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CONDITIONS FOR THE CONSISTENCY
OF THE TOTAL LEAST SQUARES ESTIMATOR
IN AN ERRORS-IN-VARIABLES LINEAR REGRESSION MODEL
UDC 519.21

S. V. SHKLYAR

ABSTRACT. A homoscedastic errors-in-variables linear regression model is considered.
The total least squares estimator is studied. New conditions for the consistency and
strong consistency of the total least squares estimator are proposed. These conditions
are weaker than those proposed by Kukush and Van Huffel (Metrika 59 (2004), 75—
97).

1. INTRODUCTION
Consider a linear vector regression errors-in-variables model

b; = G?Xo + Bi;

a; = a?—i—dt

(1)

Here af € R™ are unknown nonrandom vectors, X, € R™*? is a3 matrix to be estimated,

and b; and @; are vectors of random errors, 1 = 1,...,m.
This model can be rewritten in the matrix form as follows:
(2) AoXo=By, A=Ay+A,  B=B,+B,

where Ay, By, A, and B are the matrices constituted from the rows a2, 09, a;, and b;,
respectively.

In fact, () is a functional model, since the vectors a? are nonrandom. Model (2))
is used in one of the approaches to solve overdetermined systems of linear equations
AX =~ B. A widely used estimator of the parameter Xy for such a model is the so-called
total least squares estimator.

Sufficient conditions for the consistency of the total least squares estimators are given
in the papers [3| 4} [5l [7] under various assumptions concerning the model of observations.
The so-called structured total least squares estimator is studied in [§]. The construction
of this estimator is based on an assumption that the true matrices as well as matrices
of observations have a specific structure. For example, the construction in [8] is suitable
for Toeplitz or Hankel matrices having the block structure.

New conditions for the consistency of the total least squares estimator are given in
the current paper. These conditions are weaker than those given in [7].

The paper is organized as follows. Section 2] describes the model of observations and
defines the total least squares estimator. In Section [l we recall known conditions for the
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176 S. V. SHKLYAR

consistency of this estimator. In Section[] we prove theorems concerning the consistency
under weaker conditions. We recall some known results needed for the proof in Section

2. THE MODEL AND ESTIMATOR
2.1. Model. We assume that the true nonrandom matrices Ay and By are such that

AO . Xo = Bo.
mxn nxd mxd

We further assume that Ay and By are observed with random errors, A and B , respec-
tively; that is, we observe, in fact, the matrices A and B given by

A=Ay+A, B=DBy+B.

Our aim is to estimate the parameter X, from the observations. B
Now we rewrite the model in an implicit form. Let Cp € Rm*(ntd) ¢ ¢ Rmx(ntd)
and C' € R™*("+) he the m x (n 4 d) matrices such that

Co=[Ag By, C=[AB], C=][AB).
Let X%, = (). Then

ext T

Co - XY, = 0.
mx(n+d) (n+d)xd MXd

The entries of the matrix C (the errors of observations) are denoted by d;; and its

rows are denoted by ¢;; namely, C = (5ij)§11?i{i and & = (6;;)" "1

=1
We assume the following conditions.

(G.1) The rows ¢; of the matrix C are jointly independent;

(G.2) E C=0 and, for all ¢ = 1,...,m, the covariance matrix of the vector ¢; is equal
to Varc; = X

(G.3) rank(XX?,) =d.

Example 1 (univariate scalar regression). Fori=1,...,m, let

yi = Bo + B1&i + €.

The sequence {(x;,y;),y = 1,...,m} is observed. One needs to estimate the parame-
ters By and (31 from the observations.

{ﬂﬁi =& +9;

2.2. Total least squares estimator. This estimator is defined as a solution of the
problem

|| pinv(2Y/2) AT||p — min;
3) (I = Pe)AT =0;

rank(C' — A) < n.
Here pinv(X) denotes the pseudoinverse matrix to ¥ and Pk is the orthogonal projector
to the column space X, so that Psy = Y pinv(X). The estimator is evaluated from the

equations

(4) (C = A)Xex =0,

(5) (C—A) (fj) —0.
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The columns of X’ext have to constitute a basis of the invariant subspace of C'TC with
respect to X that corresponds to d minimal generalized eigenvalues,

IM e R4 OTOX ot = XXt M.

Two real symmetric matrices A and B are called a definite pair if there exist two real
numbers « and f such that aA + BB is a positive definite matrix. We write (A, B) in
this case.

Below is a list of possible problems that may arise when solving the minimization
problem (B)).

a) The pair of matrices (C'T O, ¥) is degenerate (the matrices C'TC and ¥ may have
a common eigenvector corresponding to the eigenvalue 0). Even if the point of
minimum is unique, it may change discontinuously with respect to small changes
of C.

b) The eigenvalues are nonseparable: when ordering the generalized eigenvalues of
the matrix C'TC in the ascending order, the d-th eigenvalue coincides with the
(d + 1)-th one. Consider the following two cases:

1) rankC' < n. Then problem (B has a trivial solution A = 0, but the
eigenspace of the matrix C' — A corresponding to the eigenvalue 0 in ()
is (n+d—rank C')-dimensional (its dimension is greater than n).

2) rank C' > n. Then there is an infinite number of points of minimum A of
problem (B)).

¢) The system of linear equations () may have no solution for such a number A
that gives the minimum to problem (&]).

d) If rank ¥ < d, then the constraints in (B]) may be inconsistent. However, condi-
tion (G.3) implies that rank ¥ > d.

We will prove that if the assumptions of at least one of Theorems .1l [4.2] or hold,
then (C'TC,Y) is a definite pair almost surely for a sufficiently large number m. A pair
of real symmetric (or complex Hermitian) matrices is called a definite pair if a certain
linear combination of these matrices is a positive definite matrix.

To avoid the case where system (Bl is inconsistent we use the following idea. Given
a point of minimum A we find )?ext from equation (@) such that the columns of )?ext
are linearly independent (of course, the matrices A and )?ext should be Borel functions
of observations (note that measurable solutions of problem (3)) exist); or, if we allow the
use of “randomized estimators”, then A and cht should be random matrices).

In what follows we will prove (under the conditions of Theorems 1] 2] or 3)) that

Hsin é(fcxt,ngt)

’—>0, m — 00.

The convergence in the latter relation is understood in probability or almost surely
depending on a specific setting of the problem. Here

|[sin Z(A, B)|| = || P4 Pg

)

where P, is an orthogonal projector to the space of columns of the matrix A, Pz is the
complementary projector defined by

Pg =1 — Ppg,

and || M]|| is the operator norm of the matrix M defined as the maximum singular value.
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Then we show that the lower d x d block of )A(ext is a nonsingular matrix; that is, there
is a linear transform of its columns such that the matrix )A(ext has the form of (fgd)

provided that
1

< 2
V141 Xoll

and that the columns of the matrix )A(ext are linearly independent.

sin Z(Xoxe, X%, H

Proposition 2.1. Suppose that conditions (G.2) and (G.3) hold. If the matriz Aj Ao
is positive definite, then (C7TC,X) is a definite pair almost surely. In other words,

PCTC+X>0) =1.

Proof. 1. The result is obvious if the matrix ¥ is nonsingular. Thus we consider the case
where the matrix ¥ is singular. By F' = (1{% ), we denote a (n +d) x (n+ d — rank(X))
matrix whose columns form a basis of the subspace Ker(X) = {z: ¥z = 0}.

2. We prove that the columns of the matrix [I,, Xo] F are linearly independent. If
this is not the case, then there exists a vector v € R*+t4=1ank (%) \ {0} such that

I, Xo]Fv=0,
Fl’U = —XOF2U7
(6) —Fv = () Fv =X Fyv,
0=-%NFv=3%X2,  Fu.

Moreover, Fv # 0, since v # 0 and the columns of F' are linearly independent, whence
Fyv # 0 according to (@l).
The result we just obtained contradicts condition (G.3), since (G.3) implies that the

columns of the matrix X X7, are linearly independent. Thus the columns of the matrix
[1x?

o] Fare linearly independent, inde~ed.

3. Condition (G.2) implies that CF = 0 almost surely. Indeed, E¢; = 0 and
Var[¢;F] =0foralli=1,2,...,m.

4. Tt remains to prove the implication

“AJAy>0" and “CF=0" = “CTC+%>0".

The matrices CTC and ¥ are positive semi-definite. Assume that
(7) z (CTC+ )z =0.
We will show that x = 0. If this is the case, then CTC + X > 0. Equality (Z) holds only
if Cx =0 and Y2 = 0. Thus x € Ker ¥ and hence there exists a vector v € R?+d-rank>
such that x = Fv. This implies that
0=AjCx = AJ (Co+C)z = Ay CoFv+ AJCFv = AJ Ay [I. Xo| Fv+0.

The matrix Aj A4, is nonsingular and the columns of the matrix [, Xo] F are linearly
independent, whence we deduce that the columns of the matrix AJ A, [I, Xo] F are
linearly independent, as well. Therefore v =0 and x = Fv = 0. (|

3. SOME KNOWN RESULTS CONCERNING THE CONSISTENCY
Theorem 3.1 (Gallo []). Let d = 1. Suppose that conditions (G.1)~(G.3) hold. We
further assume that
mfl/QAmin(Ang) — 00, m — 00;
Ain (Ag Ao)

— 00, m — O0.
Amax(A(—)rAO)
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Let the errors of observations have identical distributions such that the fourth moment is
finite. Then the total least squares estimator is consistent, that is,

S P
X — X, m — 0.

Theorem 3.2 (Kukush and Van Huffel [7]). Let conditions (G.1)—(G.3) hold. Assume
further that

sup Eéfj < o0

i>1
Gj=1,..,n+d
m_l/z)\min(A(—)er) — 00, m — 00;
A2in(Ag Ao)
8 e e eh — 0.
(8) Mo (AT o) S m — 0o

Then)?LXo as m — 00.

Theorem 3.3 (Kukush and Van Huffel [7]). Let conditions (G.1)—(G.3) hold. Assume
further that

sup  E|6;]*" < oo;
i>1

j=1,....,n+d
oo \/m T
T <%
m;m (Amin(Ag Ao) =

o (Amax(Ag 40) )
2 AT AN <
m:zmo ( )\?nin(A(—JrAO) >

for some r > 2 and mg > 1. Then the total least squares estimator is strongly consistent,
that is,

S Pl
X — Xy, m — 0.

Theorem 3.4 (Kukush and Van Huffel [7]). Let conditions (G.1)—(G.3) hold. Assume
further that

sup  E|6;]%" < oo;

i>1
j=1,...,n+d
—1 T
m /T)\min(AO Ag) — o0, m — 00;
A2 (AT A
—mm( Qr 0) — 00, m — 00,
>\Inax(A0 AO)

for some r such that 1 < r < 2. Then X i> Xo as m — oo.

4. MAIN RESULTS
Theorem 4.1. Let conditions (G.1)—(G.3) hold. Assume that
sup  E|6;]*" < oo,
i>1
j=1,....,n+d

mfl/’“)\min(Ang) — 00, m — 00,

for some r such that 1 < r < 2. Then X i> Xo as m — oo.
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Theorem 4.2. Let conditions (G.1)—~(G.3) hold. Assume that
sup E |5ij|2r < 00;

i>1
1,....n+d

j:
oo \/ﬁ >7‘
— = < o0
m;m <Amin(AJ Ap)
for some r > 2 and mg > 1. Then)?iXo as m — oo.
Theorem 4.3. Let conditions (G.1)—(G.3) hold. Assume that

sup  E|6;;]*" < oo;
i>1

for some r such that 1 <r <2 and mg > 1. Then X ﬂ> Xo as m — oo.
Proof. This part of the proof is common for all Theorems 1] 2] and

1. The (d+1)-th eigenvalue of the matriz Cy C,. First, the matrix Cy C, is symmetric
and nonnegative definite. Since Co X2, = AgXo — By = 0, this matrix has at least a
d-dimensional eigenspace corresponding to the eigenvalue 0.

Next we prove that

(9) Air1(Cy Co) = Amin(Ag Ao)-
Recall that the eigenvalues are ordered in ascending order. Note also a more general
inequality
Ai+i(Co Co) > Nj(Ag Ag),  j=1,....n.
The latter inequality is a corollary of Theorem 1.4.4 of [9], since
Ai+1(Cg C) = 01 (Co) = (o) = Amin(Ag Ao)-
The usual order is kept for singular values:
o1(Ag) > 02(Ag) > -+ .

Inequality (@) implies that if the matrix AJ Ag is nonsingular, then Ay 1(Cy Co) > 0,
and thus rank(Cy C) = d. The conditions of any of Theorems .1l B2, or A3l imply that

)\min(Ang) — 00.
Thus if the assumptions of at least one of these theorems hold, then
/\d+1(OoTCo) Z AIIlin(A(—)rAO) >0

for sufficiently large m.

2. Spectral decomposition of the matrices Cy Cy, N, and N~Y2CJ CyN—/2. Below is
the canonical decomposition of the matrix Cj C:

Cy Co = U diag (Amin(Cy Co), A2(Cy Co)s - - s Amax(Cy Co)) U T
. n—+d
= U diag ((Aj(cgco))jzl) U,

where U is an orthogonal matrix (U~* = UT) and

2 (Cy Cp) =0, j=1,...,d.



CONSISTENCY OF THE TLS-ESTIMATOR 181

In particular, A\pin(Cy Cy) = 0. Put
N = Cy Cy + Amin(Ag Ao)I.

Then the canonical decomposition of the matrix IV is given by

j=1

N = U diag ((Aj(cgco) + Amm(Ang))’.”d) UT.
Note that
(10) )\min(N) == Ad(N) = Amin(AJAO)'

If the matrix Aj Ap is nonsingular, then the matrix N is nonsingular, too. Note that
the matrix N is nonsingular for sufficiently large m provided the assumptions of one of
Theorems .1l £.2 or 3] hold.

Since Co X2, = 0, we get

€

(11) NXOxt = )‘min(A(;rAO)X((:)xt'

€

If the matrix N is nonsingular, then the canonical decomposition of the matrices
N~Y2 and N~V2CJ CyN~1/? is given by

n+d
N~12 = U diag ! U',
VA5(CT Co) + Amin(AT o)
B B ) )\(CTCO) n+d
N=Y20J CoN~'2 = U dia ( 1170 U'.
0 N \N(CTCo) + Amin(AT A0) /) 1,

The above decompositions together with (@) imply the following equalities and in-
equalities for the eigenvalues:

1
12 [N = v (N712) = e
( ) ( ) V )\min(AS—AO)
(13) Aj (N—1/2COTCON—1/2) =0, j=1,....d
1
(14) 5<N (N*l/QOOTCON*W) <1, j=d+1,...,n+d

3. An upper bound for ||sin Z(J?CX“ X2.)||- Equality (I0) implies that

XTI NXo > )\min(A(—)rAO))?;t)?CXt

ext

and
TY¥T xO0 0T yv0 Y\l yoTy
v XextXext (XextXext) XextXeXtU
ST o
T X Xextv

TYT xO0

v' X . X
Z Arnin(A(—)rAO) ext“*ext = xt
v X NXextv

ext

(XgXIngt) - XO T)?extv

ext

for all v € R?\ {0}. Taking into account (L)) we get

ext ext

=T 5 =T o5
v X Xextv VT XN Xexv

UTXg(thxt (ng—‘lc—ngt)_l XO TXBX‘EU UTN)?;E(tXert (Xeox—trNXert)_l XOTN)?EXVU
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Using ([22) we prove the inequality

-~ 2 N 2
1-— Hsin Z(XCXt’ngt) ’ >1— HSinl(N1/2XCXt,N1/2X0 )

ext

)

(15)

sin £ (Kext, X2,) H <

sin Z(NY2X o, NV 2xgxt)‘

Put
e=|n12(cTe-cfco-me) N2

Now we use Corollary of Lemma [5.4] on the stability of the eigenspace. Let
NV 2Cy CyN —1/2 be the nonperturbed matrix whose null space is the column space
of N*/2X0 . Further let N=Y/2(CTC —mX)N~1/2 be the perturbed matrix whose gen-
eralized invariant space with respect to the matrix N~1/2XN~1/2 corresponding to the d

minimal generalized eigenvalues is the column space of the matrix N1/ 2)/(\'@&. Using (I3)—
([I4)) we establish

- 2
Hsiné(Nl/Qcht, N1/2ngt)H
S % (1 + HNﬁl/QZN?l/QH )\max ((XSXIEngt)ilxgx—trNngt)) .
Taking into account equalities ([[1]) and ([I2]) and inequality (5] we obtain

Hsin A(cht,XO )

ext

2 ~ 2
< Hsinz(Nl/Qcht,N1/2ngt)
||EH T 0T 0 —1v0T v0

e Ovnin (AT Ag) (XOT 2 X0 )1 x0T X0
)\min(Ang) ( ( 0 O)( t t) t t)
= 2 (1 ) (X0 £X

ext ext

< 2e¢ (1 +
)_Ing—trXert)) .

To complete the proof, it remains to check that ¢ — 0 (this part of the proof is
specific and is given separately for each of Theorems 1] 2] and E3)). If ¢ — 0, then

|| sin Z(Xext, X2.)|l = 0 and thus the matrix Xey is transformed to the form (3?1)

by transforming its columns for sufficiently large m (this is justified by Lemma [ES).
Moreover, X — X in this case. O

We introduce two (n + d) X (n + d) matrices:
M, = N~Y2CJ CN1/2,
My, =N">CTC —mx)N~1/2,

Since € = |M; + My + M|, we need to prove that M; — 0 and My — 0 as m — oo (in
probability or almost surely depending on whether we prove the consistency or strong
consistency of an estimator).

Rest of the proof of Theorem Il We have

~ 2 ~ ~
1My % = HN—U?CJCN—WH = tr (N‘l/ZCJCN‘lCOCTN‘l/Q)
F
=tr (C’ON_lCJC'N_léT) = Z ZCOiN_IC(;DéjN_lé;F-
i=1j=1
Since E¢;N~1¢] =0 fori# j and E&;N~1¢] = tr(EN"1), we get

EIMi)|7 = coiN"tegitr (ENT') = tr (CoN~'Cy ) tr (SN
i=1
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Now we estimate the factors on the right hand side of the latter equality:
n-+d
tr (CoN"'Cy ) =tr (Cg CoN~1) =Y A (Cf CoNTY).
i=1
Since )\Z—(C’JCON_l) =0 for ¢« < d and % < )\i(CJCON_l) <lford<i<d+n, we
conclude that

(16)

<tr (CoN~'Cy ) < n.
Since both matrices N~! and ¥ are positive semi-definite,
_ _ 2 _1/2112 2 _
(SN = [V < NP = e (V) 5
= Amin (gAO) tr 2.

Finally,

ntrX
E|M|?2 < ——— .

The assumptions of Theorem T imply that Ayax(Ag Ag) — oo, whence M; P50 as
m — 00.

Now we prove the convergence M, P50 as m—oo:

My =N"Y2(CTC —m)N~1/2,

I, @le -2

Amin(Ag Ag)

To estimate || Ms||"™ we use the Rosenthal inequality for 1 < v < 2 (see Theorem [£7]
below):

(17) M| < INTH2|[|CTC —mE|||[NTV2] =

const I Elléf ¢ — |

A:nin(‘4(—)rAO)
According to the assumptions of Theorem €] the sequence {E ||/ ¢, — |7, i =1,2,...}
is bounded, whence

E|M" <

O(m)
E|M]|" < —————— — 00.
IM]" < Ah (AJAO), "

Thus E || Ms||” — 0 and My 25 0 as m — oo. O

Rest of the proof of Theorem 2. We have
M, = ZN*/%&@N*U?
i=1
By the Rosenthal inequality,

m 2r
E || My]*" < const Z E HN*1/20&62'N71/2
i=1

+const<z EHN‘”%&@N*”W) .
i=1
The first term is estimated as follows:

- “1/2 T A a—1/2]]7" - —1/2 T 2" ~ 2r( Ar—1/2(12"
S E|NeEN 2T < SN2 max E ]|V
— P
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Thus
Sl < (S al)
i=1 i=1
= <Z coiNlcgi) = (tr(C’oNflCOT))T <n"
i=1

by inequality (I6). Note that inequality (1) holds if the matrix N is nonsingular. This
is the case not only under the assumptions of Theorem [£]] this also holds under the
assumptions of Theorems or Also, the conditions of Theorem imply that the

sequence
{ max E|&[*,m=1,2,.. }
i=1,....,m

is bounded. We recall that ||[N=/2| = A—1/2(A] Ay). Thus
0(1)

= m—0oQ.

AL Ag)’

m 2
ZEHN71/2C&@N71/2 =
The limit relation

AT o(1)
E ‘N 20T 6 N 1/2‘ _
i—1 ’ i€ ’ >\min(A(—)rAO)

is proved similarly. It is important for the proof of this relation that the sequence

{_r{lax E ||é:]|?, —1,2,...}

is bounded by the conditions of Theorem

Finally,

§ o1
E || M = 4@(4{4 L mo

Hence the conditions of Theorem FE2] imply that > > E|IMi|>" < oo, whence

m=my
M, —> 0 as m — oo.

Now we prove the convergence My PL 0. To estimate E ||Ms]|", we apply Rosenthal’s
inequality (also see ([T)):

EXE e -2

ElM:]" <

B mll’l(ATA )
const Y7, E e &, — S const (S, E 6/ = B[%)"7
N mll’l(ATA ) mll’l(ATA ) .

The sequences
{Ell/ e, —2|"i=1,2,...} and {E|& ¢ -2 i=1,2,...}
are bounded by the assumptions of Theorem Thus
o) (mr/2)
Anin (A0 Ap)”

min

E||M:|" = m — 00;

o0

> E[M]" < o0

m=mgo

P1
for some mq > 1, whence we conclude that My — 0 as m — oo. O
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Rest of the proof of Theorem 3l The relation
o)
Auin (A 4p)”
is proved in the same way as in the proof of Theorem 2] where we dealt with the case

of r > 1. As in the proof of Theorem 2] we show that M; ﬂ) 0 as m — oo.

E\|M1||2r: m — 00,

Now we prove the convergence Mo PL0asm — co. By the assumptions of Theorem

a3

S Elendn =Sl _
o2 Main(Ag 4o)

The random matrices &' & — X have zero expectations. The sequence of nonnegative

numbers {Amin(Ag Ag),m = 1,2,...} goes to +oo and is nondecreasing, since AJ Ay is
nondecreasing in Loewner’s order. By the strong law of large numbers [I, Theorem IX.12],

1 _ T P1
— N@a-xm) Mo, = oo,
Yo (AT Ag) ;(cz G ) m — 00
Recalling ([T), we get

> @ e —%)| e

M| < 0, — 00,
= AT Ay no
Mo LN 0, m — 00. ([l

5. AUXILIARY RESULTS
5.1. Generalized eigenvectors.

Theorem 5.1 (A proper decomposition of a definite pair of matrices). Let two n X n
matrices A and B be real symmetric or complex Hermitian. Let the matriz «A + BB be
positive definite for some real numbers o and 3. Then there exist a nonsingular matriz
T1 and diagonal matrices A and M such that

A= (1Y AT, B=(17Y) MT L
Let
le [ul,u2,...,un], A:diag()\l,...,)\n), M:diag(ul,...,un)

in the above decomposition. Then the numbers A;/u; € RU {oo} are called generalized
eigenvalues and the columns u; of the matrix 77 are called generalized right eigenvectors
of the matrix A with respect to B. Also,

,uiAui = )\zBuz

Theorem 5.2 (Fischer). Let A and B be real symmetric matrices of the same sizes. Let
there exist real numbers o > 0 and > 0 such that the matriz « A+B B is positive definite.
Let the matrix B be positive semidefinite. We order the finite generalized eigenvalues in
the ascending order, namely A1 /u1 < Aa/pa < -+ < Avank B/ frank B- Then

A v' Av

—Z:d_m%/n ~ max By’ i=1,2,...,rank B.

i én‘lv >TJl veV\{0} v v
The minimum in the latter relation is taken over i-dimensional subspaces of R™ that have
the trivial intersection with the null subspace of the matrix B.

Theorem is a corollary of Lemma VI.3.1 from [9].
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5.2. Perturbation of eigenvectors.
Lemma 5.3. Let A, B, and A be symmetric matrices,
Amin(A4) = 0, A2(A) >0, Amin(B) > 0.
Let Axg =0 and Bxg # 0. Let x #£ 0 be either a point of minimum of the function

T (A+ Az
J@) == Tz
or a point such that
18 liminf f(t) = inf t).
(18) iminf f(t) = inf Cf(t)

Note that such a point x exists by assumptions of the lemma. Then

- 1Al laol? «7 Ba
/[ < 1 .
s £le,0) < 50 U 20 Bao el

The “angle” between two d-dimensional subspaces V; C R4 and V, € R¥™ is
defined by min(d, n) canonical angles. The largest sinus of the canonical angles is denoted
by

[[ sin Z(V1, V2)|l.
The following is equality (1.5) of [10]:

(19) [Isin Z(Vi, Va)l| = [Py, (I = Py, )|

Recall that || - || is the operator norm of a matrix. Applying equality (Id), one can prove
that

(20) Isin £(3, V)| v B
sin , = min ——2—

b vevir{o}  [[u]?

If the columns of the matrix X form a basis of the subspace V7, then
(21) || sin Z(X, V2)||? == || sin Z(V4, Va)[I* = Amax (X T X) ' X TP X)),
(22) 1— [Isin Z(X, Va)|I” = Amin (X T X)X TP, X).

The following Lemma [5.4] is a multidimensional generalization of Lemma B3l The
existence of the minimum is one of the assumptions of Lemma [5.41

Lemma 5.4. Let A, B, and A be symmetric n x n matrices and let \i(A) = 0 for all
i=1,...,d (in particular, Amin(A) = 0), Agr1(A) > 0, and Apin(B) > 0. Let Xy be an
n x d matriz such that AXy = 0 and the matriz X| BX, is nonsingular (this implies that
Xy BX, > 0 and rank X, = d).

Let the functional

FX) = A ((XTBX)_lXT(A + A)X) . XeR™ XTBX >0,

attain its minimum. Then, for all points of minimum X,

| j )
Jsin 20X, Xl? < A (1 [ B A (X5 BX) 71X X))
Ad+1(4)

Proof. If A and B are two symmetric matrices of the same sizes and if B > 0, then we

write max % instead of Apax(B~tA). A motivation for such a change of notation is that

-
1y v Av A
Amax (B A) = 1115128( Ty max 5
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Let X be a point of minimum of the functional f(X). Since the functional f(X) is
defined at the point Xy, f(X) < f(Xo), that is,

XT(A+A)X - Xg (A+ A)X,

"ETXTEY YT X BY,
Since
XTAX > —||A| XX,
X"BX <|B| XTX,
Xg AXo < ||A]| X{ Xo,
AXy =0,
we obtain
XTAX — |JAIXTX I4]l XJ X,
BIXTx - TxIBX,
(23) g (mo S = 1A1) < 1w 0%
Equality (2I]) implies that
XTAX

)\d+1(A) || Sinl(X, Xo)H2 S max W’

since A > Agy1(A)Px, in the sense of Loewner’s order. Thus (23) implies that
1Al

X, X,
inZ(X,Xo)|? < ——— (1+]|B e
Jsin 200 X < T2 (1 1B max 2 )

and this is what was to be proved. O

Corollary 5.5. Let A, B, and A be symmetric n x n matrices and let Ai(A) = 0 for
alli=1,...,d (in particular, Apin(A) = 0), Ag4+1(A) > 0, and Apin(B) > 0. Let X, be
an n x d matriz such that AXy =0 and the matriz X| BX,, is nonsingular (this implies
that X, BX, > 0, rank Xy = d, and rank B > d).

Let there exist a scalar k > 0 such that the matriz A + A + kB is positive defi-
nite (whence one concludes that (A + A, B) is a definite matriz pair). Let Vi be a
d-dimensional generalized invariant subspace corresponding to the minimal finite gener-
alized eigenvalues of the matriz A + A with respect to B.

Then

Al

Jsin 2V, Xo)lP < A (14 B A (X0 BX,) X0 X,))
Ait+1(A)

5.3. Rosenthal inequality.

Theorem 5.6. Let v > 2 be a nonrandom number. Then there are o > 0 and > 0

such that
E[ ]SQZEH&I”Hﬁ(ZEéf)
i= i=1 i=1

m

> &

i=1
if the random variables {&;,i =1,...,m}, m > 1, are independent and have zero expec-
tations, that is, E& =0 for alli=1,...,m.

v/2

A proof of this result can be found in [6].
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Theorem 5.7. Let v be a nonrandom number such that 1 < v < 2. Then there exists a
nonrandom number o« > 0 such that

E[__

&
1=1

] <o) Ef&l]

if the random variables {&;,i =1,...,m}, m > 1, are independent and have zero expec-
tations, that is, E&; =0 for alli=1,...,m.

Theorem [B.1] follows from Utev’s interpolation lemma for moments of sums of weakly
dependent random variables [2]. Perhaps, Theorem [5.7] is not new and has already been
published elsewhere.

5.4. An inequality between || sin Z(Xex, X%,)|| and || X — Xo|.

Lemma 5.8. Let (*9) be an (n + d) x d matriz and let {(g:% m=1,2,...} be a
sequence of (n + d) x d matrices of rank d (the columns of every matriz are assumed to
be linearly independent). If

. Am XO
sin £ <(Bm> , <_I)>H -0 asm — o0,
then

1) the matrix B,, is nonsingular if m is sufficiently large;
2) —A,, Bt — Xy as m—oo.

Proof. Step 1. Throughout the proof, P; denotes an n X n submatrix of the matrix

PL
(%)
_ _pl _ (P1 P
I P<X9>—P<X9>—<P; P,)

Note that
P, =1 Xo(X, X, + 1)1 X, .
It is easy to show that
P, = (XoXg + Lnva) "

Thus
1 1

Amin(P1) = = .
B XXy ) T NP
Step 2. If m is sufficiently large, then

e ((5)- G < e

Bm) "\~ L+ X0l
For such m, we show that the matrix B,, is nonsingular. Assume the converse. Then
there exists f € R?\ {0} such that B,,f = 0. For this f and for u = A,, f, we have

(ons) = (5rf) <mvon{ (37))

Since the columns of the matrix (gz ) are linearly independent, we conclude that
u
(0> 40,

uT u

ST VRN

= = = Amin 1) = T 1~ 190
08P (1 1+ [ Xoll?

(24)

Then (20) implies that

e ((32)- (59))
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which contradicts inequality (24]). Therefore, if m is such that inequality (24]) holds, then
the matrix B,, is nonsingular.
Step 3. Let § > 0. We show that ||A,,B;,} + Xo|| < § for sufficiently large m.
Indeed, if m is sufficiently large, then

nz((57) (7)) < 5 <
Bm)  \ 1 VI+X2VI+ (X[ +0)2 1+ X0l

We already proved in Step 2 that the matrix B,, is nonsingular for such a number m.
Now we prove that ||4,,B;,! + Xo| < for such m.

Indeed, there exists f € R?\ {0} such that ||(A,, B! + Xo) f|| = ||4,, Bt + Xoll || f]I-
Put

(25)

U= (AmB;Ll + XO)fv

z = (gg) Blf = (Am?;llf _ (g) _ ()_(?) fe span<<gZ)>.
Since (X, —1)P5A )= 0 and P(lxo) (*9) =0, we have

(%9
-1

e =(()- (1)) 79 (6)-(59)1)

T -1 2 2
u 1 U T 2 |A,, B, + Xol* [|f]]
= P = 0Py > [|ulP A (Py) = .
(o> (*9) (0) u Py [uf (P1) 1+ [ Xo]2

Since the columns of the matrix (gm) are linearly independent, we conclude that
z # 0. Further

0 < [l2* = [AnBL FIP + AP < (1 + 14, B 1P) £

From (20) we get
1207 7 @+ 1Xol2) (1 + [ Am Br' 1)

. Am Xo
() (%9))
14,, B + Xol

A X
B,,) \—-1 _
VIF TR /14 (X0l + [ A Ba' + Xoll)?

Since the function

Tpl
P L AnBR Xl

(26)

v

d— 0
VI+[Xol2v/1+ ([ Xoll + )2
increases in (0, +00), bounds (25) and (28] imply that ||A,,B,.} + Xo| < 6. O

CONCLUDING REMARKS

Sufficient conditions for the consistency and strong consistency of the total least
squares estimator are given in the paper for the vector linear regression errors-in-variables
model. These conditions are weaker than those given in the paper [7]. We are able to
drop assumption (§]) describing a bound for the growth of the condition number of the
matrix AJ A,. If the errors have finite moments of order 2 + ¢ and, generally speaking,
an infinite fourth moment, then we found conditions for the strong consistency of the
estimator. A typical case where these conditions hold is presented by

Amin (4] Ag) = O(1)m.

It is quite possible that the assumption rank(XX2,) = d can also be dropped. If it

does not hold, then one needs to apply the theory of degenerate definite matrix pairs
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which results in complications of numerical procedures for the evaluation of the estimator.
However, there is a hope that the total least squares estimator defined as a solution of
the problem (@), (B remains consistent even in this case.

In some forthcoming publications, we plan to find new conditions for the consis-
tency of the total least squares estimator in heteroscedastic regression (for the so-called
Elementwise-Weighted TLS Estimator, which is a total least squares estimator with ele-
mentwise weighting).
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