SEMIREDUCIBLE HYPERCOMPLEX NUMBER SYSTEMS*

BY

SAUL EPSTEEN

INTRODUCTION.

It is customary to classify hypercomplex number systems as reducible and
irreducible and, owing to the theorem that a reducible system can always be
built up out of irreducible ones, the latter only are enumerated. In the follow-
lowing paper, in which only systems with modulus are considered, the irre-
ducible systems are further classified by means of their groups as “ semi-
reducible of the first kind” (§1), “semireducible of the second kind” (§2)
and ¢ absolutely irreducible >’ (§3).
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Hence we obtain in the form

* Presented to the Society at the Boston meeting, August 31-September 1, 1903. Received

for publication June 30, 1903.
t The scheme of subscripts employed in this paper is the following: The i’s, viz.,
i1y Ggy f3=1,--+, n; thej’s; jy, jo, js=1, -+, m; the k’s, k;, ky, kg=m+1, -+, n. ~
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2 G=a,=73" 3 Yaui¥uTsy (h=1,--+yn),
=1 tg=1

the group of the system (1), * the a’s being regarded as variables, the y’s as
parameters.

A hypercomplex number system % in the n units e,, ---, e, is said to be
reducible when the system satisfies the following conditions { :
Al) E =e, ---¢, forms a system by itself;; i. e.,

n = fz Vrninss % (Y16 =0).
3

A2) E,=ce,,, ---e¢, forms a system by itself; i. e.,

€x, Cr, = ; Virkoka ks (732,5=0).

; s
Bl) ) €6, = 0 (rw=0),
B2) e, =0 (r=0);

otherwise the system is said to be irreducible. }

Under these conditions the group G' (2) is evidently the direct product of two
groups. Two general numbers of the system

E=EE,=e¢.--¢.6, ¢

are
x=D w6 + D @, Y=2 Yty + D Ynlus
Hh Y Ja ko
their product is

@' = Y= Zjl Zj’ 5 Y1265 %, + Z.h Zk, Ty Yy 6y Ok,
@)
+ 2 Z Ty Yia €1 € + Z Z Ly Yy €ry Cry »
ki Ja %y ky

*For the conditions imposed on the constants yi,i,:, as well as for other details concerning
the connection between. linear homogeneous groups and hypercomplex number systems see LIE-
SCHEFFERS, Continuierliche Gruppen, Chapter 21.

t The terms reducible and irreducible are due to SCHEFFERS, Mathematische Annalen,
vol. 39 (1891), p. 317 ; Continuierlicke Gruppen, p. 660. As Dr. H. E. HAWKES pointed out in
his paper, Estimate of Peirce’s Linear Associative Algebra, American Journal of Mathe-
matios, vol. 24 (1902), p. 92, these are merely new names for PEIRCE’s ‘‘mixed ’ and ** pure”’
systems, ibid., vol. 4 (1881), p. 100.

1This is meant in the sense of equivalence ; if the units of a given system do not fulfill all of
these conditions, but if certain linear combinations with constant coefficients of the units do,
then the system will still be called reducible. On the other hand if the given units do not fulfill

all of these conditions, nor do any linear combinations with constant coefficients do so either,
then the system is irreducible.
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According to (A1), (42), (B1), (B2) we have

& =y =30 Visusu Y@ O+ Do D D Virkaks Vs Bty Oy
M Ja Js ki kg kg
But
x' = Xy = ;w}sejs + ; w”ﬁseka’
8 8
and therefore

mll'8= ZZ Virgeds Yz T (4s=1, -+, m),
(4) g1 J2
ml;x:kzkzyk!kﬂksthkl (ks=m+1,---,n).
1 2
The group (4) may be written schematically
ay % 0 - 0
aml e amm 0 Tt 0 | Gll’ O
4) or .
0 e 0 @t imt1 Cpt1n 0 l G,
0 .. 0 @iy e oa,,

A group is said to be reducible* when it can be put in the form

a, a, 0 . 0

a,, @, 0 ... 0 G“ 0
®) or —.

@pi11 Ctim| Fmtimt1 Tpt1n G, |G,y

anl vt anm an m+1 ot amn

It is therefore evident that under the PEIRCE-SCHEFFERS requirements 41, 42,
B1, B2, the group of the system is the direct product of G, by G,,, where
G,, is the group of X, and G, is the group of Z,.

Retaining the conditions A1, A2, but replacing B1, B2, by the less exact-
ing conditions :

01) ¢ = Z Viteies @iy 2 (vm;=0),
¥s
02) e 6= ;fykmeka, (7s=0),
= v

* LoEwY, Transactions, vol. 4, January, 1903. The present paper is the outcome of a
question which Dr. H. E. HAWKES of Yale University once proposed to me in a conversation,
viz., ‘““What will be true of the number system when its group is reducible, i. e., has the
form (5)’’?
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we obtain, by substituting in (3),

@ =y = ; Ej_:, % Vinsags T Y52 &5 + ; Zh ;.Es Virkaks Liz Yy @y
® 1525 5 MWCRIRTS 5 3D ARE RN

ky J2 k3
But
’ ’ ’
x = xy = ij}.sejs + szkseks,
3 %
and therefore,

’
Ljy = jz jz Virgess Y52 %n
1 Ja

M = ; ; Vinkae Yiea Ty + Ek.:. JE Virga ks Yz Toy + ; % Vg kg leg Vg Ty
2 2 1

(Js=1,---ym;lg=m+1,---,n).
The group (T) has the form

G, o
k]

G?l GZZ
where G, is
(8) wl’vs = Z { Z Vivjoks Ysa + Z 'Yklkzksykg} L, (kg=1, .-+, m).

ky Ja kg
The group of X, is
(9) wllca = Z E Virkoks Y, Ty 5
P

and thus we see that while &, is the group of &, G, is not the group of
unless the v, ;.. = 0.

It seems advisable to call the number system £ semireducidle of the first
kind when the conditions A1, 42, C'1, Q2 are fulfilled ; Z is said to be redu-
cible when the conditions A1, 42, Bl, B2 are satisfied. Clearly the latter is
a special case of the former.

As an example we may consider the one given by STuDY *

(10) E=FE E,= (¢¢,)(e,)
whose multiplication table is
e, e, &
el e e,| €
e e, e e
e e |—e | 0

*8TUDY, Monatshefte fiir Mathematik und Physik, vol. 1 (1890), pp. 296, 336.
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and whose group is ,
T, =Y% + Y, %,,
(1) Ty = Y, % + Y1 %y
By = Yy, + Yo% + (Y1 — ¥a) %
As the general theory requires,
X =Y, %, + Y, 2y,
X, = Y,%, + Y, %,,

is the group of the system £ = e e,.

According to PEIRCE-SCHEFFERS the system % is not reducible since the con-
ditions Bl and B2 are not satisfied. The system (10) is semireducible of the
first kind.

§ 2.
In §1 it was shown that if the system
E=EFEE,
is semireducible of the first kind its group @ is reducible ;
G, 0
) G=—"
GZI i G22

G,, is the group of E, but G, may or may not be the group of £,. In the
more general case where (7,, is not the group of £, it is nevertheless highly
probable that there always exists a system () which has G,, for its group. The
system €) may be called the quotient £/, of the system %, & since its group
G, is the quotient G’/ |, of the groups G/, G .* In this paper we shall
study the special case where the quotient system ) = E,, i. e., where G, is the
group of %, and the above existence theorem will therefore not be needed. A
simple example will suffice at this point to illustrate the more general case. In
the example (§ 1, 10, 11) let y, — y, = @, then

J— U
G, = =, = ax,

is clearly not the group of the system £, = e, (¢ = 0). There exists however
a system

* @, is called the quotient of G by Gy, for the following reasons: If the linear differential
equation P,y =0 is reducible : Pn= Py—m Pn; LOEWY showed (Leipziger Berichte, Jan.,
1902) that the group of P,y =0 has the form (7) where G1: is the group of P. and G:: is the

group of Pym,
Pp=Ppem Pn, G =G:uGn.

Therefore we may regard G as the product of G,; by G, just as we regard P, as the product of
P, n—m by P, me
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Q=g
which has G, for its group, namely, the system whose multiplication table is

9
7|9

Although the following table anticipates § 3 to some extent, it will be easily
intelligible.

Products of Units. Conditions Conditions on Name of

on y’s. Number System. System. Group.

(A1) e,6,=> 9, 1,5s%5, | Viniw=0 || 41, 42,01,02 Irreducible | G is redu-
Js but semire- | cible, &,, is
ducibleof the | not neces-

(42) ¢, &= Z‘Yklkzka o, Yagyy =0 first kind. sarily the
k3

groupof &, .
A1, A2,01,B2| Irreducible| & isredu-
(Bl)eje,=0 Yiri =0 but semire- | cible, G,, is

ducible of the | the group of
second kind. |Z,.
A1,42,B1, B2| Reducible. | G is redu-
cible and is
direct prod-
(Cl)e;en =2 Vurex, | Vinin="0 uct of G,
k:
: and G, .

Absolutely | G is irre-
irreducible. |ducible.

(B2) ¢pe; =0 Yiji =0

(C2)ee; = ;'ijka €y | Vasse=0
8

§3.

In accordance with the above table the conditions
Al, A2, C1, B2

are less exacting than those of PEIRCE-SCHEFFERS but more exacting than
A1, A2, C1, C2; systems satisfying them will be called semireducible of the
second kind. Semireducibility of the second kind is a special case of semi-
reducibility of the first kind and reducibility is a special case of semireducibility
of the second kind.

A system will be said to be absolutely irreducible when its group is irre-
ducible. * ’

#[August 26, 1903. As initially given the definition of absolute irreducibility (cf. also § 2
table) was erroneous ; the correction involved an important change in interpretation in § 3. I
am indebted to Professor E. H. MOORE for calling my attention to this. Much of the paper was
rewritten as a result of his friendly criticism. ]
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When the system is semireducible of the second kind, the condition B2
makes every v, ;;, vanish and consequently, G, (8) and the group (9) become
the same. In semireducible number systems of the second kind, G, is the
group of E, and @,, is the group of E,. Or, when conditions A1, A2, C1,
B2 are satisfied, then E|E, = E,.

The necessary and sufficient conditions that @ number system shall be semi-
reducible of the second kind are that its group G shall be reducible, that G,
shall be the group of E, and G, the group of E,.

We proceed to consider the cases in which the system

(12) E=E\E,---E, \E,=¢,---¢,c¢

p—1 g1 " Cmg * @ 1...emrlgmp_‘l+1...e”

has the following properties: by a: suitable choice of the units it is possible to
decompose % in such a way that

E EE}.H (h=1,---, p—1)

is semireducible of the second kind, Z,,, being absolutely irreducible. By a
linear transformation

(13) &, = Z“mgew | 20| + 0,

the system £ = E ... % may be similarly decomposed in the form
E=E,. E The systems E and E are said to be of the same type * and
are not regarded as essentially different.

Let the group of £ be G and that of £ be @. Since £ is semireducible
of the second kind G has the form

G, 0 0 0
oo G G O 0
Gpl Gp? GP3 Gpp

where G, is the group of K|, G,, is the group of E,, ---, G,, is the group
of E,. )
The group of G of £ is obtained from G by a transformation of variables.t

@ and @ are thus similar, G has the form

G, 0 0 0
GG Gy 0 0
gql ﬁiﬂ Gq3 Gw

* Continuierliche Gruppen, pp. 642-3.
T Loc. cit., p. 643.
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According to LoEwY’s fundamental theorem * ¢ = p and
G"’ Gzz’ ceey @

rp
are similar in some order to

Gu’ Gzz’ ey G

pp

let us say that @, is similar to G, po(@a=1,.-p).

Thus it is evident that Z decomposes into tke same number of subsystems as
E(q=p). Furthermore, owing to the similarity of G,, with G#ﬂ L8, the sub-
systems &, and £, must be similar (a =1, ..., p). Hence, in analogy with
LoEwyY’s theorem for reducible linear homogenéous groups, we have proved for
number systems the following theorem :

If a system E is, according to two different choices of the umnits, decompos-
able once into the sequence of p absolutely irreducible systems K, ---, E

P’
where the system
E ---EE,,,

is semireducible of the second kind (h=1,2,...,p —1), and again simi-
larly decomposable into the sequence of q systems E . E then ¢ = p and
the subsystems El, .. E are similar to the subsystems En < B, apart
Jrom the order. In other words, similar systems being regarded as not dif-
JSerent, the absolutely irreducible subsystems obtained by a linear transforma-
tion (13) are equivalent, apart from the arrangement, to the subsystems
obtained by any other such transformation.

The preceding theorem includes, of course, the particular case in which semi-
reducibility of the second kind is the reducibility in the sense of PEIRCE-SCHEF-
FERS. Then the group is the direct product of the groups of the component
systems.

THE UNIVERSITY OF CHICAGO,
June, 1903.

*LOEWY._Eansaotions, vol. 4, January, 1903, pp. 46-47.




