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ON OPERATOR-TYPE HOMOGENIZATION ESTIMATES
FOR ELLIPTIC EQUATIONS WITH LOWER ORDER TERMS

S. E. PASTUKHOVA AND R. N. TIKHOMIROV

ABSTRACT. In the space R, a divergent-type second order elliptic equation in a
nonselfadjoint form is studied. The coefficients of the equation oscillate with a period
£—0. They can be unbounded in lower order terms. In this case, they are subordinate
to some integrability conditions over the unit periodicity cell. An L2-estimate of
order of O(¢) is proved for the difference of solutions of the original and homogenized
problems. The estimate is of operator type. It can be stated as an estimate for the
difference of the corresponding resolvents in the operator (L?(R%)—L2(R¢))-norm.
Also, an H!'-approximation is found for the original solution with error estimate of
order of O(g). This estimate, also of operator type, implies that an appropriate
approximation of order of O(e) is found for the original resolvent in the operator
(L?(R?)— H'(R?))-norm.

The results are obtained with the help of the so-called shift method, first suggested
by V. V. Zhikov.

§1. INTRODUCTION

In homogenization theory, which emerged more than fifty years ago, from the very be-
ginning there have been an increasing interest in error estimates in different norms, such
as the energy norms or Lebesgue norms naturally related to the problem under consider-
ation (see, for example, [IH3]). For second order elliptic equations, these are estimates in
H'- and L?-norms, while for similar parabolic equations, these are also estimates in L>-
and L'-norms. In the early results, the majorants in the error estimates depended on
data of the problem (e.g., on the right-hand side function in the case of elliptic equations
or on the Cauchy data in the case of parabolic equations) in such a way that the estimates
could not be given an operator meaning. In particular, such results cannot be restated as
estimates in the operator norms for the difference of resolvents or semigroups (according
to another terminology, operator exponentials) of the corresponding operators in elliptic
or parabolic cases, respectively.

Possibly, for the first time, operator-type homogenization estimates arose in Zhikov’s
paper [4] (see also Chapter II in [3]). These were estimates for parabolic equations
in L*°-norms, and they were aimed at applications to probability theory and diffusion
theory. These estimates were proved by the spectral method based on the Bloch repre-
sentation of the fundamental solution of the parabolic equation. Actually, a pointwise
estimate and an integral estimate were proved for the fundamental solution. The latter
can be regarded as a kernel of the operator exponential corresponding to the nonstation-
ary diffusion equation. As an immediate consequence of estimates for the fundamental
solution, an error estimate of homogenization in the L°°-norm was derived with a con-
stant on the right-hand side, allowing one to reformulate the result as an estimate in the
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operator (L — L°°)-norm for the difference of the semigroups corresponding to the
original and homogenized problems. Moreover, in [5] it was shown that the estimates
for the fundamental solution established in [4] naturally imply not only an L*-estimate
of homogenization but also similar estimates in L®-norm for any s > 1 with a universal
constant on its right-hand side. More precisely, these estimates are of the form

(1.1) [us (- t) = u(-.1)]
Here, u®(z,t) is a solution of the original strongly nonhomogeneous Cauchy problem in
the half-space {(z,t): = € R% ¢t >0}, ie.,

Ot + Acu® =0 fort >0, u(z,0) = f(z),

where A, = —div(a.(2)V) is a diffusion operator with an e-periodic diffusion matrix
as(x) = a(z/e), 0 < e <1, and a(y) is a measurable symmetric 1-periodic matrix such
that

9
Ls(R4) SCO%”.HLS(R"’)? ISSSOO

vl1<a<1/vl, v>0,1 is the identity matrix;
u®(x,t) is a solution of the homogenized Cauchy problem
o’ + Agu® =0 for t >0, u°(x,0)= f(z),

where Ay = —div(a’V) is a diffusion operator with a constant matrix a® > 0 called the
effective diffusion matrix and calculated via a well-known procedure; the constant ¢y on
the right-hand side of (II]) depends only on the dimension d and the ellipticity constant
v of the matrix a(y).

The solutions of the original and the homogenized problems can be represented with
the help of operator exponentials, namely,

ui(a,t) = e M f(a), ul(,t) = e f(a).

Then taking, e.g., s = 2, from (L)) we obtain an estimate in the operator L?-norm for
the difference of exponentials

_ _ e
(1.2) le™* e — 7| L2 gy p2(ray < v

Now, representing the resolvent as the Laplace transform of the semigroup, we can deduce
an estimate for the difference of resolvents

(1.3) [(Ac +1)7" = (Ao + 1) M poray s p2(ray < ¢, ¢ = const(d, v),

(see [5] for the details).

The interest to operator-type estimates of homogenization arose again after the pa-
per [6] by M. Sh. Birman and T. A. Suslina, which served as a new impetus to the
spectral branch of homogenization theory. Estimates like (1.2), (1.3) were proved in
L?-norms for a broad class of selfadjoint matrix elliptic operators with the help of an
operator-theoretic approach suggested by the authors of [6].

Over the past decade and a half, many interesting results on operator-type homog-
enization estimates were obtained by efforts of numerous mathematicians, and various
approaches were elaborated for this. An overview of these results was given in [5].

From the methodological point of view, here we continue the studies going back to [7,§]
and demonstrate the application of the so-called shift method, first suggested by Zhikov
in [7], for deriving operator-type estimates in the homogenization problems under consid-
eration in the present paper. These are second order nonselfadjoint elliptic equations with
unbounded coefficients in lower order terms. All the coefficients of equations oscillate
rapidly with a period € — 0. In this context, the unbounded coefficients in lower order
terms satisfy certain integrability conditions over the unit cell of periodicity, with ex-
ponents determined by the space dimension. These integrability exponents are dictated
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by embedding theorems and they are precisely the same as those arising in existence
conditions in the classical theory of elliptic equations with unbounded coefficients (see
[9, Chapter III]).

To some extent, homogenization of equations with unbounded coefficients was touched
upon earlier in the paper [10], where equations with degenerate weights, including those
that may grow to infinity, were studied. The conditions under which the homogenization
estimates were proved in [I0] agree with those formulated in the present paper.

Operator-type homogenization estimates for second order selfadjoint elliptic equations
(in particular, vector equations) with unbounded coefficients in lower order terms were
studied in [T11[12], where the authors applied an approach based on the ideas of [6]. In the
items overlapping with [T1L[12], here we obtain similar results but under slightly weaker
assumptions.

§2. SETTING OF THE PROBLEM. THE MAIN RESULT

2.1. Elliptic equation with unbounded coefficients in lower order terms. In
the entire space R?, d > 2, we consider a divergent-type second order elliptic equation

u € H'(RY), A+ M =f, feL*RY,

2.1
21) Acu® = —div(a.Vu® + a:u®) + e - Vu + you®

with a small parameter ¢ € (0,1). The coefficients of the equation are e-periodic and,
thus, oscillate rapidly as e — 0. For example, the matrix a. = a.(x) of leading coefficients
is obtained as follows: a.(x) = a(%), where a(y) is a measurable 1-periodic matrix with

real entries (a is not necessarily symmetric). The periodicity cell is the unit cube ¥ =

[-1, %)d. Similarly, via 1-periodic functions a(y), 5(y), ¥(y) we obtain the coefficients
in the lower order terms of equation (21]).
Throughout the paper, the function spaces (e.g., L%(R?), H'(R?)) are assumed to
consist of real-valued functions. The coefficients of equation (2.1]) are also real-valued.
We assume that the matrix a(y) satisfies the following ellipticity and boundedness

conditions:

(2.2) ulé? <aé-& aw)é-n<p ', &neRY, p>0.

As for the l-periodic vector-valued functions a(y), B(y) and the scalar function v(y),
they can be unbounded but obey the following integrability condition:

(2.3) the norms ||al[z2r(vye, [BllL2e(yv)a,s [|7]lLe(v) are finite,
where

d . .
(2.4) pzilfd>2, p>1if d=2.

By a solution of equation (2.I]) we mean a function u® satisfying the integral identity

/ (aeVu® + aeu®) - Vodz —l—/ Be - Vupdz —l—/ veutodr+ A | updr
(2.5) Rd R R R

= fodr forall ¢e HY(RY).
R4

To justify the well-posedness of this setting, we need to study the bilinear form on the
left-hand side of ([235)):

B.(u,v) :/ (aeVu + acu) - Vodz+ Be - Vuv dx —|—/ Yeuv dx + )\/ uv dz,
(2.6) R R Ré R

d

u, ve H (RY).
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We show that all integrals in (2.6)) are finite. For this, the following assertion from [I0]
is helpful.

Lemma 2.1. Let p-(z) = p(£), where p >0, p € LP(Y), and let the exponent p be the
same as in (2Z4). Then

(2.7) (peuu) < co(llull® + <[ Vul), o = const(d, llp]lLs().
In the dimension d = 2 the constant co depends also on the exponent p itself.

Here and in what follows, we use the simplified notation for the inner product and the
norm in L?(R4):
() =00 Dezeay, - 1= llr2ga)-
We often make no difference in notation for spaces of scalar and vector functions.
To make our exposition full, we give the proof of Lemma 2] at the end of the paper
(see Subsection 6.3). But now we state the following claim.

Corollary to Lemma 2.1. For the terms in (Z6l), we have:
) (ew,v) < el(lull + el Vul)(([oll +el[Voll),  er = const(d, |17l Lrv));
i) (acu, Vo) < eo([lull + el Vul)[[Voll, ea = const(d, [lall L2 yye);
i) (e - Vu,v) < ca([|ofl +el[Vol)|Vull, ez = const(d, [|B]| L2r(v)a)-

In the dimension d = 2, the constants in these estimates depend also on the exponent p
itself.

Indeed, since (y.u,v) < (peu, w)2 (pev, v)%, pe = |7e|, statement ¢) follows immediately
from (Z7) and the numerical inequality (a2 + b2)2 < a + b valid for any a, b > 0.

Assertions ii) and iii) are proved similarly. For example, in the case of ii) we write the
inequality

(e, Vo) < [lacul [|Vo]] = (Jael?u, u)? || Vo]

and apply estimate (Z7) to the form (Ja.|>u,u) setting p. = |ac|?.

Assertions i)-iii) combined with condition (22)) ensure the boundedness property of
the form (24 for all € and A and the coercivity property for relevant € and A\. We prove
here only less evident coercivity property, which means that

(2.8) there exists po > 0 with Bg(u,u) > ,LLOHUHQHl(Rd) for all u € H'(R?)
for sufficiently large A > Ag > 0 and sufficiently small ¢ < g¢. The values \g, €9, and
1o depend on the dimension d, the ellipticity constant p, the norms in (23)), and also

the exponents of these norms in the dimension d = 2, which is seen from what follows.
Indeed, we start with the inequality

Be(u,u) > pl|Vull® + Mlull* = |(veu, u)| = [(aeu, Vu)| = [(B: - Vu, )],

where, in particular, the ellipticity property (2.2) is taken into account. Then we apply
estimates i)—iii) to each form an the right-hand side. Hence, using the inequality ab <
%az + 21—5b2 for any § > 0, we successively deduce the inequalities

Be(u,u) > pl|Vull® + Nlull* = 2e1 (Jlull® + €[ Vul|*)
— ca([[ull + el Vul[[Vull = es(lull + el Vul) [Vl
= (1 = 2c16” — 22 — e38) [ Vul® + (A = 2e1) [ul® = (e2 + e3) [[ull[ V]

d 1
> (u — 2¢16% — coe — c36 — 5) | Vul|? + ()\ —2c; — 2—5(02 + 03)2) [|u]|?
1

Y

TVl =+ [,
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whenever § = pu, € is so small that 2c;e? + (co + ¢3)e < &, and X\ is so large that
A—2¢ — ﬁ(CQ + ¢3)? > 1. It remains to set p9 = min{$p, 1}. The value Ao > 0 will be
finally selected later while considering the homogenized equation.

Using the Lax—Milgram lemma combined with the boundedness and coercivity prop-
erties of the form (26]), we infer the existence and uniqueness of a solution of (21).

Letting ¢ = v® in ([23]), we obtain the energy identity
BE(uE7 ua) = (f7 u€)7
whence by (2.8) we get the energy estimate

1
(2.9) 1w g1 (ray < %Hf”L?(]Rdy

2.2. Homogenized equation. With problem (Z1]) we associate the homogenized prob-

lem
(2.10) ue HY(RY), Agu+Iu=f,
. Aou = —div(a®Vu + a’u) + 8% - Vu + ~u,

where a® is a constant positive definite matrix and the coefficients in the lower order

terms are also constant. Formulas for finding a®, a®, 3°, 4° are given below (see (2.16)

and (ZTI7)).
A solution of ([ZXI0]) is understood in the sense of the integral identity
BO(UHP):(]C,(P), @eHl(Rd)a

where we have a bilinear form similar to (Z:0) but with constant coefficients, namely
By(u,v) = / (a°Vu+ a’u) - Vodz + | B°-Vuvdr + / Yuv dr + )\/ uv dz.
R Rd Rd Rd

There exists a unique solution of (Z.I0) for sufficiently large A, thanks to the Lax—Milgram
lemma. Since the coefficients in the homogenized equation are constant, along with the
energy estimate (Z.9)) for the solution u, we have the elliptic estimate

(2.11) llull g2ray < el fll L2 way-

In the sequel, problems ([21) and (ZI0) are considered for suitable A and &, A > Ag and
e < g, where the choice of \y and gy guarantees than the operators A., A are coercive;
consequently, the two problems are well posed. This specification of the parameters will
be often omitted in what follows.

Our aim is to prove the following claim.

Theorem 2.2. For the difference of solutions of problems (1) and 2I0Q), we have the
estimate
(2.12) [u® — ull2rey < Cell fll L2y,

where X > Ao and € < g9. The constant C depends on the dimension d, the elliptic-
ity constant y, the parameter A, and the norms ||al|r2e(yya, |Bllr2e(vya, Vllzeeyy. In
dimension d = 2, the constant C' depends on the exponent p itself.

Inequality (ZI2)) implies an estimate in the operator (L? — L?)-norm for the difference
between the resolvents of the original and homogenized operators:

(213) H(Ag + )\)71 — (AO + )\)71||L2(Rd)_>L2(Rd) < Ce.

The resolvent (A. + A\)~! can be regarded as an operator acting from L?(R9) to
H'(R?) and, in the corresponding operator (L2—H!)-norm, its approximation is the
sum (Ag + \)~! + eK., where the correcting operator ¢K. is defined in (512). This
assertion is formulated more presisely in Theorem [E.11
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2.3. Cell problems and homogenized equation coefficients. We consider the pe-
riodic problems

(214) Ny € Hi(Y), divyla(y)(@ +V,N;@)] =0, (N)=0, j=1....4,

per
where e!, ..., e? is the canonical basis in R?; and similarly,

(2.15) No € Hpo,(Y),  divy[a(y)VNo(y) + a(y)] =0, (No) =0.
where

()= [ -y

denotes the mean value over the cell.
Solutions of cell problems are understood in the sense of integral identities on smooth
periodic functions. As an example, for problem (ZI4]) we have the identity

/Y [a(y)(& + VN5 ()] - Vep(y) dy =0 for all € C2,(Y),

which means that a(y)(e/ + V,,N;(y)) is a solenoidal vector of class L2_,(Y)%. This will
be used later.

Each of problems ([2I4)) and (23] has a unique solution by the Lax—Milgrame lemma.
In this regard, for equation (Z.I5) it should be noted that a € L2,.(Y)? due to ([Z3) and
(Z4) and, thus, this equation can be written in the form divy[(a(y)VNo(y)] = —divy a(y),
where the function on the right-hand side belongs to the dual space (H} (Y))*.

Using the solutions of the cell problems (ZI4) and (2I5]), we introduce the coeffi-
cients of the homogenized equation ([ZI0). The homogenized matrix a° is defined by the

formulas

(2.16) a’e’ = (a(e! + V,N;), j=1,...,d;

the other coefficients are the following mean values:

(2.17) a’ = (aV,Ny+a), B'=(1+V,N)B), ~+°=(3-V,No+1),

where the vector N = {Ny, Na, ..., Ny} consists of solutions to problem (2.I4]), 1 is the

unit matrix, the matrix VN has the entries {VN},; = %, and by M7 we denote the
transpose of M.

Yi
It is well known (see [1H3]) that the homogenized matrix a° is positive definite.

2.4. Some remarks. Operator-type estimates (213) and (512) will follow from the
analysis performed in §§3—5. Possibly, our main result is the so-called estimate “inte-
grated over the shift parameter” in Theorem [£2l Namely, this “integrated” estimate im-
plies desired L?- and H'-estimates of homogenization as simple corollaries. The specifics
of the scalar case are used nowhere in the proof of Theorem [£2l Here we mean the max-
imum principle and its consequences. Thereby, the results implied by Theorem are
also valid for vector equations. The scalar case specifics are taken into account only in §6,
where, under slightly stronger requirements on the coefficients in lower order terms, we
prove the H'-estimate with the approximation that is usual for classical homogenization
theory.

Remark 1. Since the coefficients of the operator Ay are constant, it is possible to simplify
the homogenized equation (2I0) rewriting it with a symmetric matrix in the principal
part and with only one drift vector, namely

O*u
Aou= =D (@) (0048 Vut (1 + A
9
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where (a®)® is the symmetric part of a®. But here we do not do this deliberately in order
to preserve the original equation structure and to employ this similarity in the proof.

Remark 2. In [13] and [5], homogenization operator-type estimates were proved for di-
vergent nonselfadjoint elliptic equations of arbitrary even order and with lower order
terms, but with coefficients that are all bounded.

Remark 3. In [I1] and [12], homogenization operator-type estimates were studied for self-
adjoint elliptic vector equations with unbounded coefficients under assumptions stronger

than in (23], 24).

Remark 4. One may consider a diffusion operator with lower order terms coefficients that
are unbounded in another sense. This is the operator with a drift growing to infinity as
e —0,

(2.18) A. = —div(a.V) +e 5. - V,

where the e-periodic coefficients of A. are bounded for each fixed . This requires quite a
different homogenization procedure where the drift affects the effective diffusion matrix,
and the homogenized equation (though with constant coefficients) still preserves a drift
vector unboundedly growing as € — 0.

In the situation of equation ([2II), we have drift vectors that are pointwise unbounded
but have some bounded integral mean value. Then formula (ZI6]) shows that the drift
in (Z.I)) does not affect the effective diffusion matrix a®. On the other hand, the effective
drift vectors a” and Y (see (2.I7)) depend on the original diffusion matrix a(y) directly
(in case of a?), or indirectly via the solutions N; of [2.I4) (in the case of 5Y).

For a diffusion equation with the operator (ZI8]), homogenization operator-type esti-
mates were obtained in [I4] by using the spectral method based on the Bloch represen-
tation of nonselfadjoint operators.

Remark 5. What concerns second order elliptic equations with unbounded coefficients
in the principal part, homogenization operator-type estimates were established in the
following case: the original diffusion matrix splits into the sum a(y) = a®(y) + b(y)
of symmetric and skew-symmetric parts so that the symmetric matrix a®(y) satisfies a
condition of the type (222)) and the skew-symmetric matrix b(y) has entries in BMO (the
space of functions with bounded mean oscillation). The details can be found in [5].

Added in proof. When this paper had already been submitted and was in peer re-
view, the paper [15] appeared, to which our attention was drawn by the reviewer. This
paper concerns homogenization of a nonselfadjoint elliptic operator in a domain that
is an infinite cylinder whose section is an n-dimensional torus. The coefficients of the
operator are periodic and oscillate rapidly as e — 0 in the variables of the cylinder’s
“ruling”. Homogenization is only taken over these variables. In the case where n = 0
(i.e., the “O-dimensional torus” is the section of the cylinder), the problem of “partial
homogenization”, treated in [15], includes our problem of homogenization in the entire
space R%. Thus, the objects under consideration in our paper and in [I5] partly intersect.
So, it is natural to expect partial overlapping of conditions on coefficients under which
homogenization results are proved. In [I5], the coefficients in lower order terms are as-
sumed to be multipliers between Sobolev spaces. In particular, they may be elements of
Lebesgue spaces with appropriate exponents. In this case, we manage to cope with the
less restrictive conditions (23] and (2.4) than those in [15].
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§3. DISCREPANCY OF THE FIRST APPROXIMATION IN THE EQUATION

We try to construct an approximation to the solution of problem (Z.1]) in the H!-norm,
shortly called a first approximation. Following the classical homogenization theory (see
[1H3]), in we seek it the form

ou(x x
(3.1) o) = u(@) + <) 2 4 oNypute), y =L,
€5 S

where the N; (j = 0,1,...,d) are solutions of cell problems and u is a solution of the

homogenized problem. (Here and in what follows, summation over repeated indices from
1 to d is assumed if it is not stipulated otherwise.) The additional terms of order of O(e)
to the zero approximation u in formulas of the type ([B) are usually called a corrector.

Under our assumptions about regularity of the data in the original problem (we mean
the right-hand side function f, the coefficients introduced via the matrix a, and the
functions «, 3, and 7), the function v may fail to belong to H'(R%). To make our
actions consistent, we assume initially that f € C§°(R?). Then the solution u of the
homogenized problem is smooth and decays at infinity sufficiently rapidly, so that ¢
belongs to H'(R?).

For the first approximation v¢, we calculate its gradient and flow:

Ou(x)
Oz
(3.2) +eN;(y)V
Ou(x)
a$j

Ve (z) = Vu(x)+V,N;(y) + VyNo(y)u(z)

= (6j+vyNj(y))
a(y)Vo©(z) + a(y)v®(z)

= a(y) (P +V, N, (y >>8g<w> T [a(9) ¥y No(w) + ay)]u(z)ealy) Vu(z)N(y)
+ 2a(y)No(y) Va(z) + 2a(y)(N ) - Vu(x) + ealy) No(wuw), v =2

Compare this flow with the flow a®Vu + au of the homogenized equation. For their
difference we have

R. = a(y)Vo© (z) + a(y)v®(z) — a®Vu(z) — o u(z)

= [a(y)(e? + V,N;(y)) — a’e’] 6;(:]) + [a(y)VyNo(y) + a(y) — a’Ju(x)

+ea(y)V*u(z)N(y) + ealy) No(y) Vu(z)
+ea(y)(N(y) - Vu(z)) + ea(y) No(y)u(z)

=P % L + 4" (0)ulz) + £al) Vulz) V() + 20(u) No(y) Vilz)
+2a(y)(N(y) - Vu(@)) +ealy) No(y)u(x), y ==

8 )
where the vectors in square brackets are
34) ¢y =a)(e +V,N;(y) —a’, ¢°(y) = a(y)VyNo(y) + a(y) - a’.

These are periodic solenoidal vectors from L2, (Y)? due to equations (ZI4) and Z.I5),
and moreover, they have zero mean value (see the definitions of @’ and o in (216,

@I10). It is known that such vectors can be represented in terms of a matrix potential
(see [3, Chapter I, §1]).
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Lemma 3.1. Lett € L2, (Y)* be a solenoidal vector with zero mean value: div,t(y) =0,

(ty = 0. Then there exists a skew-symmetric matric T € H}, (V)™ T = {Ty},
Tix = —Tki, such that

t(y) = divy T'(y),

1T 112, (vyaxa < clltllrz, (v)a-

per

(3.5)

Hence, writing the vectors ([B:4]) in terms of the matrix potential gives

(3’6) g] (y) = diVij (y)7 G] 6 Hécr(y)dXd’ j = 07 1’ M) d7
and, as a consequence (without summation over the repeated index j),
! .0 . 0
) 20D — caiy (@) 2 vl o1
Ox; Oz Ox;
(3.7) J J J .
9" (y)u(z) = ediv(G(y)u()) — G (y) Vul@), y= 7.

We claim that the first terms on the right-hand sides are solenoidal vectors. Indeed,
. crx\ Oulx) ou(z) . (x
d GJ(—)— V(z) da= — —GJ(—)-VZ de =0
/Rd e ( 9 6{Ej ) QD(JJ) o R4 6{Ej 19 (,0(33) *
and

/Rd div (GO (g) u(x)) -Vo(z) de= — /]Rd u(z)G° (g) -V2p(z)dr =0

if p € C§°(R?), because G7 and G° are skew-symmetric and V2¢ is symmetric.
Representations (7)) allow us to obtain an expression with a factor ¢ for divR.,
namely

~—

divR, (BZEI) ediv {a(y)VQU(x)N(y) + a(y)No(y)Vu(z) + a(y)(N(y) - Vu(z)
)

Now, for the first approximation v¢ we take the so-called scalar flow

B(y) - Vo© (z) + v(y)v°(z)
=By) - (6j+vyNj(y))aau—ij) + [B(y)-VyNo(y) +7(y) Ju(z) + eB(y) - (Vu(z)N(y))

+eB(y) - Vu(x)No(y) +ev(y)N(y) - Vu(z) +ev(y)No(y)u(z), y= =

(3.8)

+a(y)No(y)u(e) - G°(y)Vu(z) — G (y)V

o8

and compare it with the similar scalar flow 8° - Vu(z) + 4%u(z) for the homogenized
equation. The difference of these flows can be written as

re = B(y) - Vo< (2) + 1 (y)v°(2) — 8% Vu(z) = u(x)

5y U0 EFTNGI-A] 2U2) L 1B) -V Nolw) + ) — 1 u(a)
. +eB(y) - (V2u(z)N(y)) +eB(y) - Vu(z)No(y) + ey (y)N(y) - Vu(z)
+ev(y)No(y)u(z), y= g

Consider the functions
si(y) = BW) - (& + VyN;(y) — 87, j=1,....d,

(3.10)
so(y) = By) - VyNo(y) +v(y) —°
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standing in the square brackets in ([8:9). They have zero mean value by the definition of
the constants 37 and 7% (see ([ZIT)). Moreover, for all j we have
(3.11) 55 € L{;&l (Y).

Indeed, since 8 € L?2,(Y)? and V,N; € L2, (Y)?, it follows that

per

19N 3l dy < (/ 7,8 dy) (/ By |2pdy)”“ <

2p 2p
by the Holder inequality, whence V, N; - 8 € L&' (Y). Similarly, 8 € Ljd' (Y)¢. Hence,
by the definition ([BI0); relation BII)) is true for all s;, j > 1. As for sp, we can

per

2p_
use similar arguments, observing that E Lh (V) and LB, (Y) C Lgd (V). The last

inclusion follows from the fact that p > o 7 valid for p > 1, which is ensured by (2.4).
The proof of the following assertion 1s glven at the end of §4.

Lemma 3.2. There exist vectors S7 € Lf)er(Y)d, Jj = 0,1,....d, such that s;(y) =
div, S (y), where

(3.12) 15712, (vya < ells;l L vy ¢ = const(d).
Using the formulas from Lemma [3.2] we have
Ou(x) ) . Ou(x) - Ou(x)
—ad j — 2SI (q) -
sy ) = e (810 %1 ) 87 v ().

X

so()ule) = =div (S°(y)u(z)) - £8°(y) - Vu(z), y="

Then the difference 7. (see (B3), 3I0)) can be written in the form

re = ediv <Sj(y)ig—a(5) + So(y)u(x)>
(3.13) +eB(y) - (Vu(x)N(y) +eB(y) - Vu(z)No(y) + ev(y)N(y) - Vu(z

F e Noly)ulo) - e57() - (G ) ~e8(0) - Vuta), =

The equations for u® and wu, and also the representations for differences of flows yield
the identity

Ac(v° —uf) + M0 —uf) = Av® — Acu® + M — du® = A0° + 2 — f
(3.14) = A" + MW — Apu — Au = —divR, + 7 + A\(v° —u)
= —divR: + re + eAN(y) - Vu(x) + eANp(y)u(x),

where divR. and r. are given in (B8] and (ZI3). In other words, the function w® = v —u®
solves the equation

(3.15) Acw® + M = fo + divFg,

where the functions f., F. are expressed in terms of the solutions of auxiliary cell problems
and the homogenized problem in accordance with (3.8), (313), and (14]). Namely,

(3.16) F.(z) = —Re(z) + ¢ SJ(E)agij)+ SO(E) u(z),
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where
Rete) B e o) Pula)N () + ) Vo) Tu(o) + @) (V) - Tu(w)
+alp)No(u)uls) - 60 Vul) - F TGy =L,
and
o) BTAEIR [50) - (V2u(@)N () + 8(0) - Vul2)No(w)
(3.17) +9(y)N(y) - Vu(z) +7(y)No(y)u(z) — 5 (y) - vagg)

~ 5°(y) - Vul@) + AN () - Vu(@) + ANo(y)u(a)]|

x

Yy==<

Equation B3] is of a more general form than the original equation (21I). Neverthe-
less, a counterpart of the energy estimate (Z9]) is valid for equation (BI5), namely,

(3.18) [ w® || ey < co([fellpz®ay + | Fell 2 ray)-

Taking the structure of the functions f. and F. into account, from (18) we deduce the
estimate

e _ L, e|2 2 |2 2
(3.19) 10° — (21 gty < cos Z/R bi (g)’ |, (2)]? d.
Here ®;(x) stands for the function u(z) or its gradients Vu(z), V?u(z), so that
(3.20) @il L2ray < el fll L2 (re)
by the elliptic estimate ([2I1I); the factors b;(y) are built out of
(3.21) G'(y), $7(y), Ni(y),
(3.22) Nj(y)aly), Nj()By), v(y)N;(y)-

In the general case, the factors b;(y) are not in L°(Y'). Therefore, we cannot exclude
them from the right-hand side integrals in (319) and then, due to [B20)), arrive at the
estimate

(3.23) lu® — v°|| g1 ray < Cell f]l L2(ra)

with a constant depending only on the quantities listed in Theorem In the sequel,
we explain how to overcome this difficulty by changing slightly the first approximation.

§4. THE INTEGRATED ESTIMATE

4.1. Shift in coefficients. Shifted first approximations. Consider a family of prob-
lems with shift in coefficients, namely

 div [a(y + ©) Vel (2, 0) + aly + w)u(z,0)]
(4.1) + By +w) - Vu'(z,w) +v(y + w)u’(z,w) + A (2, w) = f(2),

Y= f, weY.
€
Here, we have the same right-hand side function f(z) as in ([21I). Evidently, equation
(21 is presented in this family when w = 0. The solutions of the auxiliary cell problems
corresponding to (L)) are N, (y+w) and No(y+w), i.e., they are obtained by appropriate
shifting from solutions of ([Z14)), (215). Consequently, the homogenized matrix and the
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homogenized equation do not depend on the parameter w, and in accordance with (31
the corresponding first approximation to the solution of ([@Il) will be of the form
ou(x) x

(4.2) v¥(z,w) = u(z) + eN;(y + w) D +eNo(y + wu(z), y= .

We have seen above that the difference we®(x,w) = v°(z, w)—u®(x,w) satisfies the estimate
of the type (BI9), namely,

2
o () 305 w)| |@i(@)|? da.

After integrating this inequality with respect to w € Y, we eliminate the functions
|bi(y + w)|? from the right-hand side integrals, replacing them by the mean values over
the cell Y:

/ [Jw=( HHl (Rey dw < coe” Z/
(4.3) = coe” Z |bi|%) / (z)]? dz

21D
< coe®l|ullagray D (Bi?) < el f 1T aay D (il

2
Z(§+w)‘ dw dx

This is possible provided that

bi € L2,.(Y).
for all 7. Let us find out whether this integrability property is valid for all functions
listed in (321I)), (322)). There may only be doubts about functions on the list (3:22]),
because they are products of N; € H} (Y) by one of the unbounded multipliers a(y),

B(y), and v(y). Note that the functions listed in 3:2I) belong to L2,,.(Y) by their choice
(see (214), ZTI5), BH) and LemmaBEl).

First, we verify that N;a, N;8 € L2, (Y)%. Indeed, by Holder’s inequality we have

per

/|N W dy < ([ 1orar)” ([ 10017 a)
se( [P a) " <o [ [Nk <,

where we have also used condition ([Z3]) for o and the Sobolev inequality (see, e.g.,
[9, Chapter II, §2]) for N; € H'(Y). Inequalities (&4) hold true in any dimension d > 2.
In the case where d > 2, we have p = % (see ([Z4))), so that pz_l = d2d2 coincides with the
Sobolev exponent. For d = 2, we have the exponent p > 1, and the Sobolev embedding
theorem yields || Nj||za(y) < ¢l|VNj| p2(yy for any ¢ > 1, in particular, for ¢ = %.

The second function on the list [3.:22) also belongs to Lz, (V') and this is ensured by the
property § € L2 (Y )9. What concerns the last function in ([8:22), the above arguments
do not work. The reason is that, in accordance with ([23]), the periodic multiplier ~
possesses a weaker integrability property compared to o and 5. In the general case,

the embeddlng theorem shows that N;v € Lfféff( ) if d > 2 (because N; € Lffef (Y),

v € Lper(Y), and £2 + d = %£2) and the exponent d%f2 does not attain the value 2
The same problem arises in dimension d = 2.

The problem of inadequate integrability of the functions o(y) = N, (y)v(y) on the cell
Y is overcome in the following way. In ([BI7), these periodic functions are multiplied

by z(z), where z(x) is either u(x) or Vu(z), so that 2 € H'(R?) in any case. We can

pcr(
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transform this product by using the possibility of additional differentiation of z(x). New
periodic multipliers that emerge via this transformation will be integrable with appro-
priate exponents. This transformation procedure is described in the following lemma,
which will be proved later.

Lemma 4.1. Suppose z € H'(R?) and 0 € LY, (Y), ¢ = 7%. Then

s o(y) = (o) +divyp(y), p € Ll (V)4
(45) 0(%)2@) = (0)z(x) +5[div(p(§)z(m)) - p(%) Vz(x)}

Moreover,

(4.6) lollzz, (vye < cllollLa,. vy, ¢ = const(d).

per

We apply [@5) to the terms in (BI7) that contain N, (y)v(y), namely,

@ eN; (§>7(§)Z(ﬂﬁ) =e(N;v)z(x) — %p, (g) -Vaz(z) + aniv(pj (g)z(x)),
pj € L2 (V)

Here, the expressions with the operator div occurring inf. will go to the second compo-
nent divF; of the right-hand side in ([B.13)).

Thus, we obtain ([B.I5]) with the transformed right-hand side f. + divF., the structure
of which dictates estimate [BI8]) in the form of (3I9) with a new set of functions b;(y).
Now, the function vN; does not occur on the list (3:22]). Instead of this, the list (3.21))
will be supplemented with (N;v) and p; (see ([@T).

As a result, we obtain estimate ([3) in which b; € L2_(Y) for all 4. In short this
estimate can be written as

(48) 1) =) o < O guy
where the constant C' depends on the quantities listed in Theorem

4.2. Estimate averaged over the shift parameter. Now we investigate the possi-
bility of replacing the function u®(z,w) by u®(z + ew) in (L8). Note that u®(x + cw) is
a solution of the equation

—div[a(y + w)Vu (z + ew) + a(y + w)u® (z + ew)] + By + w) - Vu(z + ew)
4.9 x
(4.9) +7(y + w)ut(x + ew) + M (z + ew) = f(z + ew), y=_
From ([@3) and ([@I) it is seen that u®(z 4+ ew) and u®(z,w) satisfy one and the same
equation but with the different right-hand side functions f(x+cw) and f(z), respectively.
To compare these right-hand sides, we employ the following inequality (its proof can be
found in [GL[7L8]):

(- +ew) = FC)la—r@e) <elwlelfllz@e), weY, ¢= const(d),

whenever f € L?(R?).
So, the difference 25 (z) = u®(x,w) — u®(z + cw) satisfies the equation

25 € HY(RY), A28 + M5 = F5 € HY(RY)
with the right-hand side F5(x) = f(z + ew) — f(z). We have the energy estimate
1251 ey < ClEG] -1 (o)

Hence,

/ (Ju (z,w) — uf(z + ew)|* + |Vus (z,w) — Vi (z + ew)|?) do < 052/ |f(2)]? da
R4 R4
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for all w € Y. This allows us to replace u®(z,w) with u®(x 4+ ew) in [@8). As a result,
the averaged (over the shifting parameter w € Y') estimate is proved.

Theorem 4.2. Assume that u®(x) is a solution of [2J) and v¢(x,w) is defined in (L2]).
Then under the conditions € < €9 and A > \g we have the estimate

/Y/]Rd (Juf (z + ew) — v°(z,w) > + | VU (z + ew) — Vv (z,w)|?) dwdz
(4.10)

2 z)|* dx.
<ce [ 1@l

The constant C depends on the dimension d, the ellipticity constant p, the parameter \,
and the norms \|a||Lg€r(Y)d, HB”L?,‘;,.(Y)‘“ and ||¥| ., vy with the same stipulation in the
case of d = 2 as in Theorem 2.2

4.3. Proof of auxiliary assertions. Here we prove Lemmas and Il We use the
following fact: if s € L., (Y), ¢ > 1, and (s) = 0, then there exists a vector S € Wki(Y)?
such that
div, S(y) = s(y).
To prove this, it suffices to take a solution of the periodic problem
AU =5, UeW2{(Y)

per

2p
(which exists by the elliptic theory) and to put S = V,U. Thus, from s € Li& (Y)

2p
it follows that S € W;érp? (Y)?, whence S € Lgcr(Y)d by the embedding theorem, as
required. Lemma [3.2]is proved.
The above arguments prove also the first representation in ([@3]) together with estimate
(#X). The second representation in ({3 is an immediate consequence of the first. This
proves Lemma 1]

§5. COROLLARIES TO THE INTEGRATED ESTIMATE

We deduce consequences of Theorem

1. First, from the integrated estimate (ZI0), we deduce the L%-estimate ([ZI2)). In-
deed, discarding the term with gradients in ([@I0) and changing the order of integration,
we obtain

//|u€(x+€w)—v€(x,w)|2dwdx§Csz/ |f(2)|? de,
R JY R

and then applying the Cauchy—Schwarz inequality in the inner integral with respect to
w, finally we get

(5.1) /Rd /Y uf (z + ew)dw — u(x)

where we have taken into account that

/Yva(x,w)dw—u(x)—i—g(/YNj(g_'_W) dw) ng)

te (/Y No(g +w)dw> u(z) = u(z),

because (N;) =0 for all j =0,1,...,d.
Note that fY uf(z + ew) dw is the Steklov averaging (called also Steklov smoothing)
of the original solution u®(z). The following property of the Steklov smoothing

(S0)a) = [ plo+aw)do

Y

2

dzx < 052/ |f(2)]? dz,
Rd

(5.2)
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is well known (see [B71&]):
(5.3) [15%¢ = ¢llL2re) < coel| Vel L2ray, o= const(d).
Using (&.3]), we write

(5.4) H/Yu( +ew) dw — uf ()

< coe||Vus || L2 ey < cell fllp2(mays
L2 (R4)

where the energy inequality ([Z.9) is employed at the last step.
From (&10), (54), and the triangle inequality

u® — ullL2(ray <

u6(~)—/yu€(' + ew) dw

+H/ ut (- +ew)dw —u(-)
L2(RY) Y L2(R7)

we obtain ([Z12]).

2. Now we do not discard the gradients in (£I0). Changing the order of integration
and applying the Cauchy—Schwarz inequality in the inner integral, we find

(5.5) /]R " /R

Observing that (see (2:2))

2 2

dx

/(ua(x + ew) — 07 (2, w)) dw
%

V/Y(us(a: +ew) — v°(z,w)) dw

< Ce? /]Rd |f(z)|? d.

/YUE(ac,w) dw = u(z), /YVUE(x,w) dw = Vu(z)
and that
/ u®(z + ew) dw = (Su®)(x)
Y

is the Steklov smoothing of the function u®(x), we see that estimate (B.5]) can be rewritten
as

156" — w72 (gay + [V(S°u® = u)[[F2(ray < O*[| flI72(gas
ie.,
(5.6) 1570 — ul| g1 (ray < cell fllL2(ra)

with a constant on the right-hand side of the same type as in (2.12). An interesting
property of this H'-estimate should be mentioned: it does not involve any corrector.

3. Estimate ({I0) can be transformed somewhat differently in order to carry the
smoothing operator from u®(z) over to the shifted first approximation v (z,w) = vZ,(x).
The change of variable x — = + ew yields

/ (/ [us (z) —vE (z — ew)|? dw —|—/ |Vus (2) — Vs, (z — ew)|? dw) de <ce® | f*(x)dz,
rRa\Jy Y R4
whence, by the Cauchy-Schwarz inequality,

/Rd [Ua(x)_/Yﬂfu(x—é:’w)dwrdx—k/w [Vua(f)—LVvi(x—ew)dw}2dx

<ce? | f(x)dx.
R4

(5.7)
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Observe that
ou

v, (z — ew) = u(r — ew) + eNj (x)axj

/ S, (z — ew) dw
Y

:/Yu(x—sw)dw—i—aNj(g)/ g—;j(x—ew)dw—l—sNo<§)/Yu(x—sw)dw
=S€u+£Nj(g)aiS€u+aNo( )su,

(r —ew) + 5N0(Z> u(z — ew),

where the Steklov smoothing S°u arises in a natural way. Therefore, (5.7]) means that

() = ($)() = 2N (2) g (5 () = Mo (2 ) (SPu)

e

(5.8) ‘
< cel| fll 2 ray-
The expression
0

(5.9) ¥ (2) = S5u(z) + N, (g) B

is called the smoothed first approximation. We write (B.8) briefly as

Seu(z )+5N0( )58 (x)

[u® = 0%|| g (ray < cellfllr2(ra)-
Estimate (58) can be simplified. Indeed,
15%u = ul| g1 (ray < cre(||Vullp2mey + IV2ull L2 (re)) < cell fll 2@y
by the properties of the smoothing operator, in view of the elliptic estimate for w. In
other words, the function
0

(5.10) 7 (2) = u(z) + N, (f)—s (@) + ENO( )SE ()

e/ 0z,

can also be taken as an H'-approximation. It is called the first approximation with
smoothed corrector. The following estimate holds true:

e 9 < ) e
[ () =ty =2mi (2) g (5T = 2Mo(2) (O], o S el llzaceny,
or in short,
(5.11) s = 5l ey < el lz2eay-

Now we summarize our results about approximations in the H'-norm.

Theorem 5.1. Let u®(x) be a solution of problem [21)), and let v°(x) be a first approz-
imation with smoothed corrector (see (BI0)). Then under the conditions € < gy and
A > Ao, inequality (BI0)) holds true with a constant of the same type as in (2.12)).

Moreover, the solutions of the original and the homogenized problems are close in the
H'-norm in the sense of estimate (5.0)).

Relation (5.I1) shows that we have proved an estimate in the operator (L2(RY) —
H'(R%))-norm for the resolvent (A. + \)~! of the original operator and of its approxi-
mation. Namely,

[(Ac + 207" = (Ao + N7 = eKell 2 ey ey < Ce,

(5.12) KEf:N(g)-VSE(AmLA) 1f+N0( )SE(A0+>\) 'S
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§6. ERROR ESTIMATE FOR THE USUAL FIRST APPROXIMATION

6.1. The question arises as to whether it is possible to get rid of the smoothing operator
in (B.I0) and, thus, proceed to an H'-estimate with the usual first approximation (B.1J),
possibly after some strengthening of the original conditions on the data of the problem.
The affirmative answer is given below.

Theorem 6.1. In dimension d > 3, assume the following conditions on the coefficients
in the lower order terms of equation (21):

(6.1) ae L’ (V) fors>d, BeLl (V) ~elLi(Y)

per per

Then the function v=(x) defined in BI)) approzimates the solution u®(x) of problem ([21I)
with estimate B.23]), where the constant C depends on d, the ellipticity constant u, the
parameter \, and the norms || s yya, |8 Lacyye, ||7||L%(Y). In dimension d = 2, under

the same conditions 23), Z4) as before, estimate B23) holds true with a constant of
the same type as in Theorem 22|

First, we claim that under condition (6II) the function v*(x) belongs to H!(R9).
Indeed, the generalized maximum principle (see [I6l Chapter II, Appendix B]) can be
applied to the cell problems (ZI4]) and (2IH]), because in both cases we have a scalar
equation of the type

divy[(a(y) VN (y)] = div, F(y)

with a function F' € L*(Y'), s > d. For example, on the right-hand side of ([2I4) we have
the function —div,[(a(y)e’] and the desired integrability property is ensured merely by
the boundedness condition ([2.2]). As for (2Z.13]), the right-hand side function « is of class
L;CT(Y)d, s > d, by assumptions. Therefore,

(6.2) |Njllr <¢, j=0,1,...,d,
and, clearly, all the terms in v*(z) and Vove(z) (see BI) and [B2)) containing the
multiplier N; belong to L?(R?). As an example, by (ZII) and (6.2)) we obtain

I92u( IN(- /o)l aqgare < Cy - INol- /2) V- sy < G

INC- /) - Vu( )l 2@y < C.

The terms in Vv (z) that involve the multiplier VN, also belong to L?(R¢) thanks to
the following property of this multiplier.

Lemma 6.2. i) Let Ny be a solution of problem ZIB) under the condition a € L5.(Y)?,

s > d. Then for sufficiently small €, € < €, the gradient VNo(y)|y=z/c is a multiplier
from HY(R?) to L?(R%)?. Moreover, we have the estimate

(6.3) /]R d

where the constant C' depends on the dimension d, the ellipticity constant p, and the
norm ||a|

(VyNo)(§>w(x)‘2dx < C’/Rd(\w(x)|2 + 2| Vw(z)?) dz for all w € H'(RY),

Lger(y)d :
ii) A similar multiplier property is valid for the gradient VN;(y)|y—y/c of the solution
of @I4), j=1,...,d. We have

(6.4) /]R d

