FUNCTIONAL DIFFERENTIAL GEOMETRY®

BY

LOUIS INGOLD

It is well known that a certain analogy exists between ordinary vectors or
points and functions of a variable z in an interval a =2 =<g. Such an
analogy, for instance, may be observed in certain formulas of integral equa-
tionst as well as in recent papers dealing with identities connecting integrals.{
It is the purpose of this paper to give some details of thjs correspondence in
the case of differential geometry of curves and surfaces.

In the ordinary theory a surface is defined by a vector whose projections

on the axes are
yi=f (% w1, u2) (i=1,2,3),

depending upon a parameter 1. We consider here instead n-dimensional
spaces defined by a function

fx; ur, ug, ~++, un) (e« =z=8),

depending upon a continuous parameter z; i. e., n-dimensional spaces in a space
of infinitely many dimensions.

For curves in the space of infinitely many dimensions a sequence of directions
are obtained which are generalizations of the tangent, principal normal, and
binormal of ordinary curves; also a sequence of curvatures which correspond
to the usual first curvature and torsion. For spaces of higher dimensions the
usual tangent properties of ordinary surfaces are generalized, and formulas
analogous to the formulas of the Grassmann theory are obtained which express
relations among the tangents to subspaces. In the concluding sections the

* This paper combines two papers: Curves in a Funclion Space, and Surfaces in a Function
Space, both presented to the Society November 26, 1910.

1 This analogy was emphasized by Professor E. H. MooRE in lectures on integral equations
at the University of Chicago, 1905-07; see his Introduction to & Form of General Analysis in the
New Haven Mathematical Colloguium, Yale University Press, New Haven, 1910. The author
owes to Professor MOORE the suggestion that the ideas there expressed might be extended to
differential relations.

1 Ricearpson and Hurwitz, Nole on determinanis whose lerms are cerlain inlegrals,
Bulletin of the American Mathematical Society, vol. 16 (1909), pp. 14-
19; also CurTiss, Relations between the Gramian, the Wronskian and a third determinant connected
with the problem of linear dependence. Bulletin of the American Mathematical
Society, vol. 17 (1911), pp. 462-467.
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320 L. INGOLD: DIFFERENTIAL GEOMETRY [July

two fundamental forms of surface theory are generalized and formulas are
derived which are the extensions of the well-known relations of GAuss and
Copazzr.

It is assumed that the functions defining the spaces have partial derivatives
of all orders with respect to the parameters u, and these derivatives as well
as the functions themselves are assumed to be continuous functions of z.

ParT I. CURVES IN A SPACE oF INFINITELY MANY DIMENSIONS.

§ 1. The notion of curve and the parameter s.

As explained in the introduction, a function f (x; u) is considered to be
analogous to the defining vector* of a curve in ordinary space. We shall say
that this function defines a curve in space of infinitely many dimensions
and shall refer to the curve as the curve f. The expression wdf [ dz, where
u is independent of x, will be called a tangent to f.

If the parameter u is replaced by a function of some other letter s, say
u = u(s),f (x;u)is transformed into a new function ¢ (x;8). Itis possible
to choose the new parameter so that

o [ (250 amry

For
dp (x;8)  of (x; u)du
as T du ds’

#(9e (; 8))2 _ (d_u 2f“ af (z; u))2
f( s ) == ds).( aul ) &
Equation (1) is satisfied if

ds = \I‘[a(g‘i%)zdxdu,

from which s may be found in terms of u.

and hence

* This part of the present paper contains the essential features of a previous paper entitled
Outline of a vector theory of curves, which was presented to the Society, November 27, 1909.
Since then has appeared a paper by E. RaTH, Die Frenetshen Formeln in R,, Jahresbericht
der Deutschen Mathematiker-Vereinigung, vol. 19 (1910), pp. 269-272,
which also treats the subject of space curves vectorially. See also W. Fr. MEYER, Ausdehnung
der Frenetschen Formeln und Verwandter auf den R,, Jahresbericht der Deutschen
Mathematiker-Vereinigung, vol. 19 (1910), pp. 160-169; and BRUNEL, Sur les Pro-
priétés Métriques des Courbes Gauches dans un espace linaire @ n dimenstons, Mathe-
matische Annalen, vol. 19 (1882), pp. 37-55.

t The integral of the product of two functions is analogous to the inner product of two
'vectors, i. e., the product of their lengths into the cosine of the included angle. See KowaLEv
8k1, Einfithrung in die Determinanten-Theorie, p. 320 ff.
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§ 2. The sequence of normals and curvatures.

It will be assumed from this point on that the parameter s is so chosen that
equation (1) is satisfied. The derivative

of (x5 8),
(2) 39
which is tangent to f, will be denoted by ¢ (z: s).
The following formulas define, in terms of f(x; 8) and its derivatives with
respect to 8, a set of functions which we shall call the normals. For uniformity
t («;¢) isincluded in the set and is denoted by ny (;s). These formulas are

no (x; 8) =t (x; 3),

n (x5 8) it (=; 38)
3) rn(s) 9
ni(x;8)  dni (x5 8) |, nis (25 3) .
ri(8) 93 rio1(8) oA (=2,

where the expressions 1/r;(s) are called the curvatures k; (s) and are defined
by the equations

b= (21 ) = [ (Y,

B = () = [ (lzind mee & Yy,

It follows at once that

4) fﬂnf(x;s)dx=l.

If the integrand vanishes identically when ¢ = n, the integral which defines
ki (8) vanishes and the series of equations (3) terminates. Otherwise there
is an infinity of normals.

From the definitions (3) it is possible to write the normals as linear expressions

* This is analogous to the tangent vector of an ordinary curve determined by the set
of derivatives df; (s)/ds, where .

1 =f1(s), zs = fa(8), z3 =f1(8)

are the rectangular cosrdinates in terms of length of arc at a point on the curve.

t These are the well-known Frenet formulas. They do not appear to have been used pre-
viously for the purpose of defining the normals. They have been obtained for a curve in func-
tion space by KowaLEwski in the paper, Les Formules de Frenet dans Vespace fonclionnel,
Comptes Rendus, vol. 151 (1910), p. 1338.
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in ¢ (x; s) and its derivatives with respect to s. For from (3) by differenti-
ation we find

am (x; 8) dry (s) 9t (z; 8) %t (x; 8)
s ds s T e

After substituting in (3) we have

m (5 9) = 20t () PR B L 1 () () 15 ),

and continuing in this way we obtain:
at ¥
n=A(s)-t+ A1(3)£+ +A:—1(8)"3?¢Il

(5) 3t
+ri(8) -7 (8) - fi(«’)a";:

where the coefficients A, A, --- A, are functions of s depending on the 7’s
and their derivatives.

It is easily seen that the first normal n; (z; ) is orthogonal to the tangent
t(xz;s). For from the equation

B
f ng(z; s)dz=1

a

it follows by differentiation that

B 6no 1 B
[nogdx—mj: nonldx=0.

Hence ny and 7, are orthogonal.

It will now be shown that all the normals are mutually orthogonal. Assume
that no (x; 8), m1 (x; 8), -+, na (x; 8) form an orthogonal system. The
following considerations show that the system no (z; 8), n; (2; 8), -,
ns (58), nayr (5 ) is also orthogonal. We have immediately the equations:

» 0ifi%j . .
6) j: ninjdx—{lifi=j (,7=0,1,2, --+, h),

and from (6) by differentiation:

B an; B 9m; P
@ j: n,'—a;‘d:t-l-[ 'nj-gdx=0 (,7=0,1,2, -+, k).
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In (7) substitute for dn; [ ds its value from (3). This gives

8 8 8 .

n; n; n; Ni— an L.

f i z+ldx_f ;i Ni ldx f n; ide =0 (6,7=0,1,2, -+, h).*
« Tit1 « i a a8

Hence by (6)

(] .
(8) f’n;%dﬂ::() (¢=0,1,2,--+,h—1;j=0,1,2, .-+, hjijx1),
and by (5) and (6)
8 6n,~ 1 .
(9) nj+l¥dx=;;:l' (]=0: 1)2;"'yh—1)7
A on; 1
= - - =0,1,2, , h
£ n]—l 98 dx TJ (] )

By using these results n,y1 (; 8) is seen to be orthogonal to all the previous
n’s; for from (3) by multiplying by n; and integrating

8
Npy1 N an Np—1 N .
f“’i"'d.t=f -—"n,dx+f S dr (5=0,1,2, -, h),
a Tht1 a

In this equation if j < k — 1 the two integrals on the right vanish by (6)
and (8). If j = h — 1 they cancel each other by (9) and (4), and if j = &
they vanish by (6) and (7). Thus the induction is complete.

§ 3. On the vanishing of the j-th curvature.

In the ordinary theory of curves it is shown that in case the second curvature
(torsion) vanishes identically the curve is a plane curve. A corresponding
result holds for curves in a function space. In order to obtain this result,
it is convenient to haye another expression for the j-th curvature which we pro-
ceed to develop. Let z, 1, ---, zj, be j + 1 independent variables on the
interval a = x; =8, and consider the following integral:

no (x;8) mo(ay; 8) -+ mo(ay; 8)|?
. ny(x; 8) my(a;8) -0 m(xj;8)
\/‘: m ) . ) dxd.l'l e dx,-.
ni (x;8) n;(a;8) -+ n (x5 8)

*If ¢ = 0 it is to be understood that the second term of this formula does not appear.
This is the same as defining the curvature ko to be 0.
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For convenience, we write this in the form

]
f [no, m1,. -+, n;]? dgdxy - - - dx;j,

where the bracket stands for the above determinant divided by the square
root of (74 1)! and is analogous to the Grassmann outer product of j + 1
vectors.

To determine the value of this integral, consider that the determinant
expanded consists of (j + 1) ! terms which are squares, together with certain
cross products. The general squared term contributes the value

1 B 1
(]Tl)—;j: na, (x5 8) oy (215 8) -+« na (255 8)drdry, -+, dx; = GFOl

since by equation (4) ,
N (x5 8)dzr = 1.
Hence all of these terms together yield unity.

The integral of each cross product is zero since each such term must con-
tain as a factor at least one combination like n; (x;; 8) - nx (x:;8), where h
and [ are different, and the integral of this product is zero because n; and
n, are orthogonal. The entire integral, therefore, reduces to unity. The
square root of the integral of the square of a function F (x, 2, - --, ;) taken
over the region a = z; = 8 is called the norm of F with reference to the vari-
ablesz, z;, ---, ;. We have, therefore,

(10) Norm [ng, ny, --+, n;] = 1.
We may, therefore, write the j-th curvature k; in the form
1
k; = P r—jnorm[no, ni, -c-, nl,

and substituting for n; its value from equation (5), we may write the result
as the norm of a linear combination of bracket terms

9% . ;
[n()) n, ) nj—l’I{i] (1'-_-0’ 192, '."J)"

These terms all vanish except the one for which ¢ = j. Hence

oo TLT2 T at
i=———"norm| no, 1, -+, Nj_17= |.

) r; 0 1, y T65—1 EYS
Substituting in like manner for n;_;, n;_s, ---, 1o, we have finally

. )
(68)) k=t norm[ o ot 't ] .

t»a_srﬁ;"':a—';;



1912] IN A FUNCTION SPACE 325

We now prove the following theorem.
The necessary and sufficient condition that there exist a finite series for t (x; 8)
of the form

(12) t(z;8)=a(8)er(x)+az(8) ez () + --- +a;(8) e (),

13 that the j-th curvature be the first of the curvatures to vanish identically.
For, if k; = 0, we have

4 on; Nj—2 2 _
~[ ( 9s +r.7'-1) dz =0

onj—1 1
= e— — n._z .
28 Ti—1 7

and hence

If the values of n;_, and dn,_, [ s obtained from (5) are substituted in this
equation, it becomes an ordinary linear differential equation of order j for
t(x; 8).

Let a: (8), a2 (8), --- a; (8) be j independent solutions of the differential
equation satisfied by t (x; s). Then every solution which is a function of
both « and s can be written in the form (12), and hence ¢ can be written in
this form. Conversely, if ¢ has the form (12), substitution in (11) shows that
k; = 0. The functionse; (), ez (), -+, ¢; () are linearly independent.
For if not, suppose that all can be expressed linearly in terms of g of them
(¢ <j). Then, from (12) ¢ can be expressed linearly in terms of g of the
¢’s, and hence by (11)

but this is contrary to the assumption made above that k; is the first of the
curvatures to vanish identically.

Part II. SpaceEs oF n DIMENSIONS IN SPACE OF AN INFINITE NUMBER OF
DIMENSIONS.

§ 4. The notion of space vector.

We go at once from one parameter u to any number n of independent
parameters and consider a function f(&; uy, s, -+, us) of @ and n
parameters u; - -+ u, Such a function will be said to characterize a space of
locus of n dimensions which will be called the space f. The different func-
tions of z obtained from f by giving fixed values to the parameters u, may be
regarded as the points of the space in question, or they may also be thought
of as vectors from the origin to points of the space f.

It is assumed that no linear relation connects the partial derivatives
of (z;u1, Uz *++ Un) [ du;. It follows that the function f, for arbitrary values
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of uy, ug, *++ us, cannot be written as a function of x and fewer parameters.
In case only such values of the parameters u are considered as can be expressed
in terms of k parameters vy, v2, ---, v (k < n), the function f becomes a
function of the form

f(x, Upy U2, *°°, un)= 50(33, V1, V2, *°-, vk)o

The function ¢ then characterizes a space of k dimensions. We shall say that
the space ¢ lies in the space f. In thespecial casek = 1, ¢is a curve lying inf.
The curves defined by

Uy, Uz, ***y Ui1, Uiply """, Up=const. (i=1,2, .-+, n).

will be called the parametric curves corresponding to the parameters u;.
The space
p=wme () fuses (z)+ -+ + upen (),

where the u’s are independent parameters and the ¢’s are linearly independent
functions of x alone, will be called a linear space of n dimensions.

It is known from the theory of orthogonal functions that there exists a set
of normed and mutually orthogonal functions

él(x)’ 52(55)) ] €n(.’€)

in terms of which the ¢’s can be expressed linearly. We may therefore write

e.(x) = gau ¢ ().

If these values are substituted in the expression for the linear space above,
it becomes

n n n n' n
o= glui;aﬁ ¢ (x) = jZ_Zl(gaﬁuf)ej(:c) = ;”J‘ ¢ (x),

where the coefficients
n
v = Z ;Ui
i=1
are independent parameters. Thus the function ¢ characterizing a linear
space can be expressed in terms of a normed orthogonal set of functions ob-

tained from the é’s.
From the above definitions it is seen that if

flx; uy, ug, <+, up) =mer+azea+ -+ + arer (n<r),

where the a’s are functions of u;, uz, + -+, %., and the ¢’s are functions of z
alone, the space f lies in a linear space of r dimensions.
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§ 5. The first fundamental form.

If the total differential of the function f (z; w1, ua, -+, u,) with respect
to parameters u;, be squared and integrated with respect to z from « to g8
there results a quadratic differential form in the variables u;;

E= [ﬁ(df)2dx=£p(i2‘£dui)2dx= > (fa—f 2f—clx)clu.~¢zu,-

=10u; 1, j=1 ou; a’u]'

= Z E,'j du; duj.
4, j=1
The form E is called, the first fundamental quadratic differential form associ-
ated with the function f. It plays the same réle as the differential form giv-
ing length of arc in the ordinary theory. The coefficients E;; are called the
first fundamental quantities. The discriminant of E is denoted by

1
)‘@:lEiz’l (5,7=1,2, ---, n),

and \ always denotes the positive square root.
In the symbolic theory of the invariants of differential forms* E is repre-
sented symbolically as the square of a linear form. It has been shown that

the expression
8 * 9 f 2

may be used as such a symbolic representation of Ef and that all of the iden-
tities of the symbolic differential invariant theory may be interpreted as iden-
tities involving ordinary functions and their integrals.

If v, v, -+, v, are any n functions of the parameters u; we may use the
notation
9 (v1, va, -+, V)
0 (ur, ug, *++, un)’

(o1, v2, -+, %) = X\

In case two sets of functions a, b are used, we may write
(al) Az, **°, Ak, bl; b2’ ) bn—k) = (a’ b) = (a: b; k’ n— k)y

with similar notations for the Jacobian of n functions made up of three or more
sets.

* See MASCHKE, A symbolic treatment of the theory of invariants of quadratic differential quan-
tics in n variables. Transactions of the American Mathematical Society, vol.
4 (1903), p. 448.

t See the author’s paper, Note on identities connecting certain integrals, Bulletin of the

American Mathematical Society, vol. 17 (1911), pp. 184-189.
Trans. Am. Math, Soc. 21
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§ 6. Tangents and normals.

The function udy (z; s) / ds, where u is independent of z, has been called
the tangent to the'curve ¢ (z;8). The tangent to any curve lying in a space
f(z;u1, -+, ua) will be called a tangent to f. All of the tangents to f at a
given point % (i. e., for given values of the parameters, say i, @z, -+, in)
lie in the linear space

af of

Ay,

o= '01 —): + 02
where 3f [ u; represents the value of 8f/ du; at the point @. For if the para-
meters are all functions of s so that

Flz; u, ugy -ooy un) =¥ (35 8),

& du L of dun
duy ds du, ds

then
a_f _ af dul

P TP

63—6u1 d8 +

which is of the form of ¢ above. Conversely, any linear function of df/du,,
df/dug, - -+, 8f [ dua is a tangent to some curve lying in f and is therefore a
tangent to f.

If the coefficients »; in the expression for ¢ are independent parameters,
¢ is called the tangent space to the space f at the point %.

In case f is the linear space

(13) flx; wm, usy, <+, un) =wmfitwafot - + unfa,

where f1, f2, - - - , fa are linearly independent functions of x alone, the tangent
space ¢ coincides with f.

Suppose that we wish to determine the tangents at a given point of a sub-
space of n — 1 dimensions determined for the space f (z; u1, uz, -+, un)
by an equation of the form

v (U1, Ug, +++, Us) = const.

We may select n — 1 other functions v, ---, v, so that the n functions
91, U2, -+, U, are independent and transform the coérdinates in f from,the
u’s to the »’s. Then

f2 um, ug, -+, ) = ¢ (2; 01, 02, -++, W),

af o ay dv;
—_—= —_— '-1, 2, LAY
6u,~ =1 3’0,' au.- (4 )

and the solutions of these equations are

_a_'_l'= ('vl, V2, *°°, vi—l’f’ Vi1, *°° 'vn)
dv; (o1, v2, =+-, vn) )
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Any curve in the subspace of n — 1 dimensions can be determined by properly
selecting v;, 3, - - - , 2, and letting all but one, say v,, remain constant. The
tangent to the curve so determined is dy / 8v,, or what is the same thing, the
vector
¢ = (wl’ V2, V3, *°*, Vn-1, f)’

where v, is replaced by w; to show that it is the locus w; = const. which we are
studying. The totality of tangents to this locus is found by using arbitrary
functions in place of v3, - -+, ¥p_y.

By a similar argument it 13 seen that the totality of tangents to a subspace of
n — k dimensions,

w, = const.,, we = const.,, ---, wg = const.,

18 given by the formula

(14) (wl, We, ***y Wky k1, *°° on—l:f)’

where viy1, - -, Va1 are arbitrary functions.

Consider now the case in which f is a linear space as in equation (13), with
the functions f;, - - -, f, normed and orthogonal.

The expression

(15) W=y f dw

=1 0u; du;

1 called the normal to the space w = const. in the space f, since it 13 orthogonal to
every one of the tangents.
To prove this let ¢ be expanded in the form

¢=iVsa—f

i=1 u; ’

where V; is the co-factor of df / du; in the determinant representing ¢. Then

8 L] dw
[ Weds= 37,52 =0,

i=1

since the second member is the determinant for ¢ with f replaced by w.

§ 7. Auaxtliary notions.

Let ¢1(2), e2(x), -+, ¢r(x) represent any k functions of z and any
other parameters. Then we may use the notation

e1(21) e1(2) -+ @)

1 2 (21) @2(22) -+ @2(2%)

ex(21) or(xa) -+ o)
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where ;, 22, ---, x; are independent variables in the region a =z; =g8.
This expression is analogous to a Grassmann outer product of k vectors, called
by him a simple element of the k-th order, or of k dimensions. A linear com-
bination of simple elements which cannot be reduced to a single simple element
is called a compound element.

We shall assume for the present that the functions f; (), fo(x), -+ -, fn (2)
occurring in the function f in equation (13) are normed and mutually ortho-
gonal. The factor X defined in § 5 is then unity. The determinant (f(z1),
f(2), -+, f(x,)) defined at the end of § 5 and sll its minors are clearly
simple elements except for constant factors.

The simple elements corresponding to minors of the k-th order will be
called the fundamental simple elements of the k-th order with reference to the
functions f1, f2, -+, fa-

The following notations will be found convenient.

[f(x)’f(y): k: n_k]= (f(xl): "'}f(zk)’f(yl), ""f(yn—k)):
[f(.’lf), a; k’ n—k]= (f(xl)) ""f(xk)’ Ay, ***, an—k)‘y
a(f (), f(x), -+, f(a))

[f(z); kKl=[f(x), ue; bk, n— k] =X\

a (ucl’ uCgr tt uc,)
=V,7![6f(x)’6f(x)’ 6f(m)],
due, ou., ouc,
. —_ . _ a(alya2’ "',ak)
(a; k) = (ac, us; k, n k)—a(uc”uc” )
In these formulas ¢ = (¢1, ¢y, - -+, c&) represents any combination of k of the

integers 1,2, ---,n,and ¢ = (¢, ¢z, -+, cn_yx) is the complementary set
arranged so that the permutation (¢, ¢z, -+, ¢k, ¢, C2, -+, Cnz) can be
obtained from the permutation (1, 2, ---, n) by an even number of transpo-
sitions.

The elements so defined satisfy the following relations:

B8
(16) f [fc(x))uc'; k: n—k]zdxldxz"'dxk=%’

J:]
(17) f [fc(x), Uery k’ n— k][fd (l’), Uary k)n_ k]dxlde e dxk= 0)

where ¢ and d represent different combinations.* The proof is the same as
for formula (10).

* These are special cases of the formula
" Jo Lo (a0, er(@), oo, oe(@) W (@0), ¥a(za), oo, i (zn) 1dzy - da

(
=l ffeorvitara
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The normal in the space f to the locus a; (u1, us, -, u,) = const. will
be denoted by the corresponding german letter a. In the element

(a1, g, -+, Q]

let a; be replaced by its value from formula (15). Then

%[<">=[a1,a2,-- ak]—‘—/_kiZ(ac, k)[f (z); k].

This is analogous to the expansion of a k-dimensional vector in terms of the
k-dimensional units. But it follows by use of formulas (16) and (17) that

B
oo YW@k b (0), 05 n—k, ks dys - d

(n

l/k'z:(ac, k)[f:(x); k].
Hence
) 9“")=(—Wf (f(y), f(x);n—k, k]

X[f(?/),a, n—k’ k]dyl; "')dyn—k-*

In particular

1 *
) o= oy B, f@)n=1,110 ), a5 n=1,11dy - dyns.
The expression

an 1= o [ YW s b
X [a(y), -+, a(ye)ldys -+ dys

is called the complement of A®. If we expand the element

(f(y),f(x); k,n— k]
in terms of the elements [f.(z); k] and write A® also in terms of them, we

where the determinant on the right is of the kth order,  and j ranging from 1 to &, and where
@1, @2, ***, ok and Y1 ¢¥s, - -+, ¢i are any functions of z which are such that the products
¢iy; are integrable. This result was first published by RicHArDSON and HURWITZ in the paper
already referred to, and later by LANDSBERG in the paper, Theorie der Elementarteiler linearer
Integralgleichungen, Mathematische Annalen, vol. 69 (1910), pp. 227-265. The for-
mula is a special case of a formula proved by Professor MoORE in a course on Determinants
at the University of Chicago, summer, 1907,

* The formulas of this and the following section are closely analogous to formulas given by

Grassmann. See the Ausdehnungslehre (1862), in Grassmann’s collected works edited by F
ENGEL.
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have by means of (16) and (17)

la,f(2); k,n— k] _ (= 1)
V(n—k)! V(n—k)l

Taking complements again, we find
JESE

’ k,k
- il YW@=k R
X [f(y)’a; n—k, k]dyl"'dyn—k= (_ l)k('_b)g[(k).‘

awy |av= [f(z),a; n—k, k].

(= 1re®

§ 8. Properties of the elements.

The three following formulas, (VI), (VII), (VIII), are frequently useful in
making reductions:

8 8
f Ql(km(h)dzl,...,dzk=f Iﬁ"’I%“"dyx,“',dyﬂ_k
(vl *¢ 1 . o
- _(n—k)lf [f(2), a; n—k, kf (z), b; n—k, kldzy - - dzas,

(—n‘_l_k—),f’[f(x),a; n—k,kl[f(z),b;n—Fk, kldz, - dea
(VII) ‘

f’[f(z)yai; n-— 1’ 1][f(z), bj; n—,l, lldxl---dx,._l ,1’
) ¢ Ji=1,2,.-,k).

']
i ) @5 @in— kBl (4), 60—k, k1Lf (=), b b, n— k]
Xdy -+ dynsdz - - dee=k!(n—k)l(ar, -+~ ,a, by, -+, ba).
Formula (VI) is proved by showing each expression to be equal to

;(ac; k) (b k).

Formula (VII) can be proved by the use of (VI) and formula (M) of the foot-
note p. (330). For by (VI) the left hand side is the left hand side of (M), and
also by (VI) the general term in the determinant on the right is equal to

I ]
(n— l)lf a,-B,-dz.

Hence the determinant reduces to the right hand side of (M) and the formula
is proved. By expanding both sides of formula (VIII) in terms of (a.; k),

* See GrassMaN, L. ¢, No. 92.
{ Ibid., No. 175.
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(be; k) , they are reduced by formulas (16) and (17) to the same expression
El(n—k)1Y (ac; k) (bes k).

The preceding formulas enable us to prove that the elements [f. () ; k]
are linearly independent. For suppose there is a linear relation connecting

them, say
chlf(z), Uer 5 k,n—k] =0
then

B
S [ 1@, £ @)k n = EIS (@), wes kyn= RIS @), a5 m =k, H
hd da:; ces dxkdyl cee dy"_k-_-.chkl(n—k)[(uc;’ e ’uc:_“’u’.” eee ’uh.)=0,

by (VIII). But every term of this vanishes except the term for which the
combinations ¢ and 4 are the same, and this reduces to k! (n — k)!ps. Hence
s = 0 for every h.

In the proofs of the remaining formulas of this section, the following theorem
on determinants is needed. If |a;, -+-, as| and |B1, -, Ba| denote two
determinants of the nth order, then

(D) Ial) ** an“ﬂl’ b "ﬁnl=§|6h 2y °°°y an“ﬁl’ cv oy Bimy, 1, B4, 00 ':ﬁal‘-

The theorem can be applied to each term of the sum on the right by putting
a3 successively in place of 81, Bs, etc.; and clearly this process can be repeated
until &y, -, ax replace in all possible ways a like number of columns of the
second determinant.

In this form the theorem will be used to prove the following formula:

s
[ @), 1) m = BRI ()05 1, m = 1)

X[f(y),f(z), b; k’ l:r]dyldy2 e dykdzldz2 e dzl

(IX) kLl

]
(k+l)12[f(x)’ a:; n =k, k]f [f(y), a5 n—r, 1]

X [f(!/)» b; n— r’r]dyldy2"'dyn—r)

where k + I = n — r and a. denotes any combination of k of the a’s and a,
denotes the combination of the remaining r of the a’s.t To prove formula (IX)

* See MascrKE, Differential parameters of the first order, these Transactions, vol. 7
(1908), p. 70, equation (1).

4+ If r = 0 there is only one combination a which consists of all of the a’s. The right hand
gide reduces to a single term and the integral factor of this term reduces to nl= (k+1)!;
whence it is seen that (IX) reduces to (VIII) in this case.
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apply the theorem (D) to the first two factors under the integral sign on the
left and exchange in all possible ways f (1), - -+, f(y«) of the first factor for
a like number of elements of the second. Adding the results and denoting the
left side of (IX) by P, we have

P=;fu5[f(’)’f(z‘); n—1k, K1f(y), f(z), a; b, L=k, n—1]
XUf(y), f(2),b; k, 1, rldy -~ dyrdz - - - day
+§£’[f(x),f(zh), an—F, k=1, 1]
XU (9),f (zw), ams ke, L= k41, n—1—1]
X[f(y), f(2), b; k, L, rldys -+ dyxdzy -+ - dz

B
+§ (f(2), f(zm), a5 n—k, k—2, 2]
XIf (), f(zm), a5 k, l—k+2,n—1—2]

X[f(y)’f(z): b’ k: l’ r]dyl'”dykdz1°"dzl
+ . . . . . . . . . .

B
+3 [ @), ain =k, B, (@), 0 B, 1, 7]
x[f(y)’ f(Z), b; k’ l: r]dyl e dykdzl "'le,

where f (2¢) is any combination of k of the quantities f(z) -+ f (2:), and
f (zv) is the combination of the remaining ones. This series of sums is for
the case in which k is at most equal to [. If £ = | — g the first g sums will
not appear. Each term of the first sum is equal to P, except perhaps for sign.
By applying theorem (D) to the first two factors of each term of any sum except
the first, interchanging in all possible ways the f () of the first factor for a
like number of terms of the second, each sum is reduced to a series of sums of
succeeding types, and by successive reductions they are all reduced to a sum
of terms of the type appearing in the last sum, each term being multiplied by a
numerical factor. Thus we have

8
P=TKIf (), acn—k k[ [f(5), asn—r, r]
X Uf(y), b5 n—r, rldys--- dyns,

where the coefficients K, depend only on the integers k, I, n, r, and not at
all on the functions a, b.
Now let

{bly b2) R} bf}= {uiu Uigy ** ui,}= {ah:; ah;y ) ah:}’

{an, ---, an} = { gy, =+, U, }.
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Then on the right all terms vanish except the one for which the combinations
¢ and k are the same, and the term which remains has the value

Kv(Q+E)fi(e); n—k]/V (n— k).

But the expression for P becomes k!l![f, (z);n —k]/V (n— k)!. Since
all of the functions [f. (z); n — k] are independent, [f, (z); n — k] and
[ fi (x); n — k] are the same and we have finally

k'l
K=k

*

for every k, and formula (IX) is proved.

From the formulas given, many others can be obtained by multiplying both
sides by a factor involving the function f and integrating. For example,
taking complements of both sides of (IX), we have

8
[ 15, 5@, b b LA W), 650, n= U dy

! A
(X) =(km;j; [f(y),ac,n—r,r](f(y), b;n—r,7]

B8
Xdylu-dy,._,f [f(2),f(x);n—Fk,k]lf(2),ac; n—k,k]dz- - - dzo—i.T

The proofs of formulas in this and the previous sections are for the case in
which f is a linear space whose coefficients f; are normed and orthogonal. The
formulas hold, however, when f is general. Formula (VIII)} for the special
cases k = 1 and k = 2 and formula (VII)§ have been proved by Maschke in
symbolic notations. His argument applies equally well to functions. The
proofs will therefore not be repeated here.

Formula (VIII) can be shown by induction to hold for any value of k.
Denoting the left member by M; and using the determinant theorem (D),

* This represents the number of terms of the type of those on the right side of (IX) which for
a given h are found in the form to which P reduces by the above process. The same expression
could be obtained for P for a general space f and the same reductions would lead to the same
number of terms of the above type. Hence K has the same value for the general case.

t See GrassmanN, 1. ¢, No. 173.

1 MascHKE, A Symbolic Treatment etc., loc. cit., formulas (34) and (39).

§ MascHkE, Differential parameters of the first order, these Transactions, vol. 7 (1906),
p. 74, equation (8).
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we find
M= [ 15(w), $ (@), =k, B
A B (F @, o £ )y b £ ), o0 F (o)
. X (f (@), ooy F(@), F(9:)5 bay -ovy bus)
+§(f(y1), ooy (Ynk), @1y ooy @i, br, Gogr, cee, @)
X (f('xx), coo f(z2), a5, b, "',bn—k)}dyl"‘dyn—kdzl”‘dxk-

By interchanging equivalent variables z; -+ Zxy1 -- ¥n—t each term of
the first summation is seen to be equal to — M. Hence

My=(n—Fk) My — kM,

E+1
Mk+1 +kM1,— (k+ 1) l(n—k-— l)l(al,--~,ak,b1,---,b,._k).

Consequently the formula holds in general, since it holds fork = 1 and k = 2.
It is clear that the same proof is valid in case any of the quantities a;, b; are
functions of z or an equivalent variable distinct from the variables of inte-
gration,

Formula (VIII) may now be used to show the linear independence of the
expressions [f (z), %.; k, n — k] for the general, non-linear, case precisely as
at the beginning of this section for a linear space. The proofs given for
formulas (IX) and (X) hold for the general case.*

There remain formulas (I), (II), ---, (VI). Formulas (II) and (III)
may be taken as definitions of a and [a,, a;, - - -, @] respectively for the more
general space. Let the expressions for a;, ---, a; from (II) be subatituted
in the determinant A in (I). The result is

B
1 [ @) s n=1,1]

1
VE! {(n—1)1}*
X[f(.'/),aj; n—l’ lldyl.'“dyn—l ’

where the determinant is of the kth order, ¢ and j ranging from 1 to k. This
expression by (VII) can be written

Vlkl(n k)lf [f(¥), f(2); n—k, k1[f(y), a; n—k, kldy: - - - dYa-s,

* See the footnote to the proof of formula (IX).
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the right-hand side of formula (I), which is therefore proved. Using this
formula and formula (VIII) withf (21), - -+ ,f (2n—x) in place of by, - - -, by,
we have

1

i) U Sk = b

(%) —
| l/kl( —k)!
8
X [T 17(2),50); nk, KIUF(2), 05 n— b, Kldes - densdys - s
1
k'(n—k)ll/(n k)!
X1F(3), a5 n =k, KU (), £ (2); by n= Kdan - donadys -~ g

-1
V(in—k)!

8
[ @ 1@ n—k, k)

(aly az, **°, ak’f(zl)’f(zz)r te ’f(xﬁ—k)) ’

and this proves formula (IV). In a similar manner formulas (V) and (VI)
can be proved.

§9. Functions orthogonal to all tangents of a subspace.

Given a subspace R; lying in f, it is possible to find functions tangent to
f but orthogonal to all tangents to R;. In fact, if f is of n dimensions there
should be precisely n — k independent functions satisfying this condition.
These functions are given in the following theorem:

Every function

B
’,’(z)'_‘f [f(y):f(z): U;k: 1: n—k— lll.f(y),a;k,n_’k]dyl”’dyk:

where the U’s are arbitrary functions of w1, ua, -+, Un, 18 orthogonal to all
tangents of the subspace Ry in f defined by the equations

a; = const., az = const., ceey, @n—i = const.
By formula (14), § 6, all tangents to R may be written in the form
p(z)=1[f(=),V,a;1, k—1,n—k],

where the V’s are arbitrary functions of uy, us, +++, us. Itis to be shown,
then, that

B B
[ e@v@da= [ 154),52), U3k, 1,n= k=111 (3, 03k, n—F]

x[f(x)’V’u;l’k_l)n—kldxdy1~--dyb=0.
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By formula (X)

n 8
v@ =% (U@, wk+1,n=k=117 @), Usk+1, n—k=1]

B
Xf [f(z),f(x);n—l, luf(z);ai;n_l: I]dyl"'dyk+1d21'°°dzn_1.

Hence, by (VIII)

B n B
[Ce@w@de=Zm [ 1), @3 n= 1,115 (2), a5 = 1,1]
X[f(x))V:a; lyk—lyn_k]dxdzl"'dzn—l
= (n—l)!zz:Mi(a;,V,a; 1,k—1,n—k).

But each term of this sum contains a determinant having two columns identical.
Hence the sum vanishes, and this proves the theorem.

§ 10. Normal properties; Christoffel symbols.

If all of the parameters u; are functions of the same parameter s, the function
f determines a curve f(x; ). The tangent to this curve is given by formula
(2) of §2. Let s be so chosen that the condition (1) holds. Then the first
normal n to the curve is defined by (3) to be

1 #f(x;8) 0 f(z;8) du; du; af dzu‘
PP T e T 52 owiou; os +§16u.

where 1 /7 is the first curvature and is so chosen that

B
f n?dx=1.

Thus the first normals to all curves lying in f are linearly expressible in terms of
the tangents 3f [ ou; and the second partial derivatives 8% f | du; du;.

A function which is linearly expressible in terms of the derivatives af [ du;,
and 8 f/du; du;, and which is orthogonal to all of the tangents, df-/ du;,
we shall call a first normal to the space f.

If the second derivatives 0% [ du; du; are linearly independent there are
n (n= 1) /2 linearly independent first normals to f in terms of which all
others can be expressed. We write

(18) Nij (ur, up,y o o0, un) = o _kz:;{ikj}gi

6u,' auj auk ’

where the coefficients {‘,} are to be determined as functions of the para-
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meters u; from the condition that the functions N;; are orthogonal to the
functions df [ du;. To calculate the {7}, multiply both sides of equation
(18) by 9f / du; and integrate, remembering equation (6). This gives

B_*f of SIER
j: du; Ou_ldx - g{ k Ex.

Now the expressions on the left may be shown to be the Christoffel triple

index symbols* of the first kind belonging to the quadratic differential form

(E), and can be expressed in terms of the functions E;; and their derivatives.

Denoting them by [*,/] we have the system of equations

ErEkl{lk]}=[zlJ] (l=l;2’ "'n))

from which we obtain

where €}, denotes the co-factor of Ey;in the determinant | E;;|. The expres-
sions { *,” } are the Christoffel triple index symbols of the second kind belong-
ing to the differential form (E).}

§ 11.  The second fundamental form.

For the study of properties depending upon the second derivatives of the
function f certain other fundamental quantities are important. These may
be taken to be the quantities of either of the sets

B8 2 2 8
f—a—j:—-—a—f—dx, fN,yN,.dx,

au.‘ auj au, au,

or perhaps still others which can be expressed in terms of either of these sets
and the first fundamental quantities E. Under certain restrictions the number
of these quantities is reduced. Thus in the ordinary theory of spaces of n
dimensions lying in a Euclidean space of n + 1 dimensions, the number is
reduced to n (n + 1) /2, the fundamental functions being the coefficients of
the second quadratic differential form. Here, however, for the corresponding
developments it is not assumed that f lies in a Euclidean space of n + 1
dimensions, but only that all first normals to f have the same direction; i. e.,
that any two of the normals N;; differ from cach other at most by a factor which
18 independent of z,} so that we may write

Nij = LijN,

* See MascHKE, A Symbolic Treatment, etc., loc. cit., p. 455.

+ See MascHKE, A Symbolic Treatment, etc., loc. cit., p. 456, equation (67).

t The further assumption, that the third and higher derivatives are linearly expressible in
terms of the first and second derivatives of f leads to the ordinary case mentioned above.
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where L;; is independent of z and where

8
f Nide=1.

Equation (18) may now be written

o T
(19) LN _au.-au;_g{ k| ou’

Multiplying both sides of this equation by N and integrating, we have, since
N is orthogonal to of [ dux,
& f
f Nau. au,

The L; are the coefficients of a quadratic differential form obtained in the
following manner. We have

of= > 2 g+ 3

{J—lauta ' t_la t

If we multiply by N and integrate, we find

(d’f)Nd:c ﬁ:{ %S dx}du.du, 3 Lidusdu;.

63=1 ouy du; 4 9=1

This is called the second fundamental differential form and the coefficients
L;; are called the second fundamental quantities associated with the function f.

The following relations are easily obtained by differentiation under the
integral sign. From

] 8 I ]
fN:—fdx=O, fNa—fd:c=0, fN’d:c=1
A u; o Ou; A

we have

& fﬁ aNaf (PN of
(20) f Nau.au, . Ou, du; oz = — . Ous au,dx_ Ly,
(@1) f N g0,

§ 12.  The relations of Gauss and Codazzi.

We now apply the formulas just obtained in the proof of the extension of
the well-known Gauss and Codazzi relations. From equation (19) we have
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[

au. au, =1
a*f 1 af
auiauk—rzﬂ{ r }aur+ La N.

Differentiating the first with respect to u: and the second with respect to u;
and equating the results, we find

_ ¥ _ i{w}

ou; du; our, =

-2{7)

r

]

d

’f { }af ON oL,
au,auk+§ 6u,+L"au+a N

aq.+zark}f oN dLa

ou,0u; | S duy + La 6u,+ ou; .

Multiplying in turn by N and 9f / u, and integrating, we obtain, by the use
of (20) and (21), after transposing,

* (i “ [k aL; oLx
22) S -2 S -2,

r=1 r=1 auj

[ R e

r=l r=1 r r=1

_z":"{zk}

r=1 314,

(23)

Em~+ Lix Lim— Lij Lim = 0.

The last relation contains the result that the expression Ly Ljm — Li; Lim
can be expressed in terms of the E;; and their derivatives.
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