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AN APPROXIMATION OF Lp(Ω) PROCESSES

UDC 519.21

O. E. KAMENSHCHIKOVA AND T. O. YANEVICH

Abstract. Bounds for the increments of stochastic processes belonging to some
classes of the space Lp(Ω) are obtained in the Lq [a, b] metric. An approximation of
such processes by trigonometric sums is studied in the space Lq [0, 2π].

1. Introduction

Conditions for stochastic processes to belong to the spaces Lp(Ω) (being a subclass
of Orlicz spaces) as well as bounds for the norms of processes of the spaces Lp(Ω) are
studied in the paper [1]. Properties of increments of stochastic processes belonging to
Orlicz spaces and, as a particular case, those of increments of processes belonging to the
spaces Lp(Ω) are studied in the paper [2].

An approximation of SSubϕ stochastic processes by cubic splines in the norm of the
space Lp(T ) is considered in the paper [3]. The same problem but for the approximation
by interpolation lines is considered in [4].

In the current paper, we consider a 2π-periodic stochastic process

X = {X(t), t ∈ R}
belonging to the space Lp(Ω). We study the approximation of such processes by trigono-
metric sums in the space Lq[0, 2π] for various relations between the numbers p and q.
For all cases considered in the paper, we obtain a bound for the best approximation with
respect to accuracy and reliability. We also obtain bounds for the increments of Lp(Ω)
processes in the metric of the space Lq[a, b].

First we recall some definitions and results needed in what follows.
Let (Ω,B,P) be a standard probability space. Consider a stochastic process

X = {X(t), t ∈ T},
where T = [a, b] is an interval.

Theorem 1.1 ([5]). Let {X(t), t ∈ T} be a bounded and separable Lp(Ω) process. Assume
that there exists an increasing continuous function σ(h), h > 0, such that σ(h) → 0 as
h → 0 and

(1) sup
ρ(t,s)≤h

‖(X(t)−X(s))‖Lp(Ω) ≤ σ(h).

Let ρX(t, s) = ‖X(t)−X(s)‖Lp(Ω), t, s ∈ T , and let N(ε) = NρX
(T, ε), ε > 0, denote

the metric entropy of the set of parameters T with respect to the pseudometric ρX . Recall
that N(ε) is the minimal number of closed balls (defined with respect to the pseudomet-
ric ρX) of radius ε that cover T . Let ε0 = supt,s∈T ρX(t, s).
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Assume that ∫ ε0

0

N1/p(ε) dε < ∞.

Then (
E

(
sup
t∈T

|X(t)|
)p)1/p

≤ Bp

and

P

(
sup
t∈T

|X(t)| ≥ ε

)
≤

Bp
p

εp

for all ε > 0, where

Bp = inf
t∈T

(E |X(t)|p)1/p + inf
0<θ<1

1

θ(1− θ)

∫ θε0

0

N1/p(ε) dε.

Definition 1.1. We say that X̃(t) approximates a process X(t) with given accuracy
ε > 0 and reliability 1− δ, 0 < δ < 1, in the space Lq(T ) if

P

{(∫
T

∣∣∣X(t)− X̃(t)
∣∣∣q dt

)1/q

> ε

}
≤ δ.

Definition 1.2 ([6]). Let q ≥ 1 and let f ∈ Lq[0, 2π]. The function

ωq(δ) = ωq(δ; f) = sup
0<h≤δ

{∫ 2π

0

|f(x+ h)− f(x)|q dx
}1/q

, δ > 0,

is called the modulus of continuity of the function f .

Definition 1.3 ([6]). Let f ∈ Lq[0, 2π] be a 2π-periodic function. We approximate the
function f with its trigonometric sums Sn−1(t) of an order that does not exceed n − 1
and with period 2π. Recall that the trigonometric sum of order n and with period 2π is
any linear combination of the following form:

Sn(t) =
n∑

k=−n

cke
ikt.

Put

I(q)n [f ] = inf
Sn−1∈Lq [0,2π]

‖f − Sn−1‖Lq [0,2π].

The finding of I
(q)
n [f ] is called the forward problem of the harmonic approximation in

the metric of the space Lq[0, 2π].

Theorem 1.2 ([6]). Let q ≥ 1 and let f ∈ Lq[0, 2π] be a 2π-periodic function. For every
natural number n, there exists a trigonometric sum Sn−1(x) = Sn−1(x; f) of an order
that does not exceed n− 1 such that

I(q)n [f ] ≤ ‖f − Sn−1‖Lq [0,2π] ≤
3

n
ωq

(
1

n
; f

)
.

Remark 1.1. The above definition and theorem are given in [6]. We use these results for
stochastic processes for which they are valid almost surely.
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2. The approximation of Lp(Ω) processes in the metric of the

space Lq[0, 2π]. Case of p > q > 1

Lemma 2.1. Let p > q > 1 and let X = {X(t), t ∈ [a, b]} be a (b−a)-periodic stochastic
process. We assume that X is bounded, separable, and belongs to the space Lp(Ω). We
further assume that inequality (1) holds for the process X.

Let Tδ = [0, δ] and put

Y (w) := ‖X(t+ w)−X(t)‖Lq[a,b]

for w ∈ Tδ. Then Y (w) ∈ Lp(Ω) and moreover

(2) sup
w∈Tδ

‖Y (w + h)− Y (w)‖Lp(Ω) ≤ |b− a|1/q · σ(h)

for all h > 0.

Proof. We use the Hölder inequality:

∫ b

a

|f(t)g(t)| dt ≤
(∫ b

a

|f(t)|mdt

)1/m (∫ b

a

|g(t)|n dt
)1/n

for m > 1 and n > 1 such that

1

m
+

1

n
= 1.

Putting m = p/q, n = p/(p− q), f(t) = X(t+ w)−X(t), and g(t) ≡ 1, t ∈ [a, b], in this
inequality we obtain

(∫ b

a

|X(t+ w)−X(t)|q dt
)1/q

≤
(∫ b

a

|X(t+ w)−X(t)|p dt
)1/p

· c1/q1 ,

where c1 = |b− a|1−q/p. Thus

(3) E

(∫ b

a

|X(t+ w)−X(t)|q dt
)p/q

≤ c
p/q
1 · E

(∫ b

a

|X(t+ w)−X(t)|p dt
)

and

‖Y (w)‖Lp(Ω) =

⎛⎝E

(∫ b

a

|X(t+ w)−X(t)|q dt
)p/q

⎞⎠1/p

≤ c
1/q
1

(∫ b

a

E |X(t+ w)−X(t)|p dt
)1/p

≤ c
1/q
1 · (b− a)1/p · σ(w) = (b− a)1/q · σ(w),

that is, Y (w) ∈ Lp(Ω).
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Using inequality (3), we get

sup
w∈Tδ

‖Y (w + h)− Y (w)‖pLp(Ω)

= sup
w∈Tδ

E

∣∣∣∣∣∣
(∫ b

a

|X(t+ w + h)−X(t)|q dt
)1/q

−
(∫ b

a

|X(t+ w)−X(t)|q dt
)1/q

∣∣∣∣∣∣
p

≤ sup
w∈Tδ

E

(∫ b

a

|X(t+ w + h)−X(t+ w)|q dt
)p/q

≤ sup
w∈Tδ

|b− a|p/q−1 · E
(∫ b

a

|X(t+ w + h)−X(t+ w)|p dt
)

≤ |b− a|p/q · (σ(h))p,

whence supw∈Tδ
‖Y (w + h)− Y (w)‖Lp(Ω) ≤ |b− a|1/q · σ(h). �

Theorem 2.1. Let {X(t), t ∈ [0, 2π]} be a 2π-periodic stochastic process. Assume that X
is bounded, separable, and belongs to the space Lp(Ω). We further assume that

(4) sup
t,s∈T

‖X(t)−X(s)‖Lp(Ω) ≤ c|t− s|α, c > 0, 0 < α < 1,

where p > q > 1.
Then there exists a trigonometric sum Sn−1 of an order that does not exceed n − 1

such that

P
{
I(q)n [X] > ε

}
≤ P

{
‖X(t)− Sn−1(t)‖Lq[0,2π] > ε

}
≤ 3

nαp

(2π)p/q · cp(1 + αp)1/α+p

εp · (αp− 1)p
.

Proof. Since Y (w) ∈ Lp(Ω), one can use Theorem 1.1 for this process.

Put σ̃(h) = c̃hα and c̃ = |b− a|1/q · c. Since

N(ε) ≤ δ

2σ̃(−1)(ε)
+ 1 =

δc̃1/α

2ε1/α
+ 1, ε0 ≤ σ̃(δ),

we derive from Theorem 1.1 that

(5)

P

⎧⎨⎩ sup
w∈Tδ

∣∣∣∣∣∣
(∫ b

a

|X(t+ w)−X(t)|q dt
)1/q

∣∣∣∣∣∣ > ε

⎫⎬⎭
= P

{
sup
w∈Tδ

|Y (w)| > ε

}

≤ 1

εp

(
inf

0<θ<1

1

θ(1− θ)

∫ θc̃δα

0

(
δc̃1/α

2ε1/α
+ 1

)1/p

dε

)p

≤ 1

εp

(
inf

0<θ<1

1

θ(1− θ)

∫ θc̃δα

0

(
δc̃1/α

ε1/α

)1/p

dε

)p

=
1

εp

⎛⎝ c̃δα(
1− 1

αp

) inf
0<θ<1

1

θ1/(αp)(1− θ)

⎞⎠p

=
1

εp

⎛⎝ c̃δα(
1− 1

αp

) (1 + αp)1/(αp)

1− 1
1+αp

⎞⎠p

=
|b− a|p/q · cpδαp(1 + αp)1/α+p

εp · (αp− 1)p
.
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Substituting a = 0, b = 2π, and δ = 1/n in (5) we deduce from Theorem 1.2 that

P
{
I(q)n [X] > ε

}
≤ P

{
‖X(t)− Sn−1(t)‖Lq[0,2π] > ε

}
≤ 3

nαp

(2π)p/q · cp(1 + αp)1/α+p

εp · (αp− 1)p
. �

3. The approximation of Lp(Ω) processes in the metric of the

space Lq[0, 2π]. Case of p = q > 1

Lemma 3.1. Let p = q > 1 and let X = {X(t), t ∈ [a, b]} be a (b− a)-periodic, bounded,
and separable stochastic process belonging to the space Lp(Ω). We further assume that
inequality (1) holds.

Set Tδ = [0, δ] and denote Y (w) := ‖X(t + w) − X(t)‖Lp[a,b] for w ∈ Tδ. Then
Y (w) ∈ Lp(Ω) and moreover

sup
w∈Tδ

‖Y (w + h)− Y (w)‖Lp(Ω) ≤ |b− a|1/p · σ(h).

Proof. We have

E |Y (w)|p = E

(∫ b

a

|X(t+ w)−X(t)|p dt
)

≤ |b− a| · sup
t∈[a,b]

E |X(t+ w)−X(t)|p ≤ |b− a| · (σ(w))p.

We further show that supw∈Tδ
‖Y (w + h)− Y (w)‖Lp

≤ |b− a|1/p · σ(h). Indeed,

sup
w∈Tδ

‖Y (w + h)− Y (w)‖pLp(Ω)

= sup
w∈Tδ

E

∣∣∣∣∣∣
(∫ b

a

|X(t+ w + h)−X(t)|p dt
)1/p

−
(∫ b

a

|X(t+ w)−X(t)|p dt
)1/p

∣∣∣∣∣∣
p

≤ sup
w∈Tδ

E

(∫ b

a

|X(t+ w + h)−X(t+ w)|p dt
)

≤ |b− a| · (σ(h))p,

whence

�(6) sup
w∈Tδ

‖Y (w + h)− Y (w)‖Lp
≤ |b− a|1/p · σ(h).

Theorem 3.1. Let {X(t), t ∈ [0, 2π]} be a 2π-periodic, bounded, and separable stochastic
process belonging to the space Lp(Ω). We further assume that inequality (4) holds for the
process X and that p = q > 1. Then there exists a trigonometric sum Sn−1 of an order
that does not exceed n− 1 such that

P
{
I(p)n [f ] > ε

}
≤ P

{
‖X(t)− Sn−1(t)‖Lp[0,2π] > ε

}
≤ 6π

nαp

cp(1 + αp)1/α+p

εp · αppp
.

Proof. The proof follows from Lemma 3.1 and is completely identical to that of the case
p > q > 1. �



76 O. E. KAMENSHCHIKOVA AND T. O. YANEVICH

4. The approximation of Lp(Ω) processes in the metric of the

space Lq[0, 2π]. Case of q > p > 1

Theorem 4.1. Let {X(t), t ∈ [a, b]} be a (b − a)-periodic, separable, and bounded sto-
chastic process belonging to the space Lp(Ω). We further assume that inequality (1) holds
for this process and that q > p > 1. By

ΔhX(t) = X(t+ h)−X(t), t ∈ [a, b],

we denote the increments of the process X.
Then there exists a number m = m(h) ∈ {1, 2, . . . } such that

(7)

∥∥‖ΔhX(·)‖Lq [a,b]

∥∥
Lp(Ω)

≤ 2(b− a)1/p
∞∑

k=m

(εk+1)
1/q−1/p[σ(εk+1) + σ(εk)]

+ 2ε1/q−1/p
m (b− a)1/p σ(2εm) =: Bm,

where the sequence {εk}k≥0 is such that

1) εk ≥ εk+1 for all k ≥ 0,
2) εk → 0 as k → ∞,
3) there is a sequence {αk}k≥0 such that 0 < αk < 1 and

σ(εk)

αk
→ 0 as k → ∞ and

∞∑
k=0

αk < ∞.

Proof. Let εk > 0, k ≥ 0, be a sequence such that εk > εk+1 and εk → 0 as k → ∞.
Let Iεk be a partition of the set [a, b]. Assume that the elements of this partition Br

k,
1 ≤ r ≤ N(k), are measurable sets such that

1) Bu
k ∩Br

k = ∅ for u 
= r and
⋃N(k)

r=1 Br
k = [a, b];

2) for every Br
k, there exists a point trk such that |t− trk| < εk for all t ∈ Br

k.

Note that one can always find a partition for a given k such that the length of each
segment does not exceed εk. In what follows we consider partitions satisfying this prop-
erty.

Consider the following stochastic process:

Xk(t) =

N(εk)∑
r=1

X(trk)χBr
k
(t), k ≥ 0, t ∈ [a, b], where χBr

k
(t) =

{
1, t ∈ Br

k,

0, t /∈ Br
k.

Let m be a number such that 2εm+1 < h ≤ 2εm. Then

|ΔhX(t)| ≤ |X(t+ h)−Xm(t+ h)|+ |Xm(t+ h)−Xm(t)|+ |Xm(t)−X(t)|

≤
n−1∑
k=m

[|Xk+1(t+ h)−Xk(t+ h)|+ |Xk+1(t)−Xk|]

+ |Xm(t+ h)−Xm(t)|+ |X(t+ h)−Xn(t+ h)|+ |X(t)−Xn(t)|.

Passing to the limit as n → ∞, we get

|ΔhX(t)| ≤ |Xm(t+ h)−Xm(t)|+
∞∑

k=m

[|Xk+1(t+ h)−Xk(t+ h)|+ |Xk+1(t)−Xk|]

=: I1 + I2
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for all t ∈ [a, b]. The properties of the partition mentioned above imply that

‖Xk+1(t+ h)−Xk(t+ h)‖Lp(Ω)

≤ ‖Xk+1(t+ h)−X(t+ h)‖Lp(Ω) + ‖X(t+ h)−Xk(t+ h)‖Lp(Ω)

≤ σ(εk+1) + σ(εk)

and similarly

‖Xk+1(t)−Xk(t)‖Lp(Ω) ≤ ‖Xk+1(t)−X(t)‖Lp(Ω) + ‖X(t)−Xk(t)‖Lp(Ω)

≤ σ(εk+1) + σ(εk).

Assuming that a point t + h belongs to the interval Br+1
m and that t belongs to Br

m,
where {tk,1m , 0 ≤ k ≤ N(εm)} are the points of the partition

Bk
m =

[
tk−1
m , tkm

)
, 1 ≤ k ≤ N(εm),

we get

I1 = |Xm(t+ h)−Xm(t)|

≤
N(εm)∑
r=1

∣∣X (
tr+1
m

)
−X (trm)

∣∣χBr
m
(t)χBr+1

m
(t+ h)

≤
N(εm)−1∑

k=1

∣∣X (
tk+1
m

)
−X

(
tkm

)∣∣χ[tk−1,1
m ,tk,1

m )(t)

+
∣∣∣X (

tN(εm)+1
m

)
−X

(
tN(εm)
m

)∣∣∣χ[
t
N(εm)−1,1
m ,t

N(εm),1
m

](t),

where X
(
t
N(εm)+1
m

)
= X(t1m).

We need the following result proved in [7].

Lemma 4.1 ([7]). Let (T, ρ) be a compact pseudometric space, let B be the σ-algebra
of Borel sets in (T, ρ), and let μ(·) be a finite measure in the measurable space (T,B).
Assume that Ak ∈ B, k = 1, 2, . . . , n, are some sets such that Ak ∩Al = ∅ for k 
= l and⋃n

k=1Ak = T . Further we assume that Y (n) = {Y (n)(t), t ∈ T} is a function such that

Y (n)(t) =
n∑

k=1

ckχAk
(t),

where

χAk
(t) =

{
1, t ∈ Ak,

0, t /∈ Ak.

Then

(8) ‖Y (n)(t)‖Lq(T ) ≤
(

1

rn

)1/p−1/q

‖Y n(t)‖Lp(T ),

where rn = inf1≤k≤n μ(Ak).
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Set

Ak =
[
tk−1,1
m , tk,1m

)
, 1 ≤ k ≤ N(εm)− 1,

AN(εm) =
[
tN(εm)−1,1
m , tN(εm),1

m

]
,

Y (n)(t) =

N(εm)−1∑
k=1

∣∣X (
tk+1
m

)
−X

(
tkm

)∣∣χ[tk−1,1
m ,tk,1

m )(t)

+
∣∣∣X (

tN(εm)+1
m

)
−X

(
tN(εm)
m

)∣∣∣χ[
t
N(εm)−1,1
m ,t

N(εm),1
m

](t)

in Lemma 4.1. Then we conclude that

inf
k=1,...,N(εm)

μ(Ak) ≥ εm

and
‖I1‖Lq [a,b] = ‖Xm(t+ h)−Xm(t)‖Lq [a,b]

≤ (εm)1/q−1/p(2εm)1/p

⎛⎝N(εm)∑
k=1

∣∣X (
tk+1
m

)
−X

(
tkm

)∣∣p⎞⎠1/p

.

Hence

∥∥‖I1‖Lq [a,b]

∥∥
Lp(Ω)

≤ 21/pε1/qm

⎛⎝E

N(εm)∑
k=1

∣∣X (
tk+1
m

)
−X

(
tkm

)∣∣p⎞⎠1/p

= 21/pε1/qm

⎛⎝N(εm)∑
k=1

E
∣∣X (

tk+1
m

)
−X

(
tkm

)∣∣p⎞⎠1/p

≤ 21/pε1/qm N1/p(εm)σ(2εm) ≤ 21/pε1/qm

(
b− a

2εm
+ 1

)1/p

σ(2εm)

≤ 2ε1/q−1/p
m (b− a)1/p σ(2εm).

Further

I∗2 =
∥∥‖I2‖Lp(Ω)

∥∥
Lq [a,b]

=

∥∥∥∥∥∥
∥∥∥∥∥

∞∑
k=m

{
|Xk+1(t)−Xk(t)|

‖Xk+1(t)−Xk(t)‖Lp(Ω)
‖Xk+1(t)−Xk(t)‖Lp(Ω)

+
|Xk+1(t+ h)−Xk(t+ h)|

‖Xk+1(t+ h)−Xk(t+ h)‖Lp(Ω)

× ‖Xk+1(t+ h)−Xk(t+ h)‖Lp(Ω)

}∥∥∥∥
Lq [a,b]

∥∥∥∥∥∥
Lp(Ω)

≤
∥∥∥∥∥

∞∑
k=m

{∥∥∥∥ |Xk+1(t)−Xk(t)|
‖Xk+1(t)−Xk(t)‖Lp(Ω)

∥∥∥∥
Lq [a,b]

+

∥∥∥∥ |Xk+1(t+ h)−Xk(t+ h)|
‖Xk+1(t+ h)−Xk(t+ h)‖Lp(Ω)

∥∥∥∥
Lq [a,b]

}∥∥∥∥∥
Lp(Ω)

· [σ(εk+1) + σ(εk)]
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≤
∥∥∥∥∥

∞∑
k=m

{∥∥∥∥ |Xk+1(t)−Xk(t)|
‖Xk+1(t)−Xk(t)‖Lp(Ω)

∥∥∥∥
Lp[a,b]

+

∥∥∥∥ |Xk+1(t+ h)−Xk(t+ h)|
‖Xk+1(t+ h)−Xk(t+ h)‖Lp(Ω)

∥∥∥∥
Lp[a,b]

}∥∥∥∥∥
Lp(Ω)

× (εk+1)
1/q−1/p[σ(εk+1) + σ(εk)]

≤
∞∑

k=m

{
(b− a)1/p + (b− a)1/p

}
(εk+1)

1/q−1/p[σ(εk+1) + σ(εk)]

= 2(b− a)1/p
∞∑

k=m

(εk+1)
1/q−1/p[σ(εk+1) + σ(εk)].

The latter two inequalities are proved in Lemmas 3.5 and 4.1 of [7].
Therefore,

∥∥‖ΔhX(·)‖Lq [a,b]

∥∥
Lp(Ω)

≤ 2(b− a)1/p
∞∑

k=m

(εk+1)
1/q−1/p[σ(εk+1) + σ(εk)]

+ 2ε1/q−1/p
m (b− a)1/p σ(2εm). �

Corollary 4.1. Let a stochastic process {X = X(t), t ∈ [a, b]} be (b − a)-periodic,
bounded, and separable. Assume further that inequality (4) holds for this process and
that q > p > 1. Then

(9)
∥∥‖ΔhX(·)‖Lq[a,b]

∥∥
Lp(Ω)

≤ 36 · 2−α+1/p−1/q(b− a)1/pchα−1/p+1/q

1 + 1
α

(
1
q − 1

p

) .

Proof. We choose a sequence {εk}k≥0 such that

ε0 =
b− a

2
, γ0 = σ(ε0), εk = σ(−1)

(
θkγ0

)
,

where 0 < θ < 1 is an arbitrary number. It is obvious that such a sequence satisfies the
assumptions of Theorem 4.1. Put

Bm := 2(b− a)1/p
∞∑

k=m

(
σ(−1)

(
θk+1γ0

))1/q−1/p [
θk+1γ0 + θkγ0

]
+ 2ε1/q−1/p

m (b− a)1/pσ(2εm).

Then

Bm ≤ 2(b− a)1/p
∞∑

k=m

θk+1γ0 + θkγ0
θk+1γ0 − θk+2γ0

∫ θk+1γ0

θk+2γ0

(
σ(−1)(u)

)1/q−1/p

du

+ 2ε1/q−1/p
m (b− a)

1/p
σ(2εm)

≤ 2(b− a)1/p
1 + θ

θ(1− θ)

∫ θσ(εm)

0

(
σ(−1)(u)

)1/q−1/p

du+ 2ε1/q−1/p
m (b− a)1/p σ(2εm).
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If σ(h) = chα, then

Bm ≤ 2(b− a)1/p
1 + θ

θ(1− θ)

∫ θcεαm

0

(u
c

)(1/q−1/p)/α

du+ 4cεα+1/q−1/p
m (b− a)1/p

= 2(b− a)1/pc
1 + θ

(1− θ)

θ(1/q−1/p)/α(εm)1/q−1/p+α(
1
α

(
1
q − 1

p

)
+ 1

) + 4cεα+1/q−1/p
m (b− a)1/p

= 2(b− a)1/pc(εm)1/q−1/p+α

⎛⎝ θ(1/q−1/p)/α(1 + θ)(
1
α

(
1
q − 1

p

)
+ 1

)
(1− θ)

+ 2

⎞⎠ .

Since 0 < θ < 1, we have

2 <
2θ(1/q−1/p)/α(1 + θ)(
1
α

(
1
q − 1

p

)
+ 1

)
(1− θ)

,

that is,

Bm ≤ 6(b− a)1/pc(εm)1/q−1/p+α θ(1/q−1/p)/α(1 + θ)(
1
α

(
1
q − 1

p

)
+ 1

)
(1− θ)

.

Since 2εm+1 < h ≤ 2εm, the properties of the sequence εm and those of the function
σ(h) imply that

σ(εm+1) < σ(h/2) ≤ σ(εm),

εm <
h

2θ1/α
,

whence

Bm ≤ 3 · 21−α+1/p−1/q(b− a)1/pch1/q−1/p+α(1 + θ)(
1
α

(
1
q − 1

p

)
+ 1

)
θ(1− θ)

.

For θ = 1/2, the latter bound transforms to

Bm ≤ 36 · 2−α+1/p−1/q(b− a)1/pch1/q−1/p+α

1
α

(
1
q − 1

p

)
+ 1

.

Therefore∥∥‖ΔhX(·)‖Lq[a,b]

∥∥
Lp(Ω)

≤ 36 · 2−α+1/p−1/q(b− a)1/pchα−1/p+1/q

1 + 1
α

(
1
q − 1

p

) . �

Theorem 4.2. Let {X(t), t ∈ T = [0, 2π]} be a 2π-periodic, bounded, and separable
stochastic process belonging to the space Lp(Ω). Assume further that inequality (4) holds
for this process and that q > p > 1. Then there exists a trigonometric sum Sn−1 of an
order that does not exceed n− 1 and such that

P
{
I(q)n [X] > ε

}
≤ P

{
‖X(t)− Sn−1(t)‖Lq[0,2π] > ε

}
≤

12π · cp36p
(
αp+ p

q

)p+ 1
α−1/p+1/q(

1 + 1
α

(
1
q − 1

p

))p

2pα+p/qnαp+p/qεppp
(
p
(
α− 1

p + 1
q

)
− 1

)p .

Proof. Similarly to the proof of Lemma 2.1 and Theorem 2.1 for p > q > 1, we apply
Theorem 1.1 for the stochastic process

Y (w) := ‖X(t+ w)−X(t)‖Lq[a,b] ∈ Lp(Ω), q > p > 1.
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Let Tδ = [0, δ]. Then

sup
w∈Tδ

‖Y (w + h)− Y (w)‖pLp
≤ sup

w∈Tδ

E

(∫ b

a

|X(t+ w + h)−X(t+ w)|q dt
)p/q

≤ 36 · 2−α+1/p−1/q(b− a)1/pchα−1/p+1/q

1 + 1
α

(
1
q − 1

p

) ,

whence

(10)

sup
w∈Tδ

‖Y (w + h)− Y (w)‖Lp
≤ ĉhα−1/p+1/q = σ̂(h),

ĉ =
36 · 2−α+1/p−1/q(b− a)1/pc

1 + 1
α

(
1
q − 1

p

) .

Hence

N(ε) ≤ δ

2σ̂(−1)(ε)
+ 1 =

δĉ
1

α−1/p+1/q

2ε
1

α−1/p+1/q

+ 1,

ε0 ≤ σ̂(δ) = ĉδα−1/p+1/q.

Thus

I := P

⎧⎨⎩ sup
w∈Tδ

∣∣∣∣∣∣
(∫ b

a

|X(t+ w)−X(t)|q dt
)1/q

∣∣∣∣∣∣ > ε

⎫⎬⎭ = P

{
sup
w∈Tδ

|Y (w)| > ε

}

≤ 1

εp

⎛⎝ inf
0<θ<1

1

θ(1− θ)

∫ θĉδα−1/p+1/q

0

(
δĉ

1
α−1/p+1/q

2ε
1

α−1/p+1/q

+ 1

)1/p

dε

⎞⎠p

≤ 1

εp

⎛⎝ inf
0<θ<1

1

θ(1− θ)

∫ θĉδα−1/p+1/q

0

(
δĉ

1
α−1/p+1/q

ε
1

α−1/p+1/q

)1/p

dε

⎞⎠p

=
1

εp

(
inf

0<θ<1

1

θ(1− θ)

(
δĉ

1
α−1/p+1/q

)1/p

· (θĉδ
α−1/p+1/q)−

1
p(α−1/p+1/q)

+1

1− 1
p(α−1/p+1/q)

)p

=
ĉpδp(α−1/p+1/q)

εp
(
1− 1

p(α−1/p+1/q)

)p · inf
0<θ<1

1

(1− θ)θ
1

p(α−1/p+1/q)

.

Note that the infimum in the latter relation is attained at the point

θ =
1

1 + p
(
α− 1

p + 1
q

) ,
that is,

(11) I ≤
ĉpδp(α−1/p+1/q)

(
1 + p

(
α− 1

p + 1
q

))p+ 1
α−1/p+1/q

εp
(
p
(
α− 1

p + 1
q

)
− 1

)p

pp
.

Using Theorem 1.2 and substituting a = 0, b = 2π, and δ = 1/n in inequality (11),
we complete the proof. �
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