IRREGULAR DIFFERENTIAL SYSTEMS OF
ORDER TWO AND THE RELATED
EXPANSION PROBLEMS*

BY
M. H. STONE

We have prevously discussed the similarities between the series of
Fourier and of Birkhoff.} Since a series of Birkhoff is defined by a linear
homogeneous differential system of the nth order in which the boundary
conditions are of regular type,} it is natural to attempt an extension of the
methods there employed to some systems with ¢rregular boundary conditions.
We shall discuss here the case n =2, with the hope of giving a comparatively
exhaustive treatment of the narrowed topic. From our point of view, it is
not essential in this discussion that a series be treated with regard to its
convergence: a sum by appropriate means we consider equally valuable.
A treatment of the convergence of the formal expansions for a function
restricted to have a certain number of derivatives and to satisfy certain
boundary conditions has come to our attention since the completion of
this paper.§ As Professor Jackson has suggested to the writer, the methods
of Wilder in a similar problem could be applied to this end, as is obvious
from a comparison of the formulas of this paper with his.| It should be
noted, however, that under our discussion of systems of type 1, Case I, the
series for the function 1 can be seen to be divergent, so that such results are
not so useful as it might appear. We note that the series discussed in this
paper are entirely different from those discussed by Jackson and Hopkins in
the case #=3.

* Presented to the Society, December 30, 1924; accepted in partial fulfillment of the require-
ments for the degree of Doctor of Philosophy at Harvard University; received by the editors of
these Transactions in October, 1925.
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I. CLASSIFICATION OF THE BOUNDARY CONDITIONS

Our first task is clearly that of separating all possible boundary condi-
tions, #=2, into regular and irregular types. We shall refer to Birkhoff’s
memoir, cited above, for the definition of regularity, and for the fact that
in the case where 7 is even the several conditions of that definition reduce
to one. We then prove

THEOREM 1. The only irregular boundary conditions for n=2 are of the
form

) #'(0) + A4'(1) + Bu(1) = 0,
%#(0) — Au(1) = 0,

or of the form
A4'(0) — 4'(1) + Bu(0) = 0,

Au(0) + (1) = 0,
where A, B are real or complex constants® The two differential sysiems ob-
tained by adjoining to the equation

w4+ N+ gu=0, g(x)summable, 0 x=1,

@

the boundary conditions (1) and (2) respectively, are adjoint systems.
The general boundary conditions, #=2, can be written
a1’ (0) + b1’ (1) + c1u(0) + diu(1) = 0,
a1’ (0) + bat'(1) + cou(0) + dau(l) = 0,
where ay, b1, ¢1, di, a3, by, co, d; are any real or complex constants such that
the linear forms of which they are the coefficients remain linearly in-

dependent. We must consider several cases.
Case I. a1b;—a:b,0. Employing the notation of Birkhoff’s definition

of regularity, we write

b
0 (a1 4 bis)i  — (01 + f)t )
00+015+-£E = (—-s) (a1b2 — a3by) .
S bz S
(a2 + bas)i —(02+—)i
s

Since 6,0.70, the boundary conditions are regular.

* Tamarkin, Rendiconti del Circolo Matematico di Palermo, vol. 34 (1912), pp. 360-361.
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Case II. @\bo—asb,=0; a, and b, not both zero. The boundary condi-
tions can be reduced by linear combination to the form
alu'(O) + b;u'(l) + clu(O) + dlu(l) = 0,
cou(0) + dau(1) = 0.
i(dl + b,s) bt 1:(01 + bl/S)
6046 0y/s= =2 bd
o+ 015 + 02/s (ca -+ das) (ca + do/5) (8102 + bids)
+ (a1dz + bica)(1/s + 5).
If a\d2+ b1, %0, the conditions are regular ; on the other hand, if a;d2+b:1¢. =0,
the conditions are irregular. In this latter case, since ¢, and d, cannot both
vanish, we have left
a19'(0) + b1’ (1) + c1u(0) + diu(1) = 0,
alu(O) - b1u(1) = 0.

Then

If these boundary conditions have a,0 they can be reduced to the form (1);
if 5,50, to the form (2).
Case III. a,=a;=b,=b,=0. Since the boundary conditions

cau(0) + dwu(l) = 0,
c2u(0) + au(1) =0

are linearly independent they reduce to #(0) =% (1) =0, a well known regular
case.

Itis now a matter of simple computation to show that the two differential
systems defined in the latter part of the theorem are actually adjoint. The
method employed is sufficiently familiar that we omit details.*

II. THE IRREGULAR BOUNDARY VALUE PROBLEM

We are now prepared to consider the boundary value problem in the
irregular cases of Theorem I; that is, to investigate the values of X for which
the differential systems have solutions not identically zero. As is well
known, these characteristic values are the same for a system and its adjoint.
On setting A =p?, the two systems are

'+ (p*+gu =0, w' + (p*+ gu =0,
u'(0) + A%'(1) + Bu(1) = 0, A4'(0) — «'(1) + Bu(0) =0,
u(0) — Au(1) = 0, Au(0) 4+ »(1) = 0.

* Bécher, Legons sur les Méthodes de Sturm, Paris, 1917, Chapter II.
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The characteristic values in p may be found as the roots of the equation

u/(0) + Au/’(1) + Bui(1) s’ (0) + Aus’(1) + Bus(1)
where u,;, 4, are any two linearly independent solutions of the differential
equation defined for all values of p. The existence of such solutions has
been demonstrated in our preceding paper.

A number of outstanding facts are revealed at once if we choose u1, %,
as solutions satisfying the boundary conditions

'lh(O) = 1, ul’(O) = 0, uz(O) = 0, uz’(O) =1.

=0

On expanding the determinant and making use of the fact that
u1(1)u2’(1) - ul'(l)uz(l) = ul(O)ug'(O) - 1‘1’(0)142(0) = l,
we find the equation
(42 — 1) + A(u1(1) — u'(1)) — Buy(1) = 0.
If A =B =0, there can be no characteristic values; henceforth this possibility
shall be excluded. Again,if A2—1=0, B=0, the equationisu,(1)—%,’ (1) =0,
whence we conclude that a root in this case cannot be a root in the case
A?—150, B=0. If we consider the two differential systems when 42—1=0,
B =0, one of these is
'+ (4 gu =0,
%'(0) + (1) = 0,
#(0) — »(1) = 0.

If we suppose that the equation g(x) =g(1 —x) is satisfied almost everywhere
on (0, 1), the function satisfying the differential system

W (5 u = 0,
u(%) =1, u,(%) =0,

is a solution of the irregular system above for all values of p. Thus it is
evident that under appropriate circumstances all values of p are character-
istic values, while under others there is no characteristic value; in such cases
there is no expansion problem.

Having thus obtained a view of some of the peculiarities which can arise
in the irregular boundary value problem, we can continue our discussion,
under hypotheses which enable us to make more definite assertions. We
shall require in all our succeeding work that g(x) be continuous together
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with its derivatives of all orders on the interval (0, 1), although we could
in many instances lighten this restriction. Then, as we saw in Theorem III’
of our previous paper, there exist on the first quadrant of the p-plane solu-
tions #;, s of u'' 4 (p*+g)u=0 with the asymptotic forms

*u; = ept'z(l + x-ZmAIO(x) Elo(x,P))’

-1 (p‘l«) i pm+1

o Au(x) Eu(x,P))

u' = pie"’(l + >

=1 (pi)! pmt

. l=m A0(x) Ezo(x:P))

e —piz{ | ,
= oo ( + E (—pi)‘+ p™t1

== Me—m( 14+ l-z": Au(x) | Eu(xp) )’

l-l( p‘l)l pm-l-l

the functions E being uniformly bounded, 0<x <1, for p on the first quad-
rant. In particular, 4,0(*)=A4u(x). Similarly, on the fourth quadrant
there exist solutions #,, #, whose asymptotic forms are given by replacing
p by —p in the exponential terms and sums appearing in the forms given
above for the first quadrant; the functions E are, of course, not necessarily
the same.

THEOREM I1. If u,, u; are the functions defined above for the first quadrant,
then for any positive integral m

D= ul'(O) + Aul'(l) + Bul(l) u,’(O) + Auz’(l) + Bu;(l)
T (0) — Au(1) us (0) — Aus(1)
= 2(1 — 4%)p 1(1 +—‘@
l=m—1 l=m—1( _ 1)1, E
(e”( Z f_’ Ez(P)) + e ”.( E ( )l ap + sE‘P)))
Ll P " lm=1 P P
=B E4(P) ( = (= DB Es(P)))
Bi eif{ 1 il 1 )
+ (e(+§p p"‘“)+ep +§ ot +P""“
Qi -y Oy, Py, ¢ ¢ -, Bm being constants, and the functions E being bounded

and analytic on the first quadrant. On the fourth quadrant the substitution of the
corresponding functions u,, u, gives an analogous formula involving the same
numbers o, B.
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We shall carry through the computations for the first quadrant; by
replacing p by —p in the exponential terms and sums appearing in the ex-
pression thus obtained we find the asymptotic form for the fourth quadrant.
On expanding the determinant and recalling that

#1'(0)u2(0) — %1(0)%2'(0) = w1/ (Dua(1) — wm(Dua'(1),
we find as the result
(1 — 49 (' (0)ua(0) — u(0)u2'(0)) + A{ (w1 (1)ua(0) + w1(1)4'(0))
— (' (Dmi(0) + uo(D)wr'(0)) }
+ B(ur(1)u2(0) — #:1(0)ua(1)).

By direct substitution of the asymptotic forms for u,, #,, in which 4 4(x) =
Ay (x), as we noted above, we find

ul'(O)ug(O) - “1(0)14:'(0) = 2p1(1 + I(P)) ’

A(E D)

41" (1) uz(0) + u1(1)u,'(0)

-1 Pt ™
l=m
((0) o (1+ E0422)

If we neglect the E terms in #,, #,, the replacement of p by —p interchanges
,, ;. Hence by replacing p by —p in the second and third of the asymptotic
forms just obtained, we show that

l=m—1( — { 1 s
1/ (1)13(0) + ws(1)u'(0) =e-,a( (- Ve B (,,)),

Im1 P} o™
l=m -1 1 E5
u2 (1)u1(0) = e—pi(l + 3 ( ,) B n m(_:)).
l=1 p P

When the five asymptotic forms are substituted in the expanded determi-
nant, the theorem is obtained.
As a consequence of Theorem II, we lay down

DEFINITION 1. The irregular differential system
Wt Pu =0, =,

«'(0) + 44'(1) + Bu(1) = 0,

u(0) — Au(1) =0,
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where g(x) is continuous together with its derivatives of all orders, 0<x =<1,
shall be termed of type 1 if B#0; and a system of type M, M 22, if B=0
and ay_, is the first of the o’s different from zero. If B=0, a;=0, a;=0,
az=0, - - -, the system shall be termed of type Q.

We have found no means of investigating systems of type Q; that they
exist is shown by the examples given above.

In the case of systems of type M, M=1,2, .- ., we can give a com-
plete discussion of the distribution of characteristic values.

THEOREM III. The irregular differential systems of the second order of
finite type M have infinitely many characteristic values in p when A*—1=0.
They are distributed asymptotically near the roots of ei+(—1)¥e—i=0; for
large |p| there is one simple characteristic value near each root of this equation.

We recall that the asymptotic forms of %, %, on a given quadrant are
valid also in a sector including the quadrant and bounded by rays parallel
to the two axes. Hence this is also true of the asymptotic forms derived
from those for u;, #,. Thus the characteristic values of p on the first quadrant
and within a specified distance of it are found as roots of the equation

B(eri[t] — e*i[1]) =0, M =1,
AaM—l(eP‘[I] + ( - I)Me—pilll)/ 1= 0’ M2 2’
or of

ei[1] + (= DMeri[t] = 0 (M=1,2,--).

Similarly the characteristic values on the fourth quadrant and within a
specified distance of it are found as the roots of

ei[1] + (— 1)Meri[1] = 0 (M=1,2,---).

The characteristic values on the left half-plane are the negatives of those on
the right. Now by methods employed in the discussion of the regular bound-
ary value problem, n=2, the roots of the equations e*[1]4[—1]¥e—:=0
on the two quadrants respectively have the asymptotic distribution de-
scribed.*

* Birkhoff, these Transactions, vol. 9 (1908), pp. 386-387; Tamarkin, Rendiconti del Circolo
Matematico di Palermo, vol. 34 (1912), pp. 353-358; Birkhoff, Rendiconti del Circolo Matematico
di Palermo, vol. 36 (1913), pp. 116-118.
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THEOREM IV. The irregular differential systems of the second order of finite
lype M have infinitely many characteristic values in p when A*—10. If we
write u=2(A*—1)i/B,M =1, and p=2(A*—1)i/Aay_, M 22, the asymptotic
distribution of these roots on the right half-plane is as follows:

(1) for |p| sufficiently large on the first quadrant, there is ome simple
characteristic value near each of the points p=r--is,

(=DM p, . (—=1)py
r = arc cos ————— = arcsin———

Vil + uf Vil F+ pd

s =log (Wl + ptr¥), u =+ iu;

(2) for ‘Pl sufficiently large on the fourth quadrant, there is one simple
characteristic value near each of the points

- M . — M2
r = arc co§ — = arcsin —mmmm
Vil + pd Vud + pd
s = —log (Wed + plr¥), p = p + ips.

The characteristic values on the left half-plane are the negatives of those on
the right. '

We shall limit our discussion to the characteristic values on the first
quadrant; the treatment of those on the fourth quadrant is entirely ana-
logous.

By Theorem II the characteristic values on the first quadrant are found
as the roots of

1] + (= Denilt] _
M1

or, after multiplication by (—1)¥p¥-1 of

ro[1] +

0,

e [1] + u( — 1)Mp~([1] + e;::]) = 0.

This last equation takes the form
et = (= 1)M+iypM1]

on the first quadrant.
If there are infinitely many roots p=r-1is on the first quadrant, then
lim,i.(s/7)=0. To prove this statement it is sufficient to show that there
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exists no positive e for which infinitely many roots satisfy s/r=e. If such
an e exists, s—o as |p|— ; and for the roots in question

e*(cosr — isinr) = (— 1)M+u(r + is)M[1],
whence

1= p||[]]] remen + dsement |2 < || [[1]]] (s/€) e + isem+i [M— 0
as |o|—o. The contradiction shows that ¢ does not exist. Hence
Ipll_x}g (s/r)=0.
Now we find

e'
_— = |1+ M1
=i,
whence
s — log (Wae + p2r¥) = Mlog |1+ i(s/r)| + log|[1]| = € = O

as lp] — . Using this relation we obtain

At F p2(cosr — isiny) = (— DMl + i(s/r)[1]e0 — ( — 1M+,

as |p|—o; thus

— )My, ,
r = arc cos ———— - ¢€),,
Vil + pt
. (= DMy ’
r = arc sin ————  + ¢€),,
Vi + p

where €’|,,—0 as |o| >. Inshort, if there exist infinitely many character-
istic values on the first quadrant, they necessarily lie asymptotically near
the points described in (1).

We shall now let p’ be one of the points described under (1). In the
function e +(—1)4upM[1], analytic in p on the first quadrant, we re-
place p by p’+£; we restrict £ to the circle |£| <¢’<2m. There results a
function analytic in £,

et + (— DMu(e’ + M [1] = (= DMHiur'et + (— DM’ + §¥[1].
If we divide by (—1)Yur"M 0 we obtain a new function,
1— et + G(E’T,’s’))

where e(£, 7/, s') is analytic in £, |£[<¢’, for all 7/, s’, and lim,. =0
uniformly, || <¢’. If £ describes the circle |£| =¢’’<¢’ the argument of
1—eit changes by 2, while |1 —e~#|=»’>0. If we choose |p’| so large
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that ]e(E, r',s")| =1'/2, the argument of the function 1—e~it+te(£, 7', s’)
also changes by 27 when ¢ describes the circle |¢|=¢’”. In other words,
1 —¢~t4¢ has a simple zero in the circle || =€’/ for all p’ such that |p’| 2 R".
Thus for large |p|, there exists one and only one simple characteristic value
near each of the points described in (1).

III. THE IRREGULAR EXPANSION PROBLEMS

We shall now make a comparative study of the differential systems

W+ N+ g9u=0, w' + M =0,
«'(0) + 44'(1) + Bu(1) = 0, #'(0) — w'(1) =0,
u(0) — Au(l) =0, u(0) — u(1) = 0.

The other irregular differential system, adjoint to the first system given
here, can be reduced to the form of the first by the substitution £=1—x and
therefore does not require separate consideration. We assume that the
irregular differential system is of finite type. Then there exists for it a
Green’s function G(x, y; N\); the second differential system has a Green’s
function G(x, y; \) and gives rise to the expansion problem of Fourier.

We let 2’ denote the right half-plane for the complex variable p, A=p?,
from which the characteristic values of the irregular differential system and
of the Fourier system have been removed, the interior of a small circle o
of radius e described about each such value as center being deleted. We
denote by SY, S/v the parts of =’ on the first and fourth quadrants re-
spectively. We denote by I any circular arc with center at p=0 and central
angle =, lying on Z’. The image of I' in the N-plane will be a circle C; the
totality of such circles C forms an infinite set of concentric annular regions
none of which contains a characteristic value of either differential system.
From the behavior of the characteristic values for large |\|, the circles Cy,
Cy, C, - - -, as described in § II of our previous paper, can be selected from
among the circles C; this is true simultaneously for the two differential
systems we are discussing. Finally, we let i, 1v be the portions of I' on the
first and fourth quadrants respectively, while their common radius is R.

We shall study the behavior of

1 ak 1 x'i k+1
— 1—=) G(x,y;Ndrdy,

where f(x) is summable on (0, 1), I=ZM, k=0,1,2, - - - ,as v—o. The
meaning of this integral is discussed at length in our preceding paper, §§ I1I
and IV.
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For this discussion we use Lemmas III, V', VI’ of that paper, as well
as Theorem IV. In addition we need two other lemmas.

Lemma I. If A2—1=0 in an irregular differential system of order two
and type M,

1 pM-1

D TG+ (= e 1)

on S{ and Sy respectively, where C,=B=0 and Cy=Aay_1#0, M 22.

Furthermore,
1

[ewi[1] + (— 1)™[1]]
1
| 1]+ (= 1)ye2i[1]]

The first part of the lemma is virtually a restatement of Theorem II.
The second part is proved in exactly the same way as the corresponding
facts in the case of regular differential systems.*

<K, ponSI',

<K, ponSiy.

Lemma II. If A2—1520 in an irregular differential system of order two
and type M,
1 x Mt

D~ Culwe[1] + e [1] + (= DMei[1])
where p=2(A%—1)i/Cy, on SY and Sty respectively. Furthermore,
1

| e2i[1] + woMeri[1] + ( — DM[1]]
1

| e=2i( — DM[1] 4 woei[1] + [1]]

<K, pon Si,

<K, ponSI'v.

The first part of the lemma is a restatement of Theorem II.

In order to prove that |e%:[1]+upMeri[1]4(—1)¥[1]|=21/K >0 on SY
we show that the equality e%i[1]+pupMeri[1]4(—1)¥[1]=7, where |9| is
small, requires that p lie near one of the characteristic values on the first
quadrant. We let p’ be a value of p satisfying this equation, which we can
write

- DM} - 91
iy (D [1] 0] _
/M
up
* Birkhoff, Rendiconti del Circolo Matematico di Palermo, vol. 36 (1913), p. 120.

0.




34 M. H. STONE [January

In the function e2:[1]+up¥eri[1] 4 (—1)¥[1] =pupMeri[1] 4 (—1)¥[1], analytic
in p on the first quadrant, we write p=p’+£, |£|<e¢, where € is the radius of
the circles o described above. We obtain the function

(= D[1] = al1]

'™

(o + §Met[1] + (— D¥[1],

analytic in £ On multiplying it by e~i(—1)¥+1/[1] 0, |£| <e, the term
[1] being the last such term in the preceding expression, we find a function

1— (= DM+ — e+ ¢(&,0',m),

where ¢ is analytic in £ for each pair of values p’, #, and where also
lim ;1.8 (€, 0, 7) =0 uniformly, |£|<¢, |7|<H. For all |9|<n’ where 7’
is sufficiently small

[1— (=1 —eit| 256>0, |&=¢;

and arg (1—(—1)¥+1p—¢=it) changes by 27 when £ describes the circle
|¢| =e. We determine R’ so that

]
|§'($,P'y’7)|§_5, I£l=ey |7ll§77’, |P’|gR'-

Then arg (1 — (—1)¥+y—¢—it+{) changes by 27 when £ describes the circle
|£| =¢; and the function itself vanishes in the circle. In other words, there
is a characteristic value within distance € of p=p’ if |n| <7/, [p'| =2R’; and
p’ then lies in a circle 0. Hence, for |[p| 2R’ on S we have

| e2i[1] + wpMers[1] + (— D™[1]] > o',

as we were to show. The statement of the lemma follows at once. Similar
reasoning applies on Stv.
We now demonstrate

THEOREM V. For an irregular differential system of the second order of
type M

1 p8 k+1 akG 6"G 0 .
; 1-= R Srort outt dan F,;F,}>dd =0,
Rl—!ﬁj;f(y)»[, ( RB) ( P{axk ax"} { Ik 1,k pdy
. ! p¥\ ¥+ *G o*G 0 . )
10 [ (-2 (AL 25} .
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uniformly, 0 <a<x<b<1, where k=0,1,2, - --,12M, f(x) is summable
on (0,1), and

s=k

Fialz,y,0)= 4 3 irtiprerit=—9 3 Aqu(%)By(y),

] a+-fu=k—s

a=k

Fll.k(x;ny)E — 2 (= )tz 3 Auu(%)Bg(y),

sm0 a+fmk—s
) pd .
Fry,i(z,9,0)= — 2 (— i)**lpremsit==0 37 Aqu(2)Bs(),
8w=0 a+fmk—s

a=k

Frv.(%,9,0)= 4+ X itlpreri==n 3 Auy(2)Ba(9).
=0 a+4-f=k—e

The functions A(x), B(y) are those defined in our preceding paper in Theorem
II1’ and Lemma XIV. The expression

2ri axkff(”)f (1-“) G(x,y ; Ndndy,

£=0,1,2, .- ,12M, is therefore equivalent on any interval (a,d) to a
linear combination with coefficients Au(x) of means of order k+1, formed
rom the Fourier series and their derived series up to order k for the functions
f(@)Bo(x)=f(x), f(x)Bi(%), - - -, f(x)Bi(x). On any interval (a,d) the ex-
pansion problems associated with an irregular differential system of the second
order of type M are thus phrased as problems in the theory of Fourier series.
In particular

.-..ff(")f(l'_)(c("y’*) Glz,y; )My =0, 12 M,

uniformly, 0 <e<x=b<1.

On putting
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Wi(u) = 4’'(0) + A4'(1) + Bu(1),
Wa(w) = u (0) — Au (1),

i (y) 42 (y)
ui (y) 42 () ’
uw'(y) ()

T101(y) + 7ev2(y) =

we can write

*G G
o s S b= 2l mG) s - wEm))
B (x)  ulP(x) 0
Wilw) Wilus)  + Au/'(Dni(y) + Bur(1)vi(y) — u2'(0)v2(y)
Wa(u)  Wa(us) — Aur (D)vi(y) — u2(0)v2(y)

2
+2 lwl(ul) W 1(ua)

Wz(ul) Wz(uz)
Employing a familiar notation, we have on SY
20{ P (@)n(3) 5 — wO(Dma(y)} = {Fr.a; Fir.a)
+ {8"“"”’7”1(90,}’,»0)/!’ ’ e—pi(z_y)m2(x’ y»P)/P} )
Wi(w) = pi[1] + Apieri[1] 4 Beri[1] = pm(p),
Wi(us) = — pi[1] — Apie=i[1] + Be=i[1] = pm(p)e",
Wa(u) = [1] — deri[1] = m(p),
Wa(us) = [1] — de~i[1] = m(p)e*,

A4 Bi
Aw/(Di(y) + Bus(1)na(y) — u'(0)va(y) = 5 e [1] — z—eﬂ'“-” (1]
P

- % epiy[]'] = m(y,p),
— Au,y (l)vx(y) - uz(o)vz(y) = m(y,P)/P,

Aui/(1) f zvl(y)dy + Buy(1) f zvx(y)dy — u2'(0) f z'vz(y)dy
=m(x,0)/p, 0 S a £1,

= Awm(1) f’ n(y)dy — u2(0) fzvz(y)dy = m(=,p)

p?

’ 0§a§1
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The last two results are consequent upon the fact that

— 7 ePt(1-2) — gpi(l=a)

z —_ i z
o[ ity = [(erolilay = 2=
a P Ja

2p — pi

— i p=
+—- f e’ [0]dy = m(x,0)/p?,
p Ja

z ,i z
f v(y)dy = z—pf ev[1]dy = m(x,p)/p%.
Finally
1 pM—1eri

Wilus) Waluz) | Cu(e 1] + woteri[1] + (= ¥ [1])
Wa(u1) Wa(us)

= pMm(p)er

by Lemmas I and II. Hence on SY we find
*G G
2,:{—- ; ——} — {Fie; Fra)={e"my(x,y,0)/p ;€0 Vmy(x,5,0)/p)
dxF  ox*

+ Pt emy(2,9,0) + PR I ma(5,9,0),

z *G o 0 1
209—; —¢ — tF1,k; F1,ky )d
J;(p{axk a:::} {F1. Ik}) y

z
- f {e.,.-u_,)ml(x»%f’)_; N M}dy

[ P
+ pM+k—lepizm3(x,p) + pM+"‘1e"(1")m4(x,p).
By Lemmas III, V' of our antecedent paper,
y p

PN (3426 2O p BN, 12 M
j; I—Es pg;—k,s-;k = W1,k L1,k§ )ap, = M,

1

is uniformly bounded, 0 <a<x<b <1,0=y=<1, for all yyon S{. Lemmas V’
and VI’ show that

m [ PN (5,426 .2 FusFu) )dedy =0, 12 M
}ilgl-oj;,[,!(l_i; <2p{£-;,a—k —{I,k, I.k)Py— , t=2 M,

and also

’ ”H)W 0 IO _m B edy =0, 12 M
l. 1—— 2 — =y T (¢ — k) , =V, = ’
;T.J, L( R® ( p{axk ax* b ) e
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uniformly, 0 <a<x<b <1. An application of the theorem of Lebesgue*
quoted as Theorem IV in our previous paper shows that

1 P8\ Ft+i OkG.a 0 Fl
im [0 (1=5) (ol — Fhasrlad Jres =0, 021

uniformly, 0 <a<x=<b<1.
Since %, and %, on SY are changed formally into %, and u, on Siy when p
is replaced by —p, it is possible to obtain the asymptotic form for

{6"0 a‘G}
209> —
dx* Jx*

on 5 by replacing p by —p in that established for Sfv. Thus we see almost
immediately that

i [0, (-2)" (39

- {FIOV,I: ;Flv,k})dpdy =0, l2M,

uniformly, 0 <e=<x<b<1.
By Lemma XIII of our preceding paper we have

S, (- M)W{g;g}“’y
_—_ f o [ (i ——)chxdy,

and it is easy to complete the present theorem in a manner analogous to
that used for Theorems XXXIT and XXXII’ of that paper. For k=0,

Ff,(, = — erilz—v), FII'O = — ggPilz—y)
Fiv.o = + ie#i@=v,  Fry o= + iesiGe-v,
We know that
hmff(y)f ( - — (G — { — deritam) — de*i=})dpdy = 0,1 Z 0,

llmff(y)f (1 - p_) (é - {ie‘pi(x—v) : ie”‘""”})dpdy =0, 120,
-0 Ty R8

* Lebesgue, Annales de la Faculté des Sciences de Toulouse, (3), vol. 1 (1909), pp. 52-35.
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uniformly, 0 <a<x=<b <1, as the evaluation of these limits occurs in the
proof sketched for Theorem IX’ in our paper on the regular expansion
problems. It is immediately evident that

1 x( l _
limff(y)f (1 ——) G -Gy =0, 12 M,
y=o Jyg C, Av‘

uniformly, 0 <a=<x=<b <1. This completes the proof of the theorem.

From various known properties of Fourier series and the term-by-term
derivative series of Fourier series, we deduce the theorems which follow.
The details of proof are strictly analogous to those given under the cor-
responding theorems of § VI of the paper on Birkhoff series.

THEOREM VI. The expansions

N\ K+
[T [ (1= 2 6y Naway, 1z,

associated with an trregular differential system of the second order of type M
are such that their behavior at x=x, interior to (0, 1) is independent of the
nature of the summable function f(x) outside an arbitrarily small neighbor-
hood of x,.

THEOREM VII. If f(x) is summable, 0<x<1,

lim f 160 [, (1= 2 6w, Mray = 12

¥—%0 274,

almost everywhere, 0 <x <1, if IZM; if f(x) is continuous ihe convergence
is uniform, 0 <a<x<b <1.

THEOREM VIII. If ¢ (x) is a k-fold inlegral in the sense of Lebesgue,
0=<x=1, then

4 k+1
lim— 2= ¢<y> f ( ——) G,y NNy = o(2), 12 M,

o 2mi Jxk
almost everywhere, 0 <x <1; and if ¢®(x) is continuous the convergence is
uniform, 0 <a<x<b<l1.
IV. THE IRREGULAR EXPANSION PROBLEMS OF TYPE 1

If in our differential system we take g(x)=0, there results a special
system which is of type 1 or of type @. Hence it is only in the case of systems
of type 1, B0, that we can compare the systems
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w4+ N+ g9u=0, w' +Nu=0,
#'(0) + Au'(1) + Bu(1) = 0,  %'(0) + 44'(1) + Bu(1) = 0,
#(0) — Au(l) = 0, u(0) — Au(1) = 0.

If we denote by G, G the Green’s functions for these two differential sys-
tems respectively, it is our purpose to study the integral

1 1 -
— f fo )G,y %) = Glay s Nardy.

It will be seen to have the limit zero uniformly, 0 <e<x<b <1, as v—o.
We then make a special study of the second system, with interesting results.
The notations p, 2/, S/, Siv, T, 1, 71v, R, C, have meanings entirely
analogous to those in § III. We do not go into details.
We first prove

Lemma III.  On SY, (e*i4uperi+(—1))/(e?i[1]+pperi[1]+(—=1)[1]) =
(1], and on Stv, (—e%i+ppei+1)/(—e 2 {1]+upei[1]+[1])=[1].

If =0 the lemma is Lemma VIII’ of our preceding paper. If u=0 we
recall that in the term wperi[1], [1]=14E,(p)/p%. Consequently

ik pperi+ (=) (o] + weer(t = (1) + []
e?i[1] + pperi[1] + (— 1[1] ei[1] + wperi[1] + (= 1)[1]
N [0]
=1+ — -
" ei[1] + woeri[1] + (— 1)[1]
=[1],

by Lemma II, for all p on SY. Similar reasoning applies to the expression
on Sllv.
We can now obtain

TrEOREM IX. If f(x) is summable on (0, 1), then

1 xli 1 _
tim [ 105) [ (“D) Gx,y ;N — Gle,y; N)dNdy = 0, 120,

uniformly, 0 <e<x=b<1.

We first show that
1 P8\ _
Jim j;f(y)j;(l ~2) G~ Grasipay = 0, 120,

uniformly, 0 <a=x=b <1; the result holds if v is replaced by vv, by
reasoning whose details are now familiar; the theorem follows immediately.
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We find by expanding the formula of Theorem V

20G(z, ; p?) = 2p{ur()01(y) ; — wa(w)va(y) }

2pe#% d11u1(%)v1(y) + 81201(2)v2(y) + Sartua(2)v1(y) + Saata(x)v2(y)
B ei[1] + woeri[1] — [1]

’

where

b1 = A2(ur’(Du(1) — ur(Dua’(1)) — A(01(1)"(0) + 21/ (1)wa(0)) — Bua(1)(0)

24%p[1] — Aeri[c] — Beri[1] = 2ip[4?],
812 = —' A(ug(l)’uzl(()) + '142(0)'142’(1)) bl B‘uz(O)uz(l)

- 2Aipe—f"'[1] — Be"‘[l] = — 2ipe—pi[A]’

81 = A(u(D)u(0) + ' (1)u(0)) + Bur(0)ui(1)
= 24iperi[1] + Beri[1] = 2iperi[4],

822 = (w2(0)21'(0) — w'(0)w1(0)) + Ay (1)2(0) + wi(1)ws'(0)) + Bua(1)n5(0)
= 2ip[1] + Aer[c] + Beri[1] = 2ip[1],

for p on S/. Using the asymptotic forms for u;, #,, v;, v, and the result of
Lemma III we find

2G(x,y ;07 = { — ierit=V[1] ; — demrie—v[1]]
1 erizeri=0) [A] + erizeriv[Arp] + eril=Deri=v) [A,y ] 4 epiti==)giow[Ag,]

B e’ + pper — 1

r

where the terms [A] in the numerator are of the forms

B Exly, 1
A(x”’)(l + 1(.y) + 2(};_‘7)), A(x,p)(l _3 ('y) + Ex(y,0) ),
Pt P pt o2
and where
An(x,0) = 2p[4?],
An(x,p) = — 2p[4],
Aﬁl(x:p) = ZP[A] ,

A22(x7p) = - 2P[1] .



42 M. H. STONE [January

In particular we have
2PG.(x’y ; pY) = { — gepi(z—v) 5 — ie"ﬂi(z—v)}

1

*3 (Z“wpe——l) (Bus(, perizer = + Bz, plerivess

+ Agi(x,p) e 1= epi1=0) | Agy(x, p)eri(1=2)griv)
for p on SY.
We see immediately that for p on SY

20G(%,y ; p?) — G(2,y ; p?)) = {e"=Vmy(2,5,0)/p : e*=Vma(x,y ; p)/0}

+ ei*my(x,3,p) + e "Dmy(x,,p).

Thus, by Lemmas III and V' of our preceding paper,

p&\* -
1 — —) 20(G — G)d, >0
f( R:) oG — G)dp, 120,

is uniformly bounded, 0 <a<x=<b<1,0=y=1, for all y; on Sy .
To discuss the integral

z p l _
1 — —) 20(G — G)dpd 120
ff( R:) oG — G)dpdy, 120,

ept(l—a) — eri(1—2)

f’eﬁi(l—v)(l + Bl(.y) + E) dy = -
« pt p? P

Bi(x)eri0—2) — By(a)eri—e

we observe that

p?
= E,— By
+fe""(1-")—1—ﬂdy
2
« P
_ epi(l—a) — @pi(1—2) m(x,a,p)

- ?

pi p?

f’e”.y (1 _ Bl(.y) + Ez) dy = ez - pr + m(z,a,p)
a p p? pi o
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Thus we have

f 20(G — G)dy = f {erit=—vmy(x,y,0)/p ; €7 Vma(x,y,0)/p}dy

o) (o [emenian)
JE eriz epi(l— _
B \e2#% + ppert — 1 a "

— An(x,p)eri=v)dy + - - - + em’(l—z)f (e*"v[Ass]

— Ag(x, )e'"'")dy) ’
where the coefficients of €'z, e#¢1=2 are of the form ms(x, «, p)/p, mi(%, e, p)/p

respectively; we compute, for instance,
epi(1—a) — ppi(l=2)

f(e"“‘”) [Au] —Au(z,p)e*0-v)dy = (An(x,0) — Au(x,p))

" An(z,p)mi(x,a,p) + An(z,p)ma(x,a,p)

r = = m(x,a,p)/p.

Hence we find
f 20(G — G)dy = f {erie=vmy(x,5,0)/p ; € Vmy(x,,0)/p}dy

+ epizm3(x’a;P)/P + e 0-my(x,e,p).

Lemmas V'’ and VI’ of our antecedent paper show that

z l
[ (1—%:) 2G5 ; %) — G,y ; $))dpdy =0, 120,
a Jyp

as R—o, uniformly, 0<e=x=b<1.
The reasoning then follows the usual channels until we have

Jim f 5 f ( ——") 2G5,y ; %) — Gz, ; 0))dody = 0, 120,
uniformly, 0<e=x=<b<1; and
f N ( )(G(xy N = Gz,y; M)y =0, 120,

uniformly, 0<a<x=<b<1. The proof is thus completed.
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Because of the result just obtained, it is of interest to study the dif-
ferential system

w' 4+ =0, A = p? 0=s=z=1,

%'(0) + A4'(1) + Bu(l) = 0, B#0,
u(0) — Au(1) = 0.
We find that there are three cases to consider according as 4 = -1, 4 =41,

A?2—150; we shall call them Cases I, II, ITI, and take them up in order.
In Case I the differential system and its adjoint are respectively

u' + pu =0, v 4 p2 =0,
#'(0) — #'(1) + Bu(1) = 0,  2'(0) + /(1) — Bv»(0) = O,
#(0) + »(1) = 0, 2(0) — (1) = 0.

The characteristic values of p are found from the equation eri—e*i=0;
in fact, they are all simple and are given by p=km, k=+1, +2,- - -.
We need consider only positive values of 2. The corresponding solutions
of the differential system are then

_ 24/2 _ .
1 = /2 sm1rx+—B——1rcos 7x, v = 4/2sin7x,,

_ ~ . 24/2
u2 = A/2sin 27z, v2 = 4/2sin 2rx + 3 2w cos 27x,

_ _ 24/2
Ugm = /2 sin 2mrx, Yom = A/2 sin 2mwx + -—\BL- 2mmw cos 2mmx,

_ 2¢/2
Usmp1 = A/2 sin 2m + 1)mx + —\-;—- (2m + 1)« cos 2m + D=x,

Vamp1 = /2 sin 2m + Drx,

as can be verified by direct substitution. For these solutions we find

1 {O,i;ék
fkadx= . }
0 1, 1=k

The expansion problem is therefore that of representing an arbitrary
summable function in terms of the infinite series

k=0

1
Eakm‘, ak=fkadx.
0

kml
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The sum of the first N terms of this series can be written

k=N k=N _ 4 =N
D asur = D aiA/2sin krx + — Y — (i’ cos krx + by’ sin krz),
k=1 k=1 B o1 dx

where

1
@' = /2 f f(9) sin krydy,
0

44

1
om = — ff(y) cos 2mrydy,
0

”n
a2m+l = 0)
”n
bom = 0,

1
bimir = f f(y) sin (2m + 1)7ydy.
0

If Fi(x) is defined for the interval (0, 2) by the equations
Fi(x) =0, 0=x=<1,

flea—1) + /2 - x)’

Fl(x) = 2

1sx<2,

its expansion in terms of Fourier series on the interval (0, 2) is given by

00

Ao+ 2 (Aycos krx + Bysin krx),

k=l
where

1 2
Ao = —fFl(y)dy,
2J,

2
Ay = fFl(y) cos krydy =f
0 0

Y(y) + /1 —y)

2
By = fFl(y) sin krydy = f B — sin kr(y 4+ 1)dy = by,
0 0

‘f(_y)—}-_g(;y) cos kr(y + 1)dy = ay',

by a series of obvious manipulations. In other words, the expression

k=N

d
0+ > — (ax’ cos krx + by’ sin krx)
k=1 %

is the sum of the first 2N +1 terms of the term-by-term derived series of
the Fourier series for Fi(x), a function identically zero, 0<x<1. We recall
at this point some of the theorems concerning the derived series of Fourier
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series. In particular the Cesaro mean of order />0 for the present series
converges uniformly to zero, 0 <a<x<b<1.* The term Za;/2 sin krx is
the ordinary sine series on (0, 1).

Thus from Theorem VI of our preceding paper and Theorem IX of the
present one we have

TrEOREM X. If G(x, y;N) is the Green’s function for an irregular dif-
ferential system of the second order of type 1, Case 1, and if f (x) is summable
on (0, 1), then the expression

—ff('y)f( ——)G(xy Nddy, 120,

is equivalent on any interval (a, b) completely interior to (0, 1) to a sum of
means of order 1 formed from the sine series on (0, 1) for f(x) and from the
derived series of the Fourier series on (0, 2) for F1(x), where F1(x) is the function
defined above. In consequence,

lim — f o (1 ——-)G(x y; Naxdy = f(2), 1> 0,

Hw 1[-1

almost everywhere, 0 <x <1; the convergence is uniform on (a, b) if f(x) is
continuous on (0, 1).

This theorem is stronger in the case M =1, 4 = —1, than Theorem V;
it has also the advantage of revealing clearly the precise nature of the ir-
regularity in the expansion problem.

In Case II, 4 = 41, we obtain entirely similar results. The differential
system can be solved and the formal series set up as before. It is found that
the expansion of an arbitrary summable function f(x) is representable as
the sum of the sine series on (0, 1) for f(x) and the term-by-term derived
series of the Fourier series on (0, 2) for F.(x), where

Fz(x)=0, ngél,

Fz(x)=f(2—x)_2-f(x—l): 1=

Il
8
I\
N

It is therefore possible to state the following theorem.

* W. H. Young, Proceedings of the London Mathematical Society, (2), vol. 13 (1914), pp.
13-28; also § VI of our preceding paper.
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TrHEOREM XI. If G(x, y;\) is the Green’s function for an irregular
differential system of the second order of type 1, Case 11, then the expression

il 10 [, (130 ot o, 120,

formed for any summable funciion f(x), is equivalent on any interval (a, b)
completely interior to (0, 1) to a sum of means of order I formed from the sine
series for f(x) on (0, 1) and from the derived series of the Fourier series for Fy(x)
on (0, 2), where Fy(x) is the function defined above. In consequence

im— [16) [ (1= )6,y Ny = 10, 1> 0,

almost everywhere, 0 <x <1; the convergence is uniform on (a, b) if f(x) is
continuous on (0, 1).

To discuss Case III, 42—150, we first prove
Lemma IV. If p=r+is, 0<C<|u|, then

1
e + ppers — 1

< Ke'/r, 0=s=<logCr, r20,

for |p| sufficiently large; and
1
1+ pperé — e7%

< Ke/r, —logCrss=<0, r20,

for |o| sufficiently large.

We take up the first inequality only, the other being treated similarly.
We have

€2’ + ppert — 1 = uperi[1] — 1.
Hence

| €25 + ppert — 1| = |uperi[1] — 11

( )(cosr+ isinr)[1] _7.

= re”

is re*
= re“(lp”l+—||[1]l—C)> I »0=s=logCr,r =0,
r

for |p| sufficiently large, since the term in the last parenthesis has the
positive limit |u| —C as |o|—o, uniformly for the range of s considered.
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We can now prove

TreEoREM XII. If G(x, y;N) is the Green’s function for an irregular
differential system of the second order of type 1, Case III; G(x, y; N) is the
Green’s function for the Fourier differential system of the second order

w' +Au=0,
w'(0) — w'(1) = 0,
#(0) — u(1) = 0;

and o(x) is of bounded variation on (0, 1); then
1 /! A\ -
im— "ot [[ (1= 5) @330 = Glxys Mrdy =0, 120,
»—0 Qg 0 Cy Ay4

uniformly, 0<a<x=<b<1. Thus

1 A\ 0 -0
lim ——f sa(y)f (1 —A—)G(x,y;k)dkdy=¢(x+ )+ ol )’ l1zo0,
0 cv

=0 g A 2

0<x<1; the convergence is uniform on (a,d) if ¢(x) is continuous on
o, 1).

It suffices to prove the theorem for a monotone function ¢(x) and, by
Theorem IX, the Green’s function for the system

w' 4+ ANu=0,
%'(0) + 44'(1) + Bu(1) = 0,
u(0) — Au(1) = 0, B(1 — 4% # 0.
We apply the second law of the mean for integrals to the expressions
! b v m(p)
f‘p(y)epi(l"ll)dy = (p( + 0)feﬂi("—ll)dy + (P(l pu— 0) eP"r(l-II)dy = —
0 0 & P
! . B v m(p)
f e(y)erivdy = o( + 0) f ervdy + o(1 — 0) | erfvdy = ——-
0 ( £2 P

On substituting these results in the expression for G given in Theorem IX,
we find

J:«’(y)Zp (1 - %:)lG(x,y ; p9dy =j;l¢(y){_ jepite—v)

l epizm + ept'(l—z)m
—ieriew}(1 -2 gy + 1(p) + @ Imae) s,
T e 4 pper’ — 1
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We now show that

) e**my(p) + er*Amsy(p)
lim f - - dp =0,

Rawd™ €% 4 ppert — 1

uniformly, 0<ae=<x=<b<1. To do this we write p=Re®, 0<0=7/2, on 7,
and then investigate the integrals for 050<6,, 6,<60=<7/4, n/4<0=<7/2,
where 0, satisfies the equation R sin 6= log CR sin ;. That 6, exists
and is unique is seen very readily; it is the argument of the point of inter-
section of 41 and the curve Cr=¢*. Then we have, if § >0 is the lesser of a,
1—b, and if |m|<M/2, ImgléM/Z, because of Lemma IV,

[, epizml + em’(l—:t),n2 61 eR(l—&)sinO
f ! . Re"’dﬁl < MK f A
o e 4 upei — 1 o cos6df
MK % MK eR0=d — |
= f eR(1=8)sind o5 0 = —
cos?; Jo cos?® R(1 — d)

MK (CRcosf) % —1
- cos?, R(1 — %)

-0, 6—0,

as R—ow. Again, by Lemma II,

/4 epizm epi(l-:)m x4 .
f ot I revds| < mk [ esminogag
o €%+ ppert — 1 o
/4
< __il_li_ e—ORSInOR o fdf = ___Ail_(__ (e~Risin(x/4) _ g—dRsinty)
= cos (x/4) Jao, scos(m/4)
MK

= e (p—Rbsin(x/4) _ CR 6,)—° 0
dcos(n/4) (e (CR cos 0)™) =

as R—o. Finally

Retdg

/2 epizml + epi(l—z)mz
-[/4 %% + ppert — 1

/2
= MKf Re—tRsin(xi)dg — (
x4

as R— . We have established the desired result.
It follows at once that

1 8\ !
lim <p(y)f <1 - %) (20G — { — gerizm) s — ie""“"”’})dpdy =0,/=20,
0 Rf}

Row
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uniformly, 0<e<x=<b<1. We know that we can replace G by G, the
Green’s function for the differential system

w 4+ A =0,
%' (0) —4'(1) =0,
#(0) — u(1) = 0,

in this expression. Thus

1 4
lim <P()’)f (1 - ﬂ) 20(G — G—)dpdy =0, 120,
0 7 R8

R

and

1 A4\ _
tm ("o [ (1— ;) G(x,9 3N — Gx,y ;N))dMdy = 0, Izo,
0 v "

»—0

uniformly, 0 <a<x=<b<1. The remainder of the theorem follows at once.
The differential system

W' 4N =0, 0<zx=1,
u'(0) + A4'(1) + Bu(1) = 0,
u(0) — Au(1) =0, B #0,

was so considered in Cases I and II that knowledge concerning the behavior
at x=0 and at x=1 of the expansions associated with them was contained
in the theorems proved; these two points are obviously points at which the
irregularity of the differential system renders the expansions especially
peculiar. In Case III we must study the expansions at these points sep-
arately. We take the characteristic equation in the form sin p = up instead
of eri+up—e*i=0. For large |p| the characteristic values corresponding
to roots of this equation are all simple. We denote them by px, pri1,
pKss, - - -, Where |peyt|2|ox|, k=K, K41, --. Since A?—10, the
functions

Ui=sin ppx+A4 sin pp(1 —x)
and

Vi=A4 sin pix —sin pi(1 —x) (k=K, K+1, .. .),

satisfy the differential system and its adjoint for p=p;.
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U(dey= y 'i# k, i’kgK)
1

Uiy =4[ (sint mey = sin® 1 — 5))dy
0

1
+(42 — l)fsin pry sinpi(1 — y)dy
[}

42-1
2

1— 42 sin py 1—-42 -
= (COSPI;— = (cospr — u).
2 Pk 2

1
f (cos pr(2y — 1) — cos px)dy
0

The expansion of an arbitrary summable function thus takes the form

k=K pl ko 2 U 1
2 | fO)Ru(x,y)dy + 2 #) f fVidy.
k=1 0

) bmg 1 — A2 cOSpr — 1

In the case that A =0, the boundary condition #(0) =0 shows us that for
x=0 this expansion converges to zero; hence we consider the case x=0 only
when 4 0. We shall discuss the convergence at x=0, x=1 of the above
series for a function f(x) continuous with its first three derivatives on (0, 1).
It is unnecessary to treat the first K —1 terms for our purpose. We have
at once

1 y=1
[ 1vsdy = = 15)(A cos by + cos 11 = 3))/o
[} Y0
y=1
+ f/(9)(4 sin pry — sin px(1 — 9))/pz?
y=0

y=1

+ f"(9)(4 cos pxy + cos px(1 — 3))/p#

y=0

i 1
- p—,f,f"'(y)(A cos pxy + cos px(1 = y))dy.
k Jo

The first two terms combine as (x cos px+8)/pr Where e, 8 are constants;
a, in particular, is the expression f(0) —A4f(1). Since we have
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cos pié . .
= ( cosh2si cos?rit + sinh2sif sin?r )12
Pk | o |
= | ’— (coshZsit — sin?ruf)!/? < cosh 54t/ | pa |
Pk
< cosh si/ | x| =Q
for 0SE£=1, pr=r+ise, k=K, K41, - - - | by the results of Theorem IV,
we can write the sum of the last two terms as m;/p; where m; is bounded,
k=K, K+1, - - -. We have, then, to consider the series
"'Z“ 2 Uwx(x) (acospk + 8 mipk )
w=r 1 —A4% pp CoS pp — I pi(cos pr—q)
at =0, x=1. Since sin pr=Jio: these series are
24u i‘f <a cos px + B Mrpk )
1—A% g \cospr — g pi(cospr—p)
2 "§ (a cos px + ﬁ mipk )
1—A42 ;g \cospr— 7  pa2(cospr—p) /"
Since cos px = \/ 1—sin’p; = \/ 1—a%p;% we have
cos p
lim inf *|>o,
k-+oo CoSpr— [

and the series 2, cos pi/(cos pr—q) is divergent. Similarly, we find
M
T lek|?

Mmipr
pi*(cos pr — Q)
Since by Theorem IV >1/|p|? is comparable to > 1/k?, the series
> mupr/ps (cos pr—p) is convergent. Lastly we show that D.1/(cos pr—i)
converges. If C;is a simple closed contour on Z’ surrounding px, - - - , p&41,
then

(k=K,K+1,-.-).

—f“ 1 1 f dp

K COSPpr—F 2w Je¢; sinp — up ’
by the theory of residues. We shall take C, as being the contour made up
of two concentric semi-circles on Z’, namely I'o and y:1+7v1v, joined by

segments of the imaginary axis which we shall call v, and 7, respectively.
We find

f dp dp
v, sinp — fp 7¢sSinp — fp
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by replacing p by —p in either integral. By work like that of Theorem XII
we have

dp 21ieridp dp
f i i =f 258 {9 ———0
vsinp — up 7t 2t 4 gpert — 1 v sinp — up

as R—w. By the use of these facts we find

=K+l 1 dp
lim 3 - [ =,
ls® kg COSpr—W 2m Jrysinp—jfp

and the desired result is proved.

In short, if a=f(0)—Af(1) is different from zero, the expansions for
f(), continuous together with its first three derivatives on (0, 1), in Case I1I
diverge at x=0 and x=1, except when 4 =0, x=0; if =0 they converge,
In Case III, therefore, the expansions present special irregularities at the
end points of the interval of definition.
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