).
Therefore, M'(q) = M(q). Together with Proposition [6.7) this shows that T M—=>T
and M: T — M are mutually inverse maps.

Let g: aY — aY be an automorphism of some T' = (aY,H,t) € T. Since t(e,e’) =0
if and only if the events e, ¢’ € aY lie on a light line, and g preserves the time ¢, we see
that g maps every light line to a light line. Thus, § determines a map g: X — X with
9(Pz) = Dg(x), see Subsection For any event e = (z,y) € aY we have e = p, N p,.
Therefore, §(eA) = 9(pz) NG(Py) = Pg(z) N Pg(y) = (9(x), 9(y)). Hence, g is induced by g.

Since T' = T'(M) for some M € M, the timelike lines and the time of T are determined
by cross-ratios of M, see Proposition 5.7 Therefore, g is an M-automorphism. If g =
idy, then g = id,y. Thus, the group G of T-automorphisms injects into the group Gy
of M-automorphisms. Together with Proposition (5.7l this shows that the groups G,
and G are canonically isomorphic. ([l

|In | = —Ineri(q), t(ap,2) = |In | = Incra(g) (to choose the signs, we

§7. TIME INEQUALITIES
The time inequality for the de Sitter 2-space dS? says that
t(a,b) + t(b,c) < t(a,c)

for any events a < b < ¢, with equality in the case where t(a, c) > 0 if and only if a, b, c are
events on a timelike line. First, in Subsection[7.]] we show that this inequality follows from
the properties of Lambert quadrilaterals. Then in Subsection [[.2] we discuss a hierarchy
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of time conditions, which includes the time inequality, and show that every timed causal
space T' € T satisfies the weak time inequality, see Theorem In Subsection we
describe the monotone Mobius structures that satisfy the wvariational principle, (VP),
the strongest time condition on the list, and in Subsection [[7] we also describe the
convexr Mobius structures. We show that these two classes include the canonical Mobius
structure, and that the first of them contains a neighborhood of the canonical structure
in a fine topology.

7.1. The time inequality for dS? via H?. The time inequality for de Sitter 2-space
dS? follows from the properties of Lambert quadrilaterals in H?. This goes of course
via the canonical Mé&bius structure My on the common absolute S*. More precisely, we
use the fact that the harmonicity of a 4-tuple ((x,%), (z,u)) C S* with respect to My is
equivalent to the orthogonality of the geodesics zy, zu C H2.

Recall that a Lambert quadrilateral aS~vo in the hyperbolic plane H? has three right
angles at «, 8, and . The fourth angle at o is acute, and |af3| < |07/, |57] < |ao|. Now,
we explain how these properties imply the time inequality for ds?.

FIGURE 1. The time inequality in dS?.

Let a, b, ¢ be events in aY such that a < b < ¢ for the order <:=<;. We consider
a generic case when no pair of events (a,b), (b,c) lies on a light line, and the events
are not on a common timelike line. Then there are events d, p, ¢ € aY with a,b € hy,
a,c € hg, b,c € hy. We pass to the HZ-picture, and draw the respective timelike lines as
geodesics in H? with the same ends on the absolute S'. Since the time in dS? and the
distance in H? are computed via cross-ratios with respect to My, we have t(a,c) = |ar|,
t(a,b) = |&'B|, t(b,c) = |B'v'], see Figure [

But |ay| = |ao| + |oy|, and the quadrilaterals aa’So and v9/S’o have right angles
at a, o, f and, respectively, at v, 7/, ', i.e., they are Lambert quadrilaterals. Thus,
lao| > |/ B, |oy] > |5'7'|, and we obtain

t(a,c) > t(a,b) + t(b,c).
7.2. Hierarchy of time conditions. We assume that a timed causal space T =

{aY,H,t} € T is fixed together with the respective monotone Mgbius structure M =
M(T) e M.



736 S. BUYALO

We say that an event b € aY is strictly between events a and ¢ € aY if a and ¢ lie on
different open arcs in X determined by b. Note that in this case, a, b, ¢ are pairwise in
strong causal relation, in particular, a < b < ¢ for appropriately chosen <:=<j.

Let a = (0,0'), b = (w,w’) € aY be events in strong causal relation such that the
pairs (o,w’) and (o', w) separate each other. Then (o,w), (o', w’) are also in strong causal
relation. Let d = (z,2") € aY be an event strictly between (o,w) and (o', w’). We denote

th(a,b) = t(og,wa), t;(a,b)=t(o,w)).

In general, ¢ (a,b) # t; (a,b). However, if a,b € hg, then t (a,b) = t; (a,b) = t(a,b) by
the definition of t(a,b), see (), (@), and Lemma [ET0l
We consider the function

Fald) = 5 (t5(a0) + 7 (a,1)

on the set Dy, of events d € aY that are strictly between (0, w) and (o', w’), and introduce
the following list of time conditions for T" and therefore simultaneously for M.
(VP) Variational principle: the infimum of F,;, is attained at a unique dy € Dy, for
which a,b € hg,.
(LQI) Lambert quadrilateral inequality:

Fab(d) > Fab(do)

for every d € Dgy, \ do such that a € hy.
(TT) Time inequality:
t(a,b) 4+ t(b,c) < t(a,c)
for any a < b < ¢ with equality in the case where ¢(a,c) > 0 if and only if a, b, ¢

are events on a timelike line.
(WTT) Weak time inequality:

t(a,b) + t(b,c) < t(a,c)

for any a < b < ¢ such that b lies on a light line either with a or with ¢, and a, ¢
are not on a light line.

We have the following implications
(VP) = (LQI) = (TT) = (WTI).

The first and the last implications are obvious, and the second implication is explained
in Proposition For the canonical M6bius structure My, the geometric meaning of
the function F,p: Dy, — R is especially clear.

Proposition 7.1. Leta = (0,0'), b = (w,w’) € aY be events in the strong causal relation
such that the pairs (o,w’") and (o',w) separate each other, d = (x,2') € Dgy,. Then for
the canonical Mobius structure My, the value Fop(d) is the distance in H? between the
points p = 00’ Nzx' and ¢ = ww' N xx’ at which the geodesic xa' C H? intersects the
geodesics 00’ and ww'.

Proof. Since the time between events in a timed causal space and the distance in H? are
computed via the respective cross-ratios, we see that ¢} (a,b) = t(04,wq) is the distance
in H? between the projections 0, & of 0, w to the geodesic zz’ C H?, and similarly,
t; (a,b) = t(0,w}) is the distance between the projections o', & of o', w’ to the same
geodesic zz’. By the angle parallelism formula, op = po’ and ©&q = qw’. Therefore,
Fap(d) = 5(|o] + [0'@']) = |pql. O

Corollary 7.2. The canonical Mébius structure satisfies (VP).
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Proof. This immediately follows from the properties of the distance in H? between points
on geodesics. |

7.3. The weak time inequality. Here, we prove the following claim.
Theorem 7.3. Any timed causal space T = {aY, H,t} € T satisfies (WTI).

Lemma 7.4. Assume that distinct events a, b liec on a common timelike line, a,b € h,,
where a = (z,y), b = (z,u), ¢ = (v,w) € aY, and suppose that v lies on the open arc ~y
between x, y that does not containb. Then for every s € v, s # v, and for d = (s,t) € hq,
d = (s,t') € hy, the following is true: t' lies on the open arc o between w, t that does
not contain s.

Proof. Moving s along v, observe that for s = v we have t = ¢/, while for s approaching =
or y the point ¢ is not on the arc between z, u that contains w. Therefore, t’ lies on o for
these extremal cases. By the continuity of reflections p,, pp: X — X and Lemma .10
we have t' € o for every s € . O

Lemma 7.5. Let a = (0,0') and b = (w,w’) € aY be events in the strong causal relation
such that the pairs (o,w') and (o',w) separate each other. Then the function F(d) =
t(04,wq) is monotone on the set Dyp of events d € aY that are strictly between e = (0,w)
and e’ = (o',w'), F i (d) < FL(d) for any d, d' € Doy, withd < d' < e.

Proof. Let d = (z,y). By Axiom (t5) we have t(04,wq) = t(zc,ye). Therefore, F.;(d) =
t(ze,ye). For d = (2/,y') between d and e, the segment x.y. C h, is contained in the
segment z.y, C h. and does not coincide with it (though, we do not exclude that these
segments may have a common end). Thus, t(z.,ye) < t(z,,y.). O

Proof of Theorem [[3l Let a,b,c € aY be events in the causal relation, a < b < ¢, and
assume without loss of generality that b, ¢ are on a light line. Then ¢(b,¢) = 0, and the
required inequality reduces to t(a,b) < t(a,c). Furthermore, there is no loss of generality
in assuming that a = (0,0’), b = (w,w’) and the pairs (o,w’), (¢o/,w) separate each other.
Since b, ¢ are on a light line, we may assume that ¢ = (w,w”). Then the assumption
a < b < ¢ implies that w” is on the (open) arc « between w, w’ that does not contain a.

There is d = (z,y) € aY with a,b € hg. We assume that x is on the arc 8 between
0, o' that does not contain b. Then y € «. Similarly, there is d’ = (2/,y’) € aY with
a,c € hg. We also assume that z’ is on the arc 8. Then ¢ is on the arc o C « between
w, w”. Note that d, d’ € Dy, and that d # d’ because b # ¢, whence x’ # z because d,
d € hg.

We claim that 2’ lies on the arc 8 between x and o. Indeed, otherwise, since d, d’ € hy,
substituting o for v, o’ for w, w for s, w’ for ¢, and w” for ¢’ and using Lemma [7.4] we
would see that w” ¢ « in contradiction with the previously established fact that w” € a.

It follows that d < d’ < e = (o,w). By Lemma [[.H F.}(d) < F(d'). On the other
hand, F;(d) = t(oq,wq) = t(a,b) and Ff;(d') = t(og,wa) = t(a,c). O

7.4. The implication (LQI)=-(TI). Here, we show that the Lambert quadrilateral
inequality implies the time inequality.
Proposition 7.6. (LQI) = (TI).

Assume that b € aY is strictly between a,c € aY. Then by Corollary 59l there are
common perpendiculars p to a,b and ¢ to b, c.

Lemma 7.7. Suppose that a, ¢ € hy and b € aY \hg is strictly between a and c. Then d
is strictly between the common perpendiculars p to a, b and q to b, c.
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Proof. By assumption, b is not on the timelike line hy C aY. Hence, the common
perpendicular p = (p/,p”’") € aY to a, b is not equal to d, p # d, and the common
perpendicular ¢ = (¢, ¢"”) € aY to b, ¢ is not equal to d, ¢ # d.

Since p, d € h,, the events p, d are not on a light line, and some closed arc in X
determined by d does not include p. We denote that arc by d* C X. Hence, p <4 d for
the respective partial order <4.

We also denote by bT C X the closed arc determined by b that includes c. Without
loss of generality, we assume that p”, w, ¢’ € b", where d = (v, w). Then by Lemma [T.4]
applied to a, b € hy, and v = b, we see that v lies on the arc o determined by (p/,t) that
does not contain w, where r = (t,w) is orthogonal to b. Therefore, d <4 r and t € d*.

We denote by rj the closed arc in X determined by r that does not include d, see
Subsection Bl Since d is also orthogonal to ¢, applying Lemma [[ 4] to b, c € hy, we see
that ¢ lies on the arc o’ determined by (v,q”) that does not contain ¢’ € d*. Since 7,
q € hy, this means that ¢ C Tj, whence r <4 q.

Therefore, p <q d <4 r <g4 q. Since by construction, p, r, ¢ € hy and p, d are not on a
light line, we conclude that d is strictly between p and gq. ([l

Corollary 7.8. Suppose a, ¢ € hyg are as in Lemma [ Ifp, g € aY withp L a, g Lc
are such that d is strictly between p and q, then the common perpendicular to p, q is
strictly between a and c.

Proof. Since d is strictly between p and ¢, the events p, g are in strong causal relation.
Therefore, their common perpendicular b € aY exists and is uniquely determined by
Corollary and Lemma [5.100 Since a is the common perpendicular to d, p and ¢ is the
common perpendicular to d, ¢, Lemma [Z.7 implies that b is strictly between ¢ and ¢. O

Proof of Proposition [[.Gl Assume that a < b < ¢ for events in aY. If ¢t(a,c) = 0, then by
Axiom (t2), a, ¢ are on a light line, a,c € p, for some xz € X. Then b € p,, and we have
t(a,b) = t(b,c) =t(a,c) = 0.

Therefore, we may assume that t(a,c) > 0, and, hence, a,c € hy for some timelike
line hg C aY. Using Theorem [.3] we may also assume that b does not lie on a light line
either with a or with b. If b is also on hg, then by Axiom (t4a), t(a,b) + t(b, c) = t(a,c).
To complete the proof, we show that the assumption b € hy implies the strict inequality
in the time inequality. In this case, b is strictly between a, ¢ by our assumption, and
there are p, ¢ € aY with a,b € hy, b, ¢ € hy. By Lemmal[77] d is strictly between p and g.

Since a € hy, and p, d € Dg, (LQI) applied to a, b gives Fop(d) > Fup(p). Since
¢ € hy and ¢, d € Dy, (LQI) applied to b, ¢ gives Fy.(d) > Fp.(g). On the other hand,
Fup(p) = t(a,b), Fp.(q) = t(b,c), and it remains to show that Fup(d) + Fpe(d) = t(a, c).

We fix the decomposition X = dT™ Ud~, d* Nd~ = d, induced by d, and write
a = (at,a™), b = (b+,b7), ¢ = (ct,¢7), where a®,b*,ct € d*. By (t4a), we have
t(af, bE)+t(bF, ) = t(aF, ). Therefore, Fup(d)+ Fpe(d) = s(t(ay, ch)+tlag,cy)) =
t(a, c) because a,c € hy. O

Corollary 7.9. The variational principle implies the time inequality, (VP)=—(TI),
cf. IPY].

7.5. Monotone Mgbius structures with (VP). Some important properties of Mdbi-
us structures M that do not follow from the monotonicity Axiom (M) can be expressed
as an inequality cr(q) > cr(q’) between cross-ratios of 4-tuples ¢, ¢’ with two common
entries, [N ¢’| = 2, under the assumption that a symmetry between ¢, ¢’ is broken down
in a certain way.

We use the notation reg P, for the set of ordered nondegenerate n-tuples of points
in X = 8! ne€N. For q € regP, and a proper subset I C {1,...,n}, we denote by
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qr € reg Py, k = n—|I|, the k-tuple obtained from ¢ (with the induced order) by crossing
out all entries that correspond to the elements of I.

We introduce the following axiom for a Mobius structure M € M, which implies the
variational principle (VP).

(I) Increment: for any ¢ € regP; with cyclic order co(q) = 1234567 such that gos7
and ¢i57 are harmonic, we have

cr1(gsas) > cri(qies)-

This means the following. Assume we are given two events e = (o,w), €’ = (o/,w’) € aY
in strong causal relation such that (o,w’) and (o', w) separate each other. Let oo’ C X
be the arc between o, o that does not contain w, w’, and let (u,v) € aY, u € o0,
be the common perpendicular to a = (0,0), b = (w,w’), ie., (u,v) € hy N hy. Given
x € 00’ such that (o,u) and (o', z) separate each other, we put g (u,x) = expte(ue, x.),
g—(u,z) = exp(—te(ter,xer)), Alu,x) = g4 (u,z)g—(u, ). Then Axiom (I) says that
Au,z) > 1.

Indeed, consider ¢ = (0,w,v,w’,0',u,z) € regP; written in the cyclic order co(q) =
1234567. The assumption that the 4-tuples ¢o47 and ¢i57 are harmonic means that
the 4-tuples (u,0,v,0") and (u,w,v,w’) are harmonic with the common axis (u,v), i.e.,
(u,v) € hg N hy. Since gsgs = (0,w,u, z) and gr23 = (W', 0, u,x), we have g4 (u,x) =
Crq (Q345), g— (u, I) = 1/CI‘1((]123). ’ThllS7 the condition CI‘l(Q345) > Cry (Q123) means that
Au,z) > 1.

Proposition 7.10. The canonical Mdébius structure My on X satisfies Aziom (I).

Proof. Let ¢ = (o,w,v,w’,0,u,x) € regP7; be as above. In the metric on X from M

with infinitely remote point u, we have |vo| = |vo'|, |vw| = |vw’|. Since My is canonical,
|[vo|] = |vw| + |ow|, so that |ow| = |o'w’|. Furthermore, cri(gss5) = cri(o,w,u,z) =
|zw|/|oz| and cry(gi23) = cri (W', 0, u, ) = |zd’|/|zw’].

Note that zo C zw’ C X,. Therefore, |zo| < |zw’|. Using |zw| = |zo| + |ow| and
|zo'| = |aw'|+|0'wW'| = |zw’| + |ow|, we obtain |zw|/|ox| > |zo'|/|zw’|. Hence, cr1(qsa5) >
cry(qu23), and My satisfies (I). O

Proposition 7.11. The increment Aziom (I) implies the Variational Principle (VP).

Proof. Let a = (0,0'), b = (w,w') € aY be events in strong causal relation such that the
pairs (o,w’) and (o', w) separate each other. Then the events e = (o,w), ¢/ = (o', w’) are
also in strong causal relation.

Let dg = (u,v) € Dgp be a unique event with a, b € hy,. We show that Fu(d) >
Fup(dp) for any d = (x,2') € Dgp, d # dp. Let 0o’ C X be the arc between o, o’ that
does not include b. Without loss of generality we may assume that u,z € 0o’ and z # wu.
It suffices to show that Fp(d) > Fop(d’) for d' = (u, ).

Let o C h be the segment between u., =, € he, and let ¢’ C he be the segment
between ue, x., € he. Since x # u, one of the events z. € he, Ter € he lies in the
respective segment o, o, while the other does not. We assume without loss of generality
that zo» € o/. Then z, & o, and moreover u, separates the events z. and x, on the
timelike line h.. Therefore, t(ze,2.) > t(ue,x.), while t(zer,2l,) < t(ue,xl). By
Axiom (I), t(xe, ue) > t(zer,uer), and, consequently t(z.,z,) — t(ue,zL) > t(ue,zl,) —
t(zer, L)

Recall that

Fab(d) = %(t:ji_(aa b) + t; (a7 b))a
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where t (a,b) = t(04,wa), t; (a,b) = t(o),w}). By (t5) we have t(04,wa) = t(z,,z.),
(o), wy) = t(xer, x,,). Hence,

Fua(d) = Fupld) = 3 (4(resa1) = Hotera0) + e, ) = ot 1)) > 0,
which completes the proof. |
Using Corollary [[.9, we immediately obtain the following statement.
Corollary 7.12. The Increment Aziom (I) implies the time inequality (TT).

7.6. The fine topology and axiom (I). We denote by Z the class of monotone M&bius
structures on the circle that satisfy Axiom (I). This paper does not provide any tools to
answer natural questions like to characterize the hyperbolic spaces Y with 0¥ = S!
for which the respective Mobius structure is in the class Z. Here we only show that
a neighborhood of the canonical Mobius structure My on X = S! in an appropriate
topology lies in 7.

Recall that a Mcbius structure M on a set X determines the M-topology on X
(see Subsection 1) and hence the induced topology on the set regP,(X) C X™. A
Mobius structure can be viewed as a map defined on regP, with values in a vector
space (see Subsection [6.I]). Thus, it not clear how to define a topology on the set of
Mobius structures on X, because the topology of X may change together when a Mobius
structure changes.

However, for monotone Mé&bius structures on X = S such a problem does not exist
in view of Axiom (T): on X all Mobius structures M € M induce one and the same
topology of the circle. We define a fine topology on M as follows.

Let reg™ P; C X7 be the subset of reg P; that consists of all ¢ € reg P; with the cyclic
order. That is, for ¢ € reg™ P; we have co(q) = ¢. On regt P; we take the topology
induced from the standard topology of the 7-torus X”. With a Mdbius structure M € M
we associate a section of the trivial bundle regt P; x R* — reg* P; given by

M (q) = (g, cra(gaar), cra(qis7), cr1(gsas), cri(qizs))
for ¢ = 1234567 € reg™ P;. Taking the product topology on reg®™ P; x R*, we define the
fine topology on M with base given by the sets
Uy ={MeM: M(reg" P;) CV},

where V runs over the open subsets of reg™ P; x R*.

We show that the canonical Mobius structure My on X possesses a neighborhood Uy
in the fine topology that lies in Z, that is, every Mobius structure M € Uy satisfies
Axiom (I). For this, consider a function e: reg™ P; — R given by

e(q) =

2w}

Jowls

for ¢ = (0,w,v,w’,0',u,x) € regt P7, where |- -|o is a standard metric on X, = R
from the canonical Mobius structure My with infinitely remote point u. Such a metric
is determined up to a homothety, but clearly € does not depend on that.

Lemma 7.13. The function e: reg®™ P; — R is continuous.

Proof. Obviously, it suffices to check that e varies continuously in the variable u € . We
switch to the notation d,(x,y) = |zy|o for a metric from My with infinitely remote point
u. Applying a metric inversion to v’ € X, v’ # u, we have

du(z,y)
du(ula x)du (u/, y) '

du’ (117, y) =
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The point v’ € X is infinitely remote for d,s. Thus, for ¢ = (o,w,v,w’, 0, ,z) and
q = (o,w,v,w', 0, u, ), we obtain

d?,(o,w d? (v, w")d? (v, @
) = ) — (o) )
4du’ ('/an ) du(u ’O)du(u ,(U)
The factor after €(q) on the right-hand side tends to 1 as v’ — u. Therefore, e(¢’) — £(q)
as 1’ — u, that is, as ¢’ — q. O
The set

V ={(q.7) € reg™ Pr x R* : |r — pryoMo(q)| < e(q)},

where pry: regt P7; x R* — R? is the projection to the second factor, is the e-neighbor-
hood of My(reg® P;) with variable € = £(q) in reg™ P7; x R*. Lemma [Z.T3] shows that V/
is open in reg™ P; x R*. Thus, the set

Uy ={MeM: M(reg" P;) C V}

of Mobius structures is open in the fine topology. The following is a pertubed version of
Proposition [7. 10}

Proposition 7.14. Every Mdébius structure M € Uy satisfies the Increment Aziom (1),
i.e., Uy CT.

Proof. Given M € Uy, for any q € regt Pr, g = 1234567, such that the 4-tuples g247, 157
are M-harmonic, i.e., cra(geq7) = 1 = cra(q157), we must show that cry(gzss) > cri(gi2s3)
for M-cross-ratios.

We assume that ¢ = (0,w,v,w’,0’,u, ), and for (semi)metrics d, € M, d° € M,
with infinitely remote point u we use the notations d,(a,b) = |ab|, d°(a,b) = |ably. The
assumption M € Uy implies that |crd(gasr) — 1] < &, |er9(qi57) — 1] < € for Mo-cross-

ratios, where ¢ = e(q). Since gaur = (0,v,0",u), q157 = (w,v,w’,u), we have 1 =
_ vo'Lloul _ [vo'| 4 _ _ lowlwul _ |
c12(4247) = JouTorul = Tou 1 = €12(d157) = 1551 = Touy - Hence,
vo’ vw'
(14) | |0—1‘<5, | |0—1‘<5
lovlo |wolo

Since |owlo = |ov]o — |wv|o, |w'0'|o = V0o — |vw'|o because My is canonical, we have
lowlo — |w'0’|o = [ov]o — [v0'|o + [vw'|o — wolo
and using (I4), we obtain
(15) —&(Jovlo + lwolo) < Jowlo — |w'0lo < e(|ov]o + wolo)-
Similarly, since |zw|o = |zo|o + |ow|o and |z0|o = |zw'|o + |w'0 |0, we have

_awlo  [zo'lo  Jowlo  |w'o’lo

0 0 _ _ _ _ .
er1(gsas) = er1(qr2s) |zolp  |zw'|lo  |xolo  |zwlo

Using (I3 and the identity |zw’|o — |zo|o = |ow’|o, we obtain

- |ow’ + |wvlo
16 0 0 < lowlo - Jow'lo __Jovlo
(16) cry (qaas) — cry(qies) > |zolo - [z’ ]o € |z’ [o

By the assumption M € Uy, we have |cri(p) — cr{(p)| < & for p = g345 and p = qy23.
Hence, cr1(g3a5) —cr1(gi23) > cr(gsas) — cr9(qia3) — 2¢. Therefore, using (6], we obtain

lowlo - Jow'|o lov]o + |wolo
17 — > 24— .
(17) cri(gsas) — cri(qizs) > zolo - [2eo el2+ 2o
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We have ow C ow’, xo C 2w, wv C ov C 2w’ in X,,. Thus, |ow|o < |ow'|o, |zolo < |zw|0,
and |wv|o < |ov]p < |zw'|o, whence

low|o - Jow'|o low|3 lov|o + Jwolo  2|ov]o <9
|[zolo - [aw'o ™ |zw![3 |lzw’|o lzw’lo
2
It follows that cry(gsss) — cri(gies) > % —4e =0. O
0

7.7. Convex Mobius structures. We introduce the following axiom for a Mobius
structure M € M, which implies the convexity of the function F.

(C) Convexity: for any q € regPg with cyclic order co(q) = 123456 such that

crs(qae) = cr3(gag), we have
cri(qiz) > cri(qua).
A Mébius structure M € M is convez if it satisfies Axiom (C).

Axiom (C) can be rewritten in the following way. Assume we have ¢= (o', x,y, z,0,w) €
reg P written in the cyclic order, co(q) = 123456. Then g4 = (0',2,9,0), g =
(0',y,z,0), and the assumption crs(gas) = crs(gee) is equivalent to 0y 4 . (0) = dz4,.(0"),
where yol?

Yo
) Teol ool
Next, we have q12 = (y, z,0,w), q14 = (z,y,0,w). Thus, the condition cry(g12) > cri(q14)
is equivalent to 0,y (0) > dz4,-(w).

Proposition 7.15. The canonical Mébius structure My on X is convex.

Proof. In the metric from M, with infinitely remote point o', we have 0, .(0') = 1.
Thus, 6, 4,.(0) = 1, whence |yo|? = |zo| - |20]. Let 0 = |ow|. Since Mj is canonical, we
have |yw| = |yo| + o, |zw| = |zo| + o, and |zw| = |z0| + 0. Therefore,

5 () = (|yo| + o)? _l+ao+ Bo?
2+ = ool o) (ol 0) ~ 140+ Flo?

where o = 2/[yo|, 8 = 1/|yof?, v = LA 8" = 1/(|z0| - |20]). Since |yo|? = |zo] - |20],
we have § = (', and, thus, the inequality 0, .(w) < 1 is equivalent to \/|zo|/|zo| +
V/|zo|/|xo| > 2, which is always true because x # z. O

Let a = (0,0") and b = (w,w’) € aY be events in the strong causal relation such that
the pairs (0,w’) and (0’,w) separate each other. Using the parametrization = <> z, of
the arc 0o’ between o, o’ that does not contain b by the timelike line hy, x € 00, 2, € hy,
and the parametrization &’ <+ zj of the arc ww’ between w, w’ that does not contain
a by the timelike line h;, we view the function F,;,: Dy, — R, see Subsection [[2] as a
function defined on h, X hy, Fap: hg X hy — R.

Proposition 7.16. The Convezxity Aziom (C) implies that the function Fap: hexhpy — R
is strictly convex for any events a, b € aY in strong causal relation.

Remark 7.17. 1. The convexity of the function Fj; is a precise analog of the convexity
of the distance function in CAT(—1) spaces, cf. Proposition [Tl

2. The convexity property depends on a parametrization up to an affine equivalence.
Here, the parametrization of D, by h, X hy is chosen, because h, X hy is an affine space
isomorphic to R x R.

Proof of Proposition [[T6l As usual, we assume that a = (0,0') and b = (w,w’) € aY

are events in strong causal relation such that the pairs (o,w’) and (o', w) separate each

other, and e = (o,w), ¢ = (¢/,w’). We show that the increment of the function Fy,
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strictly monotone increases along any line in h, x h, = R2. For this, it suffices to show
that for any g, Ya, 24 € he With z, < y, < z, such that t(z4,Ya) = t(Ya, 2a), we have
AF, 1(%a,Ya) > AFq p(Ya, Ta), where the increment

1
AF(Lb(yav xa) = E(t(yea x/e) + t(Yer, .13/6/) - t(l‘e, l‘/e) - t(xe’a J)/e,)),
calculated for some zj € hy, is in fact independent of zj (recall that here we use
parametrizations z < z, and 2’ < z3). Indeed, without loss of generality we may
assume that ¢ = (o', z,y, z,0,w) € reg Pg is written in the cyclic order. Then #(y.,z.) —
t(‘rev x/e) = t(yev .Ie) and t(yelv 'Ile’) - t(xela I/e/) = _t(ye/7xe’)a so that

1
AFa,b(yaa T,) = §(t(yeaze) — t(Yer, Ter))-

The condition t(Z4,%s) = t(Ya, 24) is equivalent to lyo'|-|zol _ |zo'| lyol

lyol[zo’] "~ [zo[-[yo]
ric from M, or, which is the same, to ;. .(0) = d;4,.(0"). Axiom (C) implies that
0a,y,2(0) > 05y -(w). Since

for any semimet-

~yol - 2w ol - Jyw|

t(zeuye) and t(yeuxe)

|20 - [yw] lyol - lzw]’
this is equivalent to t(ze, ¥e) > t(Ye, Ze)-

Applying the same argument to ¢’ = (o, 2z, y, x,0’,w’) € reg Pg, we see that Axiom (C)
implies 0y4,.(0") > 0z,4,.(w’), which is equivalent to t(zer,yer) < t(yer,zer). Therefore,
AF, 1(%a,Ya) > AFyp(Ya, a), and the strict convexity of the function Fyy, follows. O

Remark 7.18. By Proposition [[.16, Axiom C implies that the function F,: Dy, — R
attains its infimum at a unique point dfj € D,y for any a, b € aY in the strong causal
relation, because Fyp(d) — 0o as d approaches the boundary 9D, of Dgy,. However, in
general there is no reason to think that dy = hg N hy. It seems that Axioms (I) and (C)
are independent of each other.

§8. APPENDIX 1

We show that Gromov hyperbolic spaces from a large class are boundary continuous,
see Subsection

Theorem 8.1. Every proper Gromov hyperbolic CAT(0) space Y is boundary continuous.

For CAT(—1) spaces this was established in [BSI Proposition 3.4.2]. Here, we ex-
tend this result to CAT(0) spaces. The distinction between CAT(—1) and CAT(0) cases
relevant to our arguments is that dist(y,7’) = inf {d(s,s’): s €v,s' €4} = 0 for as-
ymptotic geodesic rays v, 7/ in the former case, while that distance is only finite in the
latter. This distinction is compensated for by the following lemma.

We use the notation o.(1) for a quantity with o;(1) — 0 as t — oo.

Lemma 8.2. Let zyz C R? be a triangle with |yz| < d for some fized d > 0 and
|lwyl, |w2| > t. Assume that Z.(z,y), Zy(x,2) > /2 —0,(1). Then ||zy| — |zz|| = o(1).

Proof. The required estimate follows from the convexity of the distance function on R?
and the first variation formula. We leave the details to the reader. O

Recall that in a geodesic metric space, the Gromov product is monotone in the fol-
lowing sense, see, e.g., [BS1 Lemma 2.1.1].

Lemma 8.3. Let Y be a geodesic metric space, xyz C Y a geodesic triangle. Then for
any y' € xy, u € yz we have

(¥12)2 < (yl2)e < min{(ylu)s, (ul2)s}-
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Proof. The left-hand side inequality is equivalent to |y'z| — |y'z| < |yx| — |yz|, which
follows from the triangle inequality |yz| < |yy’| + |v'z| because |yz| — |y'z| = |yy'|. A
similar argument using |yz| = |yu| 4+ |uz| proves the right-hand side inequality. O

All necessary information about CAT(0) spaces like the definition of the angles, the
triangle inequality for angles, the comparison of angles, the first variation formula, etc.
used in the proof below can be found in [BH].

Proof of Theorem Bl Giveno €Y, &, £ € 0,Y, we need to show that for any sequences
{z;} € & {z}} € ¢ the limit lim,(x;|z}), exists. We may assume that £ # ¢’ because
otherwise there is nothing to prove.

We use the notation £ = £(¢) for the unit speed parametrization of the geodesic ray
o€ with £(0) = o. By the monotonicity of the Gromov product, see Lemma B3] the limit

a= lim (€(2)(1)),

exists. We have a < oo because Y is hyperbolic and & # &', which implies that the
geodesic segment £(t)¢'(t) stays at a bounded distance from o uniformly in ¢. Since Y is
proper, the segments £(¢)&’(¢) subconverge in the compact-open topology as t — oo to a
geodesic v C Y with the endpoints &, & at infinity.

(1) We fix p € v and show that |z;p| + |pz}| = |z;2}] + 0;(1). The geodesic segments
px;, pr, converge to subrays p&, p¢’ C v (respectively) in the compact-open topology as
i — oco. It follows that Z,(z;,2}) > 7 — 0;(1).

Let ¢; € x;x} be the point closest to p. By the hyperbolicity of Y we have |pg;| =
dist(p, z;z;) < d for some d > 0 and all i. For the triangles A; = pg;x;, A} = pg;x; we
have Zg,(p, ®i), Zq, (P, x}) > 7/2, and ZL,y(x4, ¢;) + ZLp(qi, ) > ZLp(xs, ) > 7 — 0;(1).

Using the comparison of angles for CAT(0) spaces, we see that the comparison triangles
A, = PGz, A = pg;T; C R? have angles at least 7/2 at ¢;, and Z5(Z;, @) > Zp(@i, qi),
25(Gi, %) > Zp(qi, xf). Thus, Z5(%5, ¢i), £5(¢:,T;) < m/2, and we see that

7 —0i(1) < Z5(Ti, @) + £5(@, 7)) < 7.

Hence, Z5(%;,¢:), £5(Gi, %) > w/2 — 0;(1). Since |pqz| < d, we can apply Lemma [82]
and conclude that \xlﬁ] |Z:q:| + 0:(1), |pT| = |@@}| + 0i(1). Therefore |x;p| + |pzl| =
jaia] + oi(1).

(2) By the hyperbolicity of Y, there are points u € of, u’ € of’, vy € £(¢)€'(t) with
mutual distances bounded above independently of ¢. Thus,

Zewy (0,6 (1) = Zey(0,v1) = 01(1),  ZLer)(0,&(t)) = Lerwy (0,v1) = 04(1),
that is, the segment ov; is observed from £(¢) and £'(¢) under arbitrarily small angles as
t — oo.

(3) Let n(t), n'(t) € « be points closest to &(¢) and &'(
geodesic v is convex as a set in Y, we have |n(t)n/(t)] < | (t
show that [£(H)€'(6)] < [n(6)(8)] + oy(1).

Since the geodesic rays of, p§ are asymptotic, the distance dist(£(¢),) is uniformly
bounded above. Using the convexity of the distance function on Y, we conclude that
g(t) = dist(&(t),y) and similarly ¢'(¢t) = dist(£'(¢),~) are monotone decreasing as t —
00. Then for ¢ > t we have g(t') < g(t) < [€(¢)n(t')] and similarly ¢'(¢') < ¢'(t) <
|€'(t)n'(t')]. The first variation formula for CAT(0) spaces, see [BH, Corollary 3.6],
implies that Ze)(n(t),0), Leqwy(n'(t),0) > w/2 for all ¢ > 0. Combining this with
the estimates in (2) for the angles Z¢()(0,&'(t)), Lery(0,€(t)) = 04(1), we conclude
that Zewy(n(t),€'(1)), Les (t)( (t),€(t)) > 7/2 — 04(1). Therefore, all the angles of the
quadrilateral n(¢)&(¢)&'(t)n' (t) are at least m/2—o0:(1). We also note that g(t) = |£(t)n(t)|
and ¢'(t) = |£(t)n(t)] < ¢ for all ¢ > 0 and some ¢ > 0 independent of ¢.

t), respectively. Since the
)E'(t)|. Our next goal is to
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Let z(t)y(t)u(t), y(t)z(t)u(t) be comparison triangles in R? with vertices x(t), z(t)
separated by the common side y(t)u(t) for the triangles n(¢)&(t)n'(t), £(#)E'(t)n'(t) in Y,
respectively. Using the comparison of angles in CAT(0) spaces and the triangle inequality
for angles, we see that all the angles of the quadrilateral z(t)y(t)z(t)u(t) C R? are at least
7/2 — or(1). Since [2(t)y(t)], [2(u(t)] < ¢ we have Ly (2(t), u(t)), Zug (2(), y()) =
Ot(]-)' Thus, Zy(t) (x(t),u(t)), 4u(t)(z(t)7y(t)) 2 71—/2 - Ot(l)' By Lemma B.2] ‘y(t)z(t”v
2(t)u(t)] = Jy(Du(t)] + 0p(1), whence [E0)E'(1)] < In(y (2)] + or(1),

(4) Now, we show that a(t), o/(t) > m/2 — 0y(1), where a(t) = ZLewy(n(t),£), o/ (t) =
Zeray (1 (t),&"). For brevity, we only prove this estimate for the angles a(t).

By the first variation formula, we have |£(t+s)n(t)| = |£(t)n(t)]| —s cos a(t)+o(s) for all
sufficiently small s > 0. On the other hand, the function g = g(¢) is convex. Therefore,
at every point it has the right derivative d;g/dt, which is monotone nondecreasing.
It is monotone nonpositive because g(t) decreases. Thus —d g(t)/dt = o0:(1). Since
g(t+s) < |&(t + s)n(t)| for every s > 0, we obtain the inequality

g(t) —scosa(t) +o(s) = [€(t + s)n(t)| = g(t +5) = g(t) + 5 - dyg(t)/dt
for all sufficiently small s > 0, whence cosa(t) < —dig(t)/dt = o,(1), and, therefore,
a(t) > /2 — o:(1).

(5) We show that |{(t)z;| = |n(t)x;| + o04:(1) for every sufficiently large fixed t,
and similarly [£'(t)z;| = |1/ (t)x}| 4+ 04,i(1). The geodesic segments &(t)z;, n(t)z; con-
verge in the compact-open topology to subrays £(¢)¢, n(t)€, respectively, as i — oo.
Thus, Zewy(n(t),z:) > aft) — o0;(1) and Zy, iy (§(2), 2:) > B(t) — 0i(1), where 3(t) =
Zyw(§(t),&) > m/2. Using (4) and the comparison of angles, we see that the angles at
z, y of the comparison triangle zyz C R? for £(t)n(t)z; are at least m/2 — o;,;(1). By
Lemma B2 £(t)a1] = [n(t)z:] +00i(1).

(6) Since the geodesic segments ox; converge to the ray of, we have |ox;| = |0€(¢)| +
|§(t)x;| — 014(1) for every fixed ¢ > 0 and all sufficiently large ¢. Similarly, |px;| =
IO+ 1) —015(1). By (5), loi|—|pwi] = |0€(8)|— [pn(t) +0¢4(1). Using (1), (3) and
the identity |n(¢)p|+|pn’ (t)] = In(t)n’ (t)|, we finally obtain (z;|x}), = (§(¢)|&'(t))o+04,:(1).
Hence, lim;(z;]z}), = a. O

Corollary 8.4. In a proper Gromov hyperbolic CAT(0) space Y, we have (§|€"), = 0 if
and only if Z,(§,&) =7 foroe Y, ¢, & € 0,.Y.

Proof. If Z,(£,£') = m, then |zo|+|ox'| = |z2'|, and (z|z’), = 0 for every x € o€, 2’ € of’.
By Theorem Bl (£]¢'), = 0.

Conversely, assume that £,(&,£’) < m. Then for 2 € o, 2’ € o’ sufficiently close to o,
we have |zo| + |ox’| > |xza'|, and, thus, (z|z'), > 0. By the monotonicity of the Gromov
product and Theorem BT, (£[£"), > (z|z'), > 0. O

§9. APPENDIX 2

Viktor Schroeder

Here, it will be shown that Axiom (t6) follows from the other axioms of timed causal
spaces. That is, we assume Axioms (h1)-(h6) and (t1)—(t5) but not (t6) and show that
(t6) follows. Given an event e = («, 3) we have a reflection p = p.: ST — S! fixing «,
B. The Mobius structure M was obtained in Theorem without using (t6). This gives
another timelike line structure Hj; and hence, for e, another reflection 7 = 7.: S* — S*.
Choose x, y in the same component of S'\ {«, 3} in the order awy3. We use the notation
[, ,, ] for the cross-ratio crs,

_zyl|zul

[x7yuzau] = .
|z2| [yul
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Then
(18) [O&,Z‘,T(I),ﬂ] = [a;ny(y);ﬁ] =1

This cross-ratio satisfies the cocycle property

[a7x’y,/8][a’y7z’/8] = [a7z7z’/8]
for any x, y, z. Axiom (t6) was not used in the proof of Lemma By that lemma,
the time of the timed causal space is computed in the usual way via M-cross-ratios.
Therefore,

Infe, z,y, B] = —t((z, p(2)), (v, p(y))) = In[e, p(2), p(y), Bl,
and by the cocycle property and ([I8) we have [, z,y, 8] = [, 7(x), 7(y), 5]. Thus,

[, p(), T(2), Bl[a, T(), p(y), B] = [, p(), p(y), O]
equals
[, (), p(y), Bllev, p(y), (), B] = [, 7(2), 7(y), Bl.

Therefore, [a, p(x), T(x), 3] is constant for z in a connected component of S\ {«, 3}. In
order to prove the result, we need to show that [, p(z),7(z), 8] = 1. Then p(z) = 7(z)
by monotonicity, and we arrive at (t6).

Now [a, p(z), 7(x), 8] = [a, p(z), z, f] because [o, T(x), x, B] = 1 and, hence, also

(19) [, z, p(x), B] is constant in .

FIGURE 2. The pentagon P.

Now, we construct a pentagon P = x1x2,x2x3,...,29x19 of consecutively “orthogo-
nal” timelike lines, i.e., pz;,z; (iy2) = z43 for i = 1,...,9, where the indices are taken
modulo 10 (the existence of P easily follows from Proposition B.2(b)). Then (I9) implies
(we write [i, 7, k, 1] = [z, zj, Tk, 21])

[1? 3’ 4’ 2] = [67 3’ 4’ 5]
=[6,8,7,5]
=19,8,7,10]
=19,1,2,10]
=14,1,2,3] =[1,4,3,2] = 1/[1, 3,4, 2],
whence [1,3,4,2] = 1.
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