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CONTINUOUS DEPENDENCE OF SOLUTIONS

OF STOCHASTIC DIFFERENTIAL EQUATIONS

DRIVEN BY STANDARD AND FRACTIONAL

BROWNIAN MOTION ON A PARAMETER

UDC 519.21

YU. S. MISHURA, S. V. POSASHKOVA, AND S. V. POSASHKOV

Abstract. We consider a stochastic differential equation driven by both a Wiener

process and a fractional Brownian motion. The coefficients of the equation are non-
homogeneous, and the initial condition is random. It is assumed that both the coef-
ficients and the initial condition depend on a parameter. We establish conditions on
the coefficients and the initial condition for the continuous dependence of a solution
on the parameter.

Introduction

In this paper, we study a stochastic differential equation defined on a certain stochastic
basis (Ω,F , (Ft, t ∈ [0, T ]),P). The coefficients of the equation depend on a parameter u,
namely:

(1)
Xu

t = Xu
0 +

∫ t

0

au(s,Xu
s ) ds+

∫ t

0

bu(s,Xu
s ) dWs +

∫ t

0

cu (s,Xu
s ) dB

H
s ,

t ∈ [0, T ],

where Xu
0 is an F0-measurable random variable such that E(Xu

0 )
2 < ∞ for all u ∈ [0, u0],

W = (Wt,Ft, t ∈ [0, T ]) is a standard Brownian motion, and BH = (BH
t ,Ft, t ∈ [0, T ])

is a fractional Brownian motion with the Hurst parameter H ∈ (1/2, 1). The coefficients
au, bu, cu : [0, T ]× R → R are nonrandom measurable functions.

For the case of H ∈ (3/4, 1), the conditions on the coefficients are found in [2] under
which the stochastic differential equation

(2) Xt = X0 +

∫ t

0

a(s,Xs) ds+

∫ t

0

b(s,Xs dWs +

∫ t

0

c(s,Xs) dB
H
s , t ∈ [0, T ],

has a unique solution whose trajectories belong to a Besov space. It is also proved in [2]
that the solution possesses the Hölder property of an order that is less than 1/2. In what
follows we a priori assume that a solution of (2) exists for the case of H ∈ (1/2, 3/4]
and moreover we assume that the solution has the same properties as in the case of
H ∈ (3/4, 1).

Turning to the equation depending on a parameter, we assume that the stochastic
differential equation has a unique solution whose trajectories belong to a Besov space for
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every value of the parameter and that this solution possesses the Hölder property of an
order that is less than 1/2.

For this equation, we find conditions imposed on the coefficients and on the initial
condition as functions of the parameter under which the solution, as a function of the
same parameter, converges in probability to a solution of the stochastic differential equa-
tion whose coefficients and the initial value are the limits of the coefficients and initial
value, respectively, of the prelimit equation.

Some results concerning the existence and uniqueness of a solution of a stochastic dif-
ferential equation driven by both a standard Brownian motion and a fractional Brownian
motion are given in Section 1.

Conditions are found in Section 2 such that a solution of a stochastic differential
equation driven by both a standard Brownian motion and a fractional Brownian motion
continuously depends on a parameter for the case where the coefficients are nonhomoge-
neous and the initial condition is random.

1. Existence and uniqueness of a solution

We consider the following stochastic differential equation defined on a certain complete
stochastic basis (Ω,F , (Ft, t ∈ [0, T ]),P):

(3) Xt = X0 +

∫ t

0

a(s,Xs) ds+

∫ t

0

b(s,Xs) dWs +

∫ t

0

c(s,Xs) dB
H
s , t ∈ [0, T ],

where X0 is an F0-measurable random variable such that EX2
0 < ∞, W = (Wt,Ft, t ∈

[0, T ]) is a standard Brownian motion, and BH = (BH
t ,Ft, t ∈ [0, T ]) is a fractional

Brownian motion (fBm) with the Hurst parameter H ∈ (1/2, 1). The coefficients a, b, c :
[0, T ]× R → R are nonrandom measurable nonhomogeneous functions.

Assume that the following conditions hold.

(A) There exists a constant A > 0 such that

|a(t, x)| ≤ A, |b(t, x)| ≤ A, |c(t, x)| ≤ A

for all t ∈ [0, T ] and x ∈ R.
(B) There exists a constant L > 0 such that

(a(t, x)− a(t, y))2 + (b(t, x)− b(t, y))2 + (c(t, x)− c(t, y))2 ≤ L2(x− y)2

for all t ∈ [0, T ] and x, y ∈ R.
(C) The function c(t, x) is differentiable with respect to x; there are constants B > 0

and β ∈ (1−H, 1) such that

|c(s, x)− c(t, x)|+ |∂xc(s, x)− ∂xc(t, x)| ≤ B|s− t|β

for all s, t ∈ [0, T ] and x ∈ R.
(D) The derivative ∂xc(t, x) with respect to x is such that

(4) |∂xc(t, x)− ∂xc(t, y)| ≤ D|x− y|ρ

for all t ∈ [0, T ] and x, y ∈ R, where the ρ ∈ (3/2−H, 1) is fixed.

For some 1−H < α < min(β, ρ− 1/2), consider a Besov type space

(5) Wα([0, T ]) := {Y = Yt(ω) : (t, ω) ∈ [0, T ]× Ω, ‖Y ‖α < ∞}
equipped with the norm

(6) ‖Y ‖2α := sup
t∈[0,T ]

(
E(Yt)

2 + E

(∫ t

0

|Yt − Ys|
(t− s)1+α

ds

)2
)
.
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The following result is proved in [2] for H ∈ (3/4, 1); the proof presented in [2] is
correct for H ∈ (1/2, 3/4], too.

Theorem 1 ([2]). The stochastic differential equation (3) has a unique solution in the
interval [0, T ], and its trajectories belong to the space Wα([0, T ]). Moreover, the solution
possesses the Hölder property with an order that is less than 1/2.

2. Convergence of solutions in probability

Now we consider a stochastic differential equation of the form (3) with a parameter
u ∈ [0, u0]:

(7) Xu
t = Xu

0 +

∫ t

0

au(s,Xu
s ) ds+

∫ t

0

bu(s,Xu
s ) dWs+

∫ t

0

cu(s,Xu
s ) dB

H
s , t ∈ [0, T ],

where Xu
0 is an F0-measurable random variable such that E(Xu

0 )
2 < ∞ for all u ∈

[0, u0], W = (Wt,Ft, t ∈ [0, T ]) is a standard Brownian motion, and BH = (BH
t ,Ft, t ∈

[0, T ]) is a fractional Brownian motion with the Hurst parameter H ∈ (1/2, 1). The
coefficients au, bu, cu : [0, T ]×R → R are nonrandom measurable functions. Assume that
the coefficients of this equation satisfy conditions similar to (A)–(D).

(A1) There exists a constant A > 0 such that

|au(t, x)| ≤ A, |bu(t, x)| ≤ A, |cu(t, x)| ≤ A

for all t ∈ [0, T ] and x ∈ R.
(B1) There exists a constant L > 0 such that

(au(t, x)− au(t, y))2 + (bu(t, x)− bu(t, y))2 + (cu(t, x)− cu(t, y))2 ≤ L2(x− y)2

for all t ∈ [0, T ] and x, y ∈ R.
(C1) The function cu(t, x) is differentiable with respect to x, and there are constants

B > 0 and β ∈ (1−H, 1) such that

|cu(s, x)− cu(t, x)|+ |∂xcu(s, x)− ∂xc
u(t, x)| ≤ B|s− t|β

for all s, t ∈ [0, T ] and x ∈ R.
(D1) The derivative ∂xc

u(t, x) with respect to x is such that

(8) |∂xcu(t, x)− ∂xc
u(t, y)| ≤ D|x− y|ρ

for all t ∈ [0, T ] and x, y ∈ R, where ρ ∈ (3/2−H, 1) is fixed.

We apply Theorem 1 to equation (7) if H ∈ (3/4, 1). Otherwise, if H ∈ (1/2, 3/4], we
show that the equation has a Hölderian solution of an order that is less than 1/2.

Let α ∈ (0, 1). Consider the space Wα,1
0 (0, T ) of measurable functions f : [0, T ] → R

such that

(9)

∫ T

0

|f(t)|
tα

dt+

∫ T

0

∫ t

0

|f(t)− f(s)|
(t− s)1+α

ds dt < +∞.

The left and right Riemann–Liouville fractional integrals of order α are defined for func-
tions f ∈ L1(0, T ) and for almost all t ∈ (0, T ) as follows:

Iα0+f(t) :=
1

Γ(α)

∫ t

0

f(s)(t− s)α−1 ds,

IαT−f(t) :=
(−1)−α

Γ(1− α)

∫ T

t

f(s)(s− t)α−1 ds

(see [4]). Let Iα0+(L
1(0, T )) (IαT−(L

1(0, T ))) be the image of L1(0, T ) under the action of

the operator Iα0+ (IαT−). The restriction of the function f ∈ Wα,1
0 (0, T ) to (0, t) belongs
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to the space Iα0+(L
1(0, t)) for almost all t. If f ∈ Iα0+(L

1) (f ∈ IαT−(L
1)) and 0 < α < 1,

then the Weil derivatives,

Dα
0+f(t) :=

1

Γ(1− α)

(
f(t)

tα
+ α

∫ t

0

f(t)− f(s)

(t− s)α+1
ds

)
I(0,T )(t)

(right Weil derivative) and

Dα
T−f(t) :=

(−1)α

Γ(1− α)

(
f(t)

(T − t)α
+ α

∫ T

t

f(t)− f(s)

(s− t)α+1
ds

)
I(0,T )(t)

(left Weil derivative), are defined for almost all t ∈ (0, T ) (see [4]). The convergence
of the integrals at the point of singularity t = s is understood pointwise and holds for
almost all t ∈ (0, T ). In what follows we put fa+(x) = (f(x) − f(a+))I(a,b)(x) and
fb−(x) = (f(b−)− f(x))I(a,b)(x).

The following result is obtained in [1].

Lemma 1. Let BH = (BH
t ,Ft, t ∈ [0, T ]) be a fractional Brownian motion with the

Hurst parameter H ∈ (1/2, 1). If 1−H < α < 1/2, then

E sup
0≤s≤t≤T

∣∣D1−α
t− BH

t−(s)
∣∣p < ∞

for all T > 0 and p ∈ [1,∞).

Lemma 1 implies that if a function f belongs to the class Wα,1
0 (0, T ) with 1 − H <

α < 1/2 and satisfies inequality (9), then the integral with respect to the fractional
Brownian motion is defined by∫ t

0

f(s) dBH
s =

∫ t

0

Dα
0+f(s)D

1−α
t− BH

t−(s) ds.

The integral is estimated as follows:

(10)

∣∣∣∣
∫ t

0

f(s) dBH
s

∣∣∣∣ ≤ Ct(ω)

(∫ t

0

|f(s)|
sα

ds+

∫ t

0

∫ r

0

|f(r)− f(u)|
(r − u)1+α

du dr

)
(see [1]), where

Ct(ω) = sup
0≤u≤s≤t

∣∣D1−α
s− BH

s−(u)
∣∣ < ∞.

It is proved in [2], Section 3.2, that the process Ct(ω) is bounded from above, namely

Ct(ω) ≤ Cεψt,

where the stochastic process ψt is of the form

(11) ψt :=

(∫ t

0

∫ t

0

∣∣BH
w −BH

v

∣∣2/ε
|w − v|2H/ε

dw dv

)ε/2

for 0 < ε < H + α − 1 and where Cε is a constant depending on ε. It is clear that the
process (ψt, t ∈ [0, T ]) is continuous and increasing with probability one.

Let buv = bu(v,Xu
v ). Given 0 < δ < 1/2 we choose p > 1/δ and


 =
1

p

(
1 +

p

2
− pδ

)
.

Let 0 ≤ s ≤ t ≤ T . We apply the Garsia–Rademich–Rumsey inequality to the function

f(t) =
∫ t

0
buv dWv (see, for example, [1]). This inequality for a continuous function g reads

as follows:

(12) |g(t)− g(s)|p ≤ C�,p|t− s|�p−1

∫ t

0

∫ t

0

|g(x)− g(y)|p
|x− y|�p+1

dx dy.
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Taking into account (12) we see that∣∣∣∣
∫ t

s

buv dWv

∣∣∣∣ ≤ C�,p|t− s|�−1/pξt(b
u) ≤ C�,p|t− s|1/2−δξt(b

u),

where

ξt(b
u) :=

(∫ t

0

∫ t

0

|
∫ y

x
buv dWv|p

|x− y|�p+1
dx dy

)1/p

.

Note that the process ξt(b
u) is continuous and increasing.

For all R > 1, we define a stopping time τu,0R,δ by

(13) τu,0R,δ := inf {t : Cu
t (ω, δ) ≥ R} ∧ T,

where

(14) Cu
t (ω, δ) := ψt ∨ ξt(b

u) ∨ ξt
(
b0
)
∨ 1.

In what follows the symbol C stands for any constant that may depend on T and
on constants involved in conditions (A1)–(D1) but does not depend on u and R. Let

τu := τu,0R,δ.

Lemma 2. Assume that conditions (A1)–(D1) hold. Then P (τu < T ) is bounded from
above and the bound does not depend on u and tends to 0 as R → +∞.

Proof. For R > 1, consider

(15)
P (τu < T ) ≤ P (Cu

T (ω, δ) ≥ R)

≤ P (ξT (b
u) ≥ R) + P

(
ξT (b

0) ≥ R
)
+ P (ψT ≥ R) .

Note that P (ψT ≥ R) does not depend on u and tends to 0 as R → +∞, since all the
moments exist for the process (ψt, t ∈ [0, T ]).

It is clear that P(ξT (b
u) ≥ R) ≤ R−1 E ξT (b

u). Choose some constant q > p > 1.
Then

E ξT (b
u) ≤ (E(ξT (b

u))q)
1/q

=

⎛
⎝E

(∫ T

0

∫ T

0

∣∣∫ y

x
buv dWv

∣∣p
|x− y|�p+1

dx dy

)q/p
⎞
⎠

1/q

≤
(∫ T

0

∫ T

0

E
∣∣∫ y

x
buv dWv

∣∣q dx dy

|x− y|(�p+1−θ)q/p

)1/q (∫ T

0

∫ T

0

dx dy

|x− y|θq/(q−p)

)(q−p)/(qp)

,

where we take θ ∈ (1− p/q + p(
− 1/2), 1− p/q) (note that 
 ≤ 1/2). Thus

θ
q

q − p
< 1,

and the second integral converges and is bounded by some constant in [0, T ].
Further, the first integral is estimated with the help of the Burkholder inequality as

follows:

C

(∫ T

0

∫ T

0

E
∣∣∫ y

x
(buv )

2 dv
∣∣q/2 dx dy

|x− y|(�p+1−θ)q/p

)1/q

≤ CA

(∫ T

0

∫ T

0

|x− y|q/2−(�p+1−θ)q/p dx dy

)1/q

≤ CA,

since q/2 − (
p + 1 − θ)q/p > q/2 − (
p + 1 − 1 + p/q − p(
 − 1/2))q/p = −1. Thus
P (ξT (b

u) ≥ R) ≤ R−1CA and the bound does not depend on the parameter u.
The proof of P

(
ξT (b

0) ≥ R
)
≤ R−1CA is similar. �
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In what follows we need the following modification of Lemma 7.1 of [1]. The difference
between Lemma 7.1 in [1] and Lemma 3 below is that the spatial variable belongs to R in
Lemma 3, while it belongs to a bounded ball in Lemma 7.1 of [1]. However this difference
does not influence the proof.

Lemma 3. Let σ : [0, T ]× R −→ R be a function such that σ(t, x) is differentiable with
respect to x and there are some constants 0 < β, δ ≤ 1 and M0,M > 0 for which the
following conditions hold:

1) Lipschitz property with respect to x:

|σ(t, x)− σ(t, y)| ≤ M0|x− y|
for all t ∈ [0, T ] and x, y ∈ R.

2) Hölder property with respect to x:

|∂xσ(t, x)− ∂xσ(t, y)| ≤ M |x− y|δ

for all t ∈ [0, T ] and x, y ∈ R.
3) Hölder property with respect to t:

|σ(t, x)− σ(s, x)|+ |∂xσ(t, x)− ∂xσ(s, x)| ≤ M0|t− s|β

for all t, s ∈ [0, T ] and x ∈ R.
Then

|σ(t1, x1)− σ(t2, x2)− σ(t1, x3) + σ(t2, x4)|
≤ M0|x1 − x2 − x3 + x4|+M0|x1 − x3| · |t2 − t1|β

+M |x1 − x3|
(
|x1 − x2|δ + |x3 − x4|δ

)
for all x1, x2, x3, x4 ∈ R.

Theorem 2. Assume that conditions (A1)–(D1) hold. Let

du(t, x) := cu(t, x)− c0(t, x), t ∈ [0, T ], x ∈ R, u ∈ [0, u0].

Assume that the coefficients of the stochastic differential equation (7) satisfy the following
conditions.

(G0) Xu
0 → X0

0 in probability as u → 0.
(G1) There are αu > 0, βu > 0, γu > 0, and α < ν1 ≤ 1 such that∣∣au(t, x)− a0(t, x)

∣∣ ≤ αu(1 + |x|ν1),∣∣bu(t, x)− b0(t, x)
∣∣ ≤ βu(1 + |x|ν1),∣∣cu(t, x)− c0(t, x)
∣∣ ≤ γu(1 + |x|ν1)

for all t ∈ [0, T ] and x ∈ R; moreover αu → 0, βu → 0, and γu → 0 as u → 0.
(G2) There are constants ϕu > 0, κu > 0, α < ν2 ≤ 1, θ1 > α, and θ2 > 2α such that

|du(t, x)− du(s, x)| ≤ ϕu|t− s|θ1(1 + |x|ν2),

|du(t, x)− du(t, y)| ≤ κ
u|x− y|θ2 ,

for all t, s ∈ [0, T ] and x, y ∈ R; moreover ϕu → 0 and κ
u → 0 as u → 0.

Then the sequence of solutions {Xu
t , t ∈ [0, T ], u ∈ [0, u0]} converges to {X0

t , t ∈ [0, T ]}
uniformly in probability as u → 0.

Proof. Fix an arbitrary ε > 0. As above, τu := τu,0R,δ. Then

P

(
sup

t∈[0,T ]

∣∣Xu
t −X0

t

∣∣ > ε

)
≤ P (τu < T ) + P

(
sup

t∈[0,T ]

∣∣Xu
t −X0

t

∣∣ > ε, τu = T

)
.(16)
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Lemma 2 implies that the first probability on the right hand side of (16) is bounded and
the bound does not depend on u and tends to 0 as R → +∞.

Consider the second probability on the right hand side of (16). In view of (G0), we
may assume that Xu

0 = X0
0 = 0. Further,

P

(
sup

t∈[0,T ]

∣∣Xu
t −X0

t

∣∣ > ε, τu = T

)
≤ P

(
sup

t∈[0,T ]

∣∣Xu
t∧τu −X0

t∧τu

∣∣ > ε

)
.

Applying Chebyshev’s inequality we get

P

(
sup

t∈[0,T ]

∣∣Xu
t∧τu −X0

t∧τu

∣∣ > ε

)
≤ 1

ε2
E

(
sup

t∈[0,T ]

∣∣Xu
t∧τu −X0

t∧τu

∣∣)2

.(17)

Given an arbitrary z ∈ [0, T ], consider the following sum:

(18)
E

(
sup

t∈[0,z]

∣∣Xu
t∧τu −X0

t∧τu

∣∣)2

+ E

(∫ z∧τu

0

∣∣Xu
z∧τu −X0

z∧τu −Xu
s +X0

s

∣∣
(z − s)1+α

ds

)2

=: Iu1 (z) + Iu2 (z).

First, Iu1 (z) admits the following bound:

Iu1 (z) ≤ C E sup
t∈[0,z]

(∫ t∧τu

0

(
au (s,Xu

s )− a0
(
s,X0

s

))
ds

)2

+ C E sup
t∈[0,z]

(∫ t∧τu

0

(
bu(s,Xu

s )− b0
(
s,X0

s

))
dWs

)2

+ C E sup
t∈[0,z]

(∫ t∧τu

0

(
cu(s,Xu

s )− c0
(
s,X0

s

))
dBH

s

)2

=: C
(
Iu1,1(z) + Iu1,2(z) + Iu1,3(z)

)
.

Second, by (B1) we have

Iu1,1(z) ≤ C E

(∫ z

0

∣∣au (s,Xu
s∧τu)− au

(
s,X0

s∧τu

)∣∣ ds)2

+ C E

(∫ z

0

∣∣au (s,X0
s

)
− a0

(
s,X0

s

)∣∣ ds)2

≤ C

∫ z

0

E
(
Xu

s∧τu −X0
s∧τu

)2
ds+ C(αu)2

(
E

∫ z

0

(
1 + |X0

s |ν1
)2

ds

)

≤ C

∫ z

0

E sup
q∈[0,s]

(
Xu

q∧τu −X0
q∧τu

)2
ds+ C(αu)2

(
E

∫ T

0

(
1 + |X0

s |ν1
)2

ds

)

≤ C

∫ z

0

Iu1 (s) ds+ C(αu)2.

The boundedness of the expectation

E

∫ T

0

(
1 + |X0

s |ν1
)2

ds
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follows from Theorem 1:

E

∫ T

0

(
1 + |X0

s |ν1
)2

ds ≤ C

∫ T

0

(
1 +

(
E
(
X0

s

)2)ν1
)
ds

≤ C

∫ T

0

(
1 +

(
‖X0‖2α

)ν1
)
ds ≤ C.

Similarly we obtain the estimates

Iu1,2(z) ≤ C E

(∫ z

0

(
bu (s,Xu

s∧τu)− bu
(
s,X0

s∧τu

))2
ds

)

+ C E

(∫ z

0

(
bu

(
s,X0

s

)
− b0

(
s,X0

s

))2
ds

)

≤ C

∫ z

0

E
(
Xu

s∧τu −X0
s∧τu

)2
ds+ C(βu)2

(
E

∫ T

0

(
1 + |X0

s |ν1
)2

ds

)

≤ C

∫ z

0

Iu1 (s) ds+ C(βu)2.

The term Iu1,3(z) is estimated by using the definition of the stopping time τu:

Iu1,3(z) = E sup
t∈[0,z]

(∫ t∧τu

0

(
cu (s,Xu

s )− c0
(
s,X0

s

))
dBH

s

)2

≤ CR2

⎛
⎝E sup

t∈[0,z]

(∫ t∧τu

0

∣∣cu(s,Xu
s )− c0

(
s,X0

s

)∣∣
sα

ds

)2

+E sup
t∈[0,z]

(∫ t∧τu

0

∫ s

0

F1(s, q)

(s− q)1+α
dq ds

)2
⎞
⎠

=: CR2
(
Iu1,3,1(z) + Iu1,3,2(z)

)
,

where
F1(s, q) =

∣∣cu(s,Xu
s )− c0

(
s,X0

s

)
− cu

(
q,Xu

q

)
+ c0

(
q,X0

q

)∣∣ .
Further we apply the Cauchy–Bunyakovskĭı inequality:

Iu1,3,1(z) ≤ C E sup
t∈[0,z]

(∫ t∧τu

0

(
cu(s,Xu

s )− c0
(
s,X0

s

))2
ds

)

≤ C E

∫ z

0

(
Xu

s∧τu −X0
s∧τu

)2
ds+ C(γu)2

(
E

∫ T

0

(
1 +

∣∣X0
s

∣∣ν1
)2

ds

)

≤ C

∫ z

0

Iu1 (s) ds+ C(γu)2,

since 2α < 1.
Now we consider the term Iu1,3,2(z):

Iu1,3,2(z) ≤ C E

(∫ z

0

∫ s∧τu

0

F2(s, q)

(s− q)1+α
dq ds

)2

+ C E sup
t∈[0,z]

(∫ t∧τu

0

∫ s

0

F3(s, q)

(s− q)1+α
dq ds

)2

:= C
(
Iu1,3,2,1(z) + Iu1,3,2,2(z)

)
,
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where

F2(s, q) =
∣∣cu (s,Xu

s∧τu)− cu
(
s,X0

s∧τu

)
− cu

(
q,Xu

q

)
+ cu

(
q,X0

q

)∣∣ ,
F3(s, q) =

∣∣cu (s,X0
s

)
− c0

(
s,X0

s

)
− cu

(
q,X0

q

)
+ c0

(
q,X0

q

)∣∣ .
We use Lemma 3 to estimate Iu1,3,2,1(z):

Iu1,3,2,1(z) ≤ C E

(∫ z

0

∫ s∧τu

0

∣∣Xu
s∧τu −X0

s∧τu −Xu
q +X0

q

∣∣
(s− q)1+α

dq ds

)2

+ C E

(∫ z

0

∫ s∧τu

0

∣∣Xu
s∧τu −X0

s∧τu

∣∣ (s− q)β

(s− q)1+α
dq ds

)2

+ C E

(∫ z

0

∫ s∧τu

0

F4(s, q)

(s− q)1+α
dq ds

)2

=: C
(
Iu1,3,2,1,1(z) + Iu1,3,2,1,2(z) + Iu1,3,2,1,3(z)

)
,

where

F4(s, q) =
∣∣Xu

s∧τu −X0
s∧τu

∣∣ (∣∣Xu
s∧τu −Xu

q

∣∣ρ + ∣∣X0
s∧τu −X0

q

∣∣ρ)
and

Iu1,3,2,1,1(z) ≤ C

∫ z

0

E

(∫ s∧τu

0

|Xu
s∧τu −X0

s∧τu −Xu
q +X0

q |
(s− q)1+α

dq

)2

ds

≤ C

∫ z

0

Iu2 (s) ds,

Iu1,3,2,1,2(z) ≤ C

∫ z

0

s2(β−α) E
(∣∣Xu

s∧τu −X0
s∧τu

∣∣)2 ds ≤ C

∫ z

0

Iu1 (s) ds.

Similarly to the proof of Theorem 3.2.5 in [3], one can show that

|Xu
t −Xu

s | ≤ CCu
T (ω, δ) exp

{
Cu

T (ω, δ)
1/(1−α)

}
|t− s|1/2−δ1

for all u ∈ [0, u0] and for all δ1 ∈ (0, 1/2), where the process Cu
t (ω, δ) is defined by

relation (14). Recalling the assumption that τu = T ≥ z, we derive the inequality
Cu

T (ω, δ) ≤ R, whence

|Xu
t −Xu

s | ≤ CR exp
{
R1/(1−α)

}
|t− s|1/2−δ1 .

Then

Iu1,3,2,1,3(z) ≤ E

(∫ z

0

∫ s∧τu

0

F5(s, q)

(s− q)1+α
dq ds

)2

≤ CR2ρ exp
{
2ρR1/(1−α)

}∫ z

0

sρ−2ρδ1−2α E
(∣∣Xu

s∧τu −X0
s∧τu

∣∣)2 ds

≤ CR2ρ exp
{
2ρR1/(1−α)

}∫ z

0

Iu1 (s) ds,

where

F5(s, q) =
∣∣Xu

s∧τu −X0
s∧τu

∣∣ (2Rρ exp
{
ρR1/(1−α)

}
|s− q|ρ(1/2−δ1)

)
and δ1 is chosen such that ρ−2ρδ1−2α > 0. This can be done, indeed, since α < ρ−1/2
and thus ρ− 2α > 1/2− α > 0.
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Consider Iu1,3,2,2(z). We have

Iu1,3,2,2(z) = E sup
t∈[0,z]

(∫ t∧τu

0

∫ s

0

∣∣du (s,X0
s

)
− du

(
q,X0

q

)∣∣
(s− q)1+α

dq ds

)2

≤ C E sup
t∈[0,z]

(∫ t∧τu

0

∫ s

0

∣∣du (s,X0
s

)
− du

(
s,X0

q

)∣∣
(s− q)1+α

dq ds

)2

+ C E sup
t∈[0,z]

(∫ t∧τu

0

∫ s

0

∣∣du (s,X0
q

)
− du

(
q,X0

q

)∣∣
(s− q)1+α

dq ds

)2

≤ C E sup
t∈[0,z]

(∫ t∧τu

0

∫ s

0

κ
u
∣∣X0

s −X0
q

∣∣θ2
(s− q)1+α

dq ds

)2

+ C E sup
t∈[0,z]

(∫ t∧τu

0

∫ s

0

ϕu(s− q)θ1
(
1 +

∣∣X0
q

∣∣ν2
)

(s− q)1+α
dq ds

)2

≤ C(κu)2R2θ2 exp
{
2θ2R

1/(1−α)
}
E

(∫ T

0

∫ s

0

(s− q)θ2(1/2−δ1)

(s− q)1+α
dq ds

)2

+ C(ϕu)2 E

(∫ T

0

∫ s

0

(
1 +

∣∣X0
q

∣∣ν2
)

(s− q)1+α−θ1
dq ds

)2

≤ C(κu)2R2θ2 exp
{
2θ2R

1/(1−α)
}

+ C(ϕu)2 E

(∫ T

0

(
1 +

∣∣X0
q

∣∣ν2
)
(t− q)θ1−α dq

)2

≤ C(κu)2R2θ2 exp
{
2θ2R

1/(1−α)
}
+ C(ϕu)2,

where δ1 satisfies an extra condition θ2(1/2− δ1)−α > 0. This can be achieved, indeed,
since θ2 > 2α.

Thus

(19)

Iu1 (z) ≤ C(αu)2 + C(βu)2 + CR2(γu)2

+ CR2+2θ2 exp
{
2θ2R

1/(1−α)
}
(κu)2 + CR2(ϕu)2

+ CR2+2ρ exp
{
2ρR1/(1−α)

}∫ z

0

Iu1 (s) ds+ CR2

∫ z

0

Iu2 (s) ds.

Now we turn back to the term Iu2 (z). This function admits the following bound:

Iu2 (z) ≤ C

⎛
⎝E

(∫ z∧τu

0

∫ z∧τu

s

(
au

(
q,Xu

q

)
− a0

(
q,X0

q

))
dq

(z − s)1+α
ds

)2

+ E

(∫ z∧τu

0

∫ z∧τu

s

(
bu

(
q,Xu

q

)
− b0

(
q,X0

q

))
dWq

(z − s)1+α
ds

)2

+E

(∫ z∧τu

0

∫ z∧τu

s

(
cu

(
q,Xu

q

)
− c0

(
q,X0

q

))
dBH

q

(z − s)1+α
ds

)2
⎞
⎠

=: C
(
Iu2,1(z) + Iu2,2(z) + Iu2,3(z)

)
.
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Next we estimate the term Iu2,1(z):

Iu2,1(z) ≤ C E

(∫ z∧τu

0

∫ z∧τu

s

(
au

(
q,Xu

q

)
− au

(
q,X0

q

))
dq

(z − s)1+α
ds

)2

+ C E

(∫ z∧τu

0

∫ z∧τu

s

(
au

(
q,X0

q

)
− a0

(
q,X0

q

))
dq

(z − s)1+α
ds

)2

= C
(
Iu2,1,1(z) + Iu2,1,2(z)

)
.

If γ is such that 0 < α < γ < 1/2, then

Iu2,1,1(z) = E

(∫ z∧τu

0

∫ z∧τu

s

(
au

(
q,Xu

q

)
− au

(
q,X0

q

))
dq

(z − s)1+α−γ(z − s)γ
ds

)2

≤ C E

∫ z∧τu

0

(z − s)
∫ z∧τu

0

∣∣Xu
q −X0

q

∣∣2 dq

(z − s)2+2α−2γ
ds

≤ C

∫ z

0

(
Xu

s∧τu −X0
s∧τu

)2
ds ≤ C

∫ z

0

Iu1 (s) ds.

Similarly

Iu2,1,2(z) ≤ E

(∫ z∧τu

0

∫ z∧τu

s

(
αu

(
1 +

∣∣X0
q

∣∣ν1
))

dq

(z − s)1+α
ds

)2

≤ C(αu)2

(∫ z

0

(z − s)
∫ z

s
E
(
1 +

∣∣X0
q

∣∣ν1
)2

dq

(z − s)2+2α−2γ
ds

)
≤ C(αu)2.

Now we estimate Iu2,2(z):

Iu2,2(z) ≤ C E

∫ z∧τu

0

∫ z∧τu

s

(
bu

(
q,Xu

q

)
− b0

(
q,X0

q

))2
dq

(z − s)2+2α−2γ
ds

≤ C E

∫ z∧τu

0

∫ z∧τu

s

(
bu

(
q,Xu

q

)
− bu

(
q,X0

q

))2
dq

(z − s)2+2α−2γ
ds

+ C E

∫ z∧τu

0

∫ z∧τu

s

(
bu

(
q,X0

q

)
− b0

(
q,X0

q

))2
dq

(z − s)2+2α−2γ
ds

=: C
(
Iu2,2,1(z) + Iu2,2,2(z)

)
.

Then

Iu2,2,1(z) ≤ C E

∫ z

0

∫ z

s

(
Xu

q∧τ −X0
q∧τ

)2
dq

(z − s)2+2α−2γ
ds ≤ C

∫ z

0

Iu1 (q)

(z − q)1+2α−2γ
dq

and

Iu2,2,2(z) ≤ E

∫ z∧τu

0

∫ z∧τu

s

(
(βu)

2 (
1 +

∣∣X0
q

∣∣ν1
)2)

dq

(z − s)2+2α−2γ
ds

≤ C(βu)2
∫ z

0

∫ z

s
E
(
1 +

∣∣X0
q

∣∣ν1
)2

dq

(z − s)2+2α−2γ
ds ≤ C(βu)2.
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Next we consider Iu2,3(z):

Iu2,3(z) ≤ CR2 E

(∫ z∧τu

0

(∫ z∧τu

s

cu
(
q,Xu

q

)
− c0

(
q,X0

q

)
(q − s)α

dq

)
(z − s)−(1+α) ds

)2

+ CR2

⎛
⎝E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

F6(v, q)

(q − v)1+α
dv dq

)2

(z − s)−(2+2α−2γ) ds

⎞
⎠

=: CR2
(
Iu2,3,1(z) + Iu2,3,2(z)

)
,

where

F6(v, q) =
∣∣cu (q,Xu

q

)
− c0

(
q,X0

q

)
− cu (v,Xu

v ) + c0
(
v,X0

v

)∣∣ .
The terms are estimated separately:

Iu2,3,1(z) ≤
(
E

∫ z∧τu

0

(∫ z∧τu

s

cu
(
q,Xu

q

)
− c0

(
q,X0

q

)
(q − s)α

dq

)
(z − s)−(1+α) ds

)2

≤
(
E

∫ z∧τu

0

(
cu

(
q,Xu

q

)
− c0

(
q,X0

q

)) ∫ q

0

1

(q − s)α
1

(z − s)1+α
ds dq

)2

.

Using inequality (4.15) of [1], we obtain

Iu2,3,1(z) ≤ C

(
E

∫ z∧τu

0

(
cu

(
q,Xu

q

)
− c0

(
q,X0

q

)) 1

(z − q)2α
dq

)2

≤ C E

∫ z∧τu

0

(cu (s,Xu
s )− c0

(
s,X0

s

)
)2

(z − s)2α
ds

≤ C E

∫ z∧τu

0

(
cu (s,Xu

s )− cu
(
s,X0

s

))2
(z − s)2α

ds

+ C E

∫ z∧τu

0

(
cu

(
s,X0

s

)
− c0

(
s,X0

s

))2
(z − s)2α

ds

≤ C

∫ z

0

Iu1 (s)

(z − s)2α
ds+ C(γu)2.

Next we estimate Iu2,3,2(z):

Iu2,3,2(z) = E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

∣∣cu (q,Xu
q

)
− c0

(
q,X0

q

)
− cu (v,Xu

v ) + c0(v,X0
v )
∣∣

(q − v)α
dv dq

)2

× (z − s)−(2+2α−2γ) ds

≤ C E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

F7(v, q)

(q − v)α
dv dq

)2

(z − s)−(2+2α−2γ) ds

+ C E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

F8(v, q)

(q − v)α
dv dq

)2

(z − s)−(2+2α−2γ) ds

=: C
(
Iu2,3,2,1(z) + Iu2,3,2,2(z)

)
,

where
F7(v, q) =

∣∣cu (q,Xu
q

)
− cu

(
q,X0

q

)
− cu (v,Xu

v ) + cu
(
v,X0

v

)∣∣ ,
F8(v, q) =

∣∣cu (q,X0
q

)
− c0

(
q,X0

q

)
− cu

(
v,X0

v

)
+ c0

(
v,X0

v

)∣∣ .
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Using Lemma 3 we estimate Iu2,3,2,1(z):

Iu2,3,2,1(z) ≤ C E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

∣∣Xu
q −X0

q −Xu
v +X0

v

∣∣
(q − v)1+α

dv dq

)2

(z − s)−(2+2α−2γ) ds

+ C E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

∣∣Xu
q −X0

q

∣∣ (q − v)β

(q − v)1+α
dv dq

)2

(z − s)−(2+2α−2γ) ds

+ C E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

∣∣Xu
q −X0

q

∣∣ (∣∣Xu
q −Xu

v

∣∣ρ + ∣∣X0
q −X0

v

∣∣ρ)
(q − v)1+α

dv dq

)2

× (z − s)−(2+2α−2γ) ds

=: C
(
Iu2,3,2,1,1(z) + Iu2,3,2,1,2(z) + Iu2,3,2,1,3(z)

)
.

Then we estimate Iu2,3,2,1,1(z) by taking into account that 2γ − 2α > 0:

Iu2,3,2,1,1(z)

≤ C E

∫ z

0

∫ z

s

(∫ q∧τu

s

∣∣Xu
q∧τu −X0

q∧τu −Xu
v +X0

v

∣∣
(q − v)1+α

dv

)2

dq(z − s)−(1+2α−2γ) ds

≤ C E

∫ z

0

(∫ q∧τu

0

∣∣Xu
q∧τu −X0

q∧τu −Xu
v +X0

v

∣∣
(q − v)1+α

dv

)2

dq

≤ C

∫ z

0

Iu2 (s) ds

and

Iu2,3,2,1,2(z) ≤ E

∫ z∧τu

0

(∫ z∧τu

s

∣∣Xu
q −X0

q

∣∣ (q − s)β−αdq
)2

(z − s)2+2α−2γ
ds

≤ C E

∫ z∧τu

0

(z − s)1+2β−2α
∫ z∧τu

s

(
Xu

q −X0
q

)2
dq

(z − s)2+2α−2γ
ds

≤ C E

∫ z

0

∫ z

s

(
Xu

q∧τu −X0
q∧τu

)2
dq

(z − s)1+4α−2β−2γ
ds ≤ C

∫ z

0

Iu1 (s) ds.

The latter inequality is obtained by changing the order of integration and in view of the
inequality 2β + 2γ − 4α > 0. Finally,

Iu2,3,2,1,3(z)

≤ CR2ρ exp
{
2ρR1/(1−α)

}
E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

∣∣Xu
q −X0

q

∣∣ (q − v)ρ(1/2−δ1)

(q − v)1+α
dv dq

)2

× (z − s)−(2+2α−2γ) ds

≤ CR2ρ exp
{
2ρR1/(1−α)

}
E

∫ z∧τu

0

(∫ z∧τu

s

∣∣Xu
q −X0

q

∣∣ (q − s)ρ(1/2−δ1)−α dq
)2

(z − s)2+2α−2γ
ds

≤ CR2ρ exp
{
2ρR1/(1−α)

}
E

∫ z∧τu

0

(z − s)
∫ z

0

(
Xu

q∧τ −X0
q∧τ

)2
dq

(z − s)2+2α−2γ
ds

≤ CR2ρ exp
{
2ρR1/(1−α)

}∫ z

0

Iu1 (s) ds.
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As above, 0 < δ1 < 1/2− α/ρ and α < γ < 1/2 in the latter relation.
Now we turn back to Iu2,3,2,2(z):

Iu2,3,2,2(z) = E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

∣∣du (q,X0
q

)
− du

(
v,X0

v

)∣∣
(q − v)α

dv dq

)2

(z − s)−(2+2α−2γ) ds

≤ C E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

∣∣du (q,X0
q

)
− du

(
q,X0

v

)∣∣
(q − v)α

dv dq

)2

(z − s)−(2+2α−2γ) ds

+ C E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

∣∣du (q,X0
v

)
− du

(
v,X0

v

)∣∣
(q − v)α

dv dq

)2

(z − s)−(2+2α−2γ) ds

=: C
(
Iu2,3,2,2,1(z) + Iu2,3,2,2,2(z)

)
.

The latter two terms are estimated as follows:

Iu2,3,2,2,1(z) ≤ E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

κ
u
∣∣X0

q −X0
v

∣∣θ2
(q − v)1+α

dv dq

)2

(z − s)−(2+2α−2γ) ds

≤ CR2θ2 exp
{
2θ2R

1/(1−α)
}
(κu)2

× E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

(q − v)θ2(1/2−δ1)

(q − v)1+α
dv dq

)2
1

(z − s)2+2α−2γ
ds

≤ CR2θ2 exp
{
2θ2R

1/(1−α)
}
(κu)2 E

∫ z∧τu

0

(∫ z∧τu

s
(q − s)θ2(1/2−δ1)−α dq

)2

(z − s)2+2α−2γ
ds

≤ CRθ2 exp
{
2θ2R

1/(1−α)
}
(κu)2

∫ z

0

1

(z − s)2α−2γ
ds

≤ CR2θ2 exp
{
2θ2R

1/(1−α)
}
(κu)2

for θ2(
1
2 − δ1)− α > 0. Such a choice is possible, since θ2 > 2α. Choosing

δ1 ∈
(
0,min

{
1

2
− α

ρ
,
1

2
− α

θ2

})
,

we conclude that

Iu2,3,2,2,2(z) ≤ E

∫ z∧τu

0

(∫ z∧τu

s

∫ q

s

ϕu(q−v)θ1(1+|X0
v |ν2)

(q−v)1+α dv dq

)2

(z − s)2+2α−2γ
ds

≤ C(ϕu)2
∫ z

0

(z − s)
∫ z

s
E
(
1 +

∣∣X0
v

∣∣ν2
)2

dv

(z − s)2+2α−2γ

≤ C(ϕu)2.

Since α < γ < 1/2, we have

(20)

Iu2 (z) ≤ C(αu)2 + C(βu)2 + CR2(γu)2 + CR2+2θ2 exp
{
2θ2R

1/(1−α)
}
(κu)2

+ CR2(ϕu)2 + CR2+2ρ exp
{
2ρR1/(1−α)

}∫ z

0

Iu1 (s)

(z − s)1+2α−2γ
ds

+ CR2

∫ z

0

Iu2 (s) ds.
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We obtain from (19) and (20) that

(21)

Iu1 (z) + Iu2 (z)

≤ C

(
(αu)2 + (βu)2 +R2(γu)2

+R2+2θ2 exp
{
2θ2R

1/(1−α)
}
(κu)2 +R2(ϕu)2

+R2+2ρ exp
{
2ρR1/(1−α)

}(∫ z

0

Iu1 (s)

(z − s)1+2α−2γ
ds+

∫ z

0

Iu2 (s) ds

))
.

The modified Gronwall lemma (see [1]) implies that

(22)

Iu1 (z) + Iu2 (z)

≤ CR2+2θ2 exp
{
2θ2R

1/(1−α)
}(

(αu)2 + (βu)2 + (γu)2 + (κu)2 + (ϕu)2
)

× exp

{
z
(
CR2+2ρ exp

{
2ρR1/(1−α)

})1/(2γ−2α)
}

for all z ∈ [0, T ], whence

(23)

Iu1 (T ) = E

(
sup

t∈[0,T ]

∣∣Xu
t∧τ −X0

t∧τ

∣∣)2

≤ CR2+2θ2 exp
{
2θ2R

1/(1−α)
}

×
(
(αu)2 + (βu)2 + (γu)2 + (κu)2 + (ϕu)2

)
× exp

{
T
(
CR2+2ρ exp

{
2ρR1/(1−α)

})1/(2γ−2α)
}
.

Relations (17) and (23) yield

(24)

P

(
sup

t∈[0,T ]

∣∣Xu
t∧τu −X0

t∧τu

∣∣ > ε

)

≤ 1

ε2
CR2+2θ2 exp

{
2θ2R

1/(1−α)
}

×
(
C(αu)2 + C(βu)2 + C(γu)2 + C(κu)2 + C(ϕu)2

)
× exp

{
T
(
CR2+2ρ exp

{
2ρR1/(1−α)

})1/(2γ−2α)
}
.

Passing to the limit as u → 0, we prove that the right hand side of (24) approaches 0.
Then (16) gives

lim sup
u→0+

P

(
sup

t∈[0,T ]

∣∣Xu
t −X0

t

∣∣ > ε

)
≤ lim sup

u→0+
P(τu < T ).

Letting R → +∞, we obtain

lim sup
u→0+

P

(
sup

t∈[0,T ]

∣∣Xu
t −X0

t

∣∣ > ε

)
= 0. �
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Concluding remarks

A one-dimensional stochastic differential equation driven by both a standard Brownian
motion and a fractional Brownian motion is considered in the paper. The coefficients of
the equation are assumed to be nonhomogeneous. The coefficients as well as a random
initial condition depend on a certain parameter u ∈ [0, u0]. Conditions on the coefficients
and on the initial conditions as functions of the parameter are found under which the
sequence of solutions of stochastic differential equations as functions of the parameter u
converge in probability as u → 0 to a solution of the limit equation.
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