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LIMIT THEOREMS FOR DIFFERENCE ADDITIVE FUNCTIONALS
UDC 519.21

YU. M. KARTASHOV

ABSTRACT. We consider additive functionals defined on Markov chains that approx-
imate a Markov process. Sufficient conditions are obtained for the convergence of
the functionals. These conditions are expressed in terms of convergence of some
conditional expectations (called the characteristics of the functionals) under general
assumptions on the convergence of processes. Sufficient conditions for the uniform
convergence of additive functionals are also given.

1. INTRODUCTION

We study the limit behavior of the following functionals:

(1.1) 65t N B (Xa(tar), 0<s<t,

k:sgt,hk <t

where \,, def {tn.k,n,k > 1} is a sequence of partitions of RT, X,,, n > 1 is a sequence of

processes assuming values in a locally compact metric space X, and where F), 1, n,k > 1,
are nonnegative Borel functions defined on X. Let X, have the Markov property at
points %, 5 and let X, weakly converge to a Markov process X.

An approach is proposed in the papers [I]-[3] to study the limit behavior of the above
functionals by using the limit behavior of their characteristics (conditional expectations).
General results obtained in these papers imply the weak convergence of functionals under
the assumption that the characteristics ¢, converge uniformly. This idea is an extension
of the Dynkin approach [9] to the proof of the convergence of W-functionals (nonnegative,
continuous, homogeneous functionals of Markov processes with bounded characteristics).
Our contribution to this approach is that we study functionals of the form () and that
we weaken the conditions for the uniform convergence (see [3]).

The results of [I], [2], and [3] are based on a certain type of convergence of the
processes X,,, namely on the so-called Markov approximation (see [4] for the definition
and main examples). The Markov approximation holds for many well-known cases, for
example if X,, are random walks converging to a Wiener process (or, more generally, to
a stable process) or if X, are difference approximations of diffusions. However, the proof
of the Markov approximation becomes too complicated for more advanced models.

This paper allows one to obtain analogous results on the convergence of ¢,, expressed
in terms of characteristics if the Markov approximation not necessarily holds. Instead,
we propose a scheme suitable to deduce the convergence of ¢,, from the convergence of
their smoothed modifications. Such a result is expected in the case where the ¢, are
integral sums for functions that uniformly converge to a continuous function. In such a
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case, an analogue of the Donsker invariance principle implies the convergence of ¢, to
the integral functional of X. On the other hand, the distance between two smoothed
functionals of the form of (IT]) (of the same process X,) can be estimated by the distance
between their characteristics by using the Markov property of X,, and following an idea
of 1.

Another part of this paper is devoted to the proof of the uniform convergence of func-
tionals. This result is motivated by the paper of Bass and Khoshnevisan [7], where the
uniform convergence of families of functionals of the form (L)) is obtained for the case
where the prelimit process X, is defined via a random walk approximating a multidi-
mensional Wiener process. The main result of the current paper (see Theorem [2] below)
can also be applied to prove the uniform convergence of approximations of additive func-
tionals for a wide class of stochastic processes. In doing so, we are able to drop the
assumption that the increments of prelimit processes are independent (this assumption
is crucial for the method used in the paper [7]).

The construction of an example of a situation where the results of Section Plapply but
methods of [1]-[3] do not work leads to a nontrivial case where the Markov approximation
does not hold or, at least, cannot be proved in a simple way. One of the possible
examples here is a random walk in a fractal set approximating a diffusion process. The
convergence of functionals can be proved in this case by using the results of Section [l
and a reasoning in [7] (see the proof of Theorem 7.1 therein). This program requires an
extended treatment and will be published elsewhere.

2. RESULTS NEEDED TO WEAKEN THE CONDITIONS
ON THE CONVERGENCE OF PROCESSES

Let the trajectories of processes X,, belong to the space D (which, in particular, means

that the trajectories have left limits at all points) and let them have the Markov property

at the points of a partition ), {tnx} such that |[A\,| — 0 as n — oo. Assume the

weak convergence in distribution in the Skorokhod space D(R™); namely, we assume that
X, > X as n — oo.
Let
Fo k(- def
Gn,k() =0 ( )7 Atn,k: = tn,k - tn,kfl-
Aty
Using this notation, the functionals ¢,, can be rewritten in the form of partial integral
sums as follows:

(2.1) ¢t = Y Gk (Xn (tak)) Aty

k: s<tp <t

According to Donsker’s invariance principle, the functionals of the above type converge
to the integral functional

Pt /t G(r, X (r)) dr

if some mild conditions are imposed on Gy, i, where G is the limit of G,, ; and if G is a
smooth function.

If the limit of G,, 1 is “essentially” discontinuous (or if the limit does not exist at all
in the class of usual functions), an approach based on the convergence of functionals
constructed from smoothed functions G, ;, i.e. from

wt= ) Gok (X (tak) Aty g,

k: s<t, <t
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can be useful. The following functions

(22)  fole) S M, (05)) =E(BLIX(s) =a),  fi'(@) E Mo (6)
are called the characteristics of the above functionals.

The latter are defined as integrals of measurable functions of transition probabilities
existing at points ¢,, ; in view of the Markov property of the processes X,, with respect
to the natural flow, since these functionals are determined by values of the processes at
a finite number of arguments.

For the sake of simplicity, we use the following notation:

def def def
Gg,k = Gn,k)a (bn,O = ¢n; and fn,O = fn

Consider the following random polygonal lines that are “linearizations” of discontin-
uous functionals ¢,,:
(28) Ut = o (s — o )Gl (it — ko 1)@l
S € [tnj—1,tn), t € [tr—1,tnk) -
The random polygonal lines 1,, and functional ¢ can be treated as random elements
with values in C(T), where T = {(s,¢): 0 < s <t <T}.
We derive the limit behavior of functionals with the help of their characteristics and

combine this approach with the smoothing procedure that allows us to weaken conditions
on the convergence of the processes X,, used in Theorem 1 of [I].

def
Put [l = sup,ex lg(x)]-

Theorem 1. Consider a family of functions {G;)k} EC(X,RY), k>0,n>1,¢>0,
and the corresponding family of limit functions {G¢ € C(RT x X,RT)}. We assume that

the limit functions are bounded with respect to the second coordinate and are such that
the following conditions hold for all T > 0:

(1) for alle >0,
Hpe def sup sup |G;7k(x) - Gé(tn,k,z)| — 0, n — oo;
tn,k<T$E:{
(2) forallx € X and n,k:t,, <T,
nr(@) — Gn.r(2), € — 0;

(3) @ 5 ¢ in distribution in C(T) as € — 0, where the functional ¢, is given by

t
o [ 6w X@)du (e

Moreover, we assume that the convergence of their characteristics is uniform
in X, namely
Qe def sup Hfj’t—fs’tH — 0, e —0;
(s,t)€T
(4) as n — oo,
o, def sup sup Aty ,Gn ix(z) = 0;
tn i <T 2€X
(5) as m — oo,
= Esup sup ||t = £ = 0.
€>0 (s,t)€T
Then the random polygonal lines corresponding to the functionals ¢, converge in distri-
bution in C(T), that is, ¥y, — ¢ as n — 0.
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In this, as well as in the other sections, we assume that the initial distributions of
the processes X and X,, are identical. To prove the main result, it is sufficient to show
that the finite dimensional distributions of v,, converge to those of ¢ and are dense. The
density of the distributions can be derived from the convergence by the same methods as
in [1I] (see the final step of the proof of Theorem 1 on page 12 therein). Thus it remains
to prove that the ¢! weakly converge to ¢*¢ for fixed s and t.

We prove that

(2.4) Eg(oye) = Eg(s2'), n—oo,

for an arbitrary Lipschitz function g and for all ¢ > 0. Here and throughout below the
expectation corresponds to a certain fixed initial distribution of the process X.

To make the notation shorter, we put t = ¢, and Aty = Aty j.

It is easy to check that

|Eg (63%) —Eg(¢2")]

<Tip(g)-E[ 3 (G (b X (80)) — G5y (X (14))] Aty

k: s<tp<t

+Eg| D G (tr Xa(tr) Aty _Eg(/:ae(u,X(u))du>

ke s<tp<t
< Lip(g) - T - sup sup |G€ (tg,x) — G;k(m)‘
z€X k>0

+IEg| D G (tr X (tr) Aty, —Eg(/:ae(u,X(u))du)

k: s<tp<t

+Eg| DY Gt Xa ()Mt | —Eg| D G (te, X (1)) Aty

k: s<tp<t k: s<tp<t

The first term on the right hand side of the latter inequality approaches zero as n — oo
by the condition of the theorem.

The proof of the convergence to zero of the second term runs as follows. First, since
the trajectories of X belong to the space D, the functions G¢(X (-), -) belong to the same
space. This implies that the latter functions are integrable in the Riemann sense and
that the corresponding integral sums converge to the Riemann integral. Note that the
integrals in the Riemann and Lebesgue sense coincide in this case. Therefore

> Ge(tk,X(tk))AtkH/Gf(u,X(u)) du,  |An| =0,

k: s<tp<t

almost surely. This together with the Lebesgue dominated convergence theorem and
continuity of g completes the proof of convergence to zero of the second term.

To prove that the third term approaches zero we use Skorokhod’s common probability
space principle, which allows us to assume that the X, converge to X in the Skorokhod
metric d(-, +) almost surely. According to the proposition stated in [5, p. 112], there exists
a sequence of increasing random bijections 6,,: [0, 7] — [0, 7] such that

ap = [10n(-) = “llco,ry = 0 and  ay = | X (05 () = X ()l = O



LIMIT THEOREMS FOR DIFFERENCE ADDITIVE FUNCTIONALS 87

as n — 0o. Now we estimate the third term as follows:

Do Gt X (80)) = G (t, X (B (11)))] At

k: s<tp<t
+ > IGE (e X (tr)) — G (trs X (0 (tr)))| At
k: s<tp<t
Swe, (@ + M)+ D0 G (b X (1) — G (ks X (0 (t)))| At

ki s<tp<t

where wy(e) o SUP,, pex |f(21) — f(22)|. The first term on the right hand side of the
latter inequality approaches zero. The second term also approaches zero almost surely.
To prove this result we need the following lemma.

Lemma 1. Let g € C([0,1] x X,R) be bounded, h € D([0,1],%), and let A, = {tnr}

and 0,, be the same as above. Put Ay p o, (tn k) def g (En s B (t)) — g (tnes B (0 (Enk)))-
Then

(2.5) Z [Ag ho, (En )| Atp i — 0, n — 00.
k
Put
H@ = sup p(hu), h(v))
ol

and

o = Tim & (e)

€—=0

for A C [s,t]. Note that @;? does not exceed the highest jump of h in the closure of A.
Let T = {u,} be the points of jump of h. Since h belongs to the space D, we may assume
that these points are written in the ascending order of heights of their jumps. Fix § > 0
and put Ns def sup{n: u, >0} and Y5 = {up,n=1,...,Ns}. Now we fix ¢ > 0 and
consider Y = B (Ys,€). By construction, G;O’I]\T‘; < 6. Finally we fix vy > 0 and let n
be sufficiently large to satisfy the inequality a], = ||0,(:) — +|| < 7. Thus the expression
on the left hand side of ([23) is estimated as follows:

Z |Ag,h,9n (tn,k)| Atn,k: + Z ‘Ag,h,en (tn,k)| Atn,k

k:tn,ke’rgf k:tn,kETgé
~[0,1]\Y2¢
< 4Nse x 2|lglloe +wy (M + 3L (7).

Since « is arbitrary, the upper limit as n — oo of the left hand side of ([Z3]) does not
exceed
2e
8Nsellglloe +wo (@) < 8Nse gl +wy (9).

The latter relation proves the lemma, since § and e are arbitrary. Therefore rela-
tion (2:4) holds.
The next step of the proof of the theorem is to show that

(2.6) linlimsup [Eg (6}) —Eg (¢7")] =0

for an arbitrary function g € Lip(R). To prove (24), we need an estimate for the limit

: s,t s,t
behavior of E ‘ el — ¢n’1€2‘ as m — 00.
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Lemma 2. The following inequality holds:
E |¢TL €1 TL 62

<A 4o o] e b s 5 A

By the Cauchy inequality,

(2.7) Elont, —ont| < (E(or, - ont)’)

Put

N

def def def
&n = ¢n €19 Cn = ¢n €2 and €= max(61;62)~

We define the flow F}' as the natural filtration generated by the process X,,. Let
Ny =#{\.N[0,T]},

where the symbol # stands for the number of elements of a set. It is sufficient to consider
the case where s = O t=T,and t, np41 =1

We rewrite E (o5t — ¢35 E2) as follows:

NT NT
§ : E : tn,istn,it1l _ C’fln,iytn,iJrl) (f;”‘k’t”‘k“ _ Crtln,k»tn,Hl)

1=0 k=0
T T
=2E Z Z nz, tn,it1 Cfln,i;tn,i+l) (ﬁfln,kvtn.kﬂ _ Cfin,kvtn,wrl)
1=0 k=i+1
NT t t t t 2
b yiotn, ikl n,irtn,itl
+Z(€n1 i+ _an z+)
=0
(2.8) N
; ; tn,kyln, tn,k)tn
E lE <Z Z ghitni (fn Jortnkt etk ,k+1) “7_-&71_“)]
=0 k=i+1
Nt Nt
; ; tn,kstn,k tn,kstn,k
<2E [E (Z Z C;ﬁbn,z,tn,q,ﬂ % (gn Jdotn k4l o ke ,k+1) ‘ ‘Ft’,’:l,i+1>‘|
1=0 k=1+1
+ Br,e
<2 Hn51H+|| n€2||) Sup H nel fneQH"_Bne,
where

Bue  (IERE N+ 1N % Gene +80) < 2([[£7 |+ 7 + ey + @ey) X (e +80)
Now we apply Fatou’s lemma as e; — 0 and use condition () of Theorem [It

it — 3 )t )t 3 )t
E| nel (bfz | =E h_m |¢’fl,61 _¢:L,62| < h_m E’¢:IS’L, _¢n €2
62—)0 62—)0

=

1
< IO 4 70+ @) X [ + O + ey + 7l
Finally we obtain

1
2

limsup E|¢5t — o] < (2a€ 177 + (ae)Q) ;
n— o0

where the right hand side approaches zero as € — 0.
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To complete the proof of the theorem we note that
[Eg(¢™") —Eg(ey")]
< |Eg(¢™") — Eg(¢2")] + [Eg(¢") — Eg(on0)] + [Eg(én") — Eg(enl)]

for all Lipschitz functions g. Passing to the limit as n — oo we derive the statement of
Theorem [ from the above bounds, since € is arbitrary.

3. UNIFORM INVARIANCE PRINCIPLE

In this section, we consider a family of functionals {¢, ,,n > 1,1 € 9} represented
in the form of (II)). In contrast to the preceding section, the set of parameters 91 is of
a general nature and may not be equal to RT.

The functionals ¢,, ,, are written in the same way as ¢, . and are of the same form (L.1]);
however, the index e for the setting of Section [Iis positive and measures a “closeness”
to some fixed functional.

The corresponding functions and random polygonal lines are denoted by £, ,, and ¢y, .,
respectively. Let the set 9t be equipped with a sequence of premetrics d,,(+,-). Recall that
a function is called a premetric if it is finite, symmetric, and equals zero if its arguments
coincide (see Definition 1.1, Section 4.1, Chapter 4 in [§]).

The characteristics for these functionals are defined similarly to the case considered
in the preceding section, namely
(3.1) St () € M, (650) -

In this section, we study the convergence of generalized processes {¢, ,} with the set
of parameters 9t and with the phase space C(T). This result, being interesting in its
own right, helps to obtain the uniform convergence in 9% of distributions of functionals
with respect to a certain metric that metrizes the weak convergence.

The proof of the convergence of generalized processes is based on an upper bound
for the exponential moment of the difference of two functionals corresponding to two
different parameters. Such a bound is derived by using a technique similar to that of [7]
and by an estimate of the Lo distance between two functionals expressed in terms of
the distance between their characteristics. The latter estimate is obtained by a method
presented in the papers [I]-[3]. In contrast to [7], we do not impose the condition that
the increments of the prelimit functionals are independent.

To apply the results of this section, one needs to prove the convergence of functionals
for any given parameter. This can be done either with the help of methods presented
in [I]-[3], or by using the idea of the preceding section.

Put .
pu(ov) € sup [|[£38 = f2LI| 4 0u ()]
(s,t)eT

Let N(n,¢) be the minimal number of balls of radius e (considered with respect to the

1
2

premetrics p,, ) needed to cover the set M. Put H,, () ™ N(n,e). To make the notation
shorter we also put t;, = ¢y 5. As in the preceding section, we consider random polygonal
lines ¥y, . By C, we denote an arbitrary constant whose precise value does not matter
for the reasoning, and thus we use the symbol C for different constants in the same
relation.

Theorem 2. Let, for some T > 0,
(1) sup,>1 e || £25]] < +o0,
(2) suppeon SUb(spyer || Ff — fi]| = 0 as n — oo,
(3) sup,ex SUP(s,t)eT M, (Zk sgtk<t(Frl;,k: (Xn () — EY g (Xn (tk)))Q) < Cop(p,v),
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(4) sup,>; fo° Hn(e) de < +oo.

(5) SUP,,pem: o (uy<a SUPGer (£ = 127 = 0 as A =0,
(6) random polygonal lines converge in C(T), that is,

wn,ulﬁﬁu as n — 0o

for every fixed p; moreover we assume that the joint distributions weakly converge
for all finite sets of parameters u.

Then the generalized process .. with the set of parameters MM and with values in
C(T) weakly converges in the space C(9M, C(T)) to a generalized process ¢..

Remark 1. We assume that the generalized processes ¢, , and ¢, are continuous with
respect to the parameter p for all n.

Proof. We recall that a family of probability measures 8 is called relatively compact if,
for every sequence

{Pn,TLZ 1}C‘Ba

one can choose a weakly convergent subsequence. A family of measures 3 is called dense
if, for every € > 0, there exists a compact set K such that

inf P(K)>1-—e.
Peyp

By a well-known result (see Section 5 of Chapter 1 in [5]), the weak convergence in in-
finite dimensional spaces follows from the convergence of finite dimensional distributions
and from relative compactness of such a sequence of measures. Prokhorov’s theorem [5]
states that a family of measures in a complete separable metric space is relatively compact
if it is dense.

Thus the proof of the main result of this section reduces to the proof of the density

of the family of measures generated by the generalized process {¢n ,, 1 € M}.

Fix n and consider two arbitrary parameters p and v. By &, def On,u and G, def Onv

we denote the corresponding functionals. Let o and 7 be two Markov stopping times
with respect to the filtration {F;: ¢t > 0} such that 0 < 0 <7 < T and 0,7 € nZ almost
surely. Now we estimate

Ma: (|§Z’T - Cgﬂ-l /]:U) .

First we apply the Cauchy inequality

N|=

(3:2) My (1677 = G771/ Fo) < My (€77 = 627)° /7

and then obtain Ly estimates similarly to the preceding section. Such estimates are
obtained in the following result.

Lemma 3. The following inequality holds:

[SE

sup My (|€77 = ¢77 |/ Fo) < (80 sup || = g5t || + 205n(ﬂ7”)> < Cpnlp,v).
reX (s,t)€T
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As in the preceding section, we put Np = |\, N {0,T}|. We assume that ¢y, 11 =T
The square of the right hand side can be rewritten in the following form:
]—"a>

Nt Nt
(ZZIUQKT o<t (E50H — (ltirn) (ghtern _ ctitern)

i=0 k=0

e (Z I<7<tz<7' t7 il C:f’ti‘*'l) (fﬁfﬂﬂ' _ Cf;}lv"') ’ fa)
+E (Z Io<s, <‘f' ghititt Cflv:,twl)? ]__U>
= (Z Loctian G0 (07 = Gt T) ‘f>

=0

+2E Z Tocr,<r Gt (Gt — £07) ‘ Fo |l +C6, (p,v).

1t <T

Here we used the following inequality:

Np—1 2
tn kytn, k+1 tn kstn, k+1
E( L Y (& — G 7

k=i
NTfl 9
—E (L,_ti E ( S (gt =gt ‘]—}i> ‘]—"U> < Cbn(p,v).
k=i

Next we prove that

E (Toiar Gt (G T = €500) | F)
=E (E< o<t; <T<t“t1+l ( for1T £t1+1, ) } ftiJrl) } ]:a') .

Indeed, for all m > 0 and B € F,, we have

E (Ly<t, I % E (Lo, cr GO (G 7 = &6077) | Fiusa)

= E(Toctn I X B (Toct, T G100 (G = 017) | T )
(Lot do<t I X B (Tar G (G = 6007) | Fisy)
(Iagti/\tm Iz xE (Iti<7<7tf’ti+1 (C#“’T - gszI’T) ’ ftiﬂ))
(M (Tg<tnt,, A X Xy or Gl (ChvnT — glivnoT) ’ Fiier))
(
(

(3.3)

Loctintn I X Ty cr QI (GFHT = 6507))

L<i, Ip x Ly<y, <, Clivtitt (Cff’“ﬂ- - 55;“’7)) ;
where a A b = min(a,b). We used here the property that

{Ugti}e.}—t {O’Sti/\tm}ﬂBE}-ti/\th]‘—t

i+17 i+1°

Summing up the above equalities with respect to m, we prove ([B3)) (this means that
the balance equation holds in the definition of the conditional expectation; note that the
integrability of the variables under consideration follows from the boundedness of the
functionals &, and ¢, for all n).
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Now we turn to the initial estimates:

Nt
D

=0

$

Nt
(3.4) =E (Z E (Ia—gti<7_§fli;ti+l (gfliﬂﬂ' _ CZL'H,T) ’ .FtiJrl) ’ ]:a>

=0

Nr
=E (Z Ia§t71<7'£;i7ti+1 E (fff“ﬁ - CZHFI’T } ‘th‘,+1)

=0

Consider the variable E(§t TUT T | Fiirr) in more detail:
’E (52&1)7 - CZLH’T ‘ }—ti+1)’
< |E (§2+17T - szi+17T ’ ]:ti+1)| + I‘F>ti+1 |E (g'r?T - C;T | fti+1)’

Nt
< sup [[f3"—gnt||+|E ( S Lo (7 -7 ]:tm)

(s,t)eT k—it1
Fti+l> |

< sup va?t _gf{tH + ( Z I, E ftk + szkVT ‘ ]:tk) ’ ]:ti+1>‘

(s,t)eT k—it1

Nt
< s |7t - gnt| + | (z Ty, (€07 — ¢t

(s,t)eT k—it1

< s |- g+ e (Z oo w527~ | \f)\

(s,t)eT k=it1

<2 sup HfSt gi’tH.
(s,t)€

This implies an upper bound for ([33)):

Nt

= 0<s<t<T
<2 ft =gt BEET | Fo).
Therefore the right hand side of [8:2) is bounded from above as follows:

Con(p,v) + <4 sup || £ —gi’tH) B+ | Fo)
(s,t)€T

< Cop(pyv) + (4 sup _|[|fot — gyt | E(€77HT + ¢t | Fy)

(s,t)eT

(s,t)eT

t s,t
_sup [+ sup gy H)
s<t<2T 0<s<t<2T

< Con(p,v) + (4 sup HfSt - gntH> (]w U+T Xy (0)) +gg7a+T (Xy (U)))

< Copn(p,v) + (4 sup || fat — g2t
(s,t)eT

< Cop(p,v) +4C sup ||fot —gnt| < Cpn(uw)-
(s,t)eT

Hence

E(677 = ¢771 ) Fo) < Cpulp,v).
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Now we apply Theorem 109 in Section 3, Chapter VI of [6] and obtain

1
Eexp | )\ su st _ st ) < ————
P sn,tanZ ’é-n Cn ’ 11— 4)\Cpn(,u, V)
0<s<t<T

NS (O,m).

Choosing A, o 1/(8pn(p,v)), we prove the following bound:

where

1
Eexp | A\, su st | € —rn—r—— =2.
P " Snﬂ?anZ |§n n | T 1 —=A4X\pa(p,v)
(s,t)€T
This relation together with the Chebyshev inequality allows one to get an estimate for
the tails of the distribution of the difference of two local times:

P sup |§fl’t - Cfl’t| >H)=P{A\, sup |§Z’t — Cz’t| >\ H
sn,tn€’Z sn,tn€’
(s,t)€T (s,6)€T

<Eexp| A\, sup |§fl’t—c;°;’t| ~exp (= A H)

sn,tn€z

(s,t)€T
<2exp(—A,H)=2e ( H ! >
< 2exp(— =2exp| —-H—7———].

" 8pn (1, v)

Now we turn to the initial notation, that is, to ¢, , = &, and ¢, = (,. Note that
Y, are piecewise linear, whence

”wn?u - wn,uHc(T) = Ssup |1/)Z:L - ¢Z’ﬁ/| = Sup |¢fﬂ,tu - (bfz’,tu .
(s,t)eT sn,tn€Z
(s,t)€T

This gives the following estimate for the distribution of the distance between random
polygonal lines:

H
P (I = tnlom > ) <2000 (-5 ).

Next we apply Lemma 2.1 in Section 4.2, Chapter 4 of [§]. Note that a generalization
of this result is straightforward for the case where the X, (¢) assume values in C(T) if
the metric in this space is uniform.

In the case under consideration, p and v are substituted for s and ¢ defining the
functionals &, and ¢, in Lemma 2.1 of [§]. As A and the premetric p, we use the set of
natural numbers N and p,,, respectively.

Further we check the assumptions of Lemma 2.1 of [§]:

(1) for all A> 0 and n € N,

A
P {|I¢n,u ~ Yo > A} < Cexp <_W) !

(2) this condition holds, since

sup pn (u, v) < \/6(u,y) + 2sup ‘ SEH < +o0;

n>1 n,x
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(3) the condition

/ H, (€)de < 400
(0,+00)

follows explicitly from condition () of Theorem

Now we conclude that, for all € > 0,

lim supP sup || Vn,p — Unol >€p =0,
A—0 peN nreS
Pn(l"vl’)<A

where G is an arbitrary countable subset of 9.

The rest of the proof is standard and coincides with that of the proof of the weak
convergence in metric spaces. Note that the property of the equicontinuity of the family
of functionals with respect to the parameter p proved above implies that the family
of distributions of processes ¢, . is relatively compact. Since the finite dimensional

distributions of functionals converge, this completes the proof of the theorem. O
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