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CONVERGENCE OF REWARD FUNCTIONALS
IN A RESELLING MODEL FOR A EUROPEAN OPTION
UDC 519.21

M. S. PUPASHENKO

ABSTRACT. We consider an optimal reselling problem for a European option. A
modification of the Cox—Ingersoll-Ross process is used to model the implied volatil-
ity. We construct a two-dimensional binomial-trinomial exponential approximation
instead of the discrete approximation proposed by Pupashenko and Kukush (2008) in
Theory Stoch. Process. 14(80), no. 3-4, 114-128. We use the results concerning the
convergence of reward functionals for exponential price processes with independent
log-increments obtained by Lundgren et al. (2008) in J. Numer. Appl. Math. 1(96),
90-113. We proved that there is no arbitrage strategy in the proposed discrete model.

1. INTRODUCTION

We consider a European option. An owner of a European option is not entitled to
exercise it before a given maturity time 7" and should wait until this time. On the other
hand, it is known that investors playing in real finance markets are allowed to resell an
option prior to the maturity for a quoted market price. One can ask a question about an
optimal moment for reselling an option. The optimal reselling problem for a European
option is posed in the paper [4].

We use the classical geometric Brownian motion to model the price process of a stock.
We assume that the market price of an option is given by the Black—Scholes formula
where the implied volatility is used instead of its true value. We also use the main
results concerning the convergence of the option rewards for exponential price processes
with independent log-increments obtained in [5].

The model of an implied volatility considered in [4] represents the volatility in terms
of a geometric Brownian motion. Unfortunately, this model is not acceptable in practice
because the implied volatility may differ essentially from its real value as t increases.

Another model based on the Cox—Ingersoll-Ross process is proposed in [6]. However
the Cox—Ingersoll-Ross process as well as its discrete approximation proposed in [0] as
a model of the implied volatility does not satisfy the assumptions of Theorems 1 and 3
of [5]. Thus we use a modification of a Cox—Ingersoll-Ross process that possesses the
necessary properties to model the implied volatility. Note also that we construct an
approximation in a different way as compared to that in the paper [6].

The paper is organized as follows. In Section 2l we set the optimal reselling problem.
We recall the main results of [5] concerning the convergence of rewards for exponen-
tial price processes with independent log-increments in Section Bl A two-dimensional
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binomial-trinomial model is constructed in Section[d This model approximates the two-
dimensional diffusion process corresponding to the reselling model. Also, we prove the
convergence of optimal expected rewards to the corresponding rewards of the diffusion
process in the binomial-trinomial model. We prove that the binomial-trinomial model is
arbitrage-free in Section [0l

2. SETTING OF THE RESELLING PROBLEM
We consider the classical Black—Scholes market for continuous time, namely
(1) {S(t) — §(0)elr= /oW,
B(t) = B(0)e™, t>0.

Here p, o, and r are positive parameters, the values S(0) and B(0) are positive and
nonrandom, and Wi (¢) is a standard Brownian motion adapted to a filtration

(97]:’ (f/t)tZO; P)

The price of a stock at a moment ¢ for a European option with exercise price K > 0
and maturity 7' > 0 is described by the Black—Scholes formula

2) Ct,S(t),0) = S{H)®(d) — Ke~ T (d —oVT = t) ,
where
In(S()/E)+r(T 1) oVT —1t D) = 1 /m
ovVT —t 2 7 V2 )
It is known that a market price of a European option may differ from the theoretical
price. Thus a certain stochastic process o(t) appears in formula ([2)) instead of o to
describe the market price. The process o(¢) is called an implied volatility.

Consider the following model for &(t) that is based on a Cox—Ingersoll-Ross process
(see [3]),

(3) do?(t) = —« (52(15) — 52) dt + B/ 2 (t) dWs(t), a(0) =0,
where o, 3,5 > 0, 32 < 2a?, and where Wo(t) also is a standard Brownian motion in the
space (Q, F, (F"¢)t>0,P). The process Ws(t) is adapted to another filtration (F”;)¢>o.
If the above conditions imposed on «, 3, and ¢ hold, then [B]) does not cross the level 0
and thus is positive for t > 0 in view of ¢ > 0.

The mean value and covariance of & are given by (see, for example, [7]):

d:

eV /2 dy.

@ E5(1) = 7,
(5) Cov (52 (t), 52(3)) = %0542 . g—als+t) (6204(5/\15) i 1) ’

where s At := min(s, t).
Put ¢ = /02 — 62 > 0, where 0 < §p < o and the number §y is sufficiently small. We
model the implied volatility o(t) as follows:

(6) o?(t) =a%(t) + 62,  t>0.

A motivation for using such a model is that we want to separate o(t) from 0 by a positive
constant. As mentioned above, process [B]) does not cross the level 0 under the above
assumptions imposed on «, 3, o, and 0y and thus process (6 does not cross this level,
too. Then () can be rewritten in a different form, namely

(7) o(t) =/2(t) + 3, t>0,
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or, passing to the differential form,
(8) do®(t) = —a (0*(t) — 0?) dt + By/o2(t) — 62 dWa(t), c(0) =o.

Note that the stochastic differential equation (8)) is well defined in view of the inequality
O'(t) > dp > 0.

We assume that W (t) = (W1 (t), Wa(t)) is a two-dimensional Brownian motion whose
components are positively correlated, that is,
(9) EW1(t)Wa(t) = pt, t>0,

where p € (0,1].
Consider the following stochastic process:

(10) b(t) = (G2(t) —5) e,  t>0.
Then (7)) can be rewritten as follows:
(11) o(t) = /e atb(t) + o2.

Now we evaluate the cross-covariance function E Wy (¢)a2(t). Using (@), we represent
the process W1y (t) as follows:

Wi(t) = pWa(t) + /1 — p?Ws(t

where Ws(t) is a Wiener process that is independent of Wg( ).
Applying It6’s formula to the function

n(t) = f (,Wa(t),52(1)) = Wa(t) - 32(0),
we get
dn(t) = d (Wi (t)a*())
= —alW (1) (F(1) — 3°) dt + pBV/E2(0) dit + (5 () + BWL () V(D)) dWa (1)
+ /1 — p25%(t) dWs(t).

Rewriting the latter equation in the integral form and passing to the expectations, we
get the following equation:

EW,(t)a2(t) = —a/o EWi(s)a2(s) ds—i—pﬂ/o E/72(s)ds.

Here we used the property that the expectation of the It6 integral equals zero.
Differentiating both sides of the latter equality we get a linear differential equation of
the first order with respect to the unknown EWl(t)52 (t):

EEWN) 2(t) = —a EW(t)52(t) + pBEV/32(2)
Recalling the initial condition EW7(0)5%(0) = 0 we find a solution of this equation,

(12) EWl(t)ﬁz(t) = pﬂefat/o E/02(s)e* ds = pBe *'r(t),
where 7(t) = fg E\/02(s)e®® ds.

Hence we derive from equalities (@), (&), and ([I2) that the following properties of the
process b(t) are satisfied:

(1) Eb(t) = 0
2 Eb2() a (2at_1)7

)
g b()b(s) = T2 (e2(7) 1),

( b
(3 =
(4) EWL(t)b(t) = Pﬂ?‘( ), p € (0,1].
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The market price C(t, S(t), o(t)) generates a reselling procedure for a European option.
We assume that an owner of an option is allowed to resell it at a certain random moment
belonging to the class My of Markov stopping times 0 < 7 < T with respect to the
filtration Fz = o ((S(s),0(s)), s < t), generated by the vector process (S(t), o (t)).

Our aim is to study the reward functional
(13) O(Mrp) = sup Ee ""C(r,S(7),0(7)).

TEMT

Thus the reselling problem of a European option reduces to the optimal exercise prob-
lem of an American option with the payoff function e C(t, S, ) for the two-dimensional
process (S(t),o0(t)).

Our approach is based on an approximation of the process (S(t),o(t)) with the help
of a suitable two-dimensional binomial-trinomial model. Then we solve the following two
problems.

The first problem is to construct a binomial-trinomial model that satisfies the corres-
ponding recombination condition (this condition holds for binomial trees if a result of
the down-and-up traveling is the same as in the case of the up-and-down traveling). The
recombination condition for trinomial trees is defined similarly. The simplest example of
a binomial tree that satisfies the recombination condition is presented by the tree {Sp},
{Sop, Soq}, {Sop?, Sorq, Sog*}, - .. . Note that this tree has a polynomial rate of growth
of the number of nodes as a function of the number of steps (for example, the growth
rate is quadratic for two-dimensional trees).

The second problem is to check the conditions for the convergence of the above reward
functionals.

3. CONVERGENCE OF REWARDS FOR EXPONENTIAL PRICE PROCESSES WITH
INDEPENDENT LOG-INCREMENTS

In this section, we recall the main results of the paper [5] concerning the convergence
of rewards for exponential price processes with independent log-increments.

Given € > 0, let 37(5)(75) = (Yl(e) (t),.. .,Yk(e)(t)), t > 0, be a Markov cadlag process
whose phase space is R¥. We assume that Y(©) (t) has independent increments and
that the transition probabilities P(©) (t,y,t + s, A) are related to the distribution of its
increments P)(t,t +u, A) as follows:

(14) POt gt +u, A) = PO (t,t 4 u, A—§) = P{37+ YE(t+u)—YE (1) e A}.

Here Y(®) (t) is the vector logarithmic price process. For the sake of simplicity, we assume
that the initial state }7(5)(0) =€) = (yl@,i =1,..., k) is a nonrandom constant.
Now we define the vector price process S (t) = (SF) t),..., S,(f) (t)), t >0, by

(15) SO =e¥"O, =1,k  t>0.

The phase space of Si(a) is RE =Ry x --- x Ry, where Ry := (0,00).

Since the exponential function is bijective and continuous, S ()(t) is a Markov cadlag
process with independent increments of its logarithm.

Let e > 0 and let ¢ (¢, 5), (t,5) € Ry x R* , be the payoff function of the correspond-
ing American option. We assume that ¢(¢) (t,5) is a real Borel function.

Let ]-'t(s) = 0(37(5)(8), s < t) be the natural filtration of o-algebras corresponding to
the vector logarithmic price process 57(5)(t)7 t > 0. It is worthwhile mentioning that

this filtration coincides with the natural filtration generated by the price process S (5)(15),
t>0.
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We consider Markov moments 7(5) with respect to the filtration .7-"75(6), t > 0. This
means that 7(5) is a random variable assuming values in [0, oc] and such that

{w: T(E)(w) < t} € ]:te), t>0.

Let M

max,T’
subclass of Markov moments /\/lgf) C Mfﬁ;x’T.

Let Il = {0 =ty < t1 < --- <ty = T} be a partition of the interval [0,7] and let
d(Il) = maxi<;<n(t; —ti—1). By Mg,)T we denote the class of all Markov times 7(%) of

be the class of all Markov moments 7(¢) < T, where T > 0. Consider a

Ml(’li)X7T assuming values tg, t1,...,txy and such that

( {w: 7 (W) = tj} €o (37(5)(750), YO (tj))

for j=0,...,N.
We are interested in studying the reward functional, that is, the maximum expected
gain over various classes of Markov times, namely

(16) o (M(TE)) = sup Eg® (T(E),g(e) (’T(E))) .
rE@emf
In what follows the symbols Ej;; and Py, stand for the conditional expectation and
probabilities given condition Y (¢) (t) =17.

For 0, c, T >0, and i = 1,...,k we introduce the modulus of compactness of expo-
nential moments for the cadlag process Yi(E) (t),t>0:
() ()
Ay (5/;(6)(‘)707 T) = sup sup Eg, <69 Yo ) =Y, (t)‘ — 1) .
0<t<t+u<t+c<T Q‘E]R’j_

Now we are ready to state Theorems 1 and 3 of the paper [5]. The conditions of
these theorems are quite cumbersome and are thus omitted in the statements below.
Nevertheless we will check all these conditions carefully when applying these general
results.

Theorem 3.1 (see Theorem 1 of [5]). Assume that conditions Ay, C1, and Cz hold.
Then there are positive constants Lo, L3 < 0o such that, for all € < 1, one has the
following bound for the discrete approximation:

o (M) - (M)
.

(17) k -

< Lod(IT) + L3 ( Z Ay (K(E)(.), d(11), T) >
i=1

Theorem 3.2 (see Theorem 3 of [B]). Assume that conditions Ay, Ag, and D1-Dy

hold. Then

(18) o (MEr) = @ (ML)

max,T’

><oo as € — 0.

Note that the assumptions of Theorem imply the assumptions of Theorem [3.1] for
an arbitrary partition II of the interval [0, T].

4. THE BINOMIAL-TRINOMIAL APPROXIMATION FOR THE RESELLING MODEL

We turn to the reselling model introduced in Section

Consider the model [Il) with ¢ given by (). Now (S(¢),0(t)) is a Markov process.
We study the reward functional ®(My) for an American option with a payoff function
e " C(t, S, o) for the two-dimensional Markov process (S(t),o(t)).
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Consider the following two stochastic processes:
(19) SO =e™® >0, and SV =€, t>0.

Then SO (1) = (Sfo) (1), Séo) (t)), t >0, is a two-dimensional continuous nonhomogeneous
exponential process with independent log-increments.
It is clear that the filtration F; = o((S(s),0(s)), s < t) generated by the vector process

(S(t), o(t)) coincides with the filtration 7 = O’((S§O)(S), S’éo)(s)), 5 <t),t >0, generated
by the process S (¢).
We introduce the payoff function by

g(t,8) = e‘”C(t, S(O)e(”_oz/Q)tsl, Ve etln sy + o2

(20)
X Ie*‘“ In 52+02>5g + 60-[6*"“5 In S2+02§58) )

where the indicator I, a1y 4, 02552 €quals 1 for (¢, s2) such that
e Insy + 02 > 62,

while it equals 0 otherwise.
Note that this payoff function does not depend on the perturbation parameter e.
Then the reward functional is given by

(21) O(Mr) = lel\E Ee™""C(r,S(7),0(r)) = le\/? Eg (7’, g<0)(7)).

Consider the corresponding two-dimensional logarithmic price process
FO = (M0 "®),  t=o0,

with the components

(22) VOu) =oWi(t), t>0, and Y @) =bt), t>0.
We approximate YO (t) by the binomial-trinomial process
vOm = (v90.n7m), =0,
with the components
(23) v () = v, t>0, i=1.2
1<n<[t/e]
Here ¢ > 0 and V.9 = (YTEEI),YYE?), n = 1,2,..., are independent random vectors
that assume the following six values:
(+u§5>, +ué€)) , (+u§5>, 0) , (+u§€), —u§5>> ,
(—ugE), +u§5)) , (—ugs), O) , (—ugs), —ué€)>
with the probabilities pf)+ T pﬁil_, pﬁf}lﬁ, psfl T pfl_, and pfff,,, respectively, where

ugg) # 0.

For the sake of simplicity, let e = T/N.

In order to prove the convergence of finite-dimensional distributions of the two-dimen-
sional binomial-trinomial process }7(5)(15) to the corresponding distributions of the limit
two-dimensional process Y© (t), the expectations, variances, and cross-covariance of the

components of the random vector (Y,Ei) , YfQ) ) and those of the increments

(o(Wi(ne) = Wi((n —1)e)),b(ne) — b((n — 1)e))
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should coincide for n = 1,...,N. Note that the values of the vector (Y,EEI),Y,EEQ)) do
not depend on n but its distribution does depend on n, while the distribution of the
increments (o(Wi(ne) — Wi((n — 1)e)), b(ne) — b((n — 1)e)) depends on n.

It is important that the jumps u(f) and ugs) are independent of n, since the neces-
sary recombination condition holds automatically in this case for the two-dimensional
binomial-trinomial tree. The same concerns the necessary quadratic rate of growth of
the number of nodes as a function of the number of steps in the tree.

It is clear that

ne) — Wi((n — 1))
ne) — Wi((n —1)e)
E(b(ne) — b((n —1)e)) =0,

)] =0
)] = 0257

and
s . = Var(b(ne) — b((n — 1)e)) = E(b(ne) — b((n — 1)¢))?
(24) = Eb?(ne) — 2Eb(ne)b((n — 1)e) + Eb?*((n — 1)e)
— g252e%0me 1—e%¢
2a

In addition,
one = Elo- (Wi(ne) = Wi((n —1)¢)) - (b(ne) — b((n — 1)e))]
= 3pB(r(nz) —r((n — 1)e)).
We have to solve the following system of 5N + 1 equations with 6 N + 2 unknowns:

(25)

Ev] = Q0 el e - 1) =0,
var[v, 9] = (u{?)’ = o%,
E[Y,] =uy) (pf,)ﬂ +p) Pl - pif,),,) =0,
2
valy] = ) (e el ) =l
e = (e ) e,
() () (e) () () € _q
pn,-‘,——',- +pn)—+ +pn7+— +pn)—— +pn)+ +pn7—- ]
n=1 N.

geeey

We search for a solution of the form ug:) = u+/g, where u # 0 is a parameter to be

chosen later (recall that the number of unknowns in this system is larger than the number
of equations).
We rewrite the above system as follows:

ul® =0/,
ul?) = u\/z,
P+ =3
Py + 00 = 20352’
Pl = Do,
R
P+l =1- 2225,
n=1,...,N,
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and then in the final form:

uf”) =0V,
uy) = uVE,
(E) 1 One  1,(9)
Pn - 4" doue 28n,+-
(E) _ 9n.e 1 On.e (E)
2 P —— _2u25_2_4au5+2pn+’
( ) (E) _ 0721,5 1 On.e (E)
p?)— _2u25_1_4au(5) 2pn+’
S _ 1 On,e 1 3
Pp— 1 + 4gu5 2P+
O’
P =1- %5 —pikh
n=1,...,N.
Let
(e) _ l On,e . 0721,5
Prt =9 T S5ue ~ u2e”
It is easy to show that
o2
BQ*&Q < mf n,€ < ﬂ2~2 2aT
€
and
On,e
0< < pofBzeT
€
forn =1,...,N. Thus we can choose a sufficiently large u such that the above proba-
bilities satisfy the following inequalities:
1 2~2 20cT 1 O.eaT 252
0< L B0 <p® <l pBoe™ _ p7o”
2 w2 ' 2 2u
forn=1,...,N.
According to the system of equations (26]) we have pSi)_+ = pif)__ =0if
2
() (6) _ ne
Prjpt+ =Pny— = 50

Moreover, the parameter u can be chosen such that

ﬂ2~2 () 62 2 2aT

0< S Poy = o

<1

foralln=1,...,N.

Finally
p& 1 Tne @ _1_ one
T uZe T2 20ue
according to (28 and u can be chosen such that
1 ppBoeT (e) 1
0<z—-—7——X< <=-<l1
2 oy —Pmm=3

foralln=1,...,N.
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Thus, if a number u satisfies all the restrictions mentioned above, then the probabilities
are given by

() _ ne _ B%5% 2anel—e2°°
p'(f%)"r'i‘ T 2uZ2e  2uZ 2ce
€
Pp,—— =0,
(e) _
P, —+ =0,
2 ~
(e) _ 9n.e _ 6202 2ane 1—e~29¢
Dy~ 2u2e 5 = 2z ¢ 2
P, Ly fne | Zae 1 pBG(e)-r((n=D)e) | F25° 2amel—e=®
n,T 2 20ue u<e 2 2ue 2ae ’
p(a) 1 _ One 1 pB(r(ne)=r((n—1)¢))
n,—- 2 20ue 2 2ue ’
n=1,...,N.

Further, the moment generating function E exp{H(Yi(g) (t+s)— Yi(a)(t))} exists for all
0 € R and can be evaluated explicitly, namely

c E [(t+s)/e]—[t/e]
@7 Eexp{0(v O+ -1} = ("7p + )

fore>0and 0<t<t+s<T,i=1,2. Here

=+l Py =l )

)

(note that the probabilities pﬁ_ and p§€ do not depend on n) and

[(t+3)/e]
(e) (e)
(28) Eexp {0 (Vi (t+5)-viW) = TT (" plhy + e 5k - +.)
[t/e]+1
for € > 0, where
P =o)L P = e e = )

Now we check the assumptions of Theorems [B.1] and As mentioned in Section [3]
we have to check conditions Ay, A4 and D1-Dy.

Recall that payoff function (20) does not depend on e and thus condition A4 holds
automatically.

Next we check condition Aj:

(a) the function g(¢,3) is absolutely continuous in ¢ with respect to the Lebesgue
measure on [0,7] for all fixed § € R?; also it is absolutely continuous in § with
respect to the Lebesgue measure on Ri for all fixed ¢ € [0, T7;

(b) for all € R?, the partial derivative 99 is such that

ot
‘89(12 5)

ot

2
= ‘—rg(t, §)+e (Cl + C,5(0) (u - %) =/t g,

s —ae *In sy
* 03 QWIe—M In sp+02>62 (ta SQ)) ’

< Ki + Ks(s1 + s2)

for almost all ¢ € [0, T] with respect to the Lebesgue measure on the interval [0, T
and for some 0 < K3, Ky < co. Here C’;, Cé, and C’é are the partial derivatives
with respect to the first, second, and third argument, respectively;
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(c) for all t € [0,T],

o) (e) t ,
gTi’g) B ‘67”025(0)6(“_"2/2)4 < K3,
6g(5) (t, §'°) b efats2—1
’TSQ - ‘e CgQWIe—atlnsz+o_2>ég S K4

for almost all § € R3 with respect to the Lebesgue measure on R3 and for some
0 < K3, K4 < o0
(d) for all ¢t € [0,7] and some 0 < Kj5 < o0,

g(t,0) = Tim g(t,5) = e "'C(t,0, ) < K.
5§—0

Thus condition A1 holds for the payoff function (20]) with some constants K;,7=1,...,5,
and with parameters 79 = 1 and 3 = 72 = 0, whence v = max{~o, 71,72} = 1.

Note that we use model () instead of (@) in order to have o(t) separated from zero
by a positive constant dg, since all the restrictions involved in condition Aj hold in this
case.

Applying the corresponding limit theorems for the vector sum process with indepen-
dent increments (see [2], §34), one can check that the processes ?(E)(t), t € [0,T], with
parameters given by (26) weakly converge in the Skorokhod space to the process Y (@ (¢),
t €10,T], as € — 0. Thus condition D7 holds.

The distribution of the sum process ([23)) is given by ([26). Condition Dy holds for this
distribution. Further, by using relations ([21) and (28]) one can easily check condition D3
for the processes Y () (¢) for all 8" > 6.

Note also that conditions Dy and Do imply J-convergence of the processes }7(5)(t),
t € [0, T, to the process YO (t), t € [0,T], as e — 0 (see [2], §39).

Finally, condition D4 automatically holds, since the value Y€ (0) = (0,0) does not
depend on €.

Summarizing we conclude that all the assumptions of Theorem are satisfied,
whence we derive that @(M(E) ) — @(M(O) ) as € — 0 for the corresponding two-

max,T’ max,T’
dimensional exponential price processes 5(5)(1%) = exp{Y(a)(t)}, t > 0, with independent
log-increments.
Now we consider a partition

HEZ<t0=0<t1:€<"'<tN_1:(N—1)E<tN:T>

of the interval [0, T7.
The Markov chain (n, Y (ns)), n > 0, is a binomial-trinomial tree in this case with
the initial node (0, (0,0)) and with (n + 1)(2n + 1) nodes of the form

(n, ((2[1 —n)\eo, ZQ\/EU)) , lh=0,....n, lo=-n,....,n, =12,
after n > 1 steps.

If a continuous model of an option with maturity 7 is approximated by the corre-
sponding discrete model with step € = T'/N, then the corresponding tree has N levels
with (N 4+ 1)(2N + 1) nodes at the last N-th level, and with (N —1)+1)(2(N —1)+1)
nodes at the (N — 1)-th level.

The standard backward procedure can be used to find an optimal expected reward
at the moment 0 for the discrete exponential two-dimensional binomial-trinomial price
process §(5)(n5) = exp{?(s)(ns)}. This optimal expected reward coincides in this case

with the reward functional ® (M(HS)T) for the two-dimensional exponential price processes
SO () =770,



CONVERGENCE OF REWARD FUNCTIONALS 145

To obtain a bound for the difference @(MEZ&T) — @(M(rij) we use Theorem [B.11
In this case, d(IL.) = ¢, Ay (Y1 E)(-), E,T) = Eeelyl(«al)‘ —1<eVe— 1, and

Ay (YQ(E)(-),e,T) = max (Ee

712)’ _1) < efuve 1
1<n<N

Theorem [B.1] gives in this case

(Mmax T) ¢ (Mgz,T)
(29) o=a
§L25+L3(69“‘/g—1+69“‘/g—1) —0 as e — 0.

Now Theorem [B.2] implies that the optimal expected reward @(MSE)T) converges to
the reward functional ‘IJ(M( )

max,T’

independent log-increments.
According to Theorem [3.2] the optimal expected reward for the two-dimensional
binomial-trinomial exponential model described above converges to the optimal expected
reward functional for the corresponding two-dimensional process with independent log-

increments.

) for the two-dimensional process SO (1) = eV ® with

5. THE DISCRETE MODEL IS ARBITRAGE-FREE

We start with a classical definition of the arbitrage strategy (see [I]):

Definition 5.1. We say that a Markov stopping time 7 admits an arbitrage if the
following two conditions hold:
a) P(e7"C(7,5(7),0(7)) = C(0,5(0),0)) =1,
b) P(e=""C(r, S(7),0(7)) > C(0,5(0),0)) > 0.
Consider a partition
M.=(tr=0<t1=e< - <tn_1=(N—-1e<ity=T)

of the interval [0,7]. We again use the approximation (22), 23] for oW (t), t > 0, and
b(t), t > 0. Using () and (II]), one can write down an approximation for S(t) and o(¢)
as follows:
SO =59(t),  teltti), SO0)=5(0),
() =0O(),  te i), 00 =0,
( 1) = S(E)(tj)e(“702/2)€+ya(i)l 1

0(5 (tiy1) = \/efae(((f(e) (t))2 + et Y ) ,) +o2(l—eo€),  j=0,...,N—L

O'(E

If a martingale measure P* exists for which e "% C(t;, S©)(t;), 0(®)(¢;)) is a martingale

with respect to the filtration generated by the vector (S(E (t5), o)t )), j=0,...,N,
then the model is arbitrage-free (see [1]). The latter condition holds if, forall 1 < j < N,

E* (7750 (1,89 (t), 09t )‘s@) 1,09 (t50))
et (tj,l, SE(t;_1), 0 (tj,l)) .

The symbol E* in equality ([B0) stands for the expectation with respect to the martin-
gale measure P*.

(30)
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We choose a measure P* such that Yj(i) and Yj(;) are independent and have the
following distributions:

ere—(u—az/Q)s _ e—o\/E

P (Y}f? —0) =7 (s@)(tj,l),a(@(tj,l)) . j=1,...,N,
f (5(8)(%71)»0(5)(@71)) =1-h (5(5)(@71),0(5)(%71)) -9 (5(5)(@71),0(5)(%71)) :

Introducing the notation

oirie =g (79(t)) = J e ((0@(1))" + emotuvE) + 02(1 = eoe),

oii- = g (09()) = [emor (0@ (1)) = emobuvE) +02(1 - o),

Gii10 = Tjs10 (a(f>(tj)) = Jemor (0O (1))? + 02 (1 —e0e),  j=0,...,N—1,
we obtain
E* (67”]'0 (tj,s(e)(tj),ff(e)(tjD ‘ 5(5)(’5%1)’0(6)(%71))
= e B[O (1, 59(t), 754 ) b (SO (t51), 09 (t50))
+C (t5,89(t3),05,- ) 9 ($©(t51), 09 (t;1) )
+C (%5 (t;), 03, o) f (5(8)(%71)»0(5)(@71)) ‘ S (t5-1), 0 (t5-1)
=e T [O (tj—h SE(t5-1), UH) h (S(s)(tj—l)v U(s)(tj—l))
+C (tjfh S(E>(tj,1)7aj,,) g (5(6)(%‘—1)70(6) (tjfl))
+C (tj,l, 5(5)(@71),%0) f (5(8)(%71)7 0(5)(@71))]

Now we rewrite ([BQ) as follows:

C (51,59 (t-1), 054 ) b (s% D)0t >)

+C(t]‘—175(5) 0] —) (S(E (tj—l))
+C (tj—lvs(s) ), 75, 0) (3(5 (tj—1)>
—C ( i1, SOt )

which is equivalent to

[Ci1.t = Cyorlh (SO (t51), 09 (t5-1))
(31) +[Cj-1,—- — Cj—1,0lg (3(5) (tj—1), 0(5)(%‘—1))

i-1—Cj-1,0,
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where
Ci14 = Cltj—1, 89 (t;—1), 05, 4),
Cj 1 =C(tj_1,89(t;_1),05_),
Ci10=C(tj_1,59(tj_1),0,0),
Cjo1=C(tj—1,S9(tj-1), 09 (t;-1))

If € is sufficiently small, then
0j_ < 0j0<0O(t 1) <ojyifo<a(t_y),
oj— < (t;_1) <oj0<ojyifo>a(t_y),
0j_ <0oj0=09t;_1) <ojyifoc=0c(t;_,)
forall 1 <j < N.

Since C' is increasing with respect to the third argument, the following inequalities
hold if ¢ is sufficiently small:

Cj_l,_ < Cj_170 < Cj_l < Cj_1)+ ifo< 0'(5) (tj_l),

ijl’, < Cj,1 < C];L() < Cj,LJr if o > O'(E)(tjfl),

ijl_’f < Cj*LO = ijl < Cj,LJr if o = J(E)(tjfl)
forall 1 <j < N.

These inequalities allow us to choose the necessary probabilities h, g, and f such that
they are nonzero and relation (BI]) holds. Note that the expression involving these prob-
abilities depends on specific relations between o and 0(5)(1%]»,1). Consider, for example,
the case of ¢ < 0(*)(¢;_1). Then

Cj_17+ — Cj_170 > Cj_l — Cj—l,O >0 and Cj_ly_ — Cj_170 < 0.
Rewriting (31 as

Ci_1_—Ci_
() (+. () (4. ~i=l,= 7 ~j-1,0 () (4. () (4.
P (SO (t;-1),0 <tﬂ*1>)+cj_1,+_cj_17og(5 (51,09 (1))
_ Oj—l_Cj—l,O
ijl.,Jr - C']'71707

we find the probabilities h, g, and f such that none of them equals zero.
Thus we proved that the above discrete model is arbitrage-free.

CONCLUDING REMARKS

In this paper, we considered the reselling problem of a European option for the case
where the implied volatility is described with the help of a modified Cox-Ingersoll-Ross
process. For this model, we constructed a two-dimensional binomial-trinomial exponen-
tial approximation and proved that it is arbitrage-free. Also we proved the convergence of
the optimal expected reward in the model to the optimal expected reward functional for
the corresponding two-dimensional exponential process with independent log-increments.
A nonmodified Cox-Ingersoll-Ross process as a model of the implied volatility can also
be studied in the context of the same problem.

ACKNOWLEDGMENT

The author is grateful to Professor O. G. Kukush for support and fruitful discussions
concerning the results of the paper.



148

M. S. PUPASHENKO

BIBLIOGRAPHY

. M. M. Leonenko, Yu. S. Mishura, V. M. Parkhomenko, and M. I. Yadrenko, Probability-

Theoretical and Statistical Methods in Economics and Finance Mathematics, Informtekhnika,
Kyiv, 1995. (Ukrainian)

. A. V. Skorokhod, Random Processes with Independent Increments, Nauka, Moscow, 1964; Eng-

lish transl., Kluwer Academic Publishers Group, Dordrecht, 1991. MR1155400|(93a:60114)

. J. Cox, J. Ingersoll, and S. Ross, A theory of the term structure of interest rates, Econometrica

53 (1985), 385-407. MR785475

. A. G. Kukush, Yu. S. Mishura, and G. M. Shevchenko, On reselling of European option, Theory

Stoch. Process. 12(28) (2006), 75-87. MR2316567|/(2008e:62171)

. R. Lundgren, D. Silvestrov, and A. Kukush, Reselling of options and convergence of option

rewards, J. Numer. Appl. Math. 1(96) (2008), 90-113.

. M. Pupashenko and A. Kukush, Reselling of European option if the implied volatility varies

as Coz—Ingersoll-Ross process, Theory Stoch. Process. 14(30) (2008), no. 3-4, 114-128.
MR2498609|/(2010h:62318)

7. S. E. Shreve, Lectures on Stochastic Calculus and Finance, Springer, New York, 1997.

DEPARTMENT OF PROBABILITY THEORY, STATISTICS, AND ACTUARIAL MATHEMATICS, FACULTY FOR

MECHANICS AND MATHEMATICS, NATIONAL TARAS SHEVCHENKO UNIVERSITY, ACADEMICIAN GLUSHKOV
AVENUE 2, KiEv 03127, UKRAINE

E-mail address: myhailo.pupashenko@gmail.com

Received 22/APR/2010
Translated by S. KVASKO


http://www.ams.org/mathscinet-getitem?mr=1155400
http://www.ams.org/mathscinet-getitem?mr=1155400
http://www.ams.org/mathscinet-getitem?mr=785475
http://www.ams.org/mathscinet-getitem?mr=2316567
http://www.ams.org/mathscinet-getitem?mr=2316567
http://www.ams.org/mathscinet-getitem?mr=2498609
http://www.ams.org/mathscinet-getitem?mr=2498609

	1. Introduction
	2. Setting of the reselling problem
	3. Convergence of rewards for exponential price processes with independent log-increments
	4. The binomial-trinomial approximation for the reselling model
	5. The discrete model is arbitrage-free
	Concluding remarks
	Acknowledgment
	Bibliography

