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CONTINUOUS DEPENDENCE OF SOLUTIONS
OF STOCHASTIC DIFFERENTIAL EQUATIONS
DRIVEN BY STANDARD AND FRACTIONAL
BROWNIAN MOTION ON A PARAMETER
UDC 519.21

YU. S. MISHURA, S. V. POSASHKOVA, AND S. V. POSASHKOV

ABSTRACT. We consider a stochastic differential equation driven by both a Wiener
process and a fractional Brownian motion. The coefficients of the equation are non-
homogeneous, and the initial condition is random. It is assumed that both the coef-
ficients and the initial condition depend on a parameter. We establish conditions on
the coefficients and the initial condition for the continuous dependence of a solution
on the parameter.

INTRODUCTION

In this paper, we study a stochastic differential equation defined on a certain stochastic
basis (Q, F, (Fi,t € [0,T]), P). The coefficients of the equation depend on a parameter u,
namely:

t t t
Xt“:X(’f—l-/ a"(s,Xg)ds+/ b“(s,X:)dVVs+/ (s, X") dBE,
0 0 0

t € 0,77,

(1)

where X is an Fy-measurable random variable such that E(X#)? < oo for all u € [0, u),
W = (W, Fi,t € [0,T)) is a standard Brownian motion, and BY = (BH, F;,t € [0,T])
is a fractional Brownian motion with the Hurst parameter H € (1/2,1). The coefficients
a*,b*, c*: [0,T] x R — R are nonrandom measurable functions.

For the case of H € (3/4,1), the conditions on the coefficients are found in [2] under
which the stochastic differential equation

t t t
(2) X;=Xo —|—/ a(s, Xs)ds —I—/ b(s, Xs dW, —|—/ (s, X,)dB, te[0,7],
0 0 0

has a unique solution whose trajectories belong to a Besov space. It is also proved in [2]
that the solution possesses the Holder property of an order that is less than 1/2. In what
follows we a priori assume that a solution of () exists for the case of H € (1/2,3/4]
and moreover we assume that the solution has the same properties as in the case of
H e (3/4,1).

Turning to the equation depending on a parameter, we assume that the stochastic
differential equation has a unique solution whose trajectories belong to a Besov space for
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every value of the parameter and that this solution possesses the Holder property of an
order that is less than 1/2.

For this equation, we find conditions imposed on the coefficients and on the initial
condition as functions of the parameter under which the solution, as a function of the
same parameter, converges in probability to a solution of the stochastic differential equa-
tion whose coefficients and the initial value are the limits of the coefficients and initial
value, respectively, of the prelimit equation.

Some results concerning the existence and uniqueness of a solution of a stochastic dif-
ferential equation driven by both a standard Brownian motion and a fractional Brownian
motion are given in Section [II

Conditions are found in Section [2] such that a solution of a stochastic differential
equation driven by both a standard Brownian motion and a fractional Brownian motion
continuously depends on a parameter for the case where the coefficients are nonhomoge-
neous and the initial condition is random.

1. EXISTENCE AND UNIQUENESS OF A SOLUTION

We consider the following stochastic differential equation defined on a certain complete
stochastic basis (Q, F, (F,t € [0,T1]),P):

t t t
(3) Xt:X0+/ a(s,Xs)ds+/ b(s,Xs)dWs+/ c(s, X,)dBH, t € 0,77,
0 0 0

where X is an Fy-measurable random variable such that E X2 < oo, W = (W,, F;,t €
[0,T]) is a standard Brownian motion, and B¥ = (B F,,t € [0,T]) is a fractional
Brownian motion (fBm) with the Hurst parameter H € (1/2,1). The coefficients a,b, ¢ :
[0,7] x R — R are nonrandom measurable nonhomogeneous functions.

Assume that the following conditions hold.

(A) There exists a constant A > 0 such that
la(t, )] <A, bt 2)| <A, et z)[ < A

for all t € [0, 7] and = € R.
(B) There exists a constant L > 0 such that

(alt,x) = al(t,y))* + (b(t, ) = b(t,y))* + (c(t,x) — c(t,y))* < L*(z — 1)

for all t € [0,T] and z,y € R.
(C) The function c(t, z) is differentiable with respect to z; there are constants B > 0
and 8 € (1 — H,1) such that

‘C(S,I) - C(t,l‘)‘ + |8xC(S,I) - 8wc(tv‘r)| < B|S - t|ﬁ

for all s,t € [0,7] and =z € R.
(D) The derivative d,c(t, ) with respect to z is such that

(4) |02c(t, x) — Opc(t,y)| < Dlz —y/”

for all ¢ € [0,T] and z,y € R, where the p € (3/2 — H, 1) is fixed.
For some 1 — H < a < min(f, p — 1/2), consider a Besov type space
(5) Wa([0,T]) :={Y = Yi(w): (t,w) € [0, T] x Q, [[Y][a < o0}
equipped with the norm

A AR
6 Y|2 := su EY2+E(/ “78d8> :
(6) Y]] te[o%]( V) o (t—s)lta
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The following result is proved in [2] for H € (3/4,1); the proof presented in [2] is
correct for H € (1/2,3/4], too.

Theorem 1 ([2]). The stochastic differential equation @) has a unique solution in the
interval [0,T], and its trajectories belong to the space W, ([0,T)). Moreover, the solution
possesses the Holder property with an order that is less than 1/2.

2. CONVERGENCE OF SOLUTIONS IN PROBABILITY

Now we consider a stochastic differential equation of the form (B with a parameter
u € [0, ul:

t t t
(7) X© :X§;+/ a(s, X¥) ds+/ b"(s,xg)dwg+/ (s, X“)dBH,  te0,T),
0 0 0

where X} is an Fp-measurable random variable such that E(X¥)? < oo for all u €
[0, up], W = (Wy, Fy,t € [0,T)) is a standard Brownian motion, and B¥ = (BH, F;,t €
[0,77) is a fractional Brownian motion with the Hurst parameter H € (1/2,1). The
coefficients a™, b*, ¢*: [0, T] x R — R are nonrandom measurable functions. Assume that
the coefficients of this equation satisfy conditions similar to (A)—(D).

(A1) There exists a constant A > 0 such that
a"(t, )| <A, pU(La)l <A, et (ta) < A

for all ¢t € [0,T] and z € R.
(B1) There exists a constant L > 0 such that

(a"(t,2) = a"(t,9))* + (0" (1 2) = " (t,9))" + (" (t,2) = (1)) < L2 (w =)
for all t € [0,T] and z,y € R.
(C1) The function c*(t, z) is differentiable with respect to =, and there are constants
B>0and 8 € (1— H,1) such that

|c(s,z) — c(t, )| + |0pc" (s, x) — Dpc(t,2)| < Bls —t|°
for all s,t € [0,T] and = € R.
(D1) The derivative 9,.c* (¢, z) with respect to z is such that
(8) |02 (t, ) — Ouc®(t, y)| < Dlz —y|”
for all ¢ € [0,T] and z,y € R, where p € (3/2 — H, 1) is fixed.
We apply Theorem [[lto equation (@) if H € (3/4,1). Otherwise, if H € (1/2,3/4], we
show that the equation has a Holderian solution of an order that is less than 1/2.

Let a € (0,1). Consider the space W' (0,T) of measurable functions f: [0,7] — R
such that

T T rt _ s
(9) /O U}f(%”dt_‘_/o /0 %dsdt<+o&

The left and right Riemann—Liouville fractional integrals of order « are defined for func-
tions f € L'(0,T) and for almost all t € (0,T) as follows:

IS, f(t) /f )t —s5)*ds,
I3 f(t) = /f (s — 1)L ds

(see []). Let I, (L*(0,T)) ( %_(Ll(O,T))) be the image of L!(0,T) under the action of
the operator I§, (I$_). The restriction of the function f € W (0,T) to (0,t) belongs
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to the space I§, (L'(0,¢)) for almost all ¢. If f € I, (L') (f € I$_(L')) and 0 < o < 1,
then the Weil derivatives,

1 t L) —
D8+f(t) = m (% + OL/O {{(;%)({Si) d$> H(O,T)(t)
(right Weil derivative) and

N —1)e f(t Tr)— f(s
Dz_f(t) = F((l _)a) <(T E i)a +a/t %ds) Lo ®)

(left Weil derivative), are defined for almost all ¢ € (0,T) (see [4]). The convergence
of the integrals at the point of singularity ¢t = s is understood pointwise and holds for
almost all ¢ € (0,7). In what follows we put foq(x) = (f(z) — f(a+))I(4p(x) and

fo— () = (f(0=) = f(2))[(ap) ().

The following result is obtained in [I].

Lemma 1. Let BY = (BE,F;,t € [0,T]) be a fractional Brownian motion with the
Hurst parameter H € (1/2,1). If 1 — H < a < 1/2, then

E sup |D1 “BH (s )‘ < 00
0<s<t<T

for allT >0 and p € [1,0).
Lemma [T implies that if a function f belongs to the class Wg'(0,T) with 1 — H <

a < 1/2 and satisfies inequality (@), then the integral with respect to the fractional
Brownian motion is defined by

/ t f(s)dBJ = / t Dg, f(s)D;=“B{L(s) ds.
0 0

The integral is estimated as follows:

/f )dBH| < Cy(w (/f d+// Ha'dd)

(see [1]), where
Cilw)= sup [DiZ*Bl (u)| < occ.
0<u<s<t

It is proved in [2], Section 3.2, that the process Cy(w) is bounded from above, namely

Ct(w) S CH/%

where the stochastic process 1, is of the form

BH H 2/e
(11) Py 1= (// | |w—v|2H’/5 dwdv)

for 0 < e < H+ a— 1 and where C; is a constant depending on e. It is clear that the
process (¢, t € [0,T]) is continuous and increasing with probability one.
Let b = b*(v, X*). Given 0 < 6 < 1/2 we choose p > 1/ and

1
= (1 +2_ p5) .
P 2
Let 0 <s<t<T. We apply the Garsia—Rademich—-Rumsey inequality to the function

fo b dW, (see, for example, [I]). This inequality for a continuous function g reads
as follows

(10)

t pt
N jep1 lg(x) — g(y)IP
(12) lg(t) — g(s)|P < Cpplt — s] /0 N r dx dy.
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Taking into account (I2]) we see that

t
/ b AW,

1/p
CrLLY b dw P
b = e v Y grd .
(%) </ o o gl W

Note that the process & (b*) is continuous and increasing.
For all R > 1, we define a stopping time T}%’g by

< Cyplt — s[27HPE (") < Cyplt — s[V/2706(b"),

where

(13) Ig =inf {¢t: C}(w,d) > R} AT,
where
(14) C?(OJ, 5) = ’Lpt vV ft(bu) V Et (bo) V1.

In what follows the symbol C' stands for any constant that may depend on T and

on constants involved in conditions (A1)—(D1) but does not depend on w and R. Let
m u,0
= TR

Lemma 2. Assume that conditions (A1)—(D1) hold. Then P (7% < T) is bounded from
above and the bound does not depend on u and tends to 0 as R — +o0.

T

Proof. For R > 1, consider
P(r* <T)<P(C#(w,d0) > R)
<P (Er(b") > R)+P (&0(0°) > R) + P (40 > R).

Note that P (¥ > R) does not depend on u and tends to 0 as R — +oo, since all the
moments exist for the process (¢,t € [0,T7]).

It is clear that P(&r(b%) > R) < RTYE&7(b*). Choose some constant ¢ > p > 1.
Then

E&r(b) < (E(er(b))"*
Uy b AWV, ’p a/p
/ / |z — ylortt e dy
([T ELL b aw, | drdy aray  \“
“\Jo Jo |x—y|lepti=0)a/p |z —y \Hq/q P) ’

where we take 6 € (1 —p/q+p(o—1/2),1—p/q) (note that o <1/2). Thus

(15)

1/q

—1_ < 1,
q—p
and the second integral converges and is bounded by some constant in [0, T].
Further, the first integral is estimated with the help of the Burkholder inequality as
follows:

1/q /g
TTELS @) dv[‘”2 dx dy T T
Lo _ 19/2—(ep+1-0)q/p
¢ (/0 /0 |z — y|(ept1=0)a/p =CA /0 /0 |z —yl dx dy

< CA,

since ¢/2 — (op+1—0)g/p > ¢/2 — (op+1—1+p/qg—ple —1/2))g/p = —1. Thus
P (&r(b*) > R) < R™'CA and the bound does not depend on the parameter .
The proof of P (fT(bO) > R) < R71CA is similar. O
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In what follows we need the following modification of Lemma 7.1 of [I]. The difference
between Lemma 7.1 in [I] and LemmaB] below is that the spatial variable belongs to R in
Lemma[3] while it belongs to a bounded ball in Lemma 7.1 of [I]. However this difference
does not influence the proof.

Lemma 3. Let o: [0,T] x R — R be a function such that o(t,x) is differentiable with
respect to x and there are some constants 0 < 3,6 < 1 and My, M > 0 for which the
following conditions hold:

1) Lipschitz property with respect to x:

|U(t,$) - U(ta y)' < M0|J,‘ - y‘

forallt € 10, T] and z,y € R.
2) Holder property with respect to x:

|0s0(t,2) = Byo(t,y)| < Mlz —y|°

forallt € 10, T] and z,y € R.
3) Holder property with respect to t:

|U(t7$) - O'(S,{E)| + |8xa(t, I) - 8350'(8,55” < M0|t - 5|ﬁ

for allt,s € [0,T] and x € R.
Then

lo(t1,x1) — o(te, x2) — o(t1,x3) + o(ta, x4)|
< Mylzy — 22 — 23 + 24 + Molzy — 23] - |t — t4]°
+ M|zy — 23| (Jz1 — zo|® + |23 — x4|5)
for all ©1, 9, 23,24 € R.
Theorem 2. Assume that conditions (A1)—(D1) hold. Let
d"(t,x) := c“(t,z) — (t,2), te0,7], z € R, uel0,u.

Assume that the coefficients of the stochastic differential equation () satisfy the following
conditions.

(GO) XY — X in probability as u — 0.
(G1) There are a* >0, f* > 0, v* > 0, and a < v; < 1 such that

‘au(tvx) - ao(t,l')‘ < a“(l + |:L‘|V1),
|bu(t7x) —bo(t,x)} < ﬂ“(l + |$‘V1)7
‘Cu(t7l') — Co(t,x)‘ < ’Yu(l + |£L“V1)

for allt € [0,T] and x € R; moreover a* — 0, f* = 0, and v* — 0 as u — 0.
(G2) There are constants ™ >0, 3 >0, a < vy <1, 61 > a, and 03 > 2« such that

| (8, ) — d"(s,2)| < "|t — 5| (1 + [2["2),
|4 (t, @) — d"(t,y)| < 3"[x — y|”,
for allt,s € [0,T] and x,y € R; moreover p* — 0 and »* — 0 as u — 0.

Then the sequence of solutions {X*,t € [0,T],u € [0,ug]} converges to {X?,t € [0,T]}
uniformly in probability as u — 0.

Proof. Fix an arbitrary € > 0. As above, 7% := ngg. Then

(16) P( sup | X{ — X7| >5> <P(r* <T)+P< sup | X{ — X7 >5,T“—T> .
t€[0,T] te[0,T]
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Lemma [2limplies that the first probability on the right hand side of (6] is bounded and
the bound does not depend on u and tends to 0 as R — +o0.

Consider the second probability on the right hand side of ([I@). In view of (GO), we
may assume that X = X{ = 0. Further,

P< sup | X — XP| > e, 7 ) gP( sup |XfATu—XtOATu|>€>.
te[0,T] t€[0,T7]

Applying Chebyshev’s inequality we get

2
> > < 2 E< sup ‘Xtu/wu - X? . ) )
t€[0,T)

Given an arbitrary z € [0, T], consider the following sum:

2 2
XY . — X 0 v — X%+ 0’
E| sup | Xjaru - X9 ru 4 E / ’ AT ZAT X+ X, ds
(18) (tG[O z] | " N |> ( 0 (Z _ 8)1+a

= I}'(2) + I3 (2).

(17) P ( sup | X — X2
t€[0,T)

First, I}*(z) admits the following bound:

tATY 2
Ii(z) < CE sup ( / (a* (s, X¥) —a’ (s, X)) ds)
0

te0,z]

tATY 2
+ CE sup </ (b“(s, X¥) = b° (5, X)) dWs>

t€(0,z]

te[0,z]
= C(I1'1(2) + I (2) + Ii'5(2)) -

Second, by (B1) we have

tATY 2
+CE sup (/ (c“(s,X%) = (s,X?)) dBf)
0

2
Ill < CE </ ’Cl S/\Tu au (San/\‘r“)| dS)
2
+CE</ ‘a“(s,Xg)—aO (s,Xg)|ds>
0
<O [ B~ X0 s ctan (B [ (14 X0 as)
0
T 2
<C/ sup qAru_XqAr) ds + C(a ) (E/ (1+|Xg‘yl) ds)
g€l0,s] 0
gc/ I (s) ds + C(a™)?.
0

The boundedness of the expectation

T 2
E/ (14 [X21)
0
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follows from Theorem [T}

E/O (14 |x°)* ds<C/ E(XO)) ) ds
<o [ (1+00R)") mzc

Similarly we obtain the estimates
Ity(z) < CE ( / (6" (5, X2y ) = b (5, X0, ) ds)
0
+CE (/ (b* (s, X0) —b° (s, X2))* ds)
0
z T 2

S C/ E (X;L/\‘ru - Xs/\TU) dS + C(ﬁu) ( / (1 + |X.S|U1) dS)
0 0

< C/ I}'(s) ds + C(B")?.
0

The term I'5(z) is estimated by using the definition of the stopping time 7*:

tATY
Ify(2) = E swp ( [ X = (s.x0) dBf)
] 0

tel0,z

tATY | u) _ .0 0 2
< CR? | E sup </ |c (S7XS)SQC (5. X3)] ds)
] 0

tel0,z
i 2
+E sup / / (s, ?Jr dqgds
tef0,2] (s —q)tte

= OR? (I{5,(2) + I¥55(2)) ,

2

where
Fi(s,q) = ‘c (5, X*) = ° (s XO)—c (q,X")—i—c (q,XO)’
Further we apply the Cauchy—Bunyakovskii inequality:

tATY
Iﬂg’l(z) < CE sup (/ (c“(s,XS“) - (5,X2)>2 ds)
0

t€0,z]

5 T 2
< C E/ (Xsu/\-r“ - Xs/\‘r“) ds + C( ) (E/ (1 + ‘Xg,ljl) d8>
0 0

SC’/ I (s) ds+C(’y“)2,
0

since 2a < 1.
Now we consider the term I{'3 5(z2):

,u 2
)< CE 1o dgd
132 (// (s —q)t q S)
Fy( 2
+ CE sup / / 38& dqds
t€[0,z] (s —q)tte

=C (Iﬁ3,2,1(2) + 11,3,2,2(2)) )
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where
Fy(s,q) = [e" (5, X pu) = ¢ (5, XDrp) — ¢ (0, X0) + ¢ (g, X3) |,
Fy(s,q) = |c" (s, X0) = & (5, X0) — " (4, X7) + ¢ (¢, XJ)]| -

We use Lemma Bl to estimate I1’3’2,1(z):

2
w= X — XY+ XY
S/\T SAT
11321 <CE</ / (S—q)lJra dqu)
SATY Xg/\T“

2
- | (s—q)F
+CE<// 5= g)to dqds
LU 2
CE Fi(sa) dqd
+ S_q1+o¢ S

=:C (11,3,2,1,1(2) + 1’301 0(2) + Iﬁ3,2,1,3(2)) )

where

Fi(s,0) = [ Xerw = Xopu| (|X0r = X317 4 [ X000 = X0
and
, 2
z SATY |Xu w _XO N Xu —|—X0|
Iv 2)<C / E / SAT SAT dg | ds
1,3,2,1,1( ) 0 ( 0 (S—q)1+o‘
SC/ I3(s)ds
0
u ? 2 i u
1173727172(2) SC/O s2(B—a (‘XMT“ X2A7u|) dSSC’/O Ii'(s) ds.

Similarly to the proof of Theorem 3.2.5 in [3], one can show that
XY — XY < CC%(w, 8) exp {c;(w, 5)1/0*&)} |t — s[1/2=0

for all u € [0,up] and for all 6; € (0,1/2), where the process C}'(w,d) is defined by
relation ([4). Recalling the assumption that 7% = T > z, we derive the inequality

C¥(w,d) < R, whence
| X — X[ < CRexp {Rl/(l_a)} [t —s
Then

S 2
F5sq
113213 <E<// 1JrOld ds)

< CR* €Xp {ZpRl/(lia)}/ s E ‘XS/\T“ - XSAT“D
0

< CR* exp {QpRl/(lfo‘)} / Ii(s) ds,
0

‘1/2—51.

2ds

where
F5(s,q) = | Xinre — Xopro (QR”exp{pRl/“’“)}Is—q\”“”"”))

2ce > 0. This can be done, indeed, since o < p—1/2

and 07 is chosen such that p—2pd; —
and thus p —2a > 1/2 —a > 0.
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Consider I{'3 5 5(2). We have
Iu ( e /t/\‘r / |du s, XO —dv (q,X0)| o 2
=E sup qas
h322 t€[0,2] (s —q)tte
|dv (s, X0) —d" (s, X0)| ?
< CE sup / / T dqds
te(0,z] S_Q) o
2
d“ s XO —d* (¢, X0
+ CE sup / / | 1+(q Q)‘dqu
te[0,2] S—Q) “
2
2t ‘XO XO‘
< CE sup / / 1+ dqds
te[0,z] S _q *
2
tATY s—q91 1+|X0|V2)
+ CE sup / / dqds
t€(0,z] < 5 - q)1+a
2
02(1/2 1)
< C(3*)?R?%2 exp {292R1/(1_°‘) (/ / oo dq ds)
(1+]x2]™)
(// (s —q)tto- eldds

< C(5*)?R?%2 exp {292R1/(17Q)}

2
+C(e")’E (/OT (1 + |X3|V2) (t—q) dq)

< C(2*)?R?%2 exp {292R1/(17Q)} + C(¢™)?,

where 07 satisfies an extra condition 65(1/2 —d1) —« > 0. This can be achieved, indeed,
since 6 > 2a.
Thus

I'(2) < C(a")* + C(B")* + CR*(v")?

(19) + CR % oxp {20, R0} () 4+ CRA (")

+ OR*" exp {ZpRl/(lfa)} / I(s)ds + CR? / 15 (s) ds.
0 0

Now we turn back to the term I¥(z). This function admits the following bound:

AT EATY g Xu) — g0 X0 d 2
() <C E(/ [ (o (0. Xy) = a° (4, X9)) qu>
0

(z — g)lte

2ATE ENTY 1y u) _ 1,0 0 2
+E</ ST (b (0. Xy) b (4, X9)) dW, ds)
0

(z — s)lte

(z — s)tte

u ™ u 2
. ( [7E e X =) )
0

= C (I3, (2) + I3 5(2) + I35(2)) -
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Next we estimate the term I3, (2):

2ZATY 2ZATY u Xu ) Xo d
m<ce( [T S X ay,)
0

2

(z — s)lte

2ATE [EATY 0y _ 0 0
ok (/ S (" (4, X3) —a (a.X7)) da ds)
0

2

(z — s)ite
= O (I3 1 (2) + 131 (2))

If v is such that 0 < @ <y < 1/2, then

2ATY [EATY u XU) — gt XO d
15,1,1(2)=E</0 Jo " (e (@ Xf) — a (¢, X)) qu)

(z = 8)t+om7(z —5)7

2

ds

ZATY (Z _ S Z/\T ‘Xu XO‘ dq
S CE/ (Z )2+2a 2y

0
< c/ (X — X000) ds < c/ I*(s) ds
0 0

Similarly

. ZATY fsz/\ru (au (1 + ‘X((I)‘Vl)) dq 2
12,1,2(2) <E (/0 (z — 5)l+a ds

< Oa"y? (/0 (= o) JFE QL+ X)) da ds) < Ca")?

(Z _ S)2+2o¢72'y

Now we estimate I3 5(2):

— 1 (¢, X9))" dg
24+2a—2v

ds

I\

AT AT by ,Xu

B <ce [ D
/ AT (b (g, X

0 (2 —s)

AT LI (b (g, X9) = 10 (g, X9))" dg
+C E/o = 2)24_2@_27 4 ds

— b (¢.X9))* dg

S C E 24+2a—2v

ds

= C (I35 (2) + 134 5(2)) -
Then

24
¥y, (2 <CE/f Xine = Xane)” da <c/ dg

Z _ S 2+2o¢ 2y 1+2a 2y

and

AT fsz/\q-“ ((ﬁu 2 (1+ ‘XO‘W)Q) dq

I35 0(2) < E/ (z — s)2+20—2y ds
f E (1+|xg[")" d
Z— S 2+2a 2y

c(p")? Lds < o(5")
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Next we consider I3 5(2):

ZAT
I34(z) < CR’E </
0

u

T (g, XY) — ¢ O(q,Xg) IR ?
([ e )y

+CR? ( / < / / 1+a dv dq> 2 (2 — )" 20720 ds)

= CR2 (1;3,1(2) + 1;3’2(2)) 5
where
Fﬁ(vaq) = ’Cu (q,X:;) - CO (q,Xg) —c" (’U,Xg) + CO (van)’ .

The terms are estimated separately:

ZATY ZATY o (q Xu) (q XO) 2
I3531(2) < (E/o (/ : (qq — S) : dq) (z — )~ (1F) ds)

< (E/o (c" (¢, Xg) = (‘LXS))/O (q _15)a (= _i)ua dsdq) :

Using inequality (4.15) of [1], we obtain

ATY 2
Is.(2) <C (E/o (Cu (qu:;) —c (q’Xg)) W dq)

zZ—q
2ATY (L Xu) O X0))2
0
2ATY (L u\ _ au 0\)2
SCE/ (c (s, X¥)—¢ (S,XS)) is
0

(z — 5)2

AT (L 0y _ .0 0Y)2
—|—CE/ (c (S,XS) c (S,XS)) d

(z — 5)2

S

<C/ ———5—ds+ C(y u)2,

Next we estimate 12’3,2 (2):

X (z — 5)” (20727 g

coe [ ( [ [ B, dqf W EA——
+C E/ (/ / dv dq) 2 (z — )~ (H20=27) (g

=:C (I335,(2) + 12,3,2,2(2)) )
where
Fr(v,q) = |c“ (q,Xf;) —c" (q,Xg) —c" (v, X))+ " (U,X2)| ,
Fy(v,q) = ‘c“ (q,Xg) - (q,Xg) —c* (’U,XS) +c° (v,XS)’ .
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Using Lemma [3 we estimate I35 5 ;(2):

q Xu Xu XO 2
1537271(2) S CE/ </ / | L ’U)l—:a—'_ ’U‘ dv dq) (Z _ 8)7(24*201727) ds
2
+CE ‘Xu Xg| (4~ d dg| (z—s)~@t20-2ng
q _ ’U 1+a vag z $ S
q Xu XO Xu Xu P XO X0|” 2
+CE/ (/ / | : | q—v) 1‘+a+| U‘)dvdq>

X (z — 5)" (320727 gg

=:C (13,3,2,1,1(3) +133010(2) + 15,3,2,1,3(2)) .
Then we estimate I35 51 1(2) by taking into account that 2y — 2a > 0:
XO

1;3,2,1,1(3)
q/\T“ gNAT® Xu

<CE antt XO‘ d d —(142a—27) d
/ / / "EDEG v q(z—s) s

2
< CE/ / }X(I/\T" X((I)/\T" X +XO’ d’U dq
- 0 0 (q —v)tte

< C’/ I3(s)ds
0

and

u 2
. AT (fs A |X;J’ — X¢(1)| (q — s)ﬁf‘ldq)
12,3,2,1,2(3) < E/o ds

(z — 5)2+20=27

ds

ZATY (Z _ S)1+2f372a fZ/\Tu (Xu _ X8)2 dq
< CE/ (Z _ 8)2-1-204 2y
2

<CE/ Je (Xinre = Xirre) ds<C/ It (s

Z—S 1+4a 28—2v

The latter inequality is obtained by changing the order of integration and in view of the
inequality 28 + 2y — 4a > 0. Finally,

15,372,1,3(2)

X — p(1/2-61) 2
< CR¥ exp {2pRl/<1fa> / (/ / | )1+) dv dg
q —)lte

x (z — )_(2+2°‘_27) ds

Su zm- ’X“ XO’ p(1/2 61)— O‘dq)

(Z— )2+2a 2y dS

< CR%* exp {2pR1/(1_°‘) E

z—s fO ( gnhT T q/\T) dq

ds
Z _ 3)2+20¢ 2y

< CR%* exp {QpRl/(lfa)

Nc\

< CRQpeXp{QpRl/(lfa)} ; If( ) ds.
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As above, 0 < 81 < 1/2 — a/p and a < 7y < 1/2 in the latter relation.
Now we turn back to I35 5 5(2):

u |dv ( q7XO —d" (v, X7)| i —(242a—27)
I5500(2) = / / / EpnR dvdg | (z—3s) ds
du XO — XO 2
S CE/ </ / | q, q — U) (Qa v)’ dv dq) (Z o s)—(2+2a—2'y) ds

|d* ( Q7XO ) —d* (v, X7)] i —(2+42a-2
+CE/ / / T dvdg | (z —s)~ 32072 g5

=C (12,372,2,1(2) + 12,3,272,2(3)) .

The latter two terms are estimated as follows:

2
T 50| X0 — Xx0|*
fazaa(2) < / (/ / ‘q_ v) 1+a‘ dv dq) (z — s)~(2+20=27) g4

< CR%:2 exp {292R1/(1_°‘)} (3*)?

2
_ 92(1/2 1) 1
(g —v)
/ (/ / ECEDECEE dv dq> (- = s)2i2a 2y ds

fsz/\ru (q _ 8)02(1/2751)704 dq)2
(Z _ $)2+2a72~/ d

< CR? exp {292R1/(17a)} (54)? E/Z/\Tu ( i
0

i 1
< 02 9 1/(1—«) u 2/
CR exp{ 02 R }(% ) A 7(2 3)20‘ 2 ds

< CR*:2 exp {292R1/(1_°‘)} (3*)?

for 92(% —01) — a > 0. Such a choice is possible, since 63 > 2a. Choosing
1 ol «
1) ing - — —, - — —
1€<0mm{2 2 92}>,

2
S w(g—)01 |2
Z/\Tu (fSZ/\ fsq hd (q (371]()1-%—04 ) dU dq)

15,3,2,2,2(2) < E/o (z — s)2+2a—2’y ds

< ooy [ ETLEC )

(Z _ 8)2+20¢72'y

we conclude that

< Clp")%.
Since a < v < 1/2, we have

I¢(2) < C(a")? + C(B")* + CRX(y")? + CR**?%2 exp {29231/(1-60} (54)2

1i'(s)

(Z _ 8)1+2a72'y dS

z
(20) + OR%(¢")? + CR* exp {2pR1/(1—a)} /
0

+CR2/ I3 (s) ds.
0
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We obtain from (I9) and (20) that
I'(2) + I5(2)
< c<<a“>2 (B2 + B2 (y)?

21
(21) 1 R2+260 exp{292R1/(1—a)} (%u)Q + RQ(go“)Q

—a # I¥(s .
+R2+2Pexp{2pRl/(1 )} (/0 (z—sﬁ%ds—k/o Q(s)ds)).

The modified Gronwall lemma (see [I]) implies that
Ii'(2) + I3 (2)
< CR2+292 exp {292R1/(1—a)} ((au)Q + (ﬁu)Q + (’7“)2 + (%u)Z + (wu)2)

X exp {Z (CR2+2’) exp {ZpRl/(lfa) })1/(2720‘)}

(22)

for all z € [0,T], whence
2
LD =E ( sup | X, — XtOAT’>
t€[0,7)
< CR*%%2 oxp {292R1/(1—a)}
X ((a")2 + (B2 4+ ()2 + (") + (SDM)Q)
X exp {T (CR2+2P exp {2pR1/(1_a)}>1/(27_2a)} |

Relations () and [23) yield
P ( sup | X — Xiagu| > 6)
te[0,T]
1 2426 1/(1—
(24) < 5—QCR 2exp{26‘2R /( a)}
x (C(a")? + C(B")* + C(v")* + C(5")* + C(¢")?)
1/(2v—2a)
X exp {T (C’R2+2p exp {ZpRl/(l_o‘)}) ! } )

Passing to the limit as u — 0, we prove that the right hand side of (24 approaches 0.
Then (8] gives

lim sup P < sup |Xt“ — X?| > 5) <limsupP(r* < T).
u—0+ t€(0,T] u—0+

Letting R — +00, we obtain

limsupP( sup | X — X7| >a> = 0. O
u—0+ te[0,T]
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CONCLUDING REMARKS

A one-dimensional stochastic differential equation driven by both a standard Brownian
motion and a fractional Brownian motion is considered in the paper. The coefficients of
the equation are assumed to be nonhomogeneous. The coefficients as well as a random
initial condition depend on a certain parameter u € [0, ug]. Conditions on the coefficients
and on the initial conditions as functions of the parameter are found under which the
sequence of solutions of stochastic differential equations as functions of the parameter «
converge in probability as u — 0 to a solution of the limit equation.
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