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ASYMPTOTIC PROPERTIES OF AN ESTIMATOR
FOR THE DRIFT COEFFICIENT
OF A STOCHASTIC DIFFERENTIAL EQUATION
WITH FRACTIONAL BROWNIAN MOTION
UDC 519.21

E. I. KASYTS’KA AND P. S. KNOPOV

ABSTRACT. A stochastic differential equation with respect to fractional Brownian
motion is considered. We study the maximum likelihood estimator for the drift
coefficient. We assume that the coefficient belongs to a given compact set of functions
and prove the strong consistency of the estimator and its asymptotic normality.

Let (2, F, P) be a probability space and let a real stochastic process
{z(t),t = 0}

and a fractional Wiener process (fractional Brownian motion) {Z(t),t > 0} be defined
on (2, F,P), where EZ(t) =0, Z(0) =0, and

1 1

E{Z(H)Z(r)} = 5 "+ 2 — e — r2H) g <H<L

Assume that a stochastic process {y(t),t > 0} possesses the stochastic differential
(1) dy(t) = so(t)z(t) dt + dZ(t), t>0,

where sq is a certain unknown function.

The problem considered in this paper is to estimate the function sy from the observa-
tions {(x(t),y(t)),0 <t <T}.

Note that an analogous problem is considered in [I], where a standard Wiener process
is substituted for Z in equation ().

1. CONSISTENCY AND THE ASYMPTOTIC DISTRIBUTION OF ESTIMATORS
Below we list the main conditions to be imposed on the function sy and the stochastic
processes {z(t),t > 0} and {Z(¢),t > 0}.
1. The function sy belongs to the family K of all 2w-periodic functions s: R — R
whose Fourier coefficients

1 27 .
ck(s) = —/ s(t)et* at, keZ,
2 0
are such that |co(s)] < L and |ex(s)| < LIk|~%, k # 0, for some constants L > 0

and a > 3.
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It is obvious that the functions of the family K are continuously differentiable and
that K is a compact set with respect to the uniform convergence of functions.
For functions s € K, we introduce the norm

Is1= (5 | T )

We say that sp € K is an interior point of K if

1/2

for some constant L < L.

2. The processes {z(t),t > 0} and {Z(¢),t > 0} are independent.
3. There exists a constant ¢ > 0 such that

E{@=(t)} <c

for allt > 0.

4. The trajectories of the process {z(t),t > 0} are continuously differentiable with
probability 1.

5. The process {(z(t))?,¢t > 0} is stationary in the wide sense.

Denote by r(t) the covariance function of the process {(x(t))?,¢ > 0}:

r(t) = E{((=())* - E(x(0))*) ((2(0))* — E(x(0))*) } .

6. For some L; >0 and v > 0,
T
/ (®)dt < LT, T > 0.
0

Using conditions 2—4 and integration by parts [2], we define the following stochastic
integral:

/b s(m)x(r)dZ (1), 0<a<y,

for an arbitrary continuously differentiable function s: R — C (where C is the set of
complex numbers).
In what follows we need the following properties of the latter integral:

(2) E { [/Ot s(7)z(T) dZ(T)r} <a (/Ot |s(T)|/H dT) . , t>0,

where ¢ is a constant, and

2H—-1

- {fiigb Ut s(7)(r) dZ(T)r} < er(b—a) (/b () [2/@HD dT) ,

0<a<hb,

where ¢y is another constant.

Note that the constants ¢; and ¢y depend on H.

To prove ([2)) and (@) one uses well-known properties of the stochastic integral with re-
spect to a fractional Wiener process ([3,4]) and the mutual independence of the processes
{z(t),t > 0} and {Z(t),t > 0}.
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With probability one, we have

E { Uot s(r)z(r) dz(r)}2 [ o {alr), > o}}

:H(2H71)/0/0 s(r)z (1) s () @ (r2) |11 — 7?72 dry dr.

E{[/tsu (r) dz(r }2}

H(2H —1) // (o) E{x(m)x (7'2)}\7'1—7'2|2H_2 dm droy

<C//|S TlHS T2HT177'2| dTldTQ
o [ e

Note that the latter inequality is proved in [3].
Therefore property (2)) is proved.
Further, it is shown in [4] that, with probability 1,

- {as<1?<)b {/at s(r)al } / {z(r),7 > 0}}
(/ [s(r)a ()" dT> "
<cs [/ab (‘S(T)|1/H>a/(a_l) dT] o [/ab (Ix (T)|1/H)a dT‘| 1/a
b 2H—-1 b
- </ s (P dT) [ ) ar

via the Holder inequality with o = 2H and = 2H/(2H — 1).
Then

Thus

2H

2H-1

e {ai‘i%, [ strrstraz (T)r} <o ( [ 1syereny d7> [ e{) ar
. ’ ’ b 2H:11
<e(b-a) (/ |s<v>|2ff—1dv)

Hence property (@) is proved too.
We turn to the estimation of the function sy. Consider the estimator defined as the
point of maximum of the functional
I I
() Qr(s) = [ statyye) - 5 [ S sek
T Jo 2T J,
This estimator exists with probability one. Denote by st an arbitrary point of maximum

of ). Asin the paper [5], the properties of the family K imply that the function sp(¢,w)
can be chosen to be a separable measurable process.
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:o}zl.
1

f/o s(t)x(t) dZ(t)|.

Expanding s in the Fourier series we obtain

- 2
E{ ()} = E § max (} > |at) [ Te“%)dzu)D

k=—o0
)2

By definition, the denominator of the term corresponding to k = 0 in the latter sum (and
in similar sums throughout below) is equal to 1 but not |k|°.

Applying the Cauchy—Bunyakovskii inequality and the first property of the stochastic
integral, we derive from relation (B]) that

Lemma 1.1. Let conditions 1-4 hold. Then

T
% /O s(t)x(t) dZ(?)

T—oo seK

P{ lim max

Proof. Put

T — Imax
U seK

1 - L 4 ikt
<E (Tkz llﬂ/o ¢ x(t)dZ(t)}

=—00

1 & L T 2712 cy

2 ikt

(6) E{(WT) }S ka e lE/O e"x(t) dZ(t) < T2
where ¢y = 1L (350 _ |k|_a)2.

It is clear that there exists a positive integer number p such that 2p(1 — H) > 1.
Consider the sequence T(n) = nP, n € N. According to bound (@) and the Borel-
Cantelli lemma,

(7) p (ngngo M) = 0) —1.
For Ty > 1,
(8) sup nr < sup sup nr.
T>To n: T(n+1)>To T(n)<T<T(n+1)
For all n,
sup nr = Nrm) + sup (77T - TIT(n))
T(n)<T<T(n+1) T(n)<T<T(n+1)
< N7(n)
1 T ( ( ) 1 T(n)
+ sup max—/stxtdZt——/ s(t)x(t)dZ(t
L .- o ) (t) T /. (t)z(t) dZ(t)
(n)
(9) < T(n+1)—T(n) /T
S NT(n) + RGO max ; s(t)x(t) dZ(t)
1 T
4+ — sup max/ s(t)x(t)dZ(t
T'(n) T(n)<T<T(n+1) S€K |1 (n) (to(t) d2(?)

T(n+1)

= WﬁT(n) + Cns
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where
1 T
(= 7~ sup max/ s(t)x(t)dZ(t)|.
T'(n) r(ny<T<T(n+1) €K |J1(n) (t)o(t) dZ(¢)
We have )
T(n+1) 1
—=(1+-) =1 — 00.
T(n) ( + n) , n — 00
Taking into account equality (7)) we get
. Tn+1

Performing elementary transformations and using properties of the stochastic integral,
we obtain
> 2

2 1 - L r ikt
6} = i (S [ 020
oy \ 1/2

T(n)

— 00

T
/ eFa(t) dZ(t)

T(n)

1 > L
< — E sup
(T'(n))? k:z—:oo K| T(n)<T<T(n+1)

(T(n + 1) — T(n))*" =1\’
= 62L2<Z |k|a)

2H
o Cs 1 P
~mim (1) 1)

Ce
= p2p(1-H)’

where ¢5 and cg are some constants. This implies that

(11) P(hm gnzo) =1

n—oo

!
=
2
%

Now the lemma follows from relations (8)—(LT). O
Remark 1.1. If the assumptions of Lemma [[.T] hold, then
1 /7
7 [ 60— sole att) azo)
0

P<S i = =1.
{ngors%a% T 0}

Lemma 1.2 ([I]). Let {£(¢),t € R} be a real wide sense stationary stochastic process
with mean E&(t) = 0 and whose covariance function r(t) = E{£(¢)€(0)}, t € R, is such
that

T
/ lr(t)|dt < LT
0

for all T > 0 and some positive numbers L and . Then

%/OTs(t)g(t) dt| = o} ~1

Remark 1.2 ([1]). Lemma [[2 remains true if the difference of two functions of the fam-
ily K is substituted for s € K in the above integral.

P{ lim sup
T—oo seK

Remark 1.3. Lemma holds also for the square of the difference of two functions of
the family K.
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Remark can be proved by an observation that the square of the difference of two
functions belonging to K can be used in the proof of Lemma 2.2 in [IJ.

Theorem 1.1. Let the assumptions of Lemma [L1l as well as conditions 5 and 6 hold.
Then

P{ lim sup |s7(t) — so(t)| = 0} =1.
T—o0 tcR

Proof. Note that

1 T
Qr (s7) = Qr (s0) = T/o (s7(t) = so(t)) z(t) dZ(t)
(12) T
g [ )= s0(t)? (a(e)? .

By the definition of the estimator s,

Qr (s7) =2 Q1 (s0) -

Then
max | / (5(t) — so(t))(t) dZ (1)
(13) |5 [ (500 = 500 [0 ~ E{(@(0)?)]

T
> 5 B0} [ (srt) = sofe))”

by equality (I2).
Lemmas [[L.T] and together with Remarks [[.T] and [[.3] and relation (I3)) imply that

1T
(4 P {%52@ | ) = o0y a = o} -1,
whence
(15) P(Tlin;o sz — soll :o) —1
Now relation (I5) yields Theorem [[1] O

In what follows we will make use of the following conditions.

7. The process {x(t),t > 0} is equal to 1 for all ¢.
8. Let a function ¢ € K be such that

27
1) o fo @2 dt =1,
. _ T T _
2) hIIlT_>OO H (2H - 1) T 2H fO fO o) (tl) o) (tg) |t1 - tQ‘ZH 2 dtl dtQ =A.
9. The function sq is an interior point of the set K.

Theorem 1.2. Let conditions 1 and 7-9 hold. Then the random variable

TlfH
2w

27T
/0 (1) (s() — so(t)) dt

converges in distribution as T — oo to the Gaussian law N (0,A) with mean 0 and
variance A.
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Proof. By Theorem [I.T] the function s7 is an interior point of the family K with proba-
bility converging to 1 as T — oo. It is easy to show that the functional Qr is differentiable
at the point sp with the same probability. Indeed, we evaluate the weak differential of
Q7 in some neighborhood of st as follows:

DQr(s,h) = d%QT (s+¢h)

e=0

T T T
— %/0 h(t) dZ(t)+%/0 h(t)so(t) dt—%/o h(t)s(t) dt.

Properties of the differential DQr (s, k) imply that the strong differential of Qr at the
point st exists and it coincides with the weak differential [6].
By the necessary condition for the existence of an extremum,

DQT(ST, (p) =0

with probability converging to 1 as T — oo.
Thus, with the same probability,

(16) 7| e®azo+ 5 [ o o) = sroya =0

as T — oo.
We add to and subtract from the left hand side of (8] the following expression:

1 2m 1 T )
= | e —smag [
Note that
1 L] 1 Ll
7 T e s+ o [ e ) —somang [ o a
2m
— 1 |ae| [ o060 - sat0)a
2m 2m
o [ o060 sy 5| [T o
=0.
Thus
e I
7| ewazo+g [ g PO lt) —sr@)
1 27 1 T )
S RCICUROLS S AL
5 [0t - snde g [ a
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with probability converging to 1 as T" — oco. Hence, with the same probability,

27
Tlin/O ©(t) (s(t) — so(t)) dt

2T

T
= (%/0 <p2(t)dt>

-1

) o o
X (TH/ p(t)dZ(t) + TH/2 = o(t) (so(t) — sr(t)) dt
1 2 1 T )
g [ el o) = o) dt 7 [ 170 dt)
Consider
1 /T , 1 o[ £] , T )
?/0 cp(t)dtT</O cp(t)dtJr/%[;r]cp(t)dt .
Then
27‘{'[%] 27
%/0 <p2(t)dt=% 2171/0 <p2(t)dt=;{2ﬂ 2r =1, T — oo,
1T )
T QW[%]@ (t)dt — 0, T — oo
Hence
1 (7
(18) 7 PA(t)ydt -1, T — oo
0

Since the functions of the family K are bounded, the second and third terms in the
expression on the right hand side of ([I) converge to 0 with probability 1 as T — co.
Now we study the random variable

1 T

= T ;

&r o(t) dZ(t).

Its distribution is normal [3] with mean 0 and variance

H(2H —-1) [T [T B
%/ / o (t1) @ (t2) [t1 — to 72 dty dts.
0 0

The assumptions of the theorem and properties of Gaussian random variables imply
that & weakly converges to N(0,A) as T — co.

Taking into account (I8]) and the preceding reasoning, we prove that the right hand
side of equality (7)) converges in distribution to N (0, A) as T — oo. This completes the
proof of Theorem O

2. CONCLUDING REMARKS

The results concerning the asymptotic behavior of the estimator of the drift diffusion
of a stochastic differential equation with respect to fractional Brownian motion obtained
above imply that the proposed estimators are optimal, and this allows one to use them
for solving various applied problems.
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