ON CERTAIN RELATIONS BETWEEN THE PROJECTIVE THEORY OF
SURFACES AND THE PROJECTIVE THEORY OF CONGRUENCES*

BY

FRANK EDWIN WOOD

1. INTRODUCTION
Wilczynski has shownt that the system of partial differential equations

Yy = M2, 2, = Ny,

(1) Yuw = ay + bz + ¢y, + dz,
2 = a'y + b’z + ¢y, + d'z,
where
oy oy o%y

Yu = bT't, Yy = 5—1), Vuu = b—'u:p etc.

and where m, #, a, ..., d’ are functions of # and v, will be completely integrable
if the following integrability conditions are satisfied:

¢ = fus ' =fy, b=—d, —df, a'=—c'y— 'fu, mn — c'd = fuvs
Myy + dyw + dfyy + dofy — fum, = ma + db’,
2) Moy + ¢'uw + fuw + 'ufu — fin, = c'a + nb’,
2mm + mn, = a, + fymn + a'd,
mym + 2mn, = b’, + fymn + be'.

In such a case, (1) will have precisely four linearly independent solutions
%, 2 E) (K =1, 2, 3, 4). Let yO . 9® and 2P, ..., 2 be inter-
preted as the homogeneous coérdinates of the two points P, and P,. As u
and v vary, these points will describe two surfaces S, and S, and the line P, P,
will generate a congruence whose focal surface consists of the two surfaces

S, and S,.

* Presented to the Society, under a different title, March 26, 1921.

t E. J. Wilczynski, Sur la théorie générale des congruences, Mémoires Publiés
par laClasse des Sciences de 1’Académie Royalde Belgique,
Collection en4,°ser. 2, vol. 3 (1911). This paper will hereafter be cited as the Brussels
Paper.
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The most general transformation which will leave the set (1) in the same
form is

®3) y = Mwy, z=p@z u=a@), v=_,0),

where )\ b o, B, are arbitrary functions of the variables indicated. The coeffi-

cientsm, n, a, ..., d’' resulting from this transformation are
— Lk - A - 1By - Aoty
m=Tm n= n, d =_"=2d, ¢ = ¢,
v et A
-_1 Mo A K H ) -_ L Mo aw),
(4)a—-a3(a+)‘c— )\)’b_)\aﬁb+ud’c_a,,c—2)\_au)

o — A )ﬁ [—— ! ) _ Bw = l ’_ E’.’!_B_”".
a m(‘”“xc)b Bv(b+ ¢ u)d B,(d 2 Bv)'

to which may also be added

, — Ke/
#) €) =N tanp,

where K is an arbitrary constant.

There are various covariant configurations connected with the congruence.
Some of these are connected with the focal surface and present themselves at
first referred to a local codrdinate system connected with that surface. Others
appear directly in their relation to the local codrdinate system of the congruence.
In order that we may study the relations between these covariant configura-
tions, their equations must be related to a common tetrahedron of reference.
The fundamental covariants of the congruence form a tetrahedron, and the
relations which exist between this tetrahedron and the local tetrahedra of ref-
erence for S, and S,, respectively, must therefore be obtained. The develop-
ment of these relations constitutes the first part of this article.

There are two asymptotic curves which pass through a point P, on S,, and
the osculating linear complexes of these two curves have a linear congruehce in
common. The two directrices of this congruence are called* (d,’) the directrix
of P, of the first kind; this directrix lies in the tangent plane of S, at P, but does
not contain P,, and (d,") the directrix of P, of the second kind; this directrix
passes through P, but does not lie in the tangent plane.

The curves cut out on S, by the parametric curves of the congruence form a
conjugate system; the osculating planes at P, of these two curves intersect in

* E. J. Wilczynski, Projective differential geometry of curved surfaces (Second Memoir),
these Transactions, vol. 9 (1908), p. 95.
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a line which passes throug.h P, and is called* (x,) the axis of the point P, with
respect to the conjugate system.

The dual of the axis of P, is calledf (r,) the ray of P, with respect to the
conjugate system.

There are four lines d’s, d"y, %s, 7, similarly connected with P; on S, making
eight lines in all. In the second part of this paper, the equations of these eight
lines referred to the tetrahedron of the congruence are obtained.

In the remaining parts of this article the possible coincidences of two or more
of these lines are considered in general, and congruences which are characterized
by certain pairs of coincidences are obtained in a canonical form. The existence
of congruences which have no one of the eight associated lines indeterminate
and which possess any one of twelve possible coincidences is established. In
particular a study is made of the congruences which possess one of the following
coincidence pairs: (1) the directrix of the first kind and the ray of P, coincide,
and the directrix of the second kind of P, coincides with the ray of P,, or (2)
the axis of P, coincides with the ray of P,, and the ray of P, coincides with the
axis of P,, or (3) the directrix of the first kind of P, coincides with the directrix
of the second kind of P,, and the directrix of the second kind of P, coincides
with the directrix of the first kind of P,. This class of congruence has a special
interest since it can be connected with the theory of functions of a complex
variable.

The writer wishes to thank Professor Wilczynski for his kindly interest and
valuable suggestions.

2. RELATIONS BETWEEN THE TETRAHEDRA OF REFERENCE OF THE FOCAL SHEET
AND THE TETRAHEDRON OF THE CONGRUENCE

The differential equations which characterize S, are}

b d
Yuu — ;‘1 Yeo ay + ¢y, + (;; - 1_7—1, %)yw

®)

m
Vup = Mmny + Wuyv-
Make the transformation

U = ﬁo(ur 'U), N = ',’(u" 1)),

* E. J. Wilczynski, The general theory of congruences, these Transactions, vol. 16
(1915), p. 314.

t Loc. cit., pp. 317-18.
1 E. J. Wilczynski, Brussels Paper, p. 44, equation 79.
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where 50, 8 d

bu = 0py, Yy = — =_ﬁ

The new parametric curves #; = const. and v; = const. will be the asymptotic
curves of S, and the transform of (5) will be in the intermediate form.*
Let F(u, v) be a general function; then

oF _orde OFY _
Fu = ou " omou T Qv du R

(6) OF OFd¢ OF

OF 0p  OF Oy _

Fv=a,v=aulav+avla‘v—¢va+¢va
whence
1

Fu= (Fu+6Fv)v

1 280,
) y

Ftn = 25¢, (_Fu+ 5Fv)-

Using (6) and (7) one obtains

Ve = 80V — ¥oIn)s Vo = @V + YoV
Yuu = 62(("3 Vs — 20WsVum + 'Pg Yoo) + (60w + 8405) Y
(8) - (6'#“0 + 5«%)3’:;:
Yur = 5(‘P121ymux - ‘l’syvm) + (6¢w + 5v¢v)yu1 - (‘W’w + 6v¢v)yvu
Yw = ‘Pﬁy wm T 2080V um + \bgyvm + ewdu + Y1oVn-

If these values (8) be substituted in (5), we find the differential equations of S,
referred to its asymptotic lines. These equations are

Y T 20194, + 261y, + €1y = 0,

© Yo + 289 + 25y + 6,y =0,
where
1 P b My My
= P S v s S ou
20 = g <4a oo =t — 250 30, + a“),
oh, = 2 om 2™ o™ _ s
1T 48%2 T T T wm T m v )
1
1= — 462¢3 (a + 25mn),
1o %, = —2 bom 2™ o™ s s
al - 46%3 Cc m m + m - v + u |
, 1 Yo b My My
= 2 YV S _ u _
i = (43 g o= =8 20n 308, 6, )
, L ot
a o @ n).

* E. J. Wilczynski, Projective differential geometry of curved surfaces (Second Memoir),
these Transactions, vol. 9 (1908).
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Let us ihtroduce the notations*

1 My O 1 14, 3m,
- ________ 2) — - o T
By 4(0 2 a) 4o U~ log om?) ‘4(f“ 2d 2 m)
1/ my 3, 10 1 3d, 1m,
=_=-[(2- = _ 2 3,2) — — 2% 2
Ci= 4(d " 5) (f+log6m) <f+2d+2m)’
1n 1
Fy = —3 B, -,
G =" lB Cy;
1= 6 1 1,
then equations (10) become
1 [/ oun 1 m, dy ’ Y .
2a, = ¢,(¢”+F1_6m+6>’ 2a, :I’h
Vo g Lfba o Lme 8
(12) 2b1 = ‘p: Gl, 2b1 —‘p”(‘b’, +F1 6 m 6 ’
, 1
a = - 100 (a4 20mn), ¢;= — PYvE (@ — 20mmn).
The fundamental semicovariants of S, aref}
=y a=yutay, pn=my+by,
(13) _ , 1 : :
01 = yull‘l +b1yu;+alj'v. + 2 (al)vl+ (bl)ul + 2a1b1 :V,

and the fundamental refative covariants of the congruence are}

m. Ny
(14) y=y.z=2.p'=yu—;“y,o=zv—;'z:

From (1), (7), (13) and (14) the following relations are obtained:

N =7,
My m
(15) zl=< )y+2—%z+26 [
1 My m 1
<b1 o0, )y+2—%z—26—%p,
=P+ Qiz+ Rip+ Sio

* Cf. E. J. Wilczynski, Brussels Paper, p. 20, equation 17.

t E. J. Wilczynski, Projective differential geomelry of curved surfaces, these Transa c -
tions, vol. 8 (1907), p. 248.

1 E. J. Wilczynski, Brussels Paper, p. 23, equation 23.
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where
48% ¥, P1 = —a — ’-:'-n—[a(‘—:; - ";) + 231]
+ 262‘Pv'”v[(al)m + (b;)m + 2(11(); ])

m(‘p—”+‘£‘1 —6Gi+2% +z@),
Py ¥ d n

40%o Ry = — & (@ - 'l/_w) — 2B,
Py ¥y,

(16) 4o, 1

It

4o, S =2m.

Solving (15) for ¥, 2, p and o gives

Y=,
by :
g = _(al¢y+ 1%)3'1'*'?—"31‘*'&1)1 ,
m m m

(17)
p= —6(al<p,, - b;% + %’;)yl + d¢pz1 — Wupr
o =Py + Q12+ Rip + Sio,
where
204, ’ y b' v Y\’ ‘ u U
P, = ‘::f [—P1 + (al_(P—:;—l—‘b>Q1 + 6(01‘% - b1¢’v +‘;%1)R1] ’
2 £ v 4
G = ‘:’f (_‘:';an - B‘Ple) ’
(18) 2eab(_ ¥
Ri= 2 "(— ;n‘fQi+6¢pRi) ,
Sl . 2(00'#17
m

From equations (11) and (12) we find

, e 1fon 2
aipy — by, + %=é(‘£——¢—w—-—31) ,

(19)
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so that Py, ..., S: may be written in the form
_ Lfewbn _ [ ' ] 1@[&@-2( '”)]
P, m{ o Vo ey (al)m+(bl)ul+2albl +2 o0 Lom ™~ v (f+ log‘;

_Ymfm. O m\|_mfa_ m, 2
Q%[6m+bv<f+10gn)] d(2+mBI+Bl)

1(d, n, _ d, _m,
+é(‘a+z 301)(‘& ™ 25‘)}’

Let the coordinates of a point with respect to the tetrahedron P,P,P,P,
of the congruence be xi, %2, %3, %4, and let the codrdinates of the same point with
respect to the tetrahedron P,P,P,P, of the surface S, be x\/, x2’, %5, x./;
then

(21) (@1 + %971 + %301 + 2y01) = 21y + %z + 290 + 140,

where w is a factor of proportionality which may be a function of % and v.

Substitution in (21) of the value of 9, 2, p and ¢ as given in (17) gives an iden-
tity in 1, 21, p1, and o, and leads to the following equations for the transformation
of cosrdinates:

’ a b, ,
wx; =% — (—m—jnﬁ') X3 — 0 (aup,, — by, + %) %3 + Py
wry = ‘-:;""- %2 + dppx3 + Qixs

Yo e — S0+ R
m

(22)

O)xs
P2
wr, = 2V o

The computation for the second focal sheet is quite similar. The differential
equations which characterize S. are

’ ’ ’
2y — f"' Zyy = b,z"l'(%_ % ’ﬁ')zu'l'd’zv ’
(23)

"
By = mnz+— 2, .
n
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Make the transformation

Uy = )\(u,v) y V2 = p,(u,'l)) ’
where

N =€y, My = — €My, €

in order to make the asymptotic curves of S,, uo = const. and v; = const.,
parametric. ‘Then one obtains

2y = NBuyt MuZs » % = €(NZu, — Huti) »
Zuy = )\iuzmm + 2N b2 + I‘izvm + MsZu + HusZn »
(24) 2, = f()‘ezmm - I‘azczmm) + (Nuu + €uX)2u, — (€puu + €uptn)zn,
2 = ez(kﬁzuzm = 2Ny BB + ”’izthﬂz) + (M + &M)24,
— (epus + € hy) 20

Equations (24) substituted in (23) give the differential equations of S, re-
ferred to its asymptotic lines. These equations are

Zugy + 20024, + 2bs2,, + 2z =0,

(25) Zom -+ 20380,+ 203z, + 632 = 0,
where
1 Ny €y ’ Au
202—)\“()‘“ +F2—m+e),202—#3 F,, ,
By 7 Mo | €
(26) 2b2—x3 62)2b2_ “(”“ +G2+en+e)'
1 ,
ca=—m3(b'+2mm),cz=—4€—2—”2(b’—2emn),
where
__ e m a)_120 2,2 = 1 3¢ | 1m
B2——4(c’ T on e)~4bu(f+10gen)‘4f“+2c’+2n ’
1 Ny & 10 1 l¢ 3m
= - 't 99— — — )= - — —_ 2) = - —_— T e—
Ca 4(d 2. e) 3o~ logen?) 4(f” 2 ¢ 2n)’
@7 )
F2="'G'Cz"Bz,
. .
Gz= ;Cz—Bz.

The fundamental relative semicovariants of S, are

Yo=2, Z=2,+ a2 p=2,~+ by,
(28) ‘. ’ 1 ! ’
02 = Zyp, + b23uz + ax’y, + 2 (a,),,, + (bZ)u: + 2a2b2 2.
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Using (14) and (28) one obtains

- (a&;‘:‘%‘)y + Zz+ — Pz ,
z = J’z ]
29
(29) p= Py, + Qo22 + Ropy + Seos
g= —¢€ (02)‘14 - b’2#u + :‘li)y2 + eNuz2 — €pup2
where
Py= 1 hun [(a) + ) +2aab']
2 n xu ti u My 2)ve 2) us 2
1 Ay — ll"uu v 9, n
+§T“[;t —(f+10g )] 2#:: [en+—(f+log—-)
b n, 1(c. ._ : M
0) - c—'(2 + Cz+Cz) + 5(;;4'7‘ 332)(C — 232)}
Q= —k—;[“—“"-— ~ - —(2f+l )]
— _ M )‘uu_ }_2 cn]
R, = ';[-xu— Fy 2M(2f+ lo 2) ’
S, = 2N by
n

Let the coordinates of a point with respect to the tetrahedron P,P,P,P,
of the congruence be xi, xs, %3 x4, and let the codrdinates of this point with
respect to the tetrahedron P, P,P, P, of the surface S, be x;, x», %3, %4;
then

(31) W(x:yz + x;zz + x;pz + x:"'z) =%,y + %52 + %30 + x40,

where 7 is a factor of proportionality which may be a function of # and v. If
the values of y, 2, p and ¢ as given in (29) are substituted in (31), there results
an identity in ys,, 2, ps, and o2 which leads to the following relations:

T = — (‘M‘-‘ %1 + %3 + Poxz — e(a2 — b, + ::';)n,
A
X2 = 7 Xa x3 + Q2x3 + e)\“x4,
(32)
1rx; %"fl + Roxs — €u,xs,
TXy = 2Mbiu X3

n
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3. EQUATIONS OF THE EIGHT LINES REFERRED TO THE TETRAHEDRON OF THE
CONGRUENCE. A STUDY OF THE POSSIBLE COINCIDENCES

The equations of the directrix of the first kind of P, referred to P, P, P,,
P, are*

(33) x; = O, l + (al)uz + (bl)pl - O.
2y

If the valuesof x,, . . ., x4 as given by (22) are substituted in (33), the equations
of the directrix of the first kind of P, referred to P,P,P P, are found to be

x4=0,

(34) x1 + }n[_ (al‘Pv + b’l'pv) + (al)m + (12);,):' ] X2
mu (al) u (bl)m
g @t Oy ]

- 5[019011 - bl'pv -

From equations (11) and (12) we find

0 0
20, " (i) + 3o )]
b U1 v 80 b b
( l) v, = [ 'f;” +3=2 373 b—u(log Gl) + o (Iog Gl)] ,

so that the equations of the directrix of the first kind of P, (d:) referred to P,P,P,P,

become v
(36) 24 =0, %1+ Lyws + M =

where

(al)ul 0y = :11[2‘&1{_}_3 %4_
(35)

_ 1 o Fy 0 5yy2 ]
Ll_m[&log(,—,l—{-s—(f-l-log&m FIGI) ’

_1]o F\Gy Fy
M, = ;[E)—u(f-l-l )+8bv G]

The equations of the directrix of the second kind of P, referred to P,,P, P, P,
are

(bl)tu _ ! (ai)“l o
(38) 2 %2 + 2b1 =0, %3+ 201 x4 =0,

®37)

and these equations by the use of (11), (22) and (35) give as the equations of the
directrix of the second kind of P, (d,) referred to P,P,P,P,

(39) Xg + 51x4 = 0, X3 + T1x4 = 0,

* E. J. Wilczynski, Projective differential geometry of curved surfaces, these Trans a c-.
tions, vol. 9 (1908), p. 95, equations (70a) and (700).
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where
S = _1.[2 LI (3f+1 og % FIGI)]
48] ou G
(40) 1 b F,
= —| = 2 - !
T, 46’m[bu (f log om FlGl) 8 — bv G]

In a similar way one may obtain the equations of the directrix of the first kind
of P, (d;) referred to P,P,P,P,; they are

(41) 23=0, Loxi+ %2+ My =
where

L= [g_u (f + log enFGy) + > —b—logg] ,

M2=‘[§ul 62 (f+1 cm)]

and the equations of the directrix of the second kind of P,(dy) referred to P,P,P P,
namely
(43) 2+ Sz =0, Toxs+ 2=

where
N ) e'n? 10 F,
Se = ‘1[&4(31("‘108—17262)4';6—”108'@],

1 o) 1 b

(42)

(44)

The equations of the axis of P, (x;) are*

(45) X3 = 0, X2 + K1X4 = 0,
where

_ d, _n,
(46) K’_f"+¢—i %

The equations of the ray of P,(r,) aret
(47) X = O’ x4 = 0.
The equations of the axis of P,(x;) are

(48) % =0, x1+ Koz =0,

* E. J. Wilczynski, The general theory of congruences, these Transactions, vol. 16
(1915), p. 313.
t Loc. cit., p. 318
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where

¢'u _my
(49) Ke=fut S22
and of the ray (rs)
(50) Xo = 0, x3 = 0.

Certain 1¢lations between the relative invariants B;, Cy, Bs, Cs, K, ...,
T, will be useful in the sequel, and are given here. They may be verified by

computation:
S1—mL, = K, — 2C, ’
52— nL2=K2—2B2 N
(51) 9B, — M, = 'mT, ,
2C2 - Mz = eznTz .

The points P, and P, will not coincide for all values of % and v, since we are
excluding the case of congruences with coincident focal sheets.* Therefore the
tangent plane to S, at P, (x4 = 0) is in general distinct from the tangent plane
to S, at P, (x3 = 0). From these two facts one finds that certain pairs of
lines cannot coincide (this may also be seen from the equations of the various
lines); in fact, there remain only twelve possible coincidences. Let (d;dz)
denote the coincidence of the two lines d; and d;,, etc.; then the twelve possible
coincidences and the corresponding analytic conditions are as follows:

(d;d;):L1=T2=Sz'—M1=O; (d;d:) L2=T1=51"'M2=0,'

(rllxz): K, =0; (rgx1) : K1 =0;

dyr): Ly = My =0; (dyre): Lo = My =0;
(d’lxz): Ll =M1—K2=0; (d;xl) Lz =M2—K1=0;
dix): T1 =S1 — Ky =0; (dgm): Te =S: — Ko =0;
diry): S1 =Ty =0; (dyr): Se =T, =0;

where the values of K, etc., are given in the preceding section.

The axis and ray of a point on either focal sheet of a congruence correspond
by duality and the two directrices of such a point also correspond by duality.
So the coincidences (dyx,), (dy%,), (diry) and (dyr,) will be called the duals of
(d'lrl), (d;rz),(d;xz) and (d;xl), respectively. If a congruence has a coincidence
then the congruence obtained from the given one by duality has the dual covncidence.
In fact, the substitution which transforms the coefficients of a congruence into
the coefficients of the dual congruence transforms the conditions for any coin-
cidence into the conditions for the dual coincidence. This fact enables one to
reduce the amount of calculation involved in the study of the possible combina-

* E. J. Wilczynski, Brussels Paper, pp. 11-12.
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tions of the twelve coincidences. For example, the canonical form and proper-
ties of the congruences characterized by the coincidences (d;rl) and (d;rz)
gives by a substitution alone the canonical form and properties of the congruences
characterized by the coincidences (d:x,) and (d; %y)-

It is not evident that there exists a congruence which has any one of the twelve
(apparently) possible coincidences, for there might be no solution to the integ-
rability conditions and the corresponding coincidence conditions taken together.
However, the congruence which has the coefficients

(52) m=n=c¢c' =d=1, a’ =b=c=d" =0, a= — b’ = const,,

satisfies the conditions for all the coincidences, so that there surely exists at
least this one solution for any group of equations obtained by using any com-
bination of the twelve coincidences. The congruences characterized by (52)
will be referred to as coincidence congruences in the remainder of this article.
Since m # 0, n ¥ 0, neither of the focal sheets of a coincidence congruence de-
generates into a curve, and since ¢’ 3 0,d # 0 neither of its focal sheets is de-
velopable.* We shall throughout consider only such (mnc’d #0) non-degenerate
congruences. The coincidence congruences have four (dll, d;, ds, d;) of their
eight lines indeterminate, so that the coincidences in this case have but little
meaning. We shall show that certain sets of coincidences give rise to congruences
for which the eight lines are determinate, while for certain other sets some of
the eight lines are of necessity indeterminate.

4. 'THE PROPERTIES AND CANONICAL FORM OF CONGRUENCES POSSESSING COIN-
CIDENCES (d71) AND (d;72)

The conditions which give these coirtcidences are L; = M, = S; = T, = 0.
From these equations and (51), we find

(33) B =0, Ki=2C, Fi=G=—C(.

Using (53) in L; = 0 and M; = 0 gives

o} ds o}
55(2f+10g-ﬁ6‘f) =0, &long—O,

whence by integration

(54) Ci= V@), ‘;—50{& - Uw) ,

* E. J. Wilczynski, Brussels Paper, p. 28.
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where V(v) is an arbitrary function of v alone, and U(u) is an arbitrary function
of u alone.*

Integration of C; = V(v) and B, = 0, using (11), gives
(55) md%e®” = Vi(w)Ui(u), md3e™ ¥ V,(v),

where V1(v) depends upon V(). From (54) and (535), one finds that

o _ UiV
uv,’
so that f,, = 0. Consider the most general transformation (3) which leaves
the set (1) invariant; since @ = )\;Zf , we can choose \, u, a,, 8,and K
in such a way as to make -
(56) d=1, f=0,

and this relation will be left unaltered by the subgroup of (3) for which A\ =
a1

—_—u = C—_z_, where ¢; and ¢, are arbitrary constants.}
‘/au ‘/ﬁv
I —— 2
From (55) and (56) we find that 4_ \/ %; since (Q) = B—"2 d , We can
m Ve m oy m

make d = m, and thereafter use the subgroup of (3) for which «, = 8, = ¢,
N = ¢, u = ¢3 where ¢y, ¢; and ¢; are arbitrary constants.

We now have, using the fifth integrability condition,
(57) =0, d=m, ¢ =n.
These values substituted in (54) give mC, = ¢(u); moreover we find by calcula-

1m, 1 .
tion that C; = 5 71—, and from B; = 0that m = ¢(v) so that p(u) = p m, while
m

L

= . Th =] hand C, = ———,
m = Y(v) enm = lw + Iy and G, m + 1

* In the remainder of this article, arbitrary functions of  alone or of v alone are indicated
by this same notation.

t Cf. E. J. Wilczynski, Brussels Paper, pp. 42-3. Similar transformations will often be
made in the remainder of this article; in every case, the sub-group of (3) which is available for
further transformations will be indicated.
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There are two cases to consider.

First, l; = 0; then m = const. and we find that the transformations at our
disposal enable us to make

(58) d=m=c"=n=1.
Using (58) the integrability conditions give
(59) a'=b=0, c=d'"=0, b= —a = const,

and (57), (568) and (59) characterize the coincidence congruences.
Second, l; # 0; now (m—) =8 m; so we can make l; = 1, and thereafter
C1Cq

use the subgroup of (3) for which

oy = ﬁv =C1, N=C W= Cils.

1
Nowd =m =v+ 1, 2C, = =K, = 2 loggwhence ¢’ =n="Us(u). The
v + ll ov n
sixth and seventh integrability conditions now become ¢ + b’ = 0 and #,,
+ #n, = 0sothatn = ¢’ = Lu+ ; butsince(c" = -12- ¢’ we can makel; =
1
1.* Using
(60) f=c=d"=0, d=m=v+5hL c=n=u+l
in the integrability conditions, we obtain
(61) a'=b=—-1, b= —q,
where a, = 2(v + 1)), a, = —2(u + ), so that
(62) a=v2—u~+2(lw—lLu)+1,

where 1}, I, and /; are arbitrary constants.

If we use the values given by (60), (61) and (62), we obtain L, = M, = S,

1 1
=T, =0, K; = ——, K; = ——, so that these congruences possess the coin-
v + ll u + lz

* If I3 = 0, this cannot be done; but as in the first case above, we can show that if l; = 0
the congruence is a coincidence congruence.
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cidences (ddy), (ds47), (djr,) and (dyr,) in addition to the given pair. To
recapitulate: If a non-degenerate congruence possesses the cotncidences (dirl) and
(d1r,) it is either a coincidence congruence which possesses all twelve coincidences, or
else it is a congruence whose canonical form is

63) f=c=d" =0, d=m=v+1lhL c=n=u+tlbh,
a’=b=—1 a=—-b=v*—w+20w—lu) +

where Iy, l2 and 'l are arbitrary constants, and possesses also the coincidences (d ;d;),
(d;d';), (d'l'rz) and (d,r)).
The congruences dual to (63) have the canonical form*

64) f=c=d"=0, d=m=u+1l, =n=v+1,
b=a"=0, a=—-b"=0v2—u2+42(lw — Lu) + 15,

and possess the coincidences (didy), (d;d}), (dsxy), (di%,), (d7x,) and (dyx,).

Since there exist congruences, other than the coincidence congruences, which
possess either one of the sets of coincidences noted above, there exist congruences
which possess any one of the coincidences separately. We will consider in the
next section the congruences which possess the coincidences (r1x;) and (rxx;)
and we shall show that there exist congruences, other than the coincidence
congruences, which possess that pair of coincidences. Using that fact, we state
that there exist congruences, besides the coincidence congruences, which possess
any one of the twelve possible cotncidences.

The coefficients given in (63) make K; = # 0; if we seek those con-
v 1

gruences which possess the coincidence (r2x;), which makes K; = 0, in addition
to the coincidences (d;r,) and (d}7,), we find that they are coincidence congru-
ences. More generally the coincidence comgruences are the omnly congruences
which possess all of the twelve coincidences. This justifies the term ‘““coincidence
congruences’’ which we have chosen for them.

5. 'I'HE PROPERTIES AND CANONICAL FORM OF A CONGRUENCE POSSESSING COIN-
CIDENCES (71%2) AND (x172)

Let us consider now a congruence which has the coincidences (r1x) and (x72).

By integration of the associated conditions

’u mu dﬂ v
fatSE="t=0 j 42 - =0,

* E. J. Wilczynski, Brussels Paper, pp. 24-28.
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one obtains

=V@)e', =U)e™ .

SRR

¢’
m

Transformations (3) enable us by a proper choice of N\, u, «,, 8, to make
V(@) =1, U(u) = 1. We may use thereafter the sub-group of (3) given by

We now have
(65) ' =me’, d=ne.

Here, as previously, we exclude congruences for which mnc’d = 0.
From (65) we find

C; = (m, — mfu)e_f’ .C:m = (muu = 2myfu — Mfuu + mf?‘)e—f,
d,, = (n, — "fv)e_f: dyy = (ny, — 2nyfy — nfye + ”ff)e—f-

If these values are substituted in the sixth and seventh integrability conditions,
we obtain the equations

Myy — Myfy —ma = — e_f("w — Nyfy — nb’),
Myy — Myfy —ma = — ef(nw — Nyfy — nb’);

whence follows either f = 0, which means that the congruence is aW-congruence,*
or else
Myy — Myfu —ma =0,

(66) Ny — Myfy, —nb' =0 ;

we shall call such congruences harmonic. }
If f = 0, equations (65) reduce to

(67) ¢'=m, d=mn.

* E. J. Wilczynski, Brussels Paper, p. 46.

t The nets of curves ¥ = const. and v = const. on Sy and S, are in this case harmonic
conjugate nets. See E. J. Wilczynski, Geometrical significance of isothermal conjugacy of a net
of curves, American Journalof Mathematics, vol. 42 (1920), p. 215.
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From (67) and the integrability conditions it follows that

f.—_'c:d':o’ b=—nw a'=—mu’
(68) My + My = ma + nb’,
a, = 3m,mn + mn,, b; = m, + 3mn,.

The canonical form given here is the same as the canonical form for identically
self dual congruences, or for congruences which belong to linear complexes.*
Using (66), we find

- - -2
C=fw d’=f1n b= —me f’ a' = — Mue f» mn(l_e f) "‘fuvr

m“ nu m““” muu mﬂ m“ll mu mﬂ

ni{3 ==~ = — = 4% __ = 7= 2z

(69) ( n “) m m m mf“+m mf"’
n Ny Ny W Ny N
3,_ = Tuw _ M My Muy o M
( + ") n n n nf"+ non’’

The results of this section may be stated as follows:

If a non-degenerate congruence possesses the coincidences (rixz) and (xirz), it is
either a W-congruence whose canonical form is given by (67) and (68) in which case
it 1s identically self-dual and belongs to a linear complex; or else it 1s an harmonic
congruence whose canonical form is given by (65), (66) and (69).

6. THE PROPERTIES AND CANONICAL FORM OF CONGRUENCES WHICH POSSESS
! - " 4
COINCIDENCES (d,d,) AND (d,d,)

We consider finally the congruences which have the two coincidences (d,d;) and
(d':d;). The conditions to be satisfied are

(70) Ll—Tz Sz M1=0, L2=T1=51—M2=

Using (51), equations (70) may be replaced by

o F o)
() Li=0, 3 log~+d, (f+ log asszlGl) =0;

o 0. F .
(72) L, =0, e at(f+loge5n2FgGg)+ajlogG—,2=0;

FG d. F
(73) My=2B, bu( f+1log &r‘n;) +oglog s = u(zf— log aw) ;

* E. J. Wilczynski, Brussels Paper, p. 28 and p. 43.
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20 F FG\
(14) My=2C,, €3 log - + bv(f+lg ’) gv(zf—logew);

10 F; o)
(75) Si1=2C,, 3 om log =~ G bv (3f+ log — FIGI) =% (2f— log e’n‘) ;

d 12 F.
(76) S: = 2B, bu(3f+log F262)+ 5,108 G’ u(2f—log6?~m4).

If we multiply (75) by é and subtract (71) from the result, we find
o log 8%% =0
- .

In a similar fashion from (72) and (76) one obtains

0
— 2¢2 —
o log &% 0,
so that
77) de = k, where k is an arbitrary constant.

Using this relation, the six conditions reduce to the four given by (71), (72) and
the two following:

2 , 0. F
(78) zTuf—logcm FiGy _6ETvl°ga=O’
o) F, l 9
(79) B~ o (f — log enzeGz) =

Adding (71) and (78) gives, using (11),

(80) Gy + 20F\G, — 8,G1 — 8G,, = 0,
while subtracting (78) from (71) gives

(81) Fi. — 26F\G, + 6,F1 + 6F, = 0.

Adding (80) and (81) gives

o o
b_u(Fl+Gl)+(FI_GI)60+8$(F1_GI) =0,
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2
which, since F, + G, = —2C,, F1 —G; = — —éBl, becomes

Clu + By, = 0.
But from (11),

02
Clu + Blv = %(f‘l' log 6) s
so that
02
(82) >0 (f + log 8) =0.

By a similar calculation, from (72) and (79), one obtains

2

- 2 (14 105 =0

From (82), (83) and (77) it follows that f,, = 0, whence

’
k2=62e2=:”—i=1, and k = =1,

But ¢ = = 1/8 enters in such a way into equations (71), (72), (78) and (79)
that the same set of equations results from using £ = —1 as from using & = 1.
So there is no loss of generality in assuming 2 = 1. Use the transformation
group (3) to make

(84) {=const.,, ¢c=d"=0 ;

these relations will be left unaltered by the sub-group of (3) given by

L& _ o
—'V‘(;"‘g ‘L—‘\IE"

where ¢, and c; are arbitrary constants.
From (84) and (82), it follows that

#=- 2= — oy ;

then by using transformations (3) we can choose « and. 8 so as to make

”(85) d=m.
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and thereafter use the sub-group of (3) given by

where ¢;, ¢; and c; are arbitrary constants.
Since mn — ¢'d = f,, = 0, we find further

(86) ¢ = n.

These equations show that the developables of the congruence intercept isother-
mally conjugate nets on both sheets of the focal surface.*
Subtracting (80) from (81), and using (11) and (85), one finds

(87 My + My = 0.

By a similar computation based on the two equations corresponding to (80)
and (81) one obtains

(88) My + Moy = 0.

The integrability conditions become

(89) b=-m, a'=—mn, b =-—a,
90 —2-6— = 22
(90) a=23-mn, a,=—23 mn.

If we differentiate the second equation of (90) with respect to v, and the first
equation with respect to %, and subtract one resulting equation from the other,
we obtain

(91) (m#)yu + (mn)y, = 0.

If we perform the differentiations indicated in (91), and use (87) and (8%), we
obtain
", my,

(92) PRl

* E. J. Wilczynski, General theory of congruences, these Transa ctions, vol. 16 (1915),
p. 322.
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where p is a function of # and v which we may assume to be real, if the focal
sheets of the congruence are real. From (92) we find

Myy = Pty + Puyy Moy = — Py, — Py,
whence, by (87),
(93) Puty — pytty = 0.
Again we find

Myy = Py Ny +plyy = — PNy, — PNy,

whence, by (88),
(94) puny + pony = 0.

Equations (93) and (94) are two homogeneous equations which #, and #,
must satisfy. The determinant of the coefficients must be zero;* i.e., pi +
p2 = 0, whence p, = p, = Osince pis real, and p = k, where kis an arbitrary
real constant. Then k = —m,/n, = —b/a’, using (2); so by using (3) we can
make k = 1 (k = 0 gives the coincidence congruences) and thereafter use the
subgroup of (3) for which

A=u=q0, o =8, =c.
Equation (92) becomes
(95) m, = —n, my=mn,
using these values, equations (90) can be integrated and give
(96) a=mn—m?2+k,

where k is an arbitrary constant.

The congruences which possess the coincidences (did;) and (did;) are
identical with the congruences which arise from the Riemann sphere representa-
tion of functions of a complex vairable according to one of the methods discussed

* Or else ny = n, = 0; then n = const. and if n 0 we can make n = 1 and are led to the
coincidence congruences, which form a special case of the general set of congruences possessmg
the given coincidences.
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by Wilczynski.* We shall call them bidirectrix congruences since the four
directrices associated in general with a line of the congruence in this case
reduce to two. Thus the property of possessing coincidences (ddy) and (dydy)
characterizes completely this set of bidirectrix congruences, discovered by Wilczynski.

Using Wilczynski’s results in connection with the theorem just stated we see
that a non-degenerate congruence in the real and distinct focal sheets, which possesses
the coincidences (ddy) and (dyd,), has also the following properties:

(a) it s a W-congruence;

(b) 1ts developables intercebt isothermally conjugate nets on both sheets of the focal
surface;

(¢) the asymptotic curves on both focal sheets belong to linear complexes;

(@) corresponding asymptotic curves belong to the same complex;t

(e) the directrix curves of the two sheets of the focal surface correspond to each
other;

(f) on each sheet of the focal surface, each of its axis curve tangents is conjugate to
one of the ray curve tangents.

Moreover it has the canonical form
c=d'=0,d=m,c'=n,a’ ' =—b=—n,, a=—b =un2—m?+Ek,

where
Wy = Ny, My = — Ny

and k is an arbitrary comstant.

* Line geomelric representations for functions of a complex variable, these Transac-
tions, vol. 20 (1919), pp. 283-298.

A set of properties characteristic of a class of congruences connected with the theory of func-
tions, these Transactions, vol. 21 (1920), pp. 409—445.

t This property is added by the author and may be proved as follows. Denote by I" the
linear complex to which the asymptotic curve #»; = const. on Sy belongs so that the linear com-
plex osculating v; = const. at any point is I'. In view of the coincidence property, the two
linear complexes osculating #; = const. and v; = const. which pass through P, have in common
a linear congruence whose directrices are the directrices of the first kind of Py and P.. All the
lines which meet these two directrices belong to I', so that I' may be described as follows:
consider the directrices of the first kind of the points on an asymptotic curve on one focal sheet,
and the corresponding directrices of the first kind along the corresponding asymptotic curve on
the other focal sheet; then the linear complex to which the first asymptotic curve belongs is
made up of the totality of lines which meet a pair of corresponding directrices. Evidently
the corresponding asymptotic curve on the other sheet also belongs to the same linear complex.
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