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SAMPLE CONTINUITY AND MODELING
OF STOCHASTIC PROCESSES FROM THE SPACES Dy w
UDC 519.21

YU. V. KOZACHENKO AND O. M. MOKLYACHUK

ABSTRACT. Random sequences and stochastic processes belonging to the spaces
Dy,w are studied in the paper. Conditions for the sample continuity of such pro-
cesses are found. The convergence of series of random variables belonging to the
spaces Dy, are considered. Models of stochastic processes belonging to the spaces
Dy w are studied. Several examples of models are given.

INTRODUCTION

The spaces Dy, introduced in the paper [I] are defined as pre-Banach spaces gener-
ated by certain pre-metrics, namely by

1€l = iligV(ﬂf)W(’”(P{lf\ > x}).

The basic properties of the spaces Dy -, conditions for the convergence of series of
random variables belonging to these spaces, and behavior of the supremum of stochastic
processes in the spaces Dy w are considered in [I]. In this paper, we continue studies of
the spaces Dy and stochastic processes belonging to these spaces.

In Section [l we give basic definitions and results concerning the spaces Dy w . Sec-
tion 2] contains several other results on the random variables and stochastic processes
belonging to the spaces Dy that will be used in the later sections. The sample conti-
nuity of stochastic processes is studied in Section Bl Some results concerning the models
of stochastic processes in Dy y are obtained in Section @} the models approximate the
initial processes with a given reliability and accuracy. Examples of models for some
stochastic processes are discussed in Section [l

1. THE SPACES Dy w

Let {Q, B,P} be a standard probability space, Lo(£2) the space of random variables
defined on {Q, B, P}, and let M C L(€2) be some linear space.

Definition 1.1 ([2]). A function ® = (©(£),£ € M) is called a pre-norm if, for all
random variables £ € M,

1. ©(¢) € [0, 00);

2. ©(0) = 0;

3. ©(=¢) = ©(¢).
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Definition 1.2 ([2]). If M is complete with respect to a pre-norm ©, then it is called a
pre-Banach space.
Definition 1.3. A pre-Banach space M is called a pre-K,-space if

al) max(£,n) € M and min(€,n) € M for all {,n € M (this, in particular, means
that |¢] € M);
a2) [§| € M provided that || < |n| and n € M.

Definition 1.4 ([4]). Let every random variable £ € M correspond to a nonnegative
number ||£|| such that

1. ||€]l = 0 < & = 0 with probability one;

2. 1€+l < 11N+ [nll;
3. if |A] < 1, then ||XE]| < €]

Then the functional | - || is called a quasi-norm.

Definition 1.5. If M is complete with respect to a quasi-norm || - ||, then M is called a
quasi-Banach space.

Remark 1.1. Every quasi-norm is a pre-norm. If we assume that || A|| = |A|-||£]| instead
of condition 3 in Definition [[.4] then a quasi-norm is a usual norm.

Definition 1.6 ([3]). A positive nondecreasing sequence p(n), n > 1, is called a ma-
jorizing characteristics of a pre-Banach K -space M if

O( max [&]) < p(n) max O(Ex)

1<k<n 1<k<n
forall e M, k=1,2,...,n.

The notion of a characteristic is introduced in the papers [7] and [8] for Orlicz spaces,
in [5] for K,-spaces, and in [6] for quasi-Banach K, -spaces.

Definition 1.7 ([3]). Let J = J(\) be a nondecreasing function such that J(\) > 0 and
J(A) = 0as A = 0. If a pre-norm ©O(-) defined in M is such that

O(X) < J([ADO(8),
then O is called a pre-norm subordinate to the function J.

Definition 1.8 ([2]). A continuous even convex function U = (U(x),x € R) is called a
C-function if U(0) = 0 and U(x) is increasing for x > 0.

Now we define the space Dy (£2).

Definition 1.9 ([I]). Let W = {W(z),z € R} and V = {V(z),z € R} be two functions
such that W(0) = 0, W(z) > 0, and V(x) > 0 for  # 0. Moreover, we assume that
both functions are even, increasing, and continuous for x > 0. Let there exist a constant
C > 0 and a continuous function Z = {Z(x),x > 0} such that

WD (@ +y) < (WD @) + WD),
V(az) < Z(a)V (z)
for x > 0 and for all constants a > 0, and
0< Z(x) <0
for || < co. We say that a random variable £ belongs to the space Dy w (£2) if
(1) Sli% V(z)WED(P{l¢] > 2}) < oo
x>
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Examples of functions W and V with the above properties are W (z) = |z|* or W (z) =
exp{|z|?} — 1, a >0, and V(x) = |z|°, b > 0.

Theorem 1.1 ([I]). The space Dy,w () is a pre-K,-space with respect to the following
pre-norm:

1/2
lelvar = (sup VWPl > a)) )

variable £ € Dy w () such that ||&, — &|lv,w — 0 as n — oo. Moreover, the pre-norm
|- lv.w is subordinate to the function J(\) = (Z(\))'/2.
Let W (x) be an Orlicz C-function and let V (x) be the inverse to an Orlicz C-function.

Then the functional ||+ || is a quasi-norm and the space is complete with respect to this
quasi-norm.
Finally,
(2) P{lg| > 2} <W L1l4
- V(z)
for all x > 0.

Theorem 1.2 ([I]). The sequence

WD (tn)\
(t) )

) = s (Y

0<t<1/n

is a majorizing characteristic of the space Dy, (2).

2. PROPERTIES OF SERIES OF RANDOM VARIABLES AND STOCHASTIC PROCESSES
BELONGING TO THE SPACES Dy w

Theorem 2.1 ([I]). Let & be random variables belonging to Dyw (), ||+|| be a pre-
norm such that ||&|| > 0, f(z) = V(W (z)), = > 0, and let f(~1(x) be the inverse to
the function f(x). The series

(3) >
k=1

converges in probability if the series

(4) > o
k=1

converges, where
of — 7D < €I ) '
F FED(1EN?)
> V= 1)( 1€k )12 )
TR Z FED(le?)
then

el <2 ()

where the series on the right hand side of (Bl) converges for x > p.

Moreover, if
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Remark 2.1. The function 2/f(~1)(z) increases, since the function f(z)/z = V(W (x))
increases.

Theorem 2.2 ([1]). Let W(z) = |z]|%, a > 0, and let V(z) = |z|°, b > 0. Then series (@)
converges in probability if the series

b= el
k=1

converges. Moreover,

0o 00 ab+1
1 a a
{Salo o) < L (Snarre)
k=1 k=1

for x > pu, that is, Ziozl &k belongs to the space Dy, and

ng < (Z ||£kH2a/(ab+1)
k=1 k=1

Definition 2.1 ([I]). We say that a stochastic process X (t) = {X(¢),t € T} belongs to
the space Dy if X (t) € Dy, for all ¢.

) (ab+1)/(2a)

The processes represented in the form
(6) )= &on(t), teT,
k=1

are examples of stochastic processes belonging to the space Dy w if £ € Dyw and if
the latter series converges in the space Dy .
Conditions for the convergence of series in (6)) are presented in [1].

Definition 2.2 ([2]). A function p(t,s), t,s € T, is called a quasi-metric if p(¢,s) €
[0,00), p(t,t) =0, and p(t,s) = p(s,1).

Let X = {X(t),t € T} be a stochastic process belonging to the space Dy . Then
px(t,s) = ]| X (s) — X(t)| is called the pre-metric generated by the process X.

Let a process X be such that

(A1) supyer || X (8[| < oo;
(A2) the space (T, px) is separable and X is a separable process in (T, px).

Put €9 = sup, ser px(t,s). Condition (A1) implies that ¢g < oo. Let 6 € (0,1),
e = €00%, and let N () be the metric capacity of the space (T, p), that is, N(e) is the
minimum number of closed balls covering (7T, p).

The following result contains conditions for sup,c, X (t) < oo with probability one as
well as estimates for the distribution of this supremum.

Theorem 2.3 ([1]). Let a stochastic process X satisfy conditions (A1) and (A2). If

the series
Sy < WN ()2, >
— fEV (N (en))?en 1)
converges, where f is defined in Theorem [21], then

@ s ix) 2o <w (RO +§1W (%) |
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— —yED infrer | X (2)]? > :l (—1) w(N(gg))%ei_,
=gV <f<1><inftg xem) e\ Feam ey )
‘IJ:ZU%, x> WU,

k=0

Theorem 2.4 ([I]). Let a stochastic process X = {X(t),t € T} be such that X €
Dyw and let W(x) = |z]|%, a > 0, and V(z) = |z|°, b > 0. Assume that X satisfies
conditions (A1) and (A2).

If

Aop 1/(ab+1)
(8) / (N(u(“b+1)/(2“))) du < o0,
0

where p = 620/ 0 < 9 <1, Ay = Ega/(abﬂ), and g9 = sup; ser px(t,8), then

sup | X (t)| € Dv,w
teT

and, moreover,

p {sup|X<t>| > x}

teT
A a
S e A A CE ) ) R
z \ teT p(l—p) o

3. THE CONTINUITY OF STOCHASTIC PROCESSES BELONGING TO THE SPACES DV,W
Let X be a stochastic process belonging to the space Dy y such that

sup [ X (8)] < oc.
teT

Let px(t,s) = || X(t) — X(s)|| be the quasi-metric generated by the process X. Also let
(T, px) be a separable space and X be a separable process in (T, px).
Let 0 € (0,1) and &3, = £90*, k > 1, where

g0 = sup [|X(t) — X(s)].-
t,se€T
By V., we denote the set of centers of closed balls of radius ¢ that form a minimal
covering of the space (T, p). The cardinality of the set V;, is equal to N(ey). Let t,s € T
be some points such that p(t,s) < e for 0 < € < g.
Now we find k such that e, < e < ex_1. Then

Vi = D Ve,
=k

is the set of separability of the process X (), since X (t) is continuous in probability.
By S,,, we denote the minimal €,-net of the set T" with respect to the pseudo-metric p,.
Put S =2, Sn.

Definition 3.1 ([2]). A family of mappings ay(t), k = 0,1,..., is called an a-procedure
if every point of S corresponds to a unique point «y, of Sy such that p(t, ax(t)) < .
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Theorem 3.1. Assume that a stochastic process X satisfies all the above conditions. If
the following two series

S (1) 12 (N (er))ei_y
;V <f“1)u2(N2(€l))€121)

and

i (=D 5127—1
—r fED(ER)

converge and x > W, where

_ =1 12 (N?(ex))€° o (1) 12 (N?(e1))eiy
=y @UW%WWWJ*%V FGE N )y )

then
P(N*(e0)E2 | o 2 (N?(er))efy
SW( V(or) )+§W< Vi) )
where
1oy 2 (N2 (er))E?
vo =gV (f(‘”(uz(m(ﬁk))fz))
1 12 (N?(e1))ef
W—@W)<%WMW%5¥)’
and
. 5— 30
E=eqr—yp

Moreover X (t) is a sample-continuous stochastic process in the space (T, p).
Proof. Let m > k be an arbitrary number. Consider the points
tn = (b)),  tm—1 = am-1(tm), ..., tx=cr(trs+1)
and
Sm = @m(t), Sm-1=am-1(8m), .-, Sp=p(Sk+1),

where ai(t) is an a-procedure. Then

X(t)— X(s)
= (X(t) - X(am(t))) + (X(S) - X(O‘m(s)))
(9) m—1 m—1



SAMPLE CONTINUITY AND MODELS OF STOCHASTIC PROCESSES 101
This implies that

P{IX(tx) — X(sx)| = =}
< P{IX(t) = X(am(t)] > 21} + P{|X(s) — X (am(s))| > 27}

m—1

+ 3 PX (1) = X (0)] > @ik + Y P{X (s101) = X (s1)| > a9’}
=k =k

+ P{|X(t) — X(8)| > zpo}
<W (||X(t) - X(am(t))||2) LW <|X(8) - X(Oém(s))|2>

Ve V(yl)

(10) +’jk W(iX t) xf;f 1 (t >||2)
+T‘:W(|X MZ; 151))|2)
+W(”X(( g)HQ)

2W( 233%) 2?_:1”/( )+W(V(z§/)0))’

since || X (t) — X (ap—1(8))|| < en-1.
Then equality (@) implies that

FY X)X+ 3 (X (sin) — X(sp)| + [X(6) — X(s)]
=k =k
m—1
<2 max | X (u) — X (au(u))| +[X(t) — X(an(t))]
=k l
+1X(s) = X(an(s))| + | X (t) — X(s)|
m—1
<2 e+ 2 +e <€,
=k
where
530
E=€ 1_ 0 .

Passing to the limit in ([@) as m — oo we get

sup [X(t) = X(s)|=  sup  |X(t) = X(s)]
p(t,s)<e [t—s|<e,t,s,€V
v, weVy

< max [X(v) - (W)I+22u1él%)+<l | X (u) = X(ai(u))]
=

provided inequality (I0) holds.
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After some transformations we obtain

| X (t) — X ()] >:c} < P{ max |X(v) —
v,weVy
+>» P X(
>p{ s
Reasoning similarly to the proof of Theorem 2.3 (see [1])) we get

P{ wplX@%—XGHSx}

X ()| > v}

p(ts)<e

P{ sup
>;wmwm>wm}

p(ts)<e

where
_ e (N ()
Yo =gV <f(‘”(u2(N2(€k))52)> 7

2 2 ~2 s 2
_ (-1 (N=(ex))e (-1) p*(N*(e1))ei s
=y @UW%W@WJ*%V (ﬂwwwwmh'

Since W (z) increases for x > 0,

w (£

V(vox)

if z is fixed. Since the series

oo N2
Z W ( (51))51 1>
I=k V(i)

converges, we pass to the limit as k — oo and obtain

12 (N?(er)) NQ(El))
W( V (ow) ) ZW( V() )%O’
whence
P{ sup |X(t)—X(S)|ZJC}—>O
p(t,s)<e

as k — oo.
This implies that the process is sample-continuous in (7, p)

Theorem 3.2. Let W(z) =2% a>1, and V(z) =2°, 0 <b< 1. If

A k+1 @
/ "N (u<ab+1>/<2a>)2/ < oo,
0
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then
Pq sup [X(s)—X() ==
p(t,s)<e
Aop® a
(11) < —1 C’/ " N (u(ab+1)/(2a))2/( ) du
- xabp(l _p) Aopk+1
Agphtl u
+2/ " N (u<ab+1>/(2a>)2/( ) du),
0
where
X 5 _ 30\ 2/(ab+D)
12 = .
(12) c-(=7)

Moreover, X (t) is a sample-continuous stochastic process in (T, p).

Proof. Reasoning as in the proof of Theorem 23] (see [I]) we get

p(t,s)<e

P{ wp|X@>—X@n>x}

1 ((u (N2 () )"/ 42 i (1 (N?(e1)) 511)2“/(‘“’“)>

— b _
r%p(1 — p) Nt

AnpF 2 2a/(ab+1)
< 1 / (e (wtob+0/20) (ﬂ) du
2p(1 —p) \ Jagprets 1-46

12 /OAOW p (2 (terenraer) T du) 7

where the numbers A and p are defined in the proof of Theorem 23 in [I].
Theorem implies that

W(l)(tn))1/2 — pl/2a

p(n) = sup (W(——l)(t)

0<t<l/n
Then
P{ sup IX(S)—X(t)sz}
p(

t,s)<e

Agp® a
< 1 é/ or (N (u(ab+1)/(2a)))2/( b+1) Ju
~ 2%p(1 —p) Agpht!

A k+1
+2/ op <N2 (u(ab+l)/(2a)>)2/(ab+l) du)
0

A k+1 @

< #/ o N (u(ab+1)/(2a))2/( o+1) du. 0
z%p(1—p) Jo

Theorem 3.3. Let X = {X(t),t € [0,T]} be a stochastic process such that X € Dy .

Assume that X is a separable process in [0,T]. Let W(x) = |z|%, a > 0, and V (x) = |z|°,

b>0. If

sup || X(t) — X(s)] < Dh¢
lt—s|<h
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for some D > 0 and ¢ > 1/a, then

sup |X(t)| € Dv,w
te[0,T]

and

P{ sup | X(s) — X(t)| > x}

p(ts)<e

1 _ rAep® DT 2/(ab+1)
< xabp(l —p) (O /Aopk+1 <2u(ab+1)/(2a'<) + 1> du

AopF Tt DT 2/(ab+1)
+ 2/0 (W + 1) du)

for all x> 0, where C is defined in (I2).

Moreover, X (t) is a sample-continuous stochastic process in (T, p).

Proof. The assumptions of the theorem imply that

N(e) < DT

= 2¢el/¢ +1

Inequality (IIJ) can be used to obtain the following estimates:

P{ sup |X(s) — X(1)] > x}

p(t,s)<e

Aop® a
< ;<0/ " (v (u<ab+1>/(2a>))2/( S
~ ap(1—p) Agpk+t
A k+1
+ 2/ v (N (u(ab+1)/(2a))>2/(ab+1) du>
0
1 . Agp" DT 2/(ab+1)
< st (O e i +1)

Agp* Tt DT 2/(ab+1)
+2 /0 <2u(ab+1)/<2ao + 1) d“)'

The two latter integrals converge if so does the integral

Agphtt 1 J
/0 ul/@dy 4

which is the case if { > 1/a.

The integrals
AgpF Tt DT 2/(ab+1)
/0 <2u(ab+l)/(2aC) + 1) du

Aop* DT 2/(ab+1)
/ <2u(ab+1)/(2a<> * 1> du

Aopk+1

and

can be estimated via the hypergeometric function.
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4. MODELS OF STOCHASTIC PROCESSES BELONGING TO THE SPACES DV,W

Consider a stochastic process X represented in the following form:
oo
(13) X(t) = &on(t)
k=1

for ¢t € [0,T]. We also consider another process Xy given by

Xn(t) =Y &n().
k=1

Then Xy (¢) is called a model of the process X.
Put

(14) Xn(t) = Z Eroi(t) = X(t) — Xn(2).
k=N+1

Theorem 4.1. Let X = {X(t),t € [0,T]} be a stochastic process represented in the form
of (I3) and such that & € Dy . Let W(x) = |2]%, a > 1, and V(x) = |z|°, 0 < b < 1.
We assume that conditions (A1) and (A2) hold for X. We further assume that

sup | (s) — dr(t)| < Crlhl°.

[t—s|<h
If

Z ||§k||2a/(ab+1)czb/(ab+1) < o0

k=1
and

1
C > %7
then sup,er | Xn(t)| € Dvw. Moreover,
P{ sup | Xn(t)| > x}
t€[0,T
1 = 9 . b/(ab+1
< — a/(ab+1) 5np | o0/ (abtl) ‘
< 2 lal Jnf |6 ()
k=N+1
a oo ab/(ab+1 a/(a 1/(ab¢)
. T/ (ab+1) (Zk:N+1 Cy vt )”kaz /( b+1)) abl(Anp)t—1/(ab0)
2ab/(ab+1)p(1 _ p) abl —1
AN
1-p |’
where
2a/(ab+1)
An = ( sup (Xn(t) — XN(S))> :
t,s€[0,T

Proof. Let

sup [k (t) — dn(s)| < C - [,

[t—s|<h
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Then

sup || Xn(t) — Xn(s)|| = sup
[t—s|<h [t—s|<h

Z Ek(Pr(t) — or(s ))H

k=N+1

0o (ab+1)/(2a)
S( D lIg )P/ @) sup  gRe/lebty) <¢k<t)—¢k(s)>>

k=N+1 [t—s|<h

: (Z &/ b0 (cz/2hbc/z)2“/<“b+l>

(ab+1)/(2a)
k=1 )

[eS) (ab+1)/(2a)
= th/Q (Z |£k||2a/(ab+1)cl(:b/(ab+1)> 7

k=1
since J(z) = 25/2 and

> &

k=N+1

oo (ab+1)/(2a)
g( > ||sk||2“/<ab+l>> .

k=N+1

Since t € [0, 7], we have

where §(h) can be chosen such that

5(h) _ th/2 <Z ||€k||2a/(ab+1)c¢;€1b/(ab+1)

(ab+1)/(2a)
k=1 )

if the series

o0

a/(a ab/(ab
Z 11652/ ¢ b+1)0k /(ab+1)
k=N+1

converges.
By Theorem 2.4]

P{ sup | Xn(t)| > x}
te[0,T

1 1 Anp 1/(ab+1)
< — | inf IRy @D 4 / N (@b +1)/20) J
— gab < H(}T] H N( )H +p(1_p) ) ( (U )) U

— | dnf [ X (8)]Pe/ @D

x \ te[0,1]
1 ANp T 1/(ab+1)
i) /0 250D (wrj@ay T du

IN
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1 -
< inf | X (¢ 2a/(ab+1)
< = | nt 15w )]
n 1
p(l—p)
(ab+1)/(ab¢) 1/(ab+1)
e ab/(ab+1 a/(a
A (T(E 2y CR D g2/ (0+D) AR
X /O 20t 1)/(@h) + "
1 ~
< inf 11X~ (¢ 2a/(ab+1)
= qab tel[r(%,T] ” N( )”
(ab+1)/(2a%b¢)
a [eS) ab/(ab+1 a/(a
T1/2 (Zk:N-H ce /(ab+ )ka”Q /( b+1))
+ p(1 _ p)Qab/(ab+1)
Anp du Ao
X (@bt1)/2a%60) T
o u I-p
< L f: ||£k||2a/(ab+1) inf ¢ab/(ab+1)(t)‘
= gab tefo,r] |
k=N+1

T1/(ab+1) <ZEO=N+1 Cgb/(ab+1)||§k||2a/(ab+l)
p(l _ p)Qab/(ab—H)

)1/(abC)
_|_

ab((Ayp)' 1) Ay

abl —1 + 1—p
if the integral
A
/0 h ul/(labo du
is finite, which is the case for
1 g

Corollary 4.1. Assume that

sup [k (s) — ok ()] < Cilhl.
[t—s|<h

A model Xn(t) approzimates a process X (t) for t € [0,T] in the space Dy,w (Q) with
giwen accuracy & > 0 and reliability 1 — v, 0 < v < 1, which means that

P{ sup | Xn(t)] > ae} <v

te[0,T)
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if
1 = 2a/(ab+1) : ab/(ab+1)
vz | X P (o )
k=N+1
1/(abC)
a ab/(ab+1) a/(a
. T/ (abth) (ZZO:N—H Ck kaHQ / bH)) abC(ANp)pl/(abC)
2ab/(ab+l)p(1 _ p) (le —1
Ay
1—p ]’
o0
Z |Ck|ab/(ab+1)ka”2a/(ab+1) < o0,
k=1
and
1
C > %7
where

5,t€[0,T]

2a/(ab+1)
An = ( sup (Xn(t) — XN(S))> :

5. EXAMPLES OF MODELS OF STOCHASTIC PROCESSES
BELONGING TO THE SPACES Dy w

In this section we consider stochastic processes X represented in the interval [0, 7] in
the form of the following series:

X(t) = &en(t),
k=1

where fk S DV,W~

Example 5.1. Assume that a process X (t) is represented as follows:
(oo}

(15) X(t) = V2 sin(wkt).
k=1

For this process,

sup [ox(t) — éu(s)| = sup |sin(mkt) — sin(rks)|
[t—s|<h [t—s|<h

sin(ﬂ-—kh>’§7rkh,
2

€ ! +

a AR R

ST IR inf Jsin(rke)| Y/ @0+ = 0
k=N+1 t€[0,T]

<2

that is, Cy = 7wk and ( =1 if

At the same time,
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and

en= sup [[Xn(t) = Xn(s)]
t,s€[0,T

) 9a/(abt1) (ab+1)/(2a)
< sup Hﬁfk (sin(rwkt) — sin(wks))
t,s€[0,T] \ =N

)

0 (ab+1)/(2a)
< 23b/4 (Z ||§k|2a/(ab+1)>

k=N

Ay = 23ab/(2ab+2) Z H§k||2a/(ab+1)'
k=N
The value of N is chosen for the given accuracy e, reliability 1 — v, and constant . The
inequality

00 a/(a 1-1/(ab
- 1 (abT/(ab+1) (p2e/(abt1)g3ab/(2ab+2) §70 ¢ |12/ (ab+1)) /(ab)
= pab g2a/(ab+1) (1 — §2e/(ab+1)) (gh — 1)
1/(ab)
e 23ab/(2ab+2) ZOO Hg ||2a/(ab+1)
2a/(ab+1 ab/(ab+1 k=1 1ISk
( Sl P/ @ () >) + et
k=N+1
can be used to choose N provided that
(oo}
Z(ﬂ,k)ab/(abJrl)||£k||2a/(ab+1) < 0.
k=1

The same conditions can be used to study the process

o0
(16) X(t) =Y V2 cos(mht).
k=1
Moreover, the same constants can be used for processes ([0l as in the case of proces-

ses (IH).

Example 5.2. Let a stochastic process X (t) be represented in the following form:

X(t) = &(Agsin(Byt) + Cy cos(Dyt)),
k=0
where Ay > 0 and C), > 0. In this case,

sup |(Agsin(Bgt) + Cj cos(Dyt)) — (Ag sin(Bys) + Ci cos(Dys))|

[t—s|<h
t— t t—
2A; sin (Bk 5 S) sin (Bk —;S> — 2C) sin (D;C

= sup
|[t—s|<h

s\ . t+ s
)sm(Dk 5 )’
Since sinz < z%, 0 < a < 1,
sup

t— t t— t
2Ay sin (B;C S) sin (B;C + S) — 20} sin <Dk s) sin <Dk + S) ‘
Ribe 2 2 2 2

< 2Ay|sin(Byh/2)| + 2Cy| sin(Dyh/2)| < 27 (AL By + CL.D)h™.

The corresponding integral converges if

1
a € (@74_00) .
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Put Ej, := 2'"%|A, By + C.Dg|. In this case, infeo.m) [ Xn| and Ag do not depend on

the coefficients and cannot be evaluated explicitly. Thus we first choose the reliability
1 — v, accuracy &, and the constant 6. Then we use the inequality

v >

inf X t 2a/(ab+1)
| dnt 1% 0]

1/(aba)
aabT/(ab+1) (ZZO:NH ||€k||2a/(ab+1)EZb/(ab+1))

+ f2a/(ab+1) (1 _ 92@/(ab+1))
(Ayp)'— /b Anp
aba — 1 1 — §2a/(abt1)

to evaluate the number N under the assumption that

ZEzb/(ab+1)||£k‘|2a/(ab+1) < 0.
k=1
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