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AN APPROXIMATION OF L,(©2) PROCESSES
UDC 519.21

0. E. KAMENSHCHIKOVA AND T. O. YANEVICH

ABSTRACT. Bounds for the increments of stochastic processes belonging to some
classes of the space L,(2) are obtained in the Lq[a, b] metric. An approximation of
such processes by trigonometric sums is studied in the space Lq[0, 27].

1. INTRODUCTION

Conditions for stochastic processes to belong to the spaces L,(€2) (being a subclass
of Orlicz spaces) as well as bounds for the norms of processes of the spaces L,(2) are
studied in the paper [I]. Properties of increments of stochastic processes belonging to
Orlicz spaces and, as a particular case, those of increments of processes belonging to the
spaces L,(2) are studied in the paper [2].

An approximation of SSub, stochastic processes by cubic splines in the norm of the
space L, (T) is considered in the paper [3]. The same problem but for the approximation
by interpolation lines is considered in [4].

In the current paper, we consider a 27-periodic stochastic process

X ={X(t),t € R}

belonging to the space L, (€2). We study the approximation of such processes by trigono-
metric sums in the space Ly[0,27] for various relations between the numbers p and g.
For all cases considered in the paper, we obtain a bound for the best approximation with
respect to accuracy and reliability. We also obtain bounds for the increments of L,({2)
processes in the metric of the space L,[a, b].

First we recall some definitions and results needed in what follows.

Let (Q, B, P) be a standard probability space. Consider a stochastic process

X ={X(t),teT},
where T = [a, b] is an interval.
Theorem 1.1 ([5]). Let {X(¢t),t € T} be a bounded and separable L,(2) process. Assume

that there exists an increasing continuous function o(h), h > 0, such that o(h) — 0 as
h — 0 and
(1) sup [[(X(t) = X(s)), @) < o(h).
p(t,s)<h

Let px(t,s) = [|X(t) — X(s)l|L, (), t,5 €T, and let N(¢) = N, (T,¢), € > 0, denote
the metric entropy of the set of parameters T with respect to the pseudometric px . Recall
that N () is the minimal number of closed balls (defined with respect to the pseudomet-
ric px) of radius € that cover T. Let eg = sup, s px (1, 5)-
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Assume that

€0
/ NYP(g) de < oco.
0

(e (pixn)) "<,

Bp
p (sup X(0)] > ) <5
teT €

Then

and

for all e > 0, where

960

1
B, = inf (E|X(#)))? + inf —— NYP(g) de.
b tlgT( X)) +0<H(}<19(1—9) 0 () de

Definition 1.1. We say that X (t) approximates a process X (t) with given accuracy
¢ > 0 and reliability 1 —§, 0 < 6 < 1, in the space L,(T) if

P { (/T ‘X(t) - X(t)‘q dt) v g} <6

Definition 1.2 ([0]). Let ¢ > 1 and let f € L,[0, 27]. The function

wq(8) = wq(d; f) = sup {/O%If(xﬂLh)—f(x)lqu}l/q, 6 >0,

0<h<$

is called the modulus of continuity of the function f.

Definition 1.3 ([6]). Let f € L4[0, 27| be a 2m-periodic function. We approximate the
function f with its trigonometric sums S,,_1(¢) of an order that does not exceed n — 1
and with period 27. Recall that the trigonometric sum of order n and with period 27 is
any linear combination of the following form:

n

Sn(t) = Z crpettt,

k=—n
Put

IW[f] = inf -5, .
n [f] Sn,lenllzq[O,QTr]Hf n 1HLq[O,27r]

The finding of I,(lq) [f] is called the forward problem of the harmonic approximation in
the metric of the space L0, 27].

Theorem 1.2 ([6]). Let ¢ > 1 and let f € Ly[0, 27] be a 2m-periodic function. For every
natural number n, there exists a trigonometric sum Sn_1(x) = Sp_1(x; f) of an order
that does not exceed n — 1 such that

3 1
ID<|f - Sn-1llL 0,27 < —wq (—;f) -
n n

Remark 1.1. The above definition and theorem are given in [6]. We use these results for
stochastic processes for which they are valid almost surely.
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2. THE APPROXIMATION OF L,(f2) PROCESSES IN THE METRIC OF THE
SPACE L,[0,27]. CASE OF p > ¢ > 1

Lemma 2.1. Letp > g > 1 and let X = {X(¢),t € [a,b]} be a (b—a)-periodic stochastic
process. We assume that X is bounded, separable, and belongs to the space L,(). We
further assume that inequality ([l holds for the process X .
Let Ts = [0, 6] and put
Y (w) = X (¢ +w) = X ()]l
for w e Ts. Then Y (w) € L,(R?) and moreover

(2) sup [V (1w h) = ¥ () |,y < b= al'/* (1)
wels

for all h > 0.

Proof. We use the Holder inequality:

b b 1/m b 1/n
/ﬂwmer<</|ﬂwwm> </|mw"m>

for m > 1 and n > 1 such that

1 1

— =1

m n

Putting m =p/q, n=p/(p —q), f(t) = X(t +w) — X(t), and g(t) = 1, t € [a,b], in this
inequality we obtain

b 1/a b 1/p
(/ |X(t+w)—X(t)|th> <</ |X(t+w)—X(t)|pdt> N

where ¢; = |[b — a|'*~9/P. Thus

b p/q b
3) E(/ IX(t+w)—X(t)lth> Scﬁ’/q~E</ |X(t+w)—X(t)|pdt>

and

1/p

b p/q
1Y (w)|lr,@ = | E (/ | X (t+w) — X(t)]? dt)

b l/p
</t (/ EX(t+w)— X(t)|pdt>

</ (b—a)? - o(w) = (b— )"/ o(w),

that is, Y(w) € L,(Q).
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Using inequality @), we get
sup [V (w -+ h) = Y@} o,

weTs

1/q|P
:SE%E (/ab|X(t+w+h) X(t |th> (/ | X (t 4+ w) (t)|th>

b p
< sup E(/ |X(t+w+h)—X(t+w)|th>
weTys

weTs

b
< sup |b—alP/97tE (/ | X (t+w+h) —X(t+w)|pdt>
< [b—al?”’® - (a(h))?,
whence sup,,cp, [|Y (0 + h) = Y (w)l|1, @) < [b—al'/9-o(h). O

Theorem 2.1. Let {X(t),t € [0,27]} be a 2w-periodic stochastic process. Assume that X
is bounded, separable, and belongs to the space L,(2). We further assume that

(4) sup |X(t) = X()r, <clt—s|”, >0, 0<a<l,
t,s€T

where p > q > 1.
Then there exists a trigonometric sum S,_1 of an order that does not exceed n — 1
such that
3 (2m)P/9. P(1 4 ap)t/otp
(9) _ i
PLLOIN > e} < PLIXW = St Ollryoon > o} < L0t

Proof. Since Y (w) € L,(2), one can use Theorem [IT] for this process.
Put 5(h) = ¢h® and ¢ = |b — a|'/? - c. Since

5 et/
Ne)< ———+1=——+1
©) < 5en T e T

we derive from Theorem [I.1] that

1/q
sup (/ X (4 w) — (t)|th> > e
weTs

= { sup ¥ ()| > <

weTys

1 1 02 rsgtfa NMPO\T
— | inf ——— — +1 d
eP <0<1%<1 6(1—6) /0 <261/O‘ * ) c

€0 S 5(6),

IA

o) 1 U e et A7
< | inf —— o’
= 2r | 0do<a 0(1—9) /0 < gl/e > d
P
1 o o 1 1 @ (1 +ap)1/<ap>
= — T/ (a — = — —
ep (1_(1%) 0<b<1 91/(ap)(1 — @) P (1_(1%) 1 1+ap

_ |b—alP/1 cP5OP(1 4 ap)t/etp
B el - (ap — 1)P
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Substituting a = 0, b = 27, and § = 1/n in () we deduce from Theorem [[2] that

P{IPIX] > e} < P{IX(E) = Su-1(B)l,02m > €}

3 (2m)P/e. (1 + Oép)l/OmLp
~ nop el (ap—1)P

3. THE APPROXIMATION OF L,(€)) PROCESSES IN THE METRIC OF THE
SPACE L,[0,27]. CASE OF p=g¢ > 1

Lemma 3.1. Letp=¢q > 1 and let X = {X(t),t € [a,b]} be a (b—a)-periodic, bounded,
and separable stochastic process belonging to the space L,(2). We further assume that
inequality (@) holds.

Set Ts = [0,9] and denote Y (w) = | X(t + w) — X(t)|z,[ap) for w € T5s. Then
Y (w) € L,(R) and moreover

sup ||Y(w+ h) — Y('LU)HLP(Q) <|b-— a|1/p -o(h).

weTys

Proof. We have

b
E|Y(w)]” =E </ X (t+w) —X(t)|pdt>

<lb—al- sup EIX(t+w)— XOP < |p—al - (o))
t€la,b]

We further show that sup,,crp, [|Y(w +h) =Y (w)||z, <[b— al'’? . o(h). Indeed,

sup || (w + h) = Y ()|} )

weTs
1/p 1/p|P
~ sup E (/b|X(t+w+h) —X(t)|pdt> _ (/b|X(t+w) —X(t)|pdt>

weTs

IN

sup E (/b | X(t+w+h) —X(t+w)”dt> <|b—al-(a(h))?,
weTs a

whence

(6) sup |Y(w+h) =Y (w)|z, < [b—al''?-a(h). O

weTs

Theorem 3.1. Let {X(t),t € [0,27]} be a 2w-periodic, bounded, and separable stochastic
process belonging to the space L,(QY). We further assume that inequality @) holds for the
process X and that p = q > 1. Then there exists a trigonometric sum S,_1 of an order
that does not exceed n — 1 such that

6w (1 + ap)t/otp
P {Iflp)[f} > 5} < P {”X(t) — Sn*l(t)HLp[OQTr] > 5} < WW
Proof. The proof follows from Lemma B] and is completely identical to that of the case
p>q>1. O
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4. THE APPROXIMATION OF L,(€)) PROCESSES IN THE METRIC OF THE
SPACE L,[0,27]. CASE OF ¢ >p > 1

Theorem 4.1. Let {X(¢),t € [a,b]} be a (b— a)-periodic, separable, and bounded sto-
chastic process belonging to the space L, (). We further assume that inequality () holds
for this process and that ¢ > p > 1. By

AnX(6) = X(t+h) = X(0),  te b,
we denote the increments of the process X .

Then there exists a number m = m(h) € {1,2,...} such that

o0

MARX ()L, (0 HLP(Q) <2(b—a)/? Z (er) VI VP[0 (epsr) + o (er)]

k=m

+26,/971/7 (b= a) /7 0/(2630) =: B,

where the sequence {ex}k>0 s such that

1) e > egy1 for all k >0,
2) e, = 0 as k — oo,
3) there is a sequence {ay tr>0 such that 0 < a < 1 and

U(&k)
Qg

oo
—0 as k— o0 and Zak<oo.
k=0

Proof. Let €, > 0, k > 0, be a sequence such that e > €541 and g — 0 as k — oo.
Let I, be a partition of the set [a,b]. Assume that the elements of this partition Bj,
1 <r < N(k), are measurable sets such that

1) BN B}, = @ for u # r and Uivz(lf) Bj, = [a,b];
2) for every Bj, there exists a point ¢}, such that |t — ¢}| < &, for all t € Bj,.

Note that one can always find a partition for a given k such that the length of each
segment does not exceed €. In what follows we consider partitions satisfying this prop-

erty.
Consider the following stochastic process:
N(ek)
1, te By,
Xi(t) = > X(tp)xsp(t), k>0, t € [a,b], where yp(t) = k
) ’ ' 0, té¢ Bj.

Let m be a number such that 2¢,,11 < h < 2¢,,. Then

[ARX ()] < [X(E+h) = Xon(t+ )| + [ Xt + 1) = X (8)] + [ X () — X (2)]
n—1
< ([ Xk1(t+h) = Xp(t + h)| + [ X1 (t) — Xil]
k=m

+ | Xt +h) = X))+ | X(E+h)— X (t+Rh)|+|X(t) — Xn(2)].
Passing to the limit as n — oo, we get
[ARX ()] < [ X (t+ D) = Xon(B)] + > [ X (8 + h) — Xi(t + h)| + [ Xpsr (£) — X ]

k=m

=: Il +I2
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for all t € [a,b]. The properties of the partition mentioned above imply that

[Xk1(t+h) — Xp(t+ D)L,
S Xgra(t+h) = X(E+h), @ + X (E+h) — Xkt + )|z, @
< o(ek+1) +oler)

and similarly

[ Xk41(t) = X (@)l L, ) < [[Xe+1(t) = X @)1, + [X () = Xe (@)L, ()
< U(Ek+1) —I-O'(Ek).

Assuming that a point ¢ + h belongs to the interval B! and that t belongs to B,
where {tF:1 0 < k < N(e,,)} are the points of the partition

B, = [th'th), 1<k <N(em),
we get
I = [ Xt 4+ 1) = X (1)
N(Em)
< D0 IX () = X (6| Xy, (X gy (E 4 h)
r=1
N(em)—1
S Z ‘X (tfrjl) — X (tfn)|x[tf;1’l,t’;;;1)(t)
k=1

+ ‘X (t%(gm)"’l) -X (t%(am)) } X[tTJyL(snl)—l,l’tTIyz(am),l] (1),

where X(t%(a’”)"'l) = X(tL).
We need the following result proved in [7].

Lemma 4.1 ([7]). Let (T, p) be a compact pseudometric space, let B be the o-algebra
of Borel sets in (T, p), and let p(-) be a finite measure in the measurable space (T, B).
Assume that Ay, € B, k=1,2,...,n, are some sets such that Ay NA; = & for k #1 and
Ur_, Ak = T. Further we assume that YW = {Y(")(¢),t € T} is a function such that

Y () =3 erxa, (b),
k=1

where
1, te A,
t) =
xa () {07 t & Ay
Then
1 1/p—1/q
0 YOOlm< () Ol

where Ty, = infy<p<p p(Ag).
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Set
Ap=[th b by 1<k < N(en) -1,
Aoy = [eem 10, 3]
N(em)—1
YWy = 3 X () = X () [ X ) (8)
k=1

+ ’X (tf:fb(sm)ﬂ) -X (t%(fm)) ’ X[tMEm)*l’l e ] (t)
in Lemma [£.J1 Then we conclude that

inf w(Ag) > em

k=1,...,N(em)
and
110 2y (a,6) = [ Xm (E + h) = Xon (D)l 2, [a,0)
N(E,n) l/p
< (Em)l/q—l/p(2€m)1/p Z ’X tk+1 _ (tk )’p
Hence
N(em) 1/p
||H11||Lq[a7b]||Lp(Q) < 21/1)67171/(1 E Z ‘X (tﬁwﬂ) - X (tfn)|p
k=1
N(em) 1/p
=2Mrel/a [ N EIX (thH) - X ()]

b—a p
< VP AINYP (e, Vo (2e,,) < 2V/Pel/4 (? + 1) o(2em)
< 2eMa=1/P (b — 0)'P 5(2e,,).

Further
I =120z, 0

o0

| Xper1(t) — Xi(t)]
,;1{ HXHT(% - Xk(t’;HLP(Q) [ X1 () = Xi (D)l 2,0

| Xpr1(t+h) — Xi(t+ h)|
[ Xkt1(t+h) — Xe(t+h)lz, @

< IXat+ 1) = Xt + W)l 0

Lqgla,b] L,(Q)
P

H \Xk+1 = Xi(t)]
[ Xkt1(t) — Xk ()|, )

Lgla,b]

“[o(ers1) + oler)]

H |Xk+1 t—|—h) Xk(t+h)|
| Ly(Q)

| Xit1(t+h) = Xt + 1)L,

Lgla,b] }
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i H \Xk+1 — X5 (t)]
| Xk+1(2)
L,,[a,b]}
X (1) P[0 (er1) + o (en)]

X, @)
<> {b- )"+ (b - @)/} (ers) VT 0(er11) + o (e)]

Ly[a,b]

H [ Xp+1(t +h) = Xg(t + 1)
[ Xkt1(t+h) — Xe(t+h)L, @

Lp(9)

)P Z en) /TP o(egi1) + o (er)].
k=m

The latter two inequalities are proved in Lemmas 3.5 and 4.1 of [7].
Therefore,

o0

H”AhX(’)HLq[a,b]HLP(Q) <20b—a)"? > (ert1) TP o(epsn) + o(ek)]

k=m

+2e97P (h— a)' P 5 (22,,). O

Corollary 4.1. Let a stochastic process {X = X(t),t € [a,b]} be (b — a)-periodic,
bounded, and separable. Assume further that inequality [ ) holds for this process and
that ¢ > p > 1. Then

36 - 27 tt/P=1/a(p — g)V/Pecpo—1/rtl/a
(9) MARX ztapill, o < :
r(2) 141 (1 _ 1)
P
Proof. We choose a sequence {e}r>0 such that

b—a
2 b)

€0 = Y0 = o(eo), ex =0V (6%0)
where 0 < § < 1 is an arbitrary number. It is obvious that such a sequence satisfies the
assumptions of Theorem [l Put

B, :=2(b— a)l/p Z (g(*l) (9k+170)>1/q*1/p

k=m

+2e1/a7VP (b — a)VPo(2e,,).

[0+ 0 + %]

Then
L Ry + 0 010 1/q—1/p
By, < 2(b—a)'/? —/ =1 ) d
<2( a) = Ok g — 0520 Jorre o (u) U

+ 25},{‘771/” (b— a)l/p o(2em)

1 9 ea(enl) 1/ 71/
S2<b‘“)””9<1+_9>/0 (o 0@) " du 21 (b )7 0 (2e,0).
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If o(h) = ch®, then

1+60 [f=n (1/q-1/p)/
Bin < 2(b_a)l/p¢9(1+_ 0)/0 (%) du + g/ (b — a)'/?

146 g0/a=1/p)/e(g Y1/a=1/pte

U
g/a=1/p)/e(1 4 9)
@ENEIED
20(1/a=1/P)/ (1 4 9)
Ge-D)o-n

g /a=1/p)/e (1 4 9)

CGpe-n

Since 2e,,11 < h < 2¢,,, the properties of the sequence ¢, and those of the function
o(h) imply that

=2(b—a)'/?c

+ deeltl/a1/p (h — g)t/P

=2(b—a)/Pe(ey,) /1Pt +92

Since 0 < 0 < 1, we have

2<

that is,
By, < 6(b— a)l/pc(gm)l/qfl/era

o(em+1) <o(h/2) < olem),

€m<m,

whence

3. 2l-atl/p=1/a(p _ g)t/pcpt/a=1/pte(] 4 9)
P = (L(1=2)+1)00-0)
al\d p
For 6§ = 1/2, the latter bound transforms to
36 - 27 t/P=1/a(p — q)V/pepl/a-t/pte

1(1_1
(G-
36 - 2-ot/p=1/a(p — g)V/Pcho—t/rt1/a
1(1_1
13 (-3
Theorem 4.2. Let {X(t),t € T = [0,27]} be a 2mw-periodic, bounded, and separable
stochastic process belonging to the space L,(€2). Assume further that inequality (@) holds

for this process and that ¢ > p > 1. Then there exists a trigonometric sum S,_1 of an
order that does not exceed n — 1 and such that

P{LPIX] > e} < P{IX(®) = Su-1(B)ll 1,020 > €}

B, <

Therefore

ARX Ollzganll o) <

O

-

1
PTa=1/p¥1/q

127 - cP36P (ap + %)

< 14 1(1 1 p2pa+p/q ap+p/qgppp 1 1 lp-
tala—» P e Ty ) -

p

Proof. Similarly to the proof of Lemma 2.1l and Theorem 2.1] for p > ¢ > 1, we apply
Theorem [I.1] for the stochastic process

Y(w) = [|X(t+w) = Xz 0] € Lp(Q),  ¢>p>1
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Let T5 = [0, 6]. Then

b r/q
sup [[Y(w +h) = Y(w)|z, < supE(/ X(t+w+h)—X(t+w)|th>

weTs weTs
36 - 2-tl/p=1/a(y — g)1/Pcho—1/pt1/a
<
- 1(1_ 1 ’
1+ (i- 1)
whence
sgg Y (w4 h) =Y (w)|, < che— /e — 5 (p),
wels
(10) _36-27ot/p=1/a(p — q)l/pe
c= .
1(1_1
i (1)
Hence
1
b §Ca—T/vT17a
NE) <ot = T
2601 (e) 26 717177
g0 < 5(8) = cox~V/pHt/a,
Thus

b 1/q
r—p { sup (/ X(t+w) —X(t>|th> et = P{sup ()l > e}
weTs a weTs
1 gcse—1/p+1/a 5 — 1/p+1/q
o |
0<6<16(1—190) J, 0 aT/5 174

~sa—1/p+1 1/p
) 1 0cs [Pt/ 6cu 1/p+1/q
inf ———— de
0<6<16(1—190) J, £aTT75F17a

1 p
S Up (feso—1/p+1/a) " sa=1/prira T
(6ca71/p+l/q) .
1—

p

IN
|

IN
Q=
— N ——

Il
Q=
N

1
0<9<19 1-— ) pla—1/p+1/q)

crgpla=1/p+1/q) ) 1

5+ inf T .
o (1= sty ) O (L 0T

Note that the infimum in the latter relation is attained at the point

1
1,1\’
1+p(a—5+5)

9:

that is,

1
opgpla—1/p+1/q) (1 +p (a _ 1, l))era_l/p'H/q
(11) I< r 2

= P
1,1
5P<p<a—5+a>—1) pP

81

Using Theorem and substituting a = 0, b = 27, and § = 1/n in inequality (I]),

we complete the proof.

O
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