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ON THE PROBLEM OF FILTRATION
FOR VECTOR STATIONARY SEQUENCES
UDC 519.21

M. P. MOKLYACHUK AND O. YU. MASYUTKA

ABSTRACT. We study the problem of optimal linear estimation of the functional
A{: Z;‘;O Ei(j)g(—j) depending on unknown values of a vector stationary sequence
{(]) = {& () {:1 from observations upon the sequence E(]) +77(4) for 5 < 0 where
7(5) = {m(j)}1_, is a vector stationary sequence, being uncorrelated with 5(]) We
obtain relations for the mean square error and spectral characteristic of the optimal
estimator of the functional. We also find the least favorable spectral densities and
minimax (robust) spectral characteristics of optimal estimators of the functional for
a particular class D of spectral densities.

1. INTRODUCTION

The main assumption of the classical theory of interpolation, extrapolation, and fil-
tration of stationary stochastic processes is that the spectral densities of the processes
are known. However, complete information about the spectral densities is not available
in most of the practical cases. Parametric and nonparametric estimators of the spec-
tral densities serve to solve this problem. There are some other (heuristic) methods to
evaluate initial estimates of spectral densities. Having obtained initial estimates of the
densities, the classical theory is applied under the assumption that the estimators are
true densities. Particular examples show (see Vastola and Poor [I]) that this procedure
may essentially increase the error. Thus it is worthwhile to look for estimators that are
optimal for all densities belonging to a certain class of spectral densities. Estimators
possessing this property are called minimax, since they minimize the maximal value of
the error. A survey of results of the minimax method of estimation can be found in the
paper by Kassam and Poor [2]. The methods of game theory are applied for the first time
to the problems of extrapolation in the paper by Grenander [3]. Franke [4, [5] studied the
problem of extrapolation for stationary sequences with the help of methods of convex
optimization.

The problems of extrapolation, interpolation, and filtration for stationary sequences
and processes are studied in the papers by Moklyachuk [6]-[8]. In this paper, we consider
the problem of optimal linear estimation of the functional

AE =Y a()E(-d)
j=0
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depending on unknown values of a vector stationary sequence &( 7) = {& (j)}f:1 whose

bpectral density is F'(A). We estimate the functional from observations upon the sequence
£(j) + 7(j) for j < 0, where 7(j) = {n(j )}::1 is a vector stationary sequence that is

—

uncorrelated with £(j) and has spectral density G(X).

2. THE CLASSICAL METHOD OF FILTRATION

Assume that the coefficients @(j) = {ay(j)}7_, that determine the functional A€ are
such that

oco T o)
(1) Yod la(l<oe, Y (D @G < oo,
7=0 k=1 j=0

where
T
= Z lax (7)1
k=1

Then the second moment of the functional Af is finite and the operator A defined below
is compact. The stationary sequence £(j) + 7(j) admits an expansion in the form of the
canonical moving average

S d(j - welu)

U=—00

ml
.
~

(2)

if the matrix of spectral densities
FO) + GO = {£i;(N) + g5, (M},

of the sequence £(j) + 77(j) admits the canonical factorization [9]
(3) F(\) +G\) =d(e?)d (e7), Z d(k)e ™,

where d(k) = {dij(k)} =7 and &(u) = {ex(u)};, is a vector stationary white noise

sequence such that E|€k( )\ =1,k =1,...,m, and Eg;(t)gj(s) = 0, t # s. If at
least one of the densities F'(A) or G(\) is regular, then the spectral density F'(A) + G())
admits a factorization. Regular spectral densities F(A) and G(\) admit the canonical
factorization

(4) F(\) = (6M) o (6M) : 0 (ei)\) _ Z(p(k)e—ikA,
(5) G(\) = (e?) y*(e™), Z b(k)e— kN,

where (k) = {pi; (k)}12, 7 and ¢(k) = {¢i; (k)} 27
Let

™ n T
AE= [ h(e™) (Z5(dN) + Z27(dN)) = / > b (e?) (Z,i (d\) + Z)! (dA))
-7 T k=1

be the mean square error of the linear estimator of the functional Ag, where

Z5(A) ={Z8A)},_, and Z'(A) = {Z](A)},
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—

are orthogonal random measures of the sequences £(j) and 77(j), respectively, and
o0
h(e™) = " h(k)e "
k=0

is the spectral characteristic of the estimator. The mean square error can be evaluated
by

A(hF,G) =E ‘Af— A{]Z

203 > (k) — R(k))d(k — p)d*(j — p) (@) — h(3)’

where
) ) k
A(e?) =D "aG)e™,  Wal® =) [(Wa)ill®,  (Ta), =Y al)v(k - 1),
j=0 k=0 1=0
00 k
ID(@— R[> =D II(D(a—m)l®  (Dla—h)) =) (@) - h(D)dk -1),
k=0 =0
(W(a— h), Wa) = (Ba, W(a—h)) = S ((¥(a — h))x, (Pa)y).
k=0

The spectral characteristic h(F,G) of the optimal linear estimator of the functional Ag
for given spectral densities F'(A) and G(\) is determined by the condition

(6) A(F,G)=A(h(F,G);F,G)= min A(h;F,QG)

heL; (F+G)
where Ly (F 4 G) is the subspace of the space Lo(F 4+ G) generated by functions of the
form €8y, 8 = {0 }j_ys k=1,...,T, n < 0. Here 6 = 1 and &, = 0 for k # . If
the spectral densities admit canonical representations (3) and (5), then the mean square
error of the optimal linear estimator AE equals

(7) A(F,G) = |Ya||* - | B*¥*Va||* = (cg,a) - [|Ceb"||*,
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where

WK

calk) = (T Ta), = 3 (Wa) " (1)

Il
o

k
=N"a()

|
—_

M8

Gm+k =Dyt (m) + Y d(k+1) Y w(m)p™(m+1),
=0

0 l m=0

¥
=
3
I

WK

(B*U*Ta), = S (0" Ta),.b* (1),

l

Il
=3

(oo}

(Ceb e =Y call+ k)b (1),
=0

b(e™) = {by (M)}
is a matrix function such that b(e™) = >°7° ( b(k)e~*** and b(e*)d(e™) = I,,,, where I,,
is the unit m x m matrix. The spectral characteristic h(F,G) of the optimal estimator
is given by

and

o0

(8) h(F,G)=A (ei)‘) —rg (ei)‘) b (ei)‘) , rg(e?) = Z (Cgb*)pe kA,

k=0

If the spectral densities admit canonical representations (3) and (4), then the mean square
error and spectral characteristic of the optimal estimator can be evaluated as follows:

9) A(F,G) = (ep,a) = |Crb7|%,

(10) hF,G) =rp (e™)b(e?), = (Cpb*)re ™,
k=0

where

k
(Pa)ipre” (1), (®a)i = al)p(k—1).

M8

CF(k) = (<I>*<I>a)k =

~
Il
o
~
Il
o

We have

(11) A(F,G) =0 flak)|I* —o* || 4b7)”
k=0

in the case where 7(j) or £(j) is a sequence of coordinatewise uncorrelated random vectors
with the variance o2 (a vector white noise sequence). We put

o0 o0

1AB* |1 = D I(Ab)I®, (A" =Y adlk +1)b* (1)

= 1=0

in equality (II)).
The mean square error of the optimal linear estimator of @(N)&(—N) constructed from

observations £(j) 4 7j(j) for j < 0 can be evaluated in this case as follows:

A(F,G) —022|ak )P —U4ZHCL

k=0

The coefficients b(k) can be found from the factorization (3) of the density F(\) + o2Ir.
Therefore the following result holds.
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Theorem 2.1. Let A(F,G) be the mean square error of the optimal linear estimator of
the functional Ag depending on unknown values of a vector sequence E(;) and constructed
from observations upon the sequence g(j)—l—ﬁ(j) for 5 <0, where 5(]) and 7(j) are uncor-
related vector stationary sequences whose spectral densities, F'(\) and G()\), respectively,
admit canonical representations (3), (5) or (3), (4). Then A(F,G) is given by relations
(7), (9). The spectral characteristic h(F, G) of the optimal filtration is given by relations

(8), (10).

Remark 2.1. If a vector stationary sequence is of a maximal rank (that is, if m = T,
then the matrix function b(e*}) is the inverse matrix to d(e*), that is, b(e?*) = d=1(e™*).
If a vector stationary sequence is of rank 1 (that is, if m = 1), then the matrix function
b(e) is a vector row b(e) = {bk(ei’\)}zzl that can be evaluated from the equation

S () dy () = 1.

Example 1. Consider the problem of estimation of a random variable

@(0)£(0) = af€1(0) + a3&,(0)

—

from observations of the sequence £(j) 4+ 77(j), j < 0, in the case where

fN) fN) > Py Py
F(\) = C =, N =2,
» (f(A) f+ k) I E T e A= T e
A) g(N) ) 2 P
G0 = (4 : \) = o2, N=— 3
) (g(A) 9(A) + g1(A) gN =0 910 11— by
Then F()\) + G()\) = d(e*)d*(e*), where
GfiA
Al ble R B(l—bzef'”‘)(l—by?*i)‘) /6 7
_ 1 —-1 e 2 —1\2 _ Y2
5_2(b1+bl ) (1+6) 4(1+9) (bh+0o7")" =1
P
Co2(1+b3)

and + is a root (whose absolute value is less than 1) of the equation

2 P2 + P2 + P3b2 + P3b3

1=0.
P22b3+P32b2 +

Let us evaluate the inverse matrix:

1 1=bje”** 0
INY =1 (A _ A 1—Be— > _ _ _
b(e ) =d (e ) Tl 1 Q-beem™M(A=bze”™) 1 (1—be M)(1—bge )
B 1—vye—iX B 1—vye—iX

and the spectral characteristic of the optimal estimator

h(e?) = (ko (e7) ha (€7)) =rr ()b (e7)
where

i Crb)re ™, (Cpb*) ZcF (I +k)b*(l
k=0
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Since cp(l) = @(0) > re gk + D)* (k) = (c1(1), c2(1)), we have

by (%) = (aY +a9) P21 —bre=™ |1 —bret . 1
1 AZ 1— 5672')\ 1— ﬂei)\ ‘1 _ ble_i)\|2 -
_ a9P; (1= boe™™) (1 = bge™™) | (1 = boe™) (1 — bge™) 1
B2 1 — ye—ir 1 — yeir L —bpe 2P|
where

04 ,0) p2 0 p2

(a1 + a2) Py a5 P

al)=|—"5|, oacl=al+|——%
11— e ], 11— boe=* ],
—il\

are the coefficients of e in the Fourier expansions of the function 7 and where [f(\)]—-
stands for the Fourier transform of f in negative powers e ***, k > 0. Considering
GiiA 1 _ bl . 1
(1 —7eM) (1 —bge™) | . 1 —rby 1—bge

we obtain
_ al + a9 PP a§(1—bob3) P51 —bge”™
A2(1—018) 1 — Be—iA B2(1 —qbg) 1 —e~i’

hl(ei)\)
Similarly,
i ag(l — b2b3)P22 1-— b3€_“\
hy (e7) = —.
B2(1 —vby) 1—e—iA

The mean square error is evaluated as follows:

ad+ad)’P?  (a9)°PF 2 D2

1—03 1—b3 1—v2 1-0b%

A(F,G) = (

where

o_ (ol +ah) P (1_ b_1>
Al = b18)(1 - b7) B’
_ ayP3 ( _b2+b3+%>
~ B(1-b3)(1 - b2) v )
Using the above results one can calculate the spectral characteristic
() = (i () 1o ()

—

of the optimal estimator of the random variable @(N)£(—N):

D

) N 4 N P2 ) NP2 ) ) NP2 .
() = A oy R oy () = (o,
where
. ﬂeiA (1 _ ﬂNeiN)\) 1 e—iN)\ (1 _ ble—i)\)
A\
p(e) = < 1 Ber 1 b ) (1-0B) (1 fein)

0 () = 1— er*Meﬂ.Nﬂ — bg,ejiA 1-— bgbg N yer (1 - fVe““) - bs .
1— by 1— e~ \ 1 —bye A 1 — yeir ~

The mean square error is calculated analogously.
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3. MINIMAX METHOD OF LINEAR FILTRATION

One can use relations (1)—(1 ) if the matrices of spectral densities F(\) and G(\)

of vector stationary sequences {£(j)} and {7j(j)} are known. Otherwise, we apply the
minimax approach to problems of estimation of functionals of vector stationary sequences
assuming that a set D = Dg X D¢ containing these densities is known.

Definition 3.1. Spectral densities F°(\) and G°()) are called the least favorable in a
class D for the optimal linear filtration of the functional AE if

0 0\ . 0 0\ __ .
A (b (F°,G%); F°,G%) = (F%a))ecDA(h(F7 G);F,G).

Examining relations (1)—(11) one can prove the following propositions.

Theorem 3.1. Spectral densities F°(\) and G°()\) admitting canonical factorizations

(3)~(5) are the least favorable in a class D for the optimal filtration of the functional AE
if the coefficients of the factorization (3)—(5) are a solution of the following conditional
extremum problem:

(12) A(F,G) = (cg,a) — ||Ceb*||* — sup,

A = (fj wuf)e-i“) : (fj w<k>e-z‘“> € Da,
k=0 k=0

/\) — (i d(k_)ezk)\> (i d(k_)ezk)\> _ (i w(k)ezk)\> (Zw zk)\> Dp
k=0 k=0 k=0

or of the following conditional extremum problem.:

(13) A(F, @) = (cp,a) — | Cpb™||* — sup,

= (Z @(k)e_m> : (Z @(k)e‘““> € Dp,

A) = (id(k)ei’“’\> (id(k)ei’“’\> (i Z“) (i go(k)ei“) € Dg.
k=0 k=0 k=0 k=0

If one of the densities is known, then (12) and ( are extremum problems with
respect to the variable b = {b(k): k =0,1,...}.

Theorem 3.2. Let the spectral density G(\) be known and regular. A spectral density
FO°(\) admitting canonical representations (3), (4) is the least favorable in a class Dp
for the optimal linear filtration of the functional A€ if

FOO)+GW\) = <Z do(k:)e““’\> : (Z d%k)e““) ,
k=0 k=0
where d° = {do(k): k=0,1,.. } are determined by the coefficients of the expansion of
the matriz function b(e™*): b(e)d(e™) = I,,,,b(e™) = S 72 b0(k)e~ ", where
v ={t°(k): k=0,1,...}
is a solution of the following conditional extremum problem:

(14) |[Cab*||* — inf,

- (i d(k)ei“> : (i d(k)ei“> —G(\) € Dp.
k=0 k=0
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Theorem 3.3. Let the spectral density F(X\) be known and regular. A spectral density
G°(\) admitting canonical factorizations (3), (5) is the least favorable in a class Dg for
the optimal linear filtration of the functional A if

F(\) + GO()\) = (i do(k:)e_““’\> . (i dO(k)e—ik)\> :
k=0 k=0

where d° = {d°(k): k > 0} are determined by the coefficients b° = {b°(k): k > 0} that
are solutions of the following conditional extremum problem:

(15) ICrb*||* — inf,

G\ = (i d(k)e—i“> . (i d(k)e—i“> —F(\) € Dg.
k=0 k=0

Definition 3.2. The spectral characteristic h°(\) of the optimal linear estimator of the
functional A¢ is called minimax (robust) if

h°(\) € Hp = ﬂ L (F+QG), min sup A(hF,G)= sup A (hO;F7 G).
(F,G)eD h€Hp (F,G)eD (F,G)eD

The least favorable spectral densities F°()\) and G°()\) and minimax (robust) spectral
characteristic h°(\) € Hp form a saddle point of the function A(h; F,G). The saddle
point inequalities

A (R F°,G°) = A (R% F°,G%) > A (h% F,G)
hold for all (F,G) € D and for all h € Hp if h® = h(F° G°) € Hp, where (F°,G°) is a
solution of the conditional extremum problem

(16) A(h(FO,GO);FO,GO) = sup A(h (FO,GO);F,G)
(F,G)eD

with the following objective function:

A (h (FO,GO)  F, G) = S /7T e (e“‘) b0 (e“‘) F(\) (bO (ei’\))* (TG (e“‘))* dX

2 J_,
1 g : ; : * : *
+ Dy rr (e2) 0 (e?) G(A) (8° (7)) (1 (e))” dA
and where the functions rz(e**) and rg(e?*) are obtained from relations (8) and (10),

respectively, considered for

FO)=F'0), G\ =Go(\).

4. THE LEAST FAVORABLE SPECTRAL DENSITIES IN THE CLASS Dy g

Consider the problem of the minimax estimation of the functional AE of a vector

—

stationary sequence £(j) for the following set of spectral densities:

Doy = {(F(A),G(A)): % /W F(\)dA = Py, % "GOy = PQ} .

Following the Lagrange multipliers method we obtain the following equalities for the
evaluation of the least favorable densities FO(\) and G°()\):

ra (ei/\) 0 (ei/\) =a,

rE (ei)\) bO (ei)\) = 3,

—T —T
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where @ = (ay,...,ar)" and g = (B1,...,Br)" are undefined Lagrange multipliers.
This implies that the least favorable spectral densities are

(17) FO)+G°(\) =7 <Z(cgb*)ke—im> : (Z(ch*)ke_m> -
k=0 k=0

(18) FON) +Go(\) =4 (i(cpb*)kei“) - (i(cpb*)kei“) 5*.
k=0 k=0

Taking into account

1 (" 1"
5 | Fd=P, [ G dr=P
T™J -7

2
the unknown vectors (§ = By, Br) 7, 5= (81,...,67)T, and b = {b(k): k=0,1,...}
are evaluated with the help of the canonical factorizations (3)—(5) for the densities F()),
G°(\), and FO(\) + GO(\).
If at least one of these spectral densities is known, one can use one of the relations (17),
(18) to calculate the least favorable density. If the density G(A) is known, then the least
favorable density F°()\) € Dy is given by

(20)  F°()\) = max {y (i (ch*)kei’“*> (i (ch*)kei’“*> i G()\),O} ,

k=0 k=0

where max{B(\),0} = B(\) in the case of B(\) > 0; otherwise max{B(\),0} means the
zero matrix. If the density F(\) is known, then the least favorable density G°(\) € Dy
is given by

(21)  G°(\) = max {5 <i (cpb*)ke—ik*> - (i (cpb*)ke—m> 5t — F()\),O} :

k=0 k=0

(19)

—T

The unknown vectors 7, 4, and b(k) are found from the factorization (3)—(5) of the
densities FY()\), G()\), and F°(\) + G()) (or, that of F(\), GO()\), and F()\) + G°()\))
by using condition (19).

Therefore the following result holds.

Theorem 4.1. The least favorable in the class Do spectral densities F°()\) and G°())

for the optimal filtration of the functional AE are given by relations (17), (18), (3)~(5),
(12), (13), and (19). If the density G(X\) (or F(\)) is known and admits the canon-
ical factorization, then the least favorable density FO(X) (or G°(N)) is determined by
relations (20), (3)=(5), (14), and (19) (or (21), (3)=(5), (15), and (19)). The minimax
spectral characteristic of the optimal estimator Ag is calculated by relations (8), (10).

Example 2. Consider the problem of estimation of the random variable
A =¢(0) +£(-1)

in the case where T'=1, G(A\) = 1, and P; = 2. The least favorable spectral density in
the class Dy is

FO()\):max{C’|b(O)+()+b( Je | — 1,0},

where the unknown coefficients b(0) and b(1) form a solution of the following conditional
extremum problem:
(b(0) + b(1))? + B*(0) — min,
[52( 0) + (1) = 2b*(0).
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Applying the Lagrange method to solve this problem we obtain
12
FO(\) :maX{C‘v10/8+\/lO/4e_”‘ —1,0},

where the unknown constant C' is determined by the condition (27)~! f FO(N\)d)\ = 1.

Example 3. Let G(\) = |1 + e’i>‘|2 in the latter example. Assume one wants to esti-
mate £(0). Then we get the following extremal problem:

{(zb(o) +b(1))% + b%(0) — min,
b2(0) + b2(1) = 3

The least favorable spectral density is given by
FO) max{ ‘\/ 73+ \/2/3¢ ,o}.

Example 4. Let T =2, G(\) = E, and A,& = @(0)£(0)+a@(1)£(—1). The least favorable
in the class Dy density for the optimal extrapolation of the functional A1§ is given by
equality (20), where the sequence of matrices b = {b(0), b(1)} is a solution of the following
conditional extremum problem:

(00 £ shp) @000
E+b(1)b~1(0)(b~1(0))*b"(1)
Consider the real case. Let @(0) = d@(1) = (1,1). Then the least favorable density in the
class Dy is

FO()\) = max {y (d(0) + d(1)e~™) (d(0) + d(1)e~ )" F* — G(N), o} ,

where d(0) = @(0)b(0) 4+ a@(1)b(1), d(1) = a@(1)b(0), and the unknown sequence of matri-
ces b is determined by the relations

b(0) +b(1) = ab(1)b=1(0)(b=1(0))*,
26(0) + b(1) = —b(0)P — ab(1)b~1(0)(b=1(0))*(6=(0))*b*(1).

Here « is the Lagrange multiplier. The vector v is determined from the normalizing
condition (2m)~* [T F(X)dA = Pi.

+a(1)b(1))" + a@(1)b(0)b*(0)a* (1) — max,
= b(0)Pb*(0), P=P +P.

5. CONCLUDING REMARKS

The results of the second section allow one to find the spectral characteristic and mean
square error of the optimal linear estimator of the functional

depending on unknown values of a vector stationary sequence E (n). The estimator is
constructed from observations of the sequence E(g) + 77(j) for j < 0, where 7j(n) is a
vector stationary sequence, uncorrelated with 5 (n). The explicit optimal estimators are
found for particular cases. The problem of estimation is solved in the last three sections
under the condition that the densities are unknown but a class D containing these spectral
densities is known. The least favorable spectral densities and minimax (robust) spectral
characteristics of the optimal estimators are found for some particular classes D.
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