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LAW OF THE ITERATED LOGARITHM
FOR SOLUTIONS OF STOCHASTIC EQUATIONS
UDC 519.21

D. S. BUDKOV AND 8. YA. MAKHNO

ABSTRACT. Strassen’s law of the iterated logarithm for a solution z(t) of Ito’s sto-
chastic equation is considered in the paper. We obtain a result for small times in
the uniform metric and for a more general normalizing function than the classical

\/hInln .

1. INTRODUCTION

We consider Strassen’s law of the iterated logarithm for solutions of stochastic equa-
tions for small times in the uniform metric. We use a general normalizing function \/E(ph
instead of the classical one y/hInln % A. Bulinskii developed in [I] an approach to study
such general normalizing functions for the Wiener process as the time goes to infinity.
The result obtained below allows one to study the asymptotic behavior of integral func-
tionals of solutions of stochastic equations. In particular, Theorem 2.2 of [5] for a Wiener
process w(t),

h
I % tt+ w(s) ds — w(t) _

h—0 / 1
- 2hlnlnﬁ

follows from our Theorem 2 stated below.

3~

2. MAIN RESULTS

This section contains the definitions and statements of the main results of the paper.
The proofs are given in Section [4] below on the basis of some auxiliary results obtained
in Section Bl

Let (2,5, 3+, P) be a probability space equipped with a filtration §¢, t € [0, 1]. Denote
by Eg4 the d-dimensional Euclidean space with the scalar product (-,-). Let C([0,1],d)
denote the space of all continuous functions on [0,1] assuming values in E; and let
p(f:9) = supseioq) |f(t) — g(t)| and B be the metric and Borel o-algebra in this space,
respectively. The symbol I(A) stands for the indicator of a random event A and A
denotes the complement of the event A.

Let z(t) be a solution of the stochastic equation

(1) x(t):xo+/0 b(s,x(s))ds—i—/o o (s, 2(s)) dw(s),
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where b(t,x) € Eq4, o(t,z) is a d X n matrix, and w is an n-dimensional and §;-adapted
Wiener process. Put a(t,x) = o(t,x)o0*(t,x), 09 = 0(0,20), and ag = ogof, where * is
the transposition symbol.

We assume the following conditions.

(1) There exists a constant K such that
[bi(t, )| + oy (¢, 2)| < K

foralli=1,2,...,d and j = 1,2,...,n, where the functions o;;(¢, z) are contin-
uous at the point (0, zg).
(ii) There exists A > 0 such that (agf,6) > \|6|? for all 0 € E,.

By ® we denote the class of increasing functions ¢(z), > 0, such that

: _ L opl)
g el =co i Ta =0

Let ¢ > 1 be a number and let [¢] denote its integer part. For every ¢ € ®, we define
R%(p) as follows:

(2) R2(¢):inf{r>0: Zexp{—r@}<oo}.

n=1
We set R%(p) = oo if the series in (2] diverges for all finite r. Note that if the series in (2))
converges for some ¢ > 1, then it converges for all ¢ > 1. It is proved in [I, Theorem 3]
that R = Q™ ', where
Q= lim o)

so00 V2Inlnz
For an absolutely continuous function f(t), put

/ ()2 at

and introduce the following classes of functions:
Kr={f € (C[0,1],n): f(0) = 0,1o(f) < R*/2},
Hr={g(t): g(t) = 00 f(t),f € Kr,t €[0,1]}.

If R = oo, then Krp = {f € (C[0,1],n): f(0) = 0}. Put ¢, = p(1/h) and let
xp(t) = (x(th) — 20)/(vhen). We derive from () that

(3) z(th) = zo + h /O b(sh,z(sh)) ds + Vh /O o (sh, z(sh)) dwp(s)

t t
(4) xp(t) = @ b(sh,x(sh)) ds + L o(sh,z(sh)) dwp(s),

Pr Jo $h Jo
where wy, (t) = w(th)/vVh is a Wiener process.

Theorem 2.1l provides the functional law of the iterated logarithm for a solution of the
stochastic equation (IJ) considered for small times. This result is used in Theorem 23] to
study the limit behavior of integral functionals of a solution.

Below are two main results of the paper.

Theorem 2.1. Let conditions (i) and (ii) hold for the coefficients of equation (). Then,
with probability one, the family of random functions {xp(t) }r>o is relatively compact in
C([0,1],d) and the set of limit points of this family coincides with Hp.
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The properties of continuous mappings together with Theorem 2.Ilimply the following
result concerning the limit points of F'(zp,).

Corollary 2.2. Let F(-) be a continuous on C([0, 1], d) functional. Then, with probability
one, the set of limit points of F(xy) coincides with F(Hg).

Consider the following family of stochastic processes:
1 rth

en(t) = o x(s)ds—txg

Vhern ’

Theorem 2.3. With probability one, the family of random functions {&n(t) tr>o is rela-
tively compact in C([0,1],d) and the set of its limit points coincides with

e ={a(0) = [ a(s)ds: 9(6) = f(o).1 < Kt < 0.1 .

Corollary 2.4. Ford =1,

te[0,1].

h
T %fo xz(s)ds —txg _ loo| R
h—0 Vhpn V3
h
lim %fo z(s)ds —txg _ _|oolR

h—0 \/EQOh \/g

3. AUXILIARY RESULTS

In this section, we prove some auxiliary results needed in the proof of the main results
of this paper.

We say that the large deviations principle holds for a family of probability measures
{P}n>0 defined in (C([0, 1], d), B) with a normalizing function ¢? and a rate functional

I(f)if
1) for all open sets G C B,

lim ¢, *InP,(G) > —inf{I(f); f € G};
h—0

2) for all closed sets U C B,
lim ;2 InPy(U) < —inf{I(f); f € U}
h—0
3) for all a < oo, the set {1: I(¢)) < a} is compact;
see [3, Chapter 3].

Lemma 3.1. Let conditions (i) and (ii) hold for the coefficients of equation ([dl). Then
the large deviations principle holds for a family of probability measures {Pp}tp~o as h |0
with the normalizing function @, € ® and the following rate functional:

I(f) = {% fol (aalf(t),f(t)) dt, if f(t) is absolutely continuous and f(0) = 0;
N +00, otherwise,

where Py (A) = P{xp(-) € A} for A € B.

Proof. We rewrite representation () for the process x(t) and obtain the following equa-
tion:

xp(t) :/0 br(s, zn(s))ds + %/0 on(h, zp(s)) dwp(s),
where

bp(s,x) = \/Ego;lb(sh,x\/ﬁaph +20) and op(s,z) = a(sh,x\/ﬁgoh + o).
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Put ap(s,x) = on(s, )0} (s, ). Under condition (i),
lim b = d i =
lim n(s,z) =0 an lim an(s, ) = ag

uniformly in (s,z) belonging to an arbitrary compact set. Thus the proof is completed
by |2, Theorem 3.2.1 and Corollary 2]. (]

The following result is a multidimensional analogue of a corollary to Theorem 5 in
Section 2 of Chapter 3 in [7]. The changes in the proof are obvious.

Lemma 3.2. Let w(t) be an n-dimensional Wiener process, f(t) be a d x n matriz
function whose entries are bounded by a constant K. We also assume that f(t) is F¢-
adapted. Then

t 62
5 P<{ su / s)dw(s)| > 6 < 2dex {——}
(5) {te[oﬁ]‘ [ 5(s) dus) } pl-st
for all 6 > 0.

Lemma 3.3. Assume that conditions (i) and (ii) hold. Then, for every § > 0, there
exists hog such that

52
— > < e —
(6) P{t?{%ﬁ] |x(th) — xo| _5} _2dexp{ v Qh}

for all h < hg.
5}
> —
-2

/ o(sh,z(sh)) dwpy(s)
0

Proof. Tt follows from (3] that

P{ sup |x(th) — zo| > (5} <P {h sup /0 b(sh,xz(sh)) ds

te[0,1] te[0,1]

(7)
+P {\/ﬁ sup

t€(0,1]

5}
> — .
-2

Since the coefficient b(¢, z) is bounded, the first term on the right hand side of (7)) vanishes
if h is sufficiently small. The second term on the right hand side of () is estimated by
Lemma [3:21 The proof is completed. O

Lemma 3.4. Assume that conditions (i) and (i) hold. For all L > 0 and § > 0, there
exists ho such that

/0 (o(sh,z(sh)) — o (0, x0)) dw(s)

(8) P { sup

> Spn ¢ < ddexp {—Lej |
t€[0,1]

for all h < hg.

Proof. According to condition (i), the functions o;;(¢,x) are continuous at the point
(0,x0). Thus, given € > 0, there exists v > 0 such that
(9) lo(s,z) —o(0,20)] < e

for 0 < s <~ and |z — zo| < 7.
Further,

(10) P { sup /0 (o(sh,x(sh)) — o(0,20)) dw(s)

tefo,1]

> 5<Ph} =I5+ I,
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where

I =P< sup
teo,1]

/0 (o(sh, 2(sh)) — (0, 20)) duw(s)

> 0pp, sup |x(th) —xo| > 7 ¢,
te(0,1]

/0 (o(sh,x(sh)) — o(0,20)) dw(s)

The term [; in ({I0Q) is estimated by inequality (@) as follows:

I, =P< sup
tel0,1]

> 0pp, sup |z(th) — x| < 7} .
te[0,1]

2
;
11 L <P th) — mo| >~ b <2 o r U
(1) i< {;&oum ) I0|_7}_ dexp{ - g |

Since hg? — 0, one can find hy for a given L > 0 such that

72

— >
8ndK2hp? ~
for h < hy. This together with (II)) implies that

(12) I < 2dexp{ - L(pi}.

To estimate the term I, we use (@) and bound (H). Then
52

1 I < 2dexp{ — of (o5 ) -

(13) 2 < 2dexp ¥h 8nde2h

For all L > 0, there exists ho such that the expression in the parentheses on the right
hand side of (I3) is greater than or equal to L if h < hs. In this case, (I4) implies that

(14) I < 2dexp{ - Lgo%}.
Putting hg = h1 A he in ([I2)) and ([I4) we prove (8). The proof is completed. O

Lemma 3.5. For all functions f € Kr and all § > 0, there exist v > 0 and hg > 0 such
that

(15) P{ sup

t€[0,1]

/0 (o(sh,z(sh)) — 00)f(s) ds

>0, sup |z(th) — xo| < 7} =0
t€[0,1]

for all h < hg.

Proof. Using the v specified for (@) we obtain
" 2
6% < sup / (o(sh,x(sh)) —o0)f(s)ds
telo,1] 1J0
The random event in the braces on the left hand side of ([IH]) has the probability zero if
€ <d0/Rin ([@). The lemma is proved. O

¢
< sup 52/ |f(s)[*ds < e*R?.
te[0,1] 0

Denote by H1([0,1],n) the space of absolutely continuous functions f(t) € E,, such
that

/1|f(s)|2ds<oo.
0

Lemma 3.6. The functional I(f) defined in Lemma Bl admits the following represen-
tation:

(16) 1(5)= _int  {Io(a): £(8) = c0g(t).9(0) = 0}

(we agree that the infimum of an empty set is equal to +00).
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Proof. Consider the following stochastic processes &.(t) = ew(t) and . (t) = eopw(t). It
is well known that Iy(f) and I(f) are rate functionals for the processes &.(t) and n.(t),
respectively (see [3, Theorem 5.3.1]). On the other hand, n.(t) = F(£.(t)), where

F(x) = opx.

Representation (8] follows from the contraction principle; see [3l Theorem 3.3.1]. The
lemma is proved. O

The following result for ¢; = 4/2Inln + is Theorem 1 of [4]. The proof for the case

considered in the current paper is given in [6 Theorem 2].

Lemma 3.7. With probability one, the set of limit points, as h — 0, of the family
{ w(th) }
Vhen

4. PROOF OF THE MAIN RESULTS

coincides with the set Kg.

In this section, we prove the main results of the paper.

Proof of Theorem 21l We split the proof of this result into the three standard steps.
Put

Lr= {f: F(0) =0,1(f) < R;}

Lemma 3.6l implies that if f € Lg, then a function g € K exists such that f(t) = oog(t),
that is, f € Hgr, whence
(17) Lr C Hg.
Set hy = [c*]71 and 2z (t) = zp, (t), where ¢ > 1 is a given number.

Step 1. We show that, for all ¢ > 1, § > 0, and R? < oo, an integer number ky > 0
exists such that
(18) p(zk, Hr) <0
with probability one for all k > kg. Put Bs = {f: p(f,Lr) > ¢}. Note that a number
0 > 0 exists such that

. R%(yp)
> — .
flenlgé I(f) > 5 + 6

Since the large deviation principle holds for zj(t),

InP{z € Bs} < —¢” ([c]) fiengé I(f)

for a closed set Bs and for sufficiently large k. Then

P{zx € Bs} < exp {—gﬁ ([c"]) <@ + 5) } .

Recalling the definition of the number R?(¢) we deduce from the Borel-Cantelli lemma
that, with probability one,

(19) p(Zk, 'CR) <9

for sufficiently large k. Now (I7) and (I9) imply (IS).
Step 2. Now we show that each limit point of the sequence zj belongs to Hg. This

is already proved for hy, = [¢*]~! in Step 1. Let h € [hgy1, h).
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Since vhp(h) is an increasing function,
1 a(hk) N B(h, k)
Vhe(h)  Vheen,  hiri@n,
where a(h, k) > 0 and B(h, k) > 0 are such that a(h, k) + B(h, k) = 1. Let

T (t) = alh, k)zi(t) + B(h, k) 2o (1)

Then Zp, € {f: p(f,Hr) < ¢} for sufficiently large k, since af(t) + Bg(t) € Lg for
a >0 and 8 > 0 such that « + 8 = 1, provided that f(t), g(t) € Lg.

The goal of Step 2 is achieved if we show that, for all § > 0, there exist a number
cs > 1 and an integer kg such that

(21) sup |zn(t) — Znk(t)| <6
t€[0,1],h€hy41,hx]

(20)

for all k > ko and ¢ > ¢5. Recalling the definition of zx(¢) and accounting equality (20)
we obtain

en(t) = 21 (th—k) \/\;z:k - (th—}l) al(h, k) + 21 (thkhﬂ )m, k).
Then
te[o,l],:él[likﬂ,hk] ‘xh(t) a iﬂh,k(t” = tE[O,l]S,lslg[t/c,t] |Zk(t) a Zk(8)|
+ sup |2k+1(t) — 2e+1(5)]-

te[0,1], s€[t,tenl]

Now we derive the inequality

P { sup |zh (t) — Tk (t)] > 5}
te[0,1], h€[hkt1,hk]

<P sup |2k (t) — zk(s)| >
€[0,1], s€[t/c,t]

N >

}

+P { sup |zk1(t) = 2e41(s)] =
[0,1], s€[t,teAl]

N

}

We apply the large deviation principle to estimate the terms on the right hand side of
the latter relation. Let

Qs = {f € C([0,1],n): f(¢) is absolutely continuous

N

and such that sup [f(@t) — f(s)] >
t€(0,1],s€[t/c,t]

J

Note that the set Qs, 6 > 0, is closed. Applying the Cauchy—Schwarz inequality, we

prove that
52
/ e

7 SIF@)

<(t-9) [ 1iwPw < 2 Di),

whence
A2
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for f € Qs. If 5 =1+ X\6%/(4R?), then

J Rpj,

(22) P sup |z (t) — z(s)] = 5 p = P{2x € Qs} <expq — s
t€[0,1], s€[t/c,t] 2 2
for ¢ > cs.
Reasoning similarly we prove that
§ R2QD2
(23) P sup |2k41(t) — zrg1(s)] > 5 p <exp - The
te[0,1], s€[t,teAl] 2 2

for the same c. Now we obtain inequality (2] from relations ([22]) and (23] and from the
Borel-Cantelli lemma.

Step 3. We show, for an arbitrary function g(t) = oo f(t) € Hg, that a subsequence
exists such that z,, — g almost surely. Consider the following random events:

Ch = { sup wh—“)—f@)\ <<}, Dh={ sup xh<t>—g<t>|<6}.

tef0,1] ' Ph te[0,1]
It is easy to see that
Cn = (Cp,NDy)U(CLNDy) C DyU(CyLNDy).
By Lemma [B.7] the events C}, occur infinitely often (i.0.) for whatever € > 0. Thus
(24) 1 =P{C}, i.0.} <P{Dy, i.0.} +P{C, N Dy, i.0.}.

Now we show that a sequence hj, exists such that the second term on the right hand side
of inequality ([24)) equals zero. We have

P{C, N Dy} = P{ sup
te[0,1]

N
E/o b(sh,z(sh)) ds

+/0 o (sh, z(sh))d (wh(s) —f(s))

Ph

+ /Ot(a(sh,x(sh) — 00))f(s) ds

ol _po) <e}

tefo,1]" Ph
¢
@ b(sh,z(sh)) ds| >

tefo,1] | Ph Jo

+P< sup
t€[0,1]

+ P< sup
te[0,1]

(25) < P{ sup

/0 (o(sh,z(sh)) — 00)f(s) ds

/ o (sh, x(sh)d (") po)) ] >0

=P+ P+ P
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Since b(t, x) is a bounded function, there exists hy such that

N 51
E/o b(sh, o(sh)) ds| > 5} —0

P, :P{ sup ‘/0 (U(Sh,w(sh))_U(O,xo))f(s)ds > é}

(26) P, =P sup
telo,1]

for all 0 < h < hg. Further,
te[0,1] -3

te[0,1] te(0,1]

+ P { sup
te[0,1]

= P, + Ps.

= P{ sup ‘/0 (o(sh, z(sh)) — (0,20))f(s) ds‘ > g; sup |z(ht) — zo| > ’y}

/0 (o(sh,x(sh)) — o(0, a:o))f(s) ds

0
> —; sup |z(ht) — xzo| <7
3 te.

We pick up a number v such that P5; = 0 by Lemma Now Lemma with such a
number 7 yields

2
P, <P { SUPe(0,1] |x(ht) — 20| > 7} < 2dexp{ — m}.

Choosing hg in such a way that
2

v 2 2
_ <
Snkdn = T
for h < hg we get
R2 2
(27) P, <2dexp{—%}.

Now we estimate the probability Ps in (25). Let

an=cp{en [ iorants) -5 [ 15ePas)

and let P » be a probability measure on (2, F') possessing a density which we denote by G,.
By Girsanov’s theorem, Wy (t) = wi(t) — o f(t) is a Wiener process on (2, F, Py).
Put

1) ~
> <2t sup (4 (1) Sawh}.
t€(0,1]

/ o(sh,z(sh)) dwp(s)
0

Sp =< sup
t€[0,1]

By Eh we denote the expectation with respect to the measure 5;1. Then

(28) Py = ELI(Sp)Gy !t < (ﬁh(sh)) : (EhG};?)%.

>5‘ﬁ}
=6
deon

—i—ﬁh{ sup |oown(s)| > —5  sup |wn (t)] < E(ph}.
t[0,1] t€[0,1]

Further,

Pu(Sh) < Py { sup /Ot(a(sh,a:(sh) — o) dwp(s)

telo,1]

(29)
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Let a =}, (00)3;. We choose € < §/(6a). Then the second term on the right hand
side of (29) equals zero. We estimate the first term in ([29) by Lemma B4l Therefore,
for all L > 0 and § > 0, there exists hy such that

(30) Pw(Sh) < ddexp {—Lg} }
for h < hg. Since f € K, we obtain

B (G =B (e {201 () dun(s) + 22 / 1 foPas})

(31) ~ & (e {200 / f(s) dun() ~ 264 | i) is})

1
<oxp {36t [ 1P as
0
< exp {3R2<p%
Relations B0) and @I yield
2
Py < Videxp {—% (L - 3R2)} :

where the probability Pj is defined by ([25). Choosing L = 4R? in this inequality, we get

2,2
(32) P; <exp {—R;h} .

Turning back to relations (28), we note by 26l), [27), and ([B2) that a number h exists
such that

2,2
P{C,N Dy} < (2d + 1)exp{_¥}

for h < hg. Thus a number ¢ > 1 exists such that

> P{Cn,NDp} < (2d+ 1)ZeXp{_%ﬁck])}
k k

for the sequence hy, = [¢¥] 7.

Recalling the definition of R, we conclude that the latter series converges. Using the
Borel-Cantelli lemma, we conclude that P{C}, N Dy, i.0.} =0 for all § > 0. Inequal-
ity ([24)) implies that

P{Dy,} = P{ sup |zn, (t) —g(t)] <9 i.o.} =1

t€[0,1]

for all 6 > 0. The theorem is proved. |

Proof of Theorem 23l It remains to apply Corollary and choose the functional
t
Fla() = / 2(s) ds. 0
0
Proof of Corollary 24 If § € Hp, then

P(1) = o (/Ol/otﬂs) dsdtf o </01(1 ~s)i(s)ds )

o2 [t . o2R?

21—828 -8282— 828
<ob [a=spas [(fpras= T [ (e < B

2
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This implies that
loo| R _ . |o0| R
— <g(1) <
N 9(1) < 3
Note that the upper and lower bounds are attained at the functions
loo| RV3 ( t2>
)= 9V (o
fl( ) gp 2
and
f2(t) = = f1(2),
respectively. O
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