ON A CERTAIN SYSTEM OF CONJUGATE LINES ON A SURFACE
CONNECTED WITH EULER'S TRANSFORMATION*

BY

JOHN EIESLAND

In a paper published in vol. 26 of the American Journal of Mathe-
matics I have proved a number of theorems concerning curves and two-dimen-
sional surfaces in five-dimensional space which belong to a so-called asymptotic
complex whose lines satisfy the differential equations

1 dx, + x,dx, — x, dv, + x dx, — x,de, =0,
dx, dx, + de,de, = 0.

If () and (v) are the codrdinate lines on a surface belonging to such a com-
plex,t and if we make use of the transformation {

P . P
(2) wl"?]’ x, =X, w,= _2g, x, =X, m5+x1“‘2+x3m4=X3’

where X, X,, X, P,, P,, —1 are the coordinates of a surface-element in
ordinary space, we obtain, as I have,shown, a surface in three dimensional space
on which the lines (x) and (v) are asymptotic lines.

The geometry of asymptotic complexes is thus seen to be closely connected
with the general theory of surfaces; in fact, in five dimensions, to any geometric
property of a two-dimensional point-manifoldness belonging to an asymptotic
complex corresponds a property of surfaces in ordinary space.

In the first part of this paper it is shown that a certain single projective
transformation of the complex (1) will lead to EULER’s classical transformation

* Presented to the Society under a slightly different title at the Boston summer meeting,
September 1, 1903. Received for publication October 24, 1903, and April 10, 1905.

t A surface is said to belong to the complex (1) whenever the linear tangents along the u and
v lines are lines of the complex.

+This transformation, which was used by LIE, when generalized for 2r + 1 variables estab-
lishes a correspondence between two spaces Mz-41 and M, of such a nature that the projective
group of the linear complex dzz 41+ 2 (aydr, —z,dr, ) =0 becomes a group of irreducible
contact-transformations in the space M,. See LIg, Theorie der Transformationsgruppen, Abschnitt
II, p. 522.
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in three-dimensional space. This transformation, moreover, transforms the
asymptotic lines on a surface into a definite system of conjugate lines having a
well-defined geometric property which characterizes the system. I have called
these lines Euler’s lines, since they are inseparably bound up with the transfor-
mation that bears his name.

The problem to find all surfaces such that EULER’s lines are lines of curva-
ture is then considered, and it is found that the determination of such surfaces
leads to the integration of a partial differential equation with equal invariants
and quadratures. It follows as an immediate corollary that on these surfaces
the lines of curvature correspond to asymptotic lines on the transformed surface
by EULER’s transformation.

While in L1E’s sphere-geometry asymptotic lines correspond to lines of curva-
ture by virtue of the well-known contact-transformation that transforms all the
oo? lines in space into co* spheres, in the case of EULER’s transformation such
correspondence is established only in the case of certain surfaces. It is also
worthy of notice that while in Li1E’s sphere-geometry to a veal surface corre-
sponds in general an imaginary surface (the sphere being imaginary), in EULER’s
transformation corresponding elements are either both real or both imaginary.*

The second part has been devoted to the geometrical definition of EULER’s
lines and the derivation of their differential equation from this definition.

In the third part it is shown that EULER’s transformation is only one among
0" which change asymptotic lines on a surface into EULER’s lines on the
corresponding surface. A group of contact-transformations leaving EULER’s
lines invariant is also considered, and it is shown that it contains ! such
transformations.

ParT 1.

Let there be given in the space M, a two-dimensional surface belonging to
the complex

3) dz, + x,dx, — x, dx, + x,dr, — w,de, = 0,
and let it be written
(4) a'...=¢‘.(u,v) (i=1,2,--,5).

The following conditions must evidently be fulfilled :

6¢> 6¢ 17 o
R A T B
© a¢5 9¢, ¢2 a¢3 o,
+ ¢2 a,v ¢l + ¢4 ) ¢s =0.

*See LIE, Geometrie der Beriihrungstransformationen, vol. 1, pp. 411-480.

Trans. Am. Math. Soc. 31
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Using the transformation (2) we obtain in the space M, a surface

Xl=¢z’ ‘Yz=¢4’ ‘Ys=¢:¢'~z+ ¢'3¢'4+¢5’

which is the image of the surface (4) considered as a point-locus in M. If the
complex (3) be asymptotic, that is, if the additional Monge equation

da,dz, + doydr, =0

be satisfied, and if the surface (4) belongs to this complex, we obtain, as I have
proved in the paper mentioned above, a surface in A/, on which () and (v) are
asymptotic lines. The analytical conditions which must be satisfied by the func-
tions ¢, are, besides (5), the following

0¢, 09, C¢, ¢, =0 C¢la¢+ ¢, ¢‘=0

Ou uw ' Cu du v v T dv w i
(6)
¢, 04, 0¢, 09, -0,
W
Su v v ou

From this it may be proved that the coordinates ¢, and ¢, must satisfy the dif-
ferential equation with equal invariants *

7 o' 1 R ! 0
) 6ucv+‘av 8L o +26 og R 5y =0,1
where

99, 9¢,

Ou ov

R = —_ .
2¢,~ " 24,
Ou 2]

Conversely, whenever particular solutions ¢, and ¢, of this equation can be
found, the other functions ¢ , ¢, and ¢, can be obtained by quadratures and the
coxrespondmg surfaces thus be determined}. It may also be proved that to

xA partml differential equation of the second order

o¢ 6¢ au .
8uao+a0u + 9==0

is said to be one of equal invariants whenever

o

« b
tab—c=
‘u

0+ab—c

23] Q)

See DARBoUX, Théorie des Surfaces, vol. 11, chapter 2.
t It should also be noticed that that the function X; == ¢, ¢, 4 ¢,0, + ¢, satisfies (7).
} American Journal of Mathematics, vol. 26, pp. 130-134.
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any surface in M, referred to its asymptotic lines corresponds in M a two-
dimensional surface belonging to an asymptotic complex.

Closely associated with an asymptotic complex is a complex defined by the
equations

@ da, + x,de, — x, de, + x,dr, — x,de, =0,
)

dw, dx, — dx,dr, = 0;
in fact, if we employ the transformation

x,
= -2 _ — 97 — —_ —
) T =gy By=— 20, Xy=7y, T, =T, T,=x,,

we obtain an asymptotic complex. In the space M, this transformation is equiv-
alent to the well-known EULER’s transformation *

(9’) P1=z’ X|="P1’Pz=pz’ ‘Y2=X;’ ‘st=Xs_P1;Y_x

which transforms the surface-elements of M, into the surface.elements of the
corresponding space M,; moreover, it is a contact-transformation, since

(10) dX,— P dX,— P,dX,=dX,— P,dX, — P,dX,.

Let there now be given a surface in M, belonging to the complex (8). We
have

a¢5+¢26¢1 ¢‘a¢2+¢48¢3 ¢3a¢4_0
h 34’5 P, ), O¢, ¢,
+ ¢z v ¢1 ov + ¢4 o 4’3 =
64’1 ¢, a¢s o9, 0¢, 0, 0¢,0¢,
(12) Pubu " ou w0 o B o B =

In order that d¢, shall be an exact differential, we must also have

24,09, 04,08, 06,06, 04,09, _

2 o0 o0 ou T ou 0 o0 Bu ="

‘which, by the aid of the two equations (12), reduces to the form

(G 28, 20 28) (26202820

u v " v ou )\ Ou v~ v ou

* See, for example, LIE, Berihrungstransformationen, p. 645.
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We shall assume that the second factor is different from zero,* so that we may

put

op, 0, O¢, 0¢,
(13) EC R I

which may be replaced by the equivalent one

’ a¢l a¢2 a¢3 a¢4
(13 Su o0 T ou a0 =0
obtained by eliminating ¢, /0v and 0¢,/0v from (13) and the second of (12).

If now we transform the surface o, = ¢, (%, v) by the transformation (2) we
obtain in M, a surface on which (u) and (v) are conjugate lines. In fact,
introducing the coordinates of M, in (13") we get

0X, 0P  0X,0P, 0
G ou o w0

which is the condition that (u) and (v) shall be conjugate lines. Hence the

THEOREM. 70 a surface in M, belonging to the complex

dwx, + x,dx, — © dx, + x,de, — x,de, =0,
dx, dx, — dx,de, = 0

corresponds by virtue of the transformation
P P,
w_-é—',:r—X oc_2,w_X x 2, + 2,0, + ®, = X,

a surface in M, on which (u) and (v) are conjugate lines.

Suppose now that M, be a space with coordinates %, and let a one-to-one cor-
respondence be established between it and the space M, by means of the trans-
formation (9). Since the complex (8) is transformed into an asymptotic complex
in M, any surface belonging to the former is transformed into a surface belong-
ing to the latter, and conversely; hence, if we obtain the images in M/, and E
of the respective surfaces S, and §,, using the transformation (2), these will be
of such a nature that EULER’s transformation transforms S, into §3 and, more-
over, to the conjugate lines on S, correspond asymptotic lines on S and con-
versely, so that we may say:

By means of Euler’s transformation a one-to-one correspondence is estab-
lished between two spaces M, and M, such that all the surfaces S, in M, whose
images in M, are surfaces belonging to the complex

*It may easily be proved that if this factor vanishes the surface i =¢; (i=1,---, 5) will
degenerate into a curve ; hence the assumption.
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dx, + x,dx, — x dx, + x,de, — x,dx, =0, da, dc, — da,doc, = 0,

are transformed into surfaces in M, whose images in M, are surfaces belong-
ing to an asymptotic complex. To the conjugate curves (u) and (v) on S,
correspond the asymptotic lines (u) and (v) on 8,, and conversely, to tke
asymptotic lines (w) and (v) on 8, correspond a set of conjugate lines (u)
and (v) on S;.

If now we put

64:2 o¢,

ou v
) B=09,= " 24,

Ou Ov

the conditions (12) and (13") may be written

o¢, 0%, 0¢ 09
(15) Zu=Bs> H=—f%:

o4, L0, 04 o
(16) w=L%) aH="L8%"

Eliminating 0¢,/0u,0¢,/0v,0¢,/0u, O¢,[/0v we find that ¢, and ¢, must sat
isfy the differential equation

&¢ o  , @ ¢
(17) auav"'a;a_vlgR “"+§atlgR'é;=0.

Conversely, if we know two particular solutions, ¢, and ¢,, of this equation, ¢,
and ¢, may be obtained by quadratures from (15) and (16) and ¢, likewise from
(11).*  The surface

(18) X1=¢2’ Xz=¢4’ X;=¢5+¢1¢2+¢3¢43

has (u) and (v) for conjugate lines and is transformed by EULER’s transforma-
tion into a surface on which (u) and (v) are asymptotic lines.

Since the surface (18) is referred to a set of conjugate lines the differential
equation of its asymptotic lines must take the form t

Adw? 4+ Bdv*=0;
in fact, we find by an easy calculation that this equation is

o¢, 0¢ o¢, 0¢
(19) 6ul 6u2d u' + 6vl 5o W'=0.

* It may also be shown that the function ¢; + ¢,¢, — ¢, ¢, satisfies the above equation.
1 See DARBOUX, Legons, vol. 1, p. 139, § 110.
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Example 1. Let R = const., then ¢, =p (u)+ o,(v)=rc (v —v), and
¢,=p,(v)+o,(v). From (15) we find that ¢, must have the form
¢, =cc,(u + v); likewise from (16) we get ¢, =c[p,(u) — o,(v)] and from
)

by + b, + byb, = 4ce, [up,du + 4ec, [voido.

If now we put
fp‘du=—F(u), fa'4dv=—F,(v), c=kFk, 6 =7
we obtain in M, the surface
(20) X, =—§-(F’— F), X,=—F'—F, X;,=—uF'—vF + F+F,.
By means of EULER’s transformation we obtain the surface

s U— - , .
X=%2% X=_F_F,

@1
UV 5 UFT o, ,
X,= - F LR+ F 4+ F,
which may also be obtained directly by considering a translation surface in M,
belonging to an asymptotic complex.* DARBOUX t has derived the same sur-
face by a different method.
The equation of asymptotic lines reduces in the case of the surfaces (20) to

the form
F"(u)du* — F{(v)dv’* =0

which may be integrated by quadratures; it follows, therefore, that the corre-
sponding set of conjugate lines on (21) may be so obtained. |

If we take note of the fact that the surface (20) is the most general form of
a translation surface whose generating curves are in planes forming a constant
angle @ = tan—' 8%/(k* — 16 ) with each other, we have the

THEOREM. The asymptotic lines of all translation surfaces whose generat-
ing curves lie in two indersecting planes may be found by quadratures. If
k = 4, the planes are perpendicular to each other for which special case this
theorem has been proved by BraNcHI. §

*American Journal of Mathematics, vol. 26, p. 131.

t Legons, vol. 1, pp. 141-142.

1 As is shown by DARBoUX’S method the lines (v —v)/k=a, (u+ v)/2=/ are also a set
of conjugate lines which may be constructed by KoENIG's method. On all surfaces (21) we
know therefore two different sets of conjugate lines.

¢ Lezioni di geometria differenziale, p. 111 ; German edition, p. 113.
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Example II. Let R=1;¢,=u—v,p,=u+v,¢,=— (v),p,=¢,(v)
and

b+ b, + byd, = — 4f¢1(”)d”°
In M, we get the cylinder

(22) X=u—v, X,=u+tv, X,=©v)
whose elements are v = const. In JT; we obtain the ruled surface
(22) =24,(v), Xy=utv, X, =E(v) —2(u— 0),(v)

on which (%) and (v) are asymptotic lines. In this case then we observe that
to the lines of curvature (u)and (v) on the cylinder correspond asymptotic
lines on the ruled surface (22").

This particular example raises the question whether it is possible to determine
all the surfaces on which there is a one-to-one correspondence between lines of
curvature and asymptotic lines by virtue of EULER’s transformation. To do
this we must introduce the condition that the conjugate lines shall be at right
angles. We find

(23) Fe(144¢) 5090 ) (14441) 52 %0,
which by virtue of (14) may be written
(24) (1 +4¢3)R* — (1 +4¢%)= 0.

This equation may be satisfied if we assume ¢, and ¢, functions of only one
variable, but we shall exclude this case, since the surface then degenerates into
a curve. Introducing the value of R obtained from (24) in (15), we obtain the
two equations

)
ou

log(2¢, +V1+4¢h) = iR

(25) 1+

Oy
] R oy

15,108 (26, + V1 + 4¢]) = Ty

3

from which we obtain the following differential equation for ¢,,

26 0. 1 ¢3 1 o4,
uowt 1508 T ag ou T o '8 T ag o0 O
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‘When simplified, this becomes

Ty _ 46, 04,0,
oudv 1+44¢2 ov ou
which integrated gives
P (1) o (v) — 1
s = 4p(u)a(v)

Substituting this value in (25) and integrating, we also find

pt — o?

$=" 4po °’
p and o being arbitrary functions of » and v respectively. The value of R is
now found to be
1+ pta?

R= —P_z—:a-"—z—.

In order to find ¢, and ¢, we substitute this value of R in (16) and eliminate
0¢,/0u and 0¢,/0v, We obtain a differential equation of the form

¢, oo (1—pY) 94 ppr(l—d') 04,
oudv ' (p*+ o?)(1 4 a%p?) Su ' (p*+ o*)(1 4 o*p?) Ov —

+

which has equal invariants and of which we know one particular solution, ¢,, as
may be easily verified. Having obtained a particular solution ¢, (different from
¢,) we may obtain ¢, from (16) by quadratures and ¢, may then be found from
(11) as before.  We have thus found a surface on which the lines of curvature
by EULER’s transformation correspond to asymptotic curves on the transformed
surface.

If we put p(v)=w and o(v)=v, remembering that ¢, = X, = X, and
2¢, = P, = X,, we may state the preceding result thus:

If a surface, referred to its lines of curvature, (u), (v), i8 transformed by
EULER’s transformation into a new surface on which (u) and (v) are asymp-
totic lines, the cartesian coordinates X, and X, of the surface must satisfy
the differential equation

o) v(1—u') c¢ u(1l—o*) o¢

(26)  Guow * (@ + 0*) (1 + v*o®) Ou + (@ + )1 + ?o®) 0v 0.

Conversely, whenever two particular solutions, X, and X,, of (26) can be
obtained, & surfuce can be found such that Euler's transformation transforms
the surface into a new surface on which the asymptotic lines (u) and (v) cor-
respond to the lines of curvature on the original surface.
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There is one particular case not included in the above theorem, viz., when
either p or o is a constant. We shall consider this case later. The case where
R = const. was considered on p. 457, where for £ = 4 lines of curvature on
a cylinder were obtained.

Surfaces of this class are, as a rule, transcendental. It is not at all difficult
to obtain a particular solution of (26) differing from ¢, and depending on an
arbitrary constant. In fact, putting

by= by + E[E() + ()] (k= comst.),
and substituting in (26) we obtain

d§ dn
'v(l—u“)c—m+u(1—v‘)d~v=0,

which may be satisfied by putting
dE —u dn v

de=1—u dv” 1T—o"
so that ¢, will have the form
udu vdy
R A R Fert
We may now determine ¢, from (16) by quadratures. We find
u? —

u? 4 ° u i
¢‘=_21d5—_kf[1 + w1 —wduty + w1 —'v‘dv]’

8o that we have the following functions

Py p— wl—1 k 1—w? 1402
O e e RS T T
u? —1 _u’—v" kl (1 + w?o?)?

Tw * P TIwm dBAuyd =)

¢3=

¢, may then be calculated without difficulty from (11). In M, we obtain the
surface
wvi—1 &k 1—4* 140°

=" teliye 1ow
w—* ko (1 + u?o?)
@n A= T "I A (A=)

(u2v‘l —_ 1)(,“2 — ,02)

X, = + k tan~! uv,

3 8u2,v‘l
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on which (z) and (v) are lines of curvature. For k& = 0 we obtain the quadric
surface 2X, X, = X, whose rectilinear generators are (u®v’—1)/4uv =u’,
(u* —v*)/4uv = v'. Transforming (27) into M, we get the surface

__112_—_0’ e w—vt k., 1—u® 147

Quv 2= 4 _Ilogl Fut 1o

=

(28) 2 2 2
X,=_73u —'vl (1—u)(1+'v)
3 4 w (1 + u?)(1 —*)
on which () and (v) are asymptotic lines. For k=0 we obtain the straight
line X, = 0, X, = X, which is the transform of the quadric 2X X,— X, =0.
We shall now consuler the case where R is a function of one varlable only,
say v. For this purpose it will be sufficient to put p = 1/1/c and ¢* = v*/c,
so that & will take the form

+ k tan~! wv,

c2 + ,vz
o)
Introducing this value in (16) and eliminating d¢,/0u and 0¢,/0v, we obtain
the differential equation

ol 3 0 c(1 +*) 09
oo T35 18 oo o =

R=

By integrating this we find, putting the arbitrary function of » which occurs in
the integral equal to u,

¢, =uVR + fd;Rdv,
and from (25) and (16),

b=1(5-0),  a=t(o-3) b=ru—a

where o, is an arbitrary function of v. The surface in M, is

X, =uVR+ |o,Rdv, X, —_1;1—?,—%
t—1 uv (v* — ¢*)o,

X, =- \" —° )

T Ve V(1 + o) (e +v’)+ v(1+0%)

a ruled surface on which (%) and (v) are lines of curvature. It is, moreover,
developable as may easily be proved by forming the differential equation of the
asymptotic curve.* In M we get the ruled surface,

2 dv;

*Since ¢, /ou =0, the differential equation (19) becomes
a¢l a¢l dv’ o

v v

which means that the surface is developable.
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- 1\ = u
‘Yl=%(”_5)"xz=l~/7§_%’
X._cz—l uy (P —1uVR
T Ve VIHA)(F+ ) 2v
1 ,(v*=c)aydv =1,
+ ) Nage i faRe,

on which v = const. are the rectilinear generators and u = const. the family of
asymptotic lines corresponding to the generators. It will be noticed that all
the rectilinear generators lie in a plane parallel to the X, X,-plane. For the
special value ¢ =1, R becomes equal to unity and we obtain in M a cylinder

X,=uto, X,=u—o, X,=&@)

whose elements are parallel to the plane X, = 0. If we put o,(v)= — v’ this
surface takes the form

X =u—w, X,=u+v, X, =E(v)

which is the cylinder obtained on p. 457. The transform of this surface is the
surface (22").

ParT 2.

Since through any point on a surface there pass two asymptotic lines, and
since EULER’s transformation establishes a one-to-one correspondence between
the asymptotic lines on a surface in M, and a set of conjugate lines on the
transform in M, it is clear that this system must be a definite one of all the
oo’ pairs of conjugate lines that can be made to pass through a given point.
The question is, therefore, what geometric property distinguishes this system
from all the others. To answer this question we proceed as follows :

Suppose given in M, any surface S, and let it be referred to a family of
conjugate lines (u) and (v). This surface, considered as an ensemble of oo?
surface-elements, will when subjected to the transformation (2) become a two-
dimensional point-locus in M, whose cobrdinates (u), (v) belong to the null-
system

dw, + x,dx, — x, dx, + x,dx, — x,dx, = 0.

If the coordinates of S, be written
(89) “Y1=¢z’ X2=¢4’ ‘X73=¢’
the image in M, will be

P
wl=m2l'=¢l’ x2=Xl=¢2’ w8=_2?=¢3’
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P P

v, =X, =¢, w5=Xa_'2lX1_—2—szz=¢6’
where
X, X,
P, _6X and P_aX

Since () and (v) are conjugate lines, we have

oX, _ 90X _ oX

3 __ p— 22
ou =P ou + P, ou ’
@n o0X, p°% X 4P 0X,
W- 2 gy

0P 0X, 0P,0X,
32) u o0 T ou e =

from which it also follows, since d A, must be an exact differential,

O0P 0X, 0P, 0X,

(33) o out o ou =0
We now put
0X 0X,
Ou ov
(34) D R (u,v), X, = R,(u,v),
bu v

so that the equations (82) and (33) take the form

8P, oP, oP, oP
(35) RN+ 5 =0, R4S,

Eliminating 0 X, /0u, 0 X, /0v from (34) and 0 P,/0u, 8 P,[0v from (85), we
find that X, and P, must satisfy the differential equation

oR, oR,
%0 v 00 ou 00

(36) dwoo TR R, ou R — R, 0=

Conversely, if two particular solutions of this equation can be found, we obtain
from (34), (35) and (31) by means of quadratures a surface on which (%) and
(v) are conjugate lines. Now suppose. in particular, that — R, =R, = R.
Since B, and R, are the respective slopes of the tangents drawn to a point of
intersection of the projections of any pair of conjugate lines on the X, X -plane,
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this relation expresses the geometrical property that the triangle Sformed by any
pair of such tangents and either axis is isosceles.*
The equation (36) may now be written

o0

15, o6 0 7]
6—1‘;65-*- %‘{)lOgR -+ %’auIOgR-a'b‘=0.

ou
But, since X, =¢,(u, v), and P, = 2¢,, this is the equation (17) on page
455. We have therefore the

THEOREM. If a surface possesses a set of conjugate lines (w) und (v) such
that the pair of tangents drawn to the point of intersection of the projection
of the curves on the X, X,-plane form with either axis an isosceles triangle, then
will EULER’s transformation transform it into a surface on which the asymp-
totic lines correspond to this family of conjugate lines. We shall call such a
set of conjugate lines Fuler’s lines.

The relation I2, = — R, may be written

0X,0X, 0X,0X%,
ou Ov v Ju

from which, by the use of (32) and (33) we deduce the equations

0X,0P, 0X,0P, 0X,0P, 0X,0P,_

cu Ou ou Ou ov v ov v

0.

That is to say, the image of the surface in A, belongs to the complex (7) which
we shall call a conjugate complex. Conversely, the relation B, = — R, is satis-
fied for all surfaces in M, whose images in M by the transformation (2) belong
to a conjugate complex, so that we may say:

The necessary and sufficient condition that a surface in M, referred to a set
of conjugate lines shall have as image in M, a surface belonging to a conju-
gate complex is that the conjugate lines shall be a fumily of EULER’s lines.

Let there be given on any surface in A/, a system of lines satisfying the dif-
ferential equation

(37) dX,dP,— dX,dP,=0,

which expanded may be written

* This may also be expressed thus: The conjugate lines, when projected on the X, X,-plane
form infinitesimal parallelograms whose areas equal

X, 80X, , . .
“ou oo GUAV3

this may easily be proved geometrically.
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0X,0P, 0X,0P,
(38) (W R 6u)d2

<aX 0P, 0X,0P 0X,0P, 0X,0P,

ov Ou ou v  ov ou  ou ov

X 0P, 0X,0P,
( o0 o T~ ov v ) o =0.

) dudv

We shall investigate some of the properties of these lines. Since the differen-
tial equation is of the second degree it is satisfied by an infinite system of
curves ¢, = ¢,, ¢, =c,. Let us suppose that the surface be referred to this
system ; since now % = const., v = const. must be integrals of the equation we

have

39 6X‘ 0P, 6 ¢ 5P 0 3X aP 5X 6P
(39) ou Ou 6u 6u = —&v— “ov 6vA_'a__

But we also have

oX, aX 0X, o0X, _oX, o X,

Eliminating 0 X, f/0u and 0 X,/0v we get

40 0X 0P, 0X,0P, 0P 0X, 0P0X,
(40) Pu o T ou G0 ou Gv — ou B

and eliminating 0P, /0u, 0 P,[0v from equations (39) and (40) we obtain the
equation

ou v T ov Ou Ou v Ov Ou

(6X 0X, 'y 0X, BX)(ZLYl oP, 0X, 6P,) —o.

If the second factor vanishes we find that combined with (39) it will cause
the coefficient of dudv in (38) to vanish, in which case every line on the surface
will satisfy the equation ; this can happen only for special surfaces. Excluding
this case we have

0X,0X, 0X,0X,
(41) ou o0 tTow o=

combining this again with the second of equations (39) we obtain

oP 0X 0P,0X,
— + —-2__2_0.
Ou v ou o

This is the condition that () and (v) shall be conjugate lines. Moreover,
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these lines constitute a family of EULER’s lines, since the condition (41) is just
the relation 2,= — R. Hence the

THEOREM. If an infinite family of curves ¢, =c,, ¢,=c, on a surface
satisfy the differential equation

0P o0X 0P,0X%, da?
(8u Ou au' ou )

- ‘ 7 ¢
(88) (aYlaPl 0X 0P 0X,0P, oA ap)dd

v ou T ou éw _~3'v“ ou ~ Ou 0O
(6Pl ?l’l 6P aX)dv —0,

v Qv ov v

then will these lines be a family of EULER’s lines.*

Conversely, a family of EULER’s lines on a surface satisfies the differential
equation (38).

Proor. Let the curves be £ (u,v) = ¢,, £,(u, v) = c,, which by hypothesis
are EULER’s lines. Introducing the curvilinear codrdinates § = w’, §, =0 in
the rectangular codrdinates of the surface, we have by hypothesis

OP dX O0P,0X,

—81)," o T ouw B'z}' =0,
(42)

aX 0X, 0X,0X,

o ww o aw = 0

to which we may also add the condition

0P 0X, 0P,0X,

(43) o o T o o

=0,
since d.X; must be an exact. differential also after the introduction of the new
coordinates. The conditions (42) and (43) reduce to the following

43" 0P»0X 0P,0X, 0 oP 00X, 0P,0X, 0
(43) ou' ouw T ow ow T ' dw & T o e T T
Expressing 0.P,/ou’, O P,[¢v", 0X,[0u, 0X [0v (i=1, 2) in terms of
OP,[Cu, 0P [0v, X [cu, 0X,[0v, E and £, and substituting in (43')
we get

*If u and v are a set of asymptotic lines on the surface this equation is simplified ; in fact,
an easy calculation will show that it reduces to

oP,aX, ,, OP AN,

*dv == 0.

cu é‘u e o v
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0P 0X, 0X,0P,)\(0§\*
év v ~ ov ov ov

cu ov v Ou  ou v cv Ou JOou Ov

<aX o°P, 0X,0P, 00X 0P, c')X 61’)(¥vl o&,

Cu

0P, 0X O0P,0X,\[0E\
+ 2 =0,
Oou Ou ou Ou )

and an equation of identically the same form in 0f,/du, @&,/Cv. But, since
£, =c, and §,=c,, we have

o o,
du ou ou
dv T T 0F T T 0f,

v v

and substituting these ratios in the above, we obtain the differential equation
(38). Q. E. D.

The theorem on p. 4568 may now be stated thus:

The problem of finding all surfuces on which Euler’s lines are lines of curva-
ture depends on the integration of the equation (26) and quadratures. These
surfuces have the following geometric property. The projection of the lines of
curvature on the X, Xy-plane form a system such that the two tangents drawn
at a point of inlersection of any pair of curves form with either axis an isos-
celes triungle.

If the system S, be referred to a set of asymptotic lines, the equation (38) of
EvLER’s lines takes the simple form

OP,0X,
(38") P,oX, (lu“+a£ oX, dv*=0.

Cu Ou
If S, be transformed into S, the asymptotic curves u=c, v = ¢ become
EuLkr’s lines on S,, and the equation of asymptotic lines on S, will be identi-
cally of the same form as (38’), since by EULER’s transformation .X, = X, and

P,=P,. It follows therefore that if on any surface .S, we know the asymp-
totic lines, the EULER lines are known on the corresponding surface S, .

Parr 8.

The following question now presents itself : Are there contact-transformations
other than EULER’s that will change asymptotic lines into EULER’s lines? We
shall find that there exist o' such transformations. To establish this it will be
convenient to go back to the space A/, from which we started.
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A null-system in M, defined by the equations

x;=P,-w5+0'; (=1, 2,3, 4),
(44)
PO — Py0;, + P03 —pyo,+1=0,
will when subjected to the transformation (2) become an ensemble of surface-
elements consisting of element-bands formed by oo® parabola

P X, — p, X, = 0,0, — a,p,,
45) 2 )
T 4 L L T XA 15 o
P2 Pz
lying in planes parallel to the X -axis.* Moreover, the coordinates of the plane
of each surface-element are subject to the conditions

P -
Py 21=Pl“l + 0P, — 0P
46
(46) ro
P2 9= P3“\l + 03P, — 0,P;-

To each line of the nullsystem corresponds one of the parabol® considered as
an element-band, or, in other words, to the oo! points of the line correspond
the o' surface-elements of the parabolze. We shall now consider the effect of
EULER’s transformation on these element-bands when the nullsystem becomes a
conjugate complex, that is, when the additional MONGE equation

dx, dx, — dw,dx, = 0

is satisfied. Now in order that the lines (44) shall be lines of such a complex
we must have
PP — P3Py = 0.

Introducing this condition in (45) we obtain the parabolae

P4X1 “Pz;Y2= 03Py — TPy

47 X,

3

2 . 2(p,0, + p, 0
= Pf‘tl (X, —a,) + _‘('82_'1,;2—1,"4“3) (X, —o,) + 0,0, 4 040,

while the conditions (46) become
P -
i"z'g"l =p X, +op,—0,p,
46’
(46" ’.
Pig =P X+ 00— ayp,.

*American Journal of Mathematics, vol. 26.
Trans. Am. Matb. Soc. 32
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Next I shall show that Euler’s transformation transforms these «o® parabole
into oo* straight lines. In fact, transforming (46) and (47) and reducing, we
have
P X, —2p, X, =2(a,p,—p,9,),
(48) S g, —po, 5 200p,0
X, = P =P % g NPT .0, + 0,0,,
Py P

which represent oo straight lines in M.

In the same way we may prove without difficulty that if the null-system (44)
becomes asymptotic so that p, p, + p,p, = 0, the co* straight lines

P X, —p,X,=0,p,—0,p,,

(49) X,= g,(f’.zﬂpi/,’.ﬁa_)( X, —a,) + 0,0, + 0,0,.

2
are by EULER’s transformation transformed into co® parabol of a form similar
to (47).

Since all the contact-transformations that transform (47) into (48) also trans-
form EULER’s lines into asymptotic lines and vice versa our problem is now
simplified. Let us consider an asymptotic complex in M,. There exist oo™
projective transformations which leave it invariant.* In M, we get a group
of oo contact transformations which leave invariant the differential equations

dX,— PdX,— PdX,=0,
50
(59) dX,dP, + dX,dP,=0.

These transformations have the form
X=“1‘Y1 +4X,+4d,
‘Xz = azXl + bzXz"'" dz‘

(51) X;‘_"ale"‘bs‘Yz'*'ch;s"'ds’
.. b a,c a,b, = a,b
P ="tap _Ghp, g B0 00
P,= _Abl % P+ g&ﬁs P+ 0,y — ab, ,

where A = @,b, — a,b,. We notice that they are projective point-transforma-

tions since the coordinates X_'l, X;, X-3 do not involve P, and P,; all these

*American Journal of Mathematics, vol. 26, p. 146.
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transformations form a subgroup of the general linear group. We shall denote
any one of them by the symbol 7', .

If now we superpose EULER’s transformation on (51) we obtain o' contact-
transformations

(52) _aP+bX+b(X P X)+d,
- boe a b, —ab
P1= 23X_ P 32A
- blc3 ab—-ab
P,= X, + P X

which change the differential equation

(53) ch;l—dITl + dfédﬁz =0,
into
(54) dX dP, —dX,dP,=0,

and, therefore, also asymptotic lines into EULER’s lines. They also change
oo® parabole (47) into the oo* straight lines (48); we shall denote them by
T.E. The transformations (52) do not form a group, for, if so we should
bave 7. ET,E = T,E, where T,, T,, T, are transformations of the group
(81), that is, T, BT, = T,. But the succession of 7', £ and 7, cannot be
equivalent to a projective transformation.

All the transformations leaving the equation (53) invariant are included in
the group (61) and LEGENDRE's transformation.* The transformation EL will,
therefore, have the same property as any one of (52). But the succession of
two EULER’s transformations is a LEGENDRE’s transformation so that the com-
bination of a Legendre transformation with any one of the transformations (52),
or, what is the same thing, the succession of T, and an odd number of EULER’s
transformations will transform EULER’s lines u=c,v=c on S, into the
asymptotic lines u = c, v =c on S,

If we transform the coordinates dn the left hand side in (52) by EULER’s
transformation we obtain 00! contact-transformations which leave invariant the
equation (54). These transformations form a group ; in fact calling any one
of them 7, we have 7, = E-'T, Eand E-'T,E E-'T,E = E-'T, E. This

*See p. 148 of my article, American Journal of Mathematios, vol. 26. By a curious
mistake the name EULER’s transformation is there given to the well-known one of LEGENDRE :

X, P, )_{:=—Pn ~Xs X;— P X,— P, X,, §1="Xu ﬁz=Xp
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group is a subgroup of a group of contact-transformations connected with the
projective group of the non-special nullsystem in M
du, + x,dx, — v do, + x,dx, — x,dx, =0,

which has been discussed by LiE in the second volume of his Zheorie der Trans-

formationsgruppen. The transformations are
P =aP +bX,+d,
b X, ac a b, — ab,
P,= A 1t et ——Q®x >
(55) 7 _bsX +5%p _ ab, — a,b,
1 A A ’

X§=a2P1 + bz)(z"' dz’
‘Ys —P1X=“3P1+ b, X, + (X, — P X)) + d,.

Now since LEGENDRE’s transformation also leaves (54) invariant, all the trans-
formations that leave this equation invariant are obtained by superposing LEGEN-
DRE’s on any one of the o' transformations (65). We have thus found all the
transformations which change the co® parabole (47) into themselves. It should
be noticed that the group (55) is similar to the projective group (51).*

In conclusion we shall give the following resumé putting in evidence the
relations of the spaces M, and M,:

M. u,.

I (a) du, + x,do,— - =0, I (a) dX,— P, dX —P,dX,=0,

"1(b)  drdx, + degde, = 0. (&) dX,dP, + dX,dP,=0.

II. Projective group of nullsystem II. Irreducible group, C;, of con-
(@) (21 parameters). tact transformations.

III. Sub-group G, of 0o' transfor-
‘ mations leaving the asymp-
totic complex I invariant.

IV. Special projective transforma-
tion not included in II
leaving I invariant (%,=2x,,
Z,=— 2, 2o =—o,

2%, = x,, T;=x;).

* See LIE-SCHEFFER'S Continuierliche Gruppen, p. 427.

III. Subgroup C, of C, leaving I
invariant, i. e., transform-
ing asymptotic lines (u),
(v) on 8, into asymptotic
lines (u), (v) on S,.

IV. LEGENDRE’s transformation
leaving I invariant.
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M. M.

v (a) dey+ 2, de,— --- =0, V. dX,— P dX — P,dX,=0,
(b)) dedr,— dx,de,=0. dX dP —dX,dP,=0.
VI. Linear projective group of | VI. Group of contact transforma-
00! transformations leaving tions similar to C, leaving
V invariant (denoted by G). V invariant, i. e., chang-
ing EULER’s lines (u), (v)
on S, into EULER’s lines

(u), (v) on §,.

VII. Special projective transforma- | VII. EULER’s transformation
tion not included in VI, changing EULER’s lines into
changing I into V. asymptotic lines.

VIII. oo projective transformations | VIII. 00! contact transformations

transforming an asymptotic
complex I into a conjugate
complex V.

ANNAPOLIS, April 7, 1905

changing I into V, or
changing EULER’s lines (u),
(v) on 8, into asymptotic
lines (%), (v) on S§;.




