THE SYMBOLIC TREATMENT OF DIFFERENTIAL GEOMETRY®

BY

ARTHUR WHIPPLE SMITH

In this paper certain theorems of differential geometry have been discussed
and proved by means of a notation similar to that used in the theory of invari-
ants. The notation was first used by Dr. H. MASCHKE in a paper entitled
A New Method of Determining the Differential Parameters and Invariants
of Quadratic Differential Quantics,t and later, in a second paper, A Symbolic
Treatment of -the Theory of Invariants of Quadratic Differential Quantics
of n Vuriables.} 'The use of this notation permits the proving of theorems
without any assumptions as to the character of the parameter lines by which the
surface is represented and has the advantage of showing all invariant expres-
sions in a form which is at once recognizable as invariant. No attempt has been
made to outline general methods for the use of the symbols. Familiarity with the
two papers of Dr. MAsCHKE will be an aid in the acquiring of the small amount:
of general method used in this paper.

In this paper the notation is first defined and certain identities are given
which are easily derived from the notations. The symbolic representation of
surface curves and the radius of curvature leads to the derivation of the equa-
tion of the lines of curvature and EULER’s formula. Conjugate and asymptotic
lines are defined and their equations obtained. Geodesics are defined from the
symbolic form for geodesic curvature and geodesic torsion is computed by means
of a symbolic form for the direction cosines of the binormal.

The application of the symbols to the determination of a surface from the
coefficients of the first and second fundamental forms is complete with no restric-
tions as to the functions chosen. The cubic form whose vanishing denotes a
contact of the third order with the osculating circle is derived symbolically, as
is also the quadratic form d’r~'/ds’. The development of this form intro-
duces symbols for magnitudes of order higher than two, and these symbols are
used for obtaining a symbolic equation for the lines of curvature at an umbilic.
A very brief treatment of the characteristic function and its equation serves

* Presented to the Society February 25, 1905. Received for publication January 15, 1905.
tTransactions of the American Mathematical Society, vol. 1 (1900), p. 197.
In the sequel this is referred to as MASCHKE I.
1 Ibid., vol. 4 (1903), p. 445.
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34 A. W, SMITH: THE SYMBOLIC TREATMENT [January

to show their extreme simplicity of form under the symbolic notation. The
application of symbols to the equations of the rectilinear congruence is shown to
require but a slight modification of the notation already used.

§ 1. FUNDAMENTAL IDENTITIES.

This method of treatment depends primarily upon the symbolic representation
of all binary quadratic differential forms as perfect squares. For this purpose
we introduce symbols as follows. Assume

2a, du,du, = (f,du, + f,du,)".

The symbol f has actual meaning only in certain combinations, the simplest
being f.f, = a, = a,;,. The reciprocal of V'a, a,, — a?, is denoted by 8. The
notation { UV} stands for U, V, — U, V,, where the subscripts 1 and 2 repre-
sent differentiation with respect to u, and.«, respectively. The product 8 { UV}
is denoted by (UV'). The following theorem is fundamental : *

If U and V are invariants of a quadratic form, then is also (UV') invariant.

The following rules are the basis for all symbolic computations:

1) In every symbolic expression of an invariant equivalent symbols may be
interchanged without changing the actual value of the invariant.

2) If the symbolic expression of an invariant is changed only in sign by the
interchange of two equivalent symbols, then the invariant is zero.

The more general of the formulas used are here collected for reference. The
proof of those which are based directly on definitions is omitted. Those for-
mulas which are marked * are true also for the symbol { }. The quantities
a,b,c, .-, U, V, W are any functions of », and »,. The symbols £, ¢, ¥,
etc., refer to the form Edu} + 2Fdu,du,+ Gdul; B is then the reciprocal of
VEG—F*. The symbols ', ®, ¥, etc., refer to the form

Ddu? + 2D’ du, du, + D' dul.

In other words f, f, = Zx,x,, F,F,= — SX,x,,} a sign = here and elsewhere
in this paper denoting summation cyclically with respect to x, y, 2.

@* (ab) = — (ba),

2)* (a, bc)=">0(ac) + c(ad),

3)* b(adb) = }(ad?),

(4£ (ad)(cd) + (ac)(db) + (ad)(bc) =0,

*# MASCHKE I, p. 199.

t BIANCHI-LUKAT, Differentialgeometrie (1899), § 46. In the sequel this refererice is given as
BIANCHI.
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6)* (a,(bc))+(b,(ca))+ (c,(ab))=0,

6)* BW,(UV,)—BW,(UV,)=BU,(WV,)—BU(WV,)= WUV =UWT;
the last equation defines the symbol WU V';

M (ab),=(a,0) + (ab,) + {ab} B,,
®) (fo)=2,

9 (SE)(SU)(SV)=3(f)(UV)=(UV),
(10) (S8) (S (¢W)) =0,

1) (SUY@V)(SU) (V) —(fV)(¢U)] = (UV)s*

the three formulas (9)-(11) hold also for any set of equivalent symbols, with
the condition that there be also on the left such a factor that a relation similar
to (8) shall exist ;

(12) S (fR)=0,  Bfid,(f$)=—BLd(SE)=1,
(18) X = (yz), ete., where X, ¥, Z are the direction cosines of the normal to

the surface,

(14) v, = F F,X— (f$)($z)f, ete.,

(15) X, = (JF)(af) B,y eton

(16) F0,(F®)=0, AF,&,(F®)=—BF,0,(F0)=}(FOY,
an* 2@U)(xV)=(SU)(fV),

18) () (e W)[BU,(AV)—BU(LV)] =BW,(UV) —BW,(UV))

— (/) (W)U, (fV)) +(BUW WV}

this formula, which also holds for the { } signs if the last term and the factors
B be omitted, can also be written

—(fONSW)UVf= WUV —(fb)(sW) (U, (fV)) +(BU}{ WV},

(19) 2aW)((=V), U) == (W)U, (S7)),
(20)* 2X((zV), U)=(FU)(FV),

(21) (ww,) = — (f$) [wwf + (wB) { fiv}]4,,
where w, is defined by du, = Bw,ds, du, = — Bw,ds,

(22) (f$)(¢W)(F, (fF)) =0, identically in W,.

# MASCHKE I, p. 201.



36 A. W. SMITH: THE SYMBOLIC TREATMENT [January

Proofs of formulas.

The following suggestions will aid in the proving of formulas. In general a
parenthesis symbol is to be changed first to the symbol 8{ }. This should be
now expanded so as to bring out the coefficients of those factors which have
only the single differentiation, [e. g., formula (19)]. These coefficients will be
of one of two kinds. If they involve no second differentiation of the x, X,
etc., then formulas (1)—(13), (16), (17) are usually sufficient. If such second
differentiations do occur, the use of (7), (14) and (15) will reduce the case to
one of the first kind.

(9) By rule (1),

(SO)SU)( V) == (S)(eTU)(SV)
=3 [(SU)($V)—(fV)(¢U)]
=3(/)(UV) by (4)
=(UV) by (8).

(18), (14), (156). These results in Christoffel symbols as given by BrancH1 *
are

Oy 0z 0Oy 0z

/ —F? =L - Al
XV EG-—-F ou, Bu, " Bu, du,’ ete.,

P 12100 (12)0x
au'fauf{ 1 }%l { 2 }a;ﬁDX’e“’"

0X_FD —GDow FD—FED 3
o, =~ EG—F® ou,t EG—F" ou, ™

From the definition of the Christoffel symbols follow

P S COTAE R BT

These notations lead to formulas (18)—(15) at once.
(18). Commence this proof by expanding (f$)(¢ W) ( U, (f7) ) :

2(@W)((2V), U)=(BU)Z(aW){=V}
+BUZ(xW) {2V}, — BUZ(xU) {2V },.
By (17), (W) {aV}=(SW){SfV}.
By (1), 2(aW){aV},=2(W){=V}+Z(=W){=2V}.

* BIANCHI, 33 46-47.
1 BIANCHI, ¢ 24.

(19)
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By (14),
2(@W) {2V} =F{FV}ZX(aW)— (/) {LiV}E(=W)(¢).
Since =X, = 0 (from 13), this reduces by the aid of (17) to

— () (¥ W)(e¥) {£iV],

or, by change of notation, to (f$)(fW)(¥¢){¥.V}. The term UfV is
replaced by fUV by (6). To the coefficient of (/W) in the whole expression
apply (18), using f in place of W and 4 in in place of /. To this result apply
(9).

§ 2. CURVES ON A SURFACE.

If U(u,u,)=0 is a curve on the surface given by the equations
r=ax(u,u), y=y(v,w), 2=2(u, u,), then its differential equation is
U,du, + U,du,= 0 and along this curve du,/ds and du,/ds may be replaced
by Bp U, and — Bp U, respectively, where p is a factor of proportionality. The
direction cosines of the tangent to any curve are dx/ds, dy/ds, dz/ds or, as
they may be written, x, du, /ds + x,du,/ds, etc., and in these new notations the
direction cosines of U = const. will be p(xU), p(yU), p(2U). Since the
sum of the squares of these cosines is unity the value of p is easily found to be
the reciprocal of V/( fU)* = VA U*

Consider now two curves U = const. and V = const., the factors of propor-
tionality being p and ¢ respectively. Let @ be the angle between them. Then
cos w = pgZ (xU)(x V'), whence is obtained cos w = pg(fU)(fV). From
this follows sinw =1 —p?¢*(fU)(fV)(¢U)(¢V). Consider now as one
factor p?¢*(fU)(¢ V') and to the other factor apply formula (4). The result
is sinw=pg(UV). The angle » is defined with the condition 0 =w < 7.
Thus sin @ is positive (or 0) and p and ¢ have the same or different signs
according as ( UV") is positive or negative. The differential invariant V (UV")
has been found to be ( fU)( V), hence the theorem :

If U and V are to be orthogonal curves, it is necessary and sufficient that
v(UVv)=0.

If U and V are the parameter lines, then this condition reduces to
Jifa=F =0. As a further consequence, if V" be the integral of the orthog-
onal trajectories of U, then their differential equation is (fU)(fV )= 0 and
from this it follows that V, = m( fU) f; and by forming the expression (¢ V')
the factor m is found to be p/q.

* MASCHKE, I, p. 200; BraNcHI, § 23:
MU=B{1UPR=(fU)?, V(UV) =B U {tV}=(1U)(fV),
L\:U=ﬁ§f,/3{fU}§ =(f’ (fU))‘
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Along any curve W = const. define w, and w, by the relations du, = Bw,
and du, = — Bw,. Then on this curve ds* = (fw)®. It is desirable to have
a similar expression for the corresponding arc do on the Gaussian sphere. By
definition do® = 2dX?=3(Xw)’. By formulas (16) and (17) this becomes
do* = (fF ) (@) (¢¥) () (Fw)(Pw). To this apply formula (9) and let
S+ ¢, ete., be symbols of do. Thus do® = (fF) (@) (Fw)(Pw)=(f'w)
and from this identity follows /', = ( fF)F.

Let U and V form an isothermal system and also be taken as the parameter
lines, then from the definition of the system must A, U= A, Vand V(UV)=0.*
The second of these conditions may be written V, = m( fU) f; and the first is
(fUP=(fV). This is equivalent to p = £ g and therefore m = £ 1.
Consider naw

8, V= (£, (fV))==(f, (SOGT))==(/8) (S ($ 1)) £ U)( £, (f9))-

The first term is zero by formula (10). The second term is seen to be zero
by use of rule (1) and formulas (4), (8), and (8). Thus it is necessary that
A,V =0. Suppose now that U satisfies A, = 0 and define V" by the condi-
tion V,= (fU)f;. This may be done, for A,U = 0 is the condition that V
be an exact differential. KForming A,V from this definition of ¥, it follows
as above that A, V= 0. Form now (¢ V)¢, = (fU)($f)d, and consider the
coefficients of U, and U, for the cases i =1, 2. It is seen that U, =— (fV) f,
and from these relations between U and V follow, by rule 2,

VOV)=(fO)SfV)=(SU)(f¢)(¢U)=10

and

8, V=(SV)=(S)(A)(dU)(¥U)=(fU)=AU.

The function V,= (fU)f, is called the conjugate solution to U/. Hence
the theorem :

In order that U and V form an isothermal system it is a sufficient condi-
tion that A,U = 0 and V be the solution conjugate to U.

§ 3. LINES OF CURVATURE.

The radius of curvature of curves on a surface may be found as follows.
From the Frenet formulas cos /p = =X d cos a/ds, where p is the radius of
curvature of the curve considered, a, 8, v, are the direction angles of its tan-
gent, and @ is the angle between the positive direction of the principal normal
and the normal to the surface. Consider in this way the curve U = const.
Then cos a = p(xl"), ete. Therefore

dcos a

X 7s =p2X((=U), U)—p(pU)EX(2U).

* BIANCHI, ¢ 36.
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By (18) the coefficients of U, and U, in the expression X (xU ) are of the form
= (yz)w, which is identically zero. From formula (20),2X ((xU), U)=(FU).
Whence it follows that cos 8/p = p*( FU)*. The curvature of a normal sec-
tion having the same direction as U is found by letting § =0 or w. If R be
the radius of curvature in that case, and if its sign be so chosen that R is posi-
tive when the center of curvature is on the positive side of the tangential plane,
then 1/R=—p?(FU) and p= — Rcos . This is Meusnier's theorem.*

Lines of curvature are defined as those curves along which the radius of cur-
vature is a maximum or a minimum when considered as dependent on the direc-
tion in which the curve passes through a point. For any one value of 6 con-
sider all the curves which pass through any one point. Then, at this point,
from the relation p = — R cos 0, p is a maximum or a minimum according as
R is a maximum or a minimum. It remains then to find those curves along
which 2 is a maximum or minimum. The parameter of the normal section is
du,[du,. Put w= U,/ U,, then (using p for R),

__Wuy _ (fiw=f)
P=—(FOy = " (Fu—F)

Therefore
_dp 2(F\w— F)(fiw—f1)i—2(/w—=f)) (Fw—F,)F,
dw (F,w— F,) '

By removing w and simplying the numerator the condition for a maximum or
a minimum becomes ( fF )(fU)( FU) =0 and this is the differential equa-
tion of the lines of curvature. This equation may also be written in the form
U=*hi(fF)(FU)f and b may be determined as a function of U by form-
ing (¢U ).

Let U be a line of curvature and ¥V be orthogonal to U. Then
U=n(fV)f,. If this be substituted in the equation for U the equation
(SF)(SfD)(FY¥)(pV)(¥ V) =0 is obtained. This reduces to

(SEYSV)EFV)=0,

whence it appears that the lines of curvature form an orthogonal system.
It has been found that X, = ( fF )(xf) F,. Let now U be a line of curva-
ture so that ( fF)(fU)(FU)=0. Then

(U (XU) = (SF) (&) (FU)($U).

Apply (4) to (fF)(¢U ) and then (9) to (xf)(¢U )(f$). These reductions
give (XU) = —p*(FU)*(xU). But since along U the expressions ( XU)
and (U ) are proportional to d.X and dx respectively, the following theorem is
proved :

* BIANCHI, § 53.
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Along a line of curvature the ratio du: dX equals the radius of curvature.

§4. CONJUGATE LINES.*

We define as conjugate lines those whose directions satisfy the equation
tan 6, tan 6, = — r,[r,, where 6, and 6, are the angles which the two curves
make with the line of curvature V, and r, and 7, are the values of p along U
and V respectively. Let W and 7 be conjugate curves. From the expressions
previously found for sine and cosine a form for the tangent function may be
devived, and from this the differential equation satisfied by W and 7 is

(WV)(TV) _—(U)(FV)
(ST)SVI (W) (V) (SVI(FU)*

To the expressions ( fU )(F V) and (fV)(FU) apply formula (4) and note
that (fU)(fV)=0. If the equation be now cleared of fractions, the ex-
pression (F)(FU)(FV)(@W)($V)(¥T)(¥V) appears. Apply (4) to
(SU)(eV), (WV)(FU), and (TV)(fF), remembering that I/ and V are
lines of curvature. If now the right member be reduced by means of
(9), the resulting equation of the conjugate lines is (FW )(FT)=0. From
this it follows that if U and V be conjugate lines, then U, = k( F'V) F,, and if
this value of U, be substituted in ( fF")(fU)(FU)=0, it is seen that V is
a llne of curvature. It follows then that the lines of curvature are conjugate.

Also if two curves are conjugate and orthogonal they are lines of curvature.
For,in U, =k(FV)F, put V,=n(fU)f, and then form (UU) which is
identically zero. The result is (fF )(fU)(FU)=0. Thus the conditions
of conjugacy and orthogonality might be taken as the definition of lines of
curvature.

Asymptotic lines are defined as those along which the two conjugate direc-
tions coincide. Their equation is then (#U )* = 0. }

§5. PRINCIPAL RADIL }

The quadratic for the principal radii may be set up as follows:

—(r +r ).._(:F'V)z(fU)z + (FUR(fV)?
1 2) = (FU)Z(QV)Z .

Apply (4) to (FV)(fU)and to (FU)(fV), using at the same time the condi-
tions of orthogonality and conjugacy. The numerator becomes then (UV )*(fF)*.
To the denominator apply (4) and (9). The result is 3 (UV )*(FP). Also
rr,=(fUP(¢V)[/(FU) (P V) and by a similar process this is reduced to
2/(F®)*. The desired quadratic is then

* BIANCHI, 4 54, 56.

{ BIANCHI, § 57.
$ BIANCHI, §52.
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(FYr + 2(fF Yr+2=0.

Let the total curvature 1/r r, be denoted by X and the mean curvature
1/r, +1/r, by — H, then it follows that 2K = (F ®)’ and H = ( fF ), while
the equation becomes K7* + Hr 4+ 1 =0,

Euler's formula.* Let W = const. be any curve, U, V the lines of curva-
ture, and 6 the angle which W makes with V' (0=60 <m). Then

l-=—p’(FU)’ and 1= — ¢ (FV)

8! Ty
By the condition of orthogonality U may be eliminated from the expression for
r,, the result being

- rl B ((’}i;((.%)(ﬁbfly))(ﬁ;)) = (SF)(SF)(SV)($V)-

Also
. ( ]VV)z
Towy

W)W )(SV)(¢V)
(SWY '

Form now in symbols the expression — [cos?8/r, + sin® 8/r, ], reducing it to
a fractional form. In the numerator apply formula (4) to the expressions
(WV)(¢F') and (FV)(fW) and collect the coefficients of (fV)(FW)
and (WV)(FV). By an interchange of fand ¢, the first of these becomes
—(eWYFV)+ (WV)(F)](fV)($V), which is to be reduced again
by means of (4). The complete term involving (WV )(F V') contains the fac-
tor (fF)(fV)(FV) and is therefore zero. This result in its simplified form

is Huler's formula, viz:

sin? = cos’ 0 = ¢*

1 cos’f sin’@
S = -

r Ty

1

In the process of finding the sum — (7, + r,) only the condition of conjugacy
needs to be used. Hence the theorem :

The sum of the radii of curvature of two conjugate normal sections is con-
stant and is — H/ K.

If a similar process be applied to the sum of the curvatures of two orthogonal
normal sections, then follows the theorem :

The sum of the curvatures of two orthogonal normal sections is constant
and is — H.

§ 6. GEODESIC CURVATURE.}

At any point of a curve C' on a surface consider the projection of C' on the
tangent plane. The ordinary curvature of this new curve is called the geodesic

* BIANCHI, § 54.
t BIANCH]I, § 75.
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curvature of the curve C. Its computation is as follows. Let U and V be
any two orthogonal curves and let it be required to find the geodesic curvature
of . Let1/pand 1/p, be the ordinary and the geodesic curvatures respec-
tively. Let 0 be the angle between the principal normal to U and the princi-
pal normal to the curve on the tangent plane. Then 1/p =cosf/p.* From
the Frenet formulas we have cos £/p = d cos a/ds etc., where £, 9, {and a, B, v
are the direction angles of the principal normal and the tangent respectively.
Along U we have cos a = p(xU), etc., and therefore

= o(p(al), U)=p*((xU), U) +p(pU)(xT).

Since the principal normal to a curve lies in its osculating plane, that of the
projected curve is then the tangent to the curve V. Its direction cosines are
therefore ¢(xV'), etec. Whence it follows that

o =PeE((=0), U)(2V) + pg(pU)2(0)(= ).

Since U and V are orthogonal, 2(xU)(xV) = (fU)(fV) =0 and
Vi=m(fU)f;, whence 1/p, =p*qm(xU)E(xx)((=U), U). If in for-
mula (19) x is substituted for W and U for V it follows that

2 (zx) ((z0), U) = (f$)(¢¥)(¥x) (U, (SU)) = (x1) (U, (ST)).

The relation mg = p gives as a final result

%g=—p3(f¢)(¢U)(U’ (f0))-

The invariant character of this expression is evident from its form.
Gleodesic lines are now defined as those curves along which the geodesic cur-
vature is zero. The symbolic form of the equation of the geodesics is then

(f$)(¢U) (U, (fU)) =0.

§ 7. THE ORTHOGONAL TRAJECTORIES OF GEODESICS.

Let U be such a curve that its orthogonal trajectories may be given by
V.=p(fU)f,. The usual form is V,=m(fU)f; and since mq =p, it
must be that in this case ¢ =1,1i. e, &, V=1. The necessary condition that
U, be an exact differential is ( f, p(fU))=0 or p(f, (fU))+(fp)(SfU)=0.
Divide the members of this equation by p°, and write the expression p=*( fp)
as — 3 (f, 1/p®). Replace p=* by (¢ U )’ and apply (4) to the expression
(eU) (S, (fU)). The resulting equation is (f6)(¢U) (U, (fU)) =0.

Hence the theorem :

* Meusnier’s theorem, § 3.
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If the orthogonal trajectories of a curve are given by V,=p(fU) [, then
the curve is a geodesic and A,V =1.
If a be the constant of integration in ¥, then

NV 6(fV)

=2 2wy (1,57 ) -

Therefore V(V, 0¥ /0a) =10 and the curves 0 V/da = const. are the orthogo-
nal trajectories of the curves ¥V = const.
From this follows the theorem :

The integral equation of the geodesics in terms of their orthogonal trajec-
tories V is 0V [0a =0

§ 8. THE COSINES OF THE BINORMAL.

The direction cosines of the binormal of a curve are proportional to the dif-

rn

ferences (y'z" — 2'y"), ete., where the accents denote differentiation with respect
to s. Along any curve W let

du, = Bw,ds = Bt W,ds  and du, = — Bw,ds = — Bt W,ds,
these relations being the definitions of w, and & = ( fW')*.
Then y' = (yw), ¥’ = ((yw), w) and therefore
yd' — 2y = (yw)((z0), w) — (20) ((yw), w)
= Bw, [(yw)(zw) — (20) (3,0)] — B, [(yw) (20) — (20) (y,0)]
+ Bw, [(yw) (2w0,) — (20) (310,)] — Beo, [(30) (20,) — (2w0) (320,)] -

Apply (4) to the third and fourth terms obtaining Bw,(yz)(ww,).and
— Bw,(yz) (ww,) respectively. From the identity (yw)(z,w) = B*{yw} {z,w}
compute the differences (yw)(z,w)— (2w)(y;w). These contain terms
Y;%4 — %Yy Which, by the elimination of z,, y,,, become

FF,[y,Z—2Y] — (f$)[y,($2) — %($y)] S
If Z and ¥ be expressed in terms of x, y, z then
yZ—2T=—(fr)f; Ao y,(d2)—2(dy)=(v2)9,.

From these results follows

Y% —'zjy.'k == F.F,‘(fm)j; - (f¢)(yz)¢jfdt'

Consequently

(yw) (zw) — (20) (y,w) = — (Sfo) (Sfw)(F0) F;— (f$)($w) (fw) (32)-
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If this be substituted in the original equation, the result is
Y7 =2y = (y2)[ Buw(ww,)—Bw, (ww,)—( 1$)($w) { Bwy(frw)—Bw,(fw)}]

— (Sx)(fw)(Fw).
In formula (18) put U=V = W = w and apply it to the coefficient of (yz). If

£(fe)(@W)( W, (fW)) be denoted by G and if the notation W, be used
instead of w,, the desired proportion takes the form

o8 \: 008 o8 v G (y2)— £ fio) (S W) (F W ' : Ge) —P(y) (S W) (F W)
: Gy =B (S SW)EFW Y.

From this are easily derived expressions for the cosines of the principal normal
of a geodesic. For if £, , { be the direction angles, then

cos £ = cos p cos y — cos v cos B, ete.

Along a geodesic G is zero and therefore

cosA:cospu:cosv=(fx)(fW):(fy)(SW):(Se)(SW).
Also cosa:cos B:cosy=(xW):(yW):(2W) and by substitution in the
above identity it follows that
cos E:cosm:cos &= (yz):(zx):(xy).

But since £ (xy )’ =1,

cos £ =+ X, cosnp==+ X, cos{==+ 2.
For an asymptotic line (W )* = 0 and therefore as above

cos A=+ X, cosu==+F, cosy=+ 2.

From these considerations follows the theorem :
The surfuace normal along a geodesic line coincides with the principal nor-
mal and along an asymptotic line with the binormal.

§9. GEODESIC TORSION.

The Frenet expression for torsionis 1/ 7= — = cos Ad cos £/ds.* Let U be
a geodesic line. Then along U, cos § = &+ X, ete.,, cos A = = p(fx)(fU).
The factor of proportionality is found to be p by evaluating the expression
E[(Sfe)(fU)]%. Its sign is — or + according as cos £ is = X, as is seen
from cos a = cos 7 cos v — cos {cos u. Also from (15),

d2?5= +p(XU) =£p(fF)(f )(FU).

* BIANCHI, §84.
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From these relations with (9), 1/ 7= — p*( fF )(fU)(FU). If now U is not
a geodesic then this is by definition the geodesic torsion of U. In other words
the geodesic torsion of a curve is the torsion of that geodesic which is tangent
to it in the point considered. KFor a geodesic the two torsions are identical.

Suppose that U and V are orthogonal. The geodesic torsion of V is
—@(SF)SV)(FV). Ifinthism(fU)f, be substituted for V,, the result
is p’(fF)(fU)(FU) and hence the geodesic torsions of orthogonal curves
differ only in sign.

Let 6 be the angle between the surface normal and the principal normal to
the curve U. Then

cos f=Xcosf +cosasind and cosA=— Xsin6 + cosacosb,*

where cos a = g(x V). These values for cos £ and cos A are to be substituted
in the expression for torsion and in the reductions it is to be noticed that
SX(XU)=0,2X(2V)=0,Z(2V)=¢% X ((=V), U)=(FU)(FV),
S(xV)(XU)=— (FU)(FV), 2(zV)((xV), U) =q(qU). These
identities are proved in § 1, the last being a special case of (19). The resulting
equationis 1/ 7= —p (80U )X + pq(FU)(FV), and from this ¢ and V may
be removed by the condition of orthogonality. The equation then takes the
form 1/7T+ d0/ds = — p*(fF )(SU)(FU).

This is equivalent to the theorem :

The difference between the geodesic and ordinary torsions of a curve is the
derivative with respect to 8 of the angle between the surface normal and the
principal normal of the curve.

From the definition of geodesic torsion follows the theorem :

If a line of curvature is a geodesic, it is plane.

It has already been proved that along a geodesic § = 0, and the above ex-
pression for cos A, etc., together with the conclusions of §8 show that along an
asymptotic curve, § = + /2.

§10. TrE Copazzi FORMULAS, 8 AND B', f AND f'.
The relation B = B’ K.

The function B has been defined and is always positive, A is the total curva-
ture given symbolically in § 5, and B’ is defined for the Gaussian arc as was 8
for the ordinary arc except that its sign is not fixed. It has been proved that
Si=(SfF)F,. From this form the expression { /' ¢’ }* may be reduced by
the process of formula (9) to { f¢ }>A % and gives the desired relation.

The symbol f in terms of f' and F.

The consideration of ( f'®) P, = (fF)(FP)P,in the light of formula (16),
for the two cases i =1, 2, leads to the equation — Kf, = (/' F)F,.

* BIANCHI, ?85.
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The Codazzi formulas.*

These formulas are together equivalent to the identical vanishing of the
covariant (f$)(¢F) ((fF), w).t Therefore (f¢)(¢F)(fF), =0 where
k=1,2. The application of formula (7) gives

(S$)(SF)(AF) + (f)(SF)(SF,) + (f$)($F) {fF} B,=0.
Rule 2 applied to the third term and (9) to the second give

(FF,)=(/¢)(F)(Ef.)-

The direct derivation of these formulas is as follows. The identity «,,—,, =0,
when reduced by means of (14), may be written

[(FFX]— [FFX], = [(/$)($2) [l — [(/$)(¢2)S: ]
and this is equivalent to

X(FF,—FF,)—(F,X—FX,)F=[(/$)(¢x)].fu—[(/0)($2)], f;-
Since in this identity ; 4 %, it may be written

X(FF,)— (FX)F,=(f., (f6)(¢z)).

Multiply this by X and take the cyclic sum, applying (20) to 2X ( f,, (¢=)):
The equation is then reduced to the usual form, viz.,

(FF,)=(/$)(F)(ES,)-

§11. THE DIFFERENTIAL EQUATIONS REQUIRED FOR THE DETERMINATION
OF A SURFACE OF WHICH THE FIRST AND SECOND FUNDAMENTAL
FORMS ARE GIVEN.}

Consider a set of axes consisting of the normal at any point of the surface
and the tangents to two curves U and V which pass through the foot of the
normal. No suppositionr is made as to the character or relative positions of U/
and V. Let the direction cosines of the normal and the tangents to I and V'
be X,Y,Z, X', Y',Z', X", Y", Z" respectively. Then in accordance
with the results of § 2,

X' =p(xU), X"=q(xV), ete.

It is desired te find the values of X,, X, X7 etc., in terms of the given coef-
ficients and the functions U and V. By formula (7),

X =(2U)pr+p(2\U) + p(2U,) + p {2U }B,.

* BIANCHI, § 48.

t Proved by Dr. MASCHKE, in a course of lectures at Chicago in 1902.

1 BIANCHI, § 49. SCHEFFERS, Anwendung der Differential- und Integral-rechnung auf Geometrie
(1902), vol. 2, p. 310.
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From the two equations X :=p(xU/) and X" =g¢(aV) it follows that
z,=t[X'V,/p— X"U/q] where t(VU)=1. For the evaluation of X},
it is to be noted that

=2, @u=2v)- T, (v;=5C (o).

By (14),

(0 0)=(FU)F, X —(f$)(¢2)(/TU)
X' X
E-(BGTIAD) + - (A STNAD).
Let mg =pandnp =gq. Let R, 8',7', R", 8", T” be the proper coefficients
in the identities

~(FU)F, X —

pX,=R'X+ 88X +T'X",
¢ X =R'X+8'X' +T'X".
Then follow from the identities above
R =p*(FU)F,,
8 =p,—pt(SE)(SVIAU) + pt(VU,) + pt{VU}B,,
T =pmt(fp)(dU)(/iU) — pmt(UU,) = pmt(f$) (U )(fU),.

The coefficients RB”, S”, T are obtained from R’, 7", 8’ respectively by
changing ptog, mton, U to V, V to U, and ¢ to — ¢. Therefore

R'=g(FV)F,,
8= —qnt(fb)(¢V)(AV)+ qut(VVy)=—qnt (/) (¢ V) (S V),
T"= g+ gt (SE)(SUNAYV) —qt(UV,)— gt {UV } B,.

The partial derivatives of X are obtained as follows: XX,=—X'X,—-X"X7
and therefore follows

pqXX,=— X[qR' X' +pR' X" — X"¢8' —X'X"[qT +p8"]—X"pT".
All the derivatives are thus determined. If now the curves U and V are sup-
posed to be.orthogonal, further simplifications may be made. By the relations
V.=m(fU)f, and U,=n( fV)f; remove the V from pS" and the U from
g¢7”. In this reduction the converse of formula (7) is used, m¢ = p?, and
(fU) is to be replaced by p—2. The similar operations are to be used in the

other case. The results are §'=7"=0. Consider also the expression
g7’ + pS”. Aside from a factor pgt¢ this may be written

m(f8)($U)(AU) —n(f$)($VI(ATV) — m(UU,) + n(VV,).
The condition of orthogonality together with mn = 1 gives for this
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(MIAT) = (fOYAY) = (VST + (fU)(ST)-

By formula (7) remove (fU,) and (fV,). The result obtained is zero.
Therefore for the case of orthogonal curves the desired relations are

pqx\= —qR,X,—p-R”X”,
pX,=R'X+ T"X",
X, =R'X+ 8"X".

§§ 12, 18. THE cuBIC FORM dr~'/ds.*

§12. In every point of a surface there is at least one normal section which has
a contact of the third order with the corresponding -circle of curvature. The
investigation of this involves the condition dr = 0 or dr—' = 0, where r is the
radius of curvature of the section. Let W be the integral of the curve and put
du, = Bw,ds = Bp W,ds, and du,= — Bw,ds =— Bp W ds. The symbol p
is here defined by the relation p~—2 = ( fW )?. Expressed with these symbols
1/r is (Fw)* and therefore follows dr—'/ds = 2( Fuw) ((Fw), w) . If this
expression be expanded by use of (6), it may be written

2(Fw) [ Fuw —wwF] +2{Bw} (Fw).
The reduction of this to an invariant form is as follows. By (21),
Fow = (f¢)(¢F) [ Bw,(fiw) — Buw,(f,w) — {wB}{ fw}]
= (/) (¢F) [Bw,(fiw) — Bw,(fw)] + (Fw) {wB},

by (9). By (8),
— 2uwlF = — ( fP)Ywwk.
Change Fww by means of the identity

(SENSE)(frw) = (/) [(¢dw) (/i F) + ($) (Fw)],
and change — 2wwF by means of
(SB)(Fw) =2(f¢)(¢w)(SF,)
((4) and rule 1). Then

O 2(f)($m0) (Fw) [ B, [, F) + (fF)] — Buo, [( £, F') + (JF)]]

+ 2(Fw) {wB}+2(f¢)(Fw)* [ Bwy(df,)—Bw, ($f;)] +2{Bw} (Fw)’.

By rule 1,
2(/%)(¢) = (f8) [(¢2) + (6.S)]

* KNOBLAUCH, Theorie der krummen Flichen (1888), pp. 92 and 107.
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and therefore by (7)

I 2 1) () (F) (B, (FF), = Buo, (B )= B, [} By Buny () 8,]

+(f) (Fw)* [Buw,(¢f), — B, (¢f), — Buw, (¢} B + Bw, {¢f1 B,] .
In the reduction of this, 2( /@) ((¢f ), w) is zero by (3) and (8). Also, by (19),
—2(f3)(¢w)(Fw) {fF}(Bw)= —2(Fw) {Bw}

— (o) {#f}(Bw)=(S/p){Bw}=2{Buw};

I a(f) () (Fw) (fF), ).

Introduce now the W, and then follows

and

therefore

=& B (A BWYEW) ((FF), W).

Consider the coefficients of this form. If for the moment W, and W, be re-
placed by w, and — w, respectively, then P may be written in the form
ZPU,~ w,w;w,, where i, j, k=1,2,3,and P, = 2p’B JO)(SF), F,¢,, the
i, j, k being of course interchangeable, whlch may, however, be proved inde-
pendently of the definition of P, .

* The collected coefficients of this cubic are called fundamental magnitudes of
the third order * and may now properly be expressed by symbols. Put then
P, = mmm,, which defines the symbols 7.

If now the W, be again introduced, P = (7 W )’, where the symbols 7 are:
defined by m,mm, = 2p*B(fb)(SF ), ¢, F,.

The form 7= d*»~'/ds® may be treated in like manner. The symbolic
form of 7 is obtained by differentiating P and is therefore 3p (7 W )
( (mW), 1V) . The quantities W, may be removed by exactly the same proc-
ess as that used above; since in the process there employed, no nse was made
of the peculiar properties of #', in place of which 7 contains 7. Therefore

T=3p(n W)Y ((mW), W)=38p(f$)(¢W)(m W) ((fr), W).

The introduction of new symbols, 7, 7; 7,7, for the coefficients of 7, and in fact
the continuance of this process, will depend upon the permutability of the
indices. .The use of such combinations as those represesenting = 7 m, (and
also the symbol W, W, used in § 14) is seriously limited by the fact that the ex-
pressions cannot be factored into other expressions which by themselves repre-

*KNOBLAUCI{, p. 96; ForsYTH, The Fundamental Magnitudes in the General Theory of Sur-
faces, Messenger of Mathematics, vol. 32 (1902), no. 5.
Trans. Am. Math. Soc. 4
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sent the symbol 7,. This it will be remembered was the case in § 2 where the
relation f; = (fF ) F, was proved.

§13. In connection with the coefficients of these forms, it is interesting to
notice the differential equation of the lines of curvature through an umbilicus
when expressed in the cubic symbols.

This equation is

V(EQ—FP)Y+ER—FQl+V[(ER—-GP)y +ES—GQ]
+(FR—GQ)¥y+ FS— GR=0*
The notations here used are explained as follows :

du W, , .
‘P‘=3u—;=—'wf’ E=fi, F=ff, G=/i

—1
ds? f%? = Pdu’ + 3Qdu?du, + 3R du,du? + Sdu}.

Therefore P = on?, Q = on’m,, R = omm}, 8 = ow), where o is a factor of
proportionality. Then

EQ— FP =ofim(fm), ES— GQ=om(fr)(fim +/,m)s
ER — FQ =ofimm(fr), FR—GQ=ofymm(fm),

ER — GP =om (fr)(fim,+fom)» FS— GR=ocf,m;(fr).

The introduction of these values into the differential equation gives the very
simple form

(™) (W) (W)Y =0.
The only complicated part of this function is the symbol 7, but this is no more

so than the coefficients P, @, B, S ordinarily used, each of which must have
its separate explanation in terms of other coefficients.

§ 14. WEINGAKTEN'S FORMULAS FOR THE COORDINATES OF A SURFACE.{
Let W be the distance from the origin to the tangent plane. Then
W= 2Xcx, W, =Xz, W,=Z2X,x.

The equations XX, = 0 and XX, give X, ¥, Z except for a factor of pro-
portionality. The identity 2 { XY }? =2 X} -2X; — (32X, X,)* with the defi-
nitions of the symbol f’ shows this factor to be 8’ and if & be defined by the
relations B8’ = B8, then X = B8'{ ¥Z} = 8( Y'Z), etc. This relation shows that
the determinant of the above system is 8'~' and the solution of the system is

" *ForsyTH, ibid., p. 77.
1 BIAKCHI, § 72.
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e=8YZ)YW+8(ZW)X +38(WXY)Z

= WX+ 8(ZX)ZW)+FTXX)FTW)+ F(XX)(XW);
the last term being zero is arbitrarily added. By the definition of f’,

(XU XW)=(SU)SW)
and therefore « = WX + & (f' W)(f'X), and similarly for y and 2. Itis
desired to find an expression for 7, F,. By definition — F,F, = 2X x,. In
order to find this sum, note that
5= WX + WX, + 5(f X)[5(f W)],+ 8(f W)[E(S X)]..
and in the reduction of this make use of the relations
EX(fX)=(f¢")¢;, EX[3(fX)],=[2X,(SX)); — 82(fX) X,
The application of (14) to the case of the sphere gives
X,= F,F, X 8($¥ ) (¥ X)),
whence follows
EX (/X)) =[3(S"¢)¢; )i+ E(¥'x ) (¥ ¢ )X S) ¢y
By (9) the second term is 8($.f” ) ¢;;, whence follows
— B, = WELf, 4 8(F'$ )8 [8(F W1+ 8(f WIB(F'$)).4)-

Consider now this last term for the two cases j =1, 2. For example, if j=1

the coefficient of W, is zero by rule 2 and the coefficient of W, is zero as
follows. Since 8°( ¢’ )* = 2, therefore

S(f¢)[8(S¢)]:i=0
8S16:[8(S )] i=8S [ 3(f ¢)]i=—23¢, f1[3(f"¢")]ss
whence
8f16.[8(S"¢)];=0.
The final form of the identity is then
—FF,= W7 ;+8(/¢)e[8(/ W)

Everywhere, except perhaps in the last term, i and j may be interchanged.
Therefore it can be done in this term and consequently the following notation,

WW,=38(f'¢")0;[8(f W)l

is legitimate. This term W W, is the function which BIANCHI uses as the coef-
ficient in the second covariant differential.* The desired result is therefore

o — FF,=f f; W+ WW,
*This may be seen by comparing the coefficients of the form as given by BIANCHI in § 26 and
those of the symbolic form given on p. 203, MASCHKE I.

or
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§15. THE CHARACTERISTIC FUNCTION.*

In the problem of deformation of surfaces use is made of an auxiliary func-
tion @, defined by the equation 2@ = Z(«%), where the point %, 7, Z cor-
responds to the point x, y, 2z by orthogonality of elements. The following
equations are fundamental :

Sz, =0, Sw,x, =0, 3 %, + Z,%, = 0.

The last of these with the equation for ¢ gives the two equations
B, %, = — Bx,x, = Q.

From the equation for ) it follows by differentiation that

2Q, = 2(28), = =(2,5) + S(a,) + B, {25 ).
From this the terms ,; are removed as follows:

2 (a%,) = BEZx, Ty, — B,y .

From the fundamental equations,

3x, By, = — 2,7, S, %, = — 2, Xy
whence
3 (w,) = Z(x,%).

2Q,=22(=%) + B Z{ax}.

This gives
From (14) follows
3 (0,3) = FSX(FZ) — (f$)2(¢2)(£iE).

The last term must be expanded and in the expansion
S, %, = 2x,%, =0 and 3o, = — Za,x,.
The term then becomes
B(f®){ P/} 2%.7,.

By interchange of f and ¢ and by the relation @ = — B2w,%,, this is reduced

to — 3 QB [{fP}2]s, which by (8) is @B'B,. The equation for ¢ then
becomes

BQ,= F,2X(Fz).
From (16) it follows that
F\(FQ)=— K:X%,.
This may also be written
2 X7z, =—98(FQ)F,,
and from this is obtained
3(Xz)=(F,3(FQ)).

* BIANCH]I, § 154.
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The left member is evaluated by removing X, by (15) and the summations by
the fundamental equations. The result is

(F,8(FQ)) =—(fF)Q.

It is now desirable to express this relation without the use of the expressions
F,F, and by means of the symbols f* instead of f. The change is made as

follows :
(F,8(FQ)) =8(F, (FQ))+(FQ)(F?),
(7, (FQ))=—FFQ+FQF +(FQ){FB},
and by (6) FQF = QFF.
The expression Q F'F is simplified by the Codazzi formulas, viz.,
(FF,\)=—(f0)(Fd)(F.)-

The terms containing 87, ( FQJ) are changed as follows:

SF,(FQ,)=138(f'¢'}(FQ,)F, by (8)

=&(f'¢ ) F)($'Q)F,

by means of (4) applied to (f'¢")(£'@),) and then rule 1.

The symbols £ and ¢ occur in the terms (/¢ )(F¢)( Ff,) introduced by the
Codazzi formulas. They may be removed by the relations f; = — 8( f'®) ®,,
¢ =—8¢'¥)¥,. These lead to the relations (f$)=38(f"¢") by rule 1 and (16),

(F$) = — 8($¥)(F¥), and (Ef,) = —[8(F'®)],(F®)— 8(f ®)(F®,).

As a result of these changes there is introduced a term

—&(f)NSY)FY) = BQ3(S P)].(FP)
+BQL(S®)],(FO)—BQ3(f'P)(FP,) + BQU(S P)(FD,)].

To the expressions (¢'¥V )(FP) and (¢'¥)(FP,) which occur in this term
apply (4) and use the relation 8( /¥ )* = 2. These reductions lead to

(F,8(FQ))=8(f'¢') [ F)[BF(¢'Q,)—BF,(¢'Q)]
+3(FQ){FBY—8(f'¢) (¢ ®)[—BQ[8(f ®)],+B8Q,[5(f ®)],]
B(f'¢ ) P)[— BR3P D,) + BQ ¢ P,)] + (FQ)(F9)

If (FQ){FB} and (FQ){ FB} be multiplied by 3&*(f'¢')?, they can be
written (by (4) and rule 1) in the forms &(f'¢")(/"F )(¢'Q){ FB} and
#('¢)(F F)($ Q)(Fb) respectively.

In the third and fourth terms @ is to be replaced by #, and in the third f”
and ¢’ interchanged. If now for [(¢'F )], one substitutes
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S(¢F)+ (4 F)+ (¢ F,)+8{$'F}B,

and groups the terms according to (7), the result is the desired relation. In this
final reduction the coefficients of (Q8) and (QB) are zero. Therefore

3(Fy8(FQ))=8(f'¢)NSF)(F,(¢'Q))

The expression ( fF)? when transformed by the elimination of f becomes
8(f'F')? and the characteristic equation is accordingly

E(LE)NSF)(F,8(4Q)) =—F(SFyQ.
Into this equation the symbols @, Qj are easily introduced. By definition
Q‘.Qj =—38(f¢')f:[8(¢'Q)]; and the equation may therefore be written

(FQy=—(SF)Q.
It has been proved that if W be the distance from the origin to the tangent

plane, — F, F = f. f; W + IT"—W—I If now the symbols #* be removed by this
relation, the characteristic equation becomes

(YW (S WyR= (/YW@ — (WQ).
It is to be noted that the functions W and ¢ enter into this equation symmet-
rically and from this follows the theorem : *

If 8, denote the envelope of the planes EXuw =W and if Q be the charac-
teristic function for an infinitely small deformation of the surface S, then
is W the characteristic function for an infinitely small deformation of the
surface S,.

§ 16. RECTILINEAR CONGRUENCES.

The analytical definition of rectilinear congruences is as follows: The entire
system of rays is cut by a surface S and that point (or one of them if there are
more than one) in which the ray cuts the surface is taken as the origin of each
ray. The surface S is defined analytically by a curvilinear system of coordi-
nates (u,, ,) and any ray is determined from its origin x, ¥, » and its direc-
tion cosines X, ¥, Z, all expressed as functions of », and u,. The spherical
image of any ray is the point X, ¥, Z on the sphere. Only in special cases
are the rays perpendicular to S.

The forms do* = 2d.X? and 2dxdX are fundamental. The first of these is
the Gaussian arc form, but since the first fundamental form is not here consid-
ered, the accents on the symbols for do® and on B8’ will be omitted. Whenever
these are introduced again, every ( ) must be replaced by 8( ). The symbols
used are f,f;=2.X; X and EF} =Z2Xx,. Itistobenoticed that the symbols
F; and ¥, are not interchangeable in the general case and that it takes a product
of the two for the actual meaning.

* BIANCHI,_§_ 155.
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Let now cos A, cos u, cosv be the direction cosines and dl the length of the
common perpendicular from (u,u,) to the consecutive ray (u, + du,, u, -+ du,).
The direction cosines of the two rays are X, ¥, Z and X +dX, Y +dV7Y,
Z+dZ. Then 2XcosA=0and Z(X+ dX )cos A = 0 and therefore

cosA:cosp:cosv=(YdZ — ZdY ):(ZdX — XdZ):(XdY —YdX).

From the equations ZX X, = 0 follows X = (¥YZ). Let W be a curve on §,
and p be defined as before. Then from the notations in use

¥dZ — Zd¥ = (fX)T f,du, + f,du,] = p(fX)(fW).

Therefore cos  : cosp:cosv = (fX)(fW): (SE)SW):(fZ)(SW) and
the solution of this is cos A = p*( fX ) (W), ete.
The length of the line between the two rays is
dl =3 cos Adx = p*(fF)(fW)(FW).

If now r be the distance along a ray from its origin to its intersection with dZ,
then it may be proved that

Sy = — p(FW)(FW).*

§ 17. PRINCIPAL CURVES.

Introduce now conditions which in form of expression are similar to those
imposed for lines of curvature. Let U and ¥ be curves which satisfy the
equations (fU)(fV)=0and (FU)(FV)+ (FU)(FV)=0. These are
the principal curves. Let r, and », be the values of r for rays whose origins
are on these curves. Thenr, =— p*( FU)(FU) and r,=— @(FV)(FV).
The first of the conditions on U and ¥V may be written V, =m( fU)f, and by
substitution of this it follows that

ry=—p(SF)($F)(fU)($T).

Consider now three rays, one the original ray at the intersection of U and V,
the two others near to this, one on U and one on W, a curve copunctual with
Uand V. From the original ray to each of the others there is one line which
is perpendicular to both. Let  be the angle between these two lines. Then
by the formulas proved above (the subscripts referring to the curves)

_p(W)GU)Z(fX)($X) _p(fW)(ST)
V(W) V(WY
by (17) and (9). From this follows, as in § 2,

1 LEWGT)SDGT) L FHOWY
e (SWY wd e ="y

* BIANCHI, § 137.

€os @ = Z €08 A, COS A}, ’
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Form now the expression — (7, cos’ w + 7, sin’ @) as a function of U and W.
Except for the difference in notations and the conditional equations, this prob-
lem is that of Euler’s formula and may be proved by exactly the same method
as was employed in the former problem (§ ). The result is Humilton’s equa-
tion, r = r, cos® @ + 7, sin’ w, where » has the value pertaining to the curve W.

The maximum and minimum properties of », and r, may be proved. Suppose
r,>r,. Then from Hamilton’s equation

r—r = (r,—r)sin’ o,
r—r,=(r, —r,)cos’ w

and therefore » < r<(r,. The intersection L, of the ray (u,, u,) and the
common perpendicular between this ray and the consecutive ray on U is called
a limit point. A similar point, L,, exists for the curve V. The angle between
these two perpendiculars is obtained from the formula for cos w if W is replaced
by V. The numerator in that case has the factor ( fU)(fV). Therefore the
lines are orthogonal.

In the exceptional case where the coefficients of the two forms are propor-
tional, the notations give ¥, = &f, F; — &f ; and therefore r =7 =r,= — kk.

Any curve W (u,, u,) =0 on S determines a system of rays which form a
ruled surface. Principal surfuces will be those determined in this manner by
the principal curves U and V. The differential equation of the principal sur-
faces is found from the conditions on U and V and is

(4) (EW)(SF)+ (FW)(fF))(fW)=0.

§ 18. THE QUADRATIC IN 7.

Owing to the differences in notation the derivation of this equation cannot be
referred back to the work on the similar problem in the cuse of the radii of
curvature.

Consider first — (#, +1,). This may be reduced by'repeated applications of
(4) to p*¢*(fF)(fF)(VU). Bat since for U and V sin’ @ =1, this becomes
(fF)(fF). B ]

Alsorr,=p*¢*(FV)(FV)(PU)(PU). Asidefrom the factor p’¢* this is

(FV)(@U)[(FO)(VU)+ (FU)(PV)]

(FVY(RU)(F@)(VU)+ (FU)@V)].

From the addition of these two expressions together with the second condition
on U and V follows

21, =p*¢(FO)FVY(RU)NVU)+ p*¢(FO)(FV)(@U)(VU).
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The pairs of symbols 7', F' and ®,  may always be interchanged and therefore

2 (FO)FVYRUNVU)=p*¢(FO)FR)VUY=(FO)(FP).

By (4),

PE(FOYFVYBUYVU)=(FO F®)—p*¢(FOYFUNPV)VU).

From these results may be written
drr,=(FO)(FP®)+2(FO)FO)— 2 H(FO)FU)DPV)VU).

In every term, except perhaps the last, 7’ and F', ® and ® may be simultane-
ously interchanged, and therefore also in the last. Thus

— 2 (FO)(FU)(BV)(VU) = — 2p°¢(FB)(FU) (@ V)(VU)
= — 27 (@ F)(SU)(FV)(VU)=—(F&)(F %)
by the process of (9). The substitution of this result reduces the relation to
drr,=(FO)(FO)+ (FO)F?)
and the desired equation is
(B) 4 + 4(fF)(IF)r +(FO)F D)+ (FI)(FP)=0.

§ 19. DEVELOPABLE SURFACES.

Developable surfaces are defined as those for which the consecutive rays
intersect. If W defines a curve such that the corresponding system of rays
form a developable surface, then must W satisfy the differential equation
dl = 0, that is, W must satisfy

(€) (JE)SW)(FW)=0.

There are then through each point of S two developable surfaces, real or imagi-
nary. Consider now two curves W and 7' which are defined by the relations
(WY ST)=0and (FW)(FT)=0 [or (FW)(FT)=0]. These two
conditions are distinet from those for principal curves, the second condition in
this case requiring more than the corresponding condition for principal curves.
From the first of these conditions follows W, =n(fT)f,or T,=m(fW)f,.
The substitution of either of these relations into the second condition shows that
the surfaces defined by these curves are developable surfaces.

Let the ray through a point P meet the cuspidal edges of these surfaces in
the points P, and P,, which are called foci of the system. Let also p, and p,
be the distances PP, and PP, respectively. If by &, 5, { are denoted the
coordinates of the cuspidal edge, then £ = x + pX, etc., and since the ray is
tangent to the cuspidal edge at the focus, it follows that dx 4 pd X =2AX,
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where A is a factor of proportionality. This last relation may be written
(zW)+p(XW)=2X and therefore for j=1,2.2X (2 W)+pZX (X W)=0.
This equation expressed in symbols is (FW)F, + p(fW)f;=0. Let the
value p, go with W and p, with 7’. These give rise to the following system of
equations :

1) F(FW)+pfi(/W)=0, 3) &(BT)+p$($7T)=0,
2) F(FW)+pfi(f/W)=0, 4) O(DT)+p$,(¢7)=0.
From the multiplication of 1) by 4) and 2) by 3) follow
qu)z(FW)(i)T) = Plpz.f;¢z(fW)(¢T)’
qu)l(FW)(d;T) = PP S, 0 (W) (¢ T).
The subtraction of these two equations and the interchange of equivalent
symbols gives L
2,0, = (FO)(Fd).
Now multiply equation 1) by (¢7')¢, and 2) by (¢7')¢,, subtract them, and
then do the same for 3) and 4). With proper changes of notation this gives
the two equations:

(F$)(ST)(FW)+p(f6)($T)(SW) =0,
(F6) (W) (FT)~pu(f$)($T)(SW)=0.

From these equations is obtained p, + p,= — ( fF)(fF ), and therefore the
desired quadratic is

D) 2% +2(fF)(fF)p + (FO)(F)=0.

It is at once evident that », + r, = p, + p,.

The point midway between the foci, and so midway between the principal
points also, is called the mid-point and its locus is the mid-surface.

The four equations (4), (B), (C), (D) are here given with the complete nota-
tion. In the next section the full form is needed.

(4) BUFWNSF)+(FW)[fF)(f W)=0,
(B) 47 +48(f' F)(fF)r+ &(Fo)(Fd) + 8 (Fd)(F2)=0,
(%) S(FF)fWYFW)=0,

(D) 20% + 28(f'F)(f' F)p+ & (FP)(Fd)=0.
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§20. THE COINCIDENCE OF THE FOCAL SURFACES.*

It may be shown that if the two focal surfaces coincide the cuspidal edges
unite into a system of asymptotic lines. Assume this to be the case and choose
for S the combined focal surfaces. Since now the ordinary surface elements
enter into the work, the symbols f and f* are to be distinguished. Let U be the
system of asymptotic lines, V" their orthogonal trajectories. Then (F'U)*= 0.
Furthermore let X', ¥', Z' be the direction cosines of the tangent to the curve
U; X", Y, Z" of the tangent to V; and X, ¥, Z of the normal to §. Then
from §11,

X, =R X+ T.X"
where
X' =p(xU), X"=¢q(=V), ete.,

R,=p(FU)F,, To=mi(f$)($U)(SU).

These equations involve only the orthogonality of U and V. According to the
hypothesis X', ¥, Z’ are the direction cosines of the rays. Expressions are
next to be found for the rectilinear congruence symbols. In this computation
it is to be noted that 2, and 7, have actual meaning and are not symbols in
the technical sense.

From thé relations ZX?=3X"=3X"=1, 3X"X =3Xx,=0,
X "w, = g2 (xV)x; = q(fV) [ it follows that

fif;=3X,X;=RE+T,T, FF=3Xz=q(fV)T]
The next step is the investigation of the quadratic for », viz:
42 4+ 48 (fF)(fF)r + & (FO)(FP) + *(FP)(FP)=0.

Consider now the coefficient of », which may be written

18 pgmt(fF)(fV)(FU)($¥)(¥U)((U), B).

(In the reduction to this form remove ¥, first, then f; f;.)

Since (fF )(YU)=(¥vF)(fU)+ (FU)(Sf¥), the above expression is
zero on account of the conditions ( fU )(fV )=0and (FU)*=0.

The expression (F®)(F®) + (F®)(FP) = 0 may be written

(VI EVUTT)( )+ (19)(ST)]-

The first term is zero and the second is — ¢?[( fV')( fT')]? which, by the re-
moval of 7' and the usual reduction of the number of symbols, becomes
— P2 [TV V)]s

Consider now 8?8'~? = (RT )’ which is easily derived from the notations.
In the expression for (R7') apply (4) to (¢U) (F, (fU)). This reduces

* BIANCHI, § 142.
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(RT) to pmt( fo)(¢F)(FU) ( U, (fU)), and if this expression be squared
and (4) be applied to (FU )(x®), the result is

(BT ) =p'm & (f6) (¥x) ($F)(F®) (xU)(2U)(U, (JU)) (U, (¥V))-
Apply the method of (9) to (FP®)(¢F)(PU), and in the result put

m(f$)($U)=(fV) and  m(yx)(xV)=(¥ V).

This gives as a final result 828 ~= — p*&(fV)(U, (fU)) K. If these
results are now substituted in the quadratic for », and reductions made by use
of the relations mg = p, mt = p?, and B8 = B’, it follows that 4 = — K.
Whence the theorem :

If the two focal surfaces coincide, then 4r* = — K, or in other words, the
distance between the principal points is 1/vV' — K.

HaMmiLToN, N. Y.




