ON THE PADE APPROXIMANTS ASSOCIATED WITH THE
CONTINUED FRACTION AND SERIES OF STIELTJES*

BY
HUBERT S. WALL

INTRODUCTION
The well known series of Stieltjes is a power series with real coefficients:
Co C1 Ca
(1) Loty
z 22 g

such that the persymmetric determinants

Co , C1, ", Cpa €1, C2 , """, Cn

€1 , Cgy """, Cn Ca, €3 5, """y Cnyl
A4, = R B, =

Cn—e1y Cny * " ", C2p—2 Cn, Cngly * °° y Con—1

(m=1,2,3, .-, Ay=1, By=1) are all positive. Stieltjest connected the
series (1) with a continued fraction

1 1 1
a1z + a2 + az + - - -
in which all the a; are real and positive, and are uniquely determined by the
¢ in accordance with the relations

(3) Qon = Anz/(Ban—-l) ’ Qony1 = B’?/(AnAvH-l) .

Conversely, the positive real numbers a; (=1, 2, 3, - - - ) uniquely deter-
mine coefficients ¢; of a Stieltjes power series. Thus to every Stieltjes con-
tinued fraction (2) with positive a; there corresponds a Stieltjes series (1)
and vice versa.

In the work of Stieltjes the convergents of (2) separate into two sets,
the odd and the even convergents. When the series} > a; is divergent, these

(2)

* Presented to the Society, April 16, 1927; received by the editors June 11, 1928. This paper
is essentially a thesis prepared at the suggestion of Professor E. B. Van Vleck at the University of
Wisconsin.

t Recherches sur les fractions continues, Annales de Toulouse, vol. 8, J, pp. 1-122, and vol. 9,
A, pp. 1-47, 1894-95. Published also in vol. 32 of the M émoires présentés d I’ Académie des Sciences
de ' Institut National de France.

1 Here and henceforth we write Y in place of _;2 ;.
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two sets of alternate convergents have one and the same limit which is a
function analytic throughout the complex plane, excepting the whole or a
part of the negative real axis. When, on the other hand, the series J_a;
converges, these two sets have distinct limits p,/¢: and p/g respectively,
which are meromorphic functions having only simple poles all of which are
real and non-positive. The numerators and denominators p, p1, ¢, ¢: are ana-
lytic functions between which there is the relation

4) pq — p1 = + 1.

In the case of a convergent Stieltjes series (1) the former alternative is
always realized, but for a divergent series either alternative may be realized.
Thus for some divergent series the continued fraction of Stieltjes picks out
two functional equivalents, while for others only a single equivalent is yielded.

In this article it will be convenient to replace 1/z by z in (1) and (2) and
then drop the unessential factor 2. We then have the Stieltjes series

©) co— 1z + ¢z —cz® + - -
with the same inequalities:
(6) A4, >0, B,>0,
while the continued fraction becomes

1 z z 13
(7

ot et ot oot
When D a; is convergent, the two sets of alternate convergents have
limits which are distinct and meromorphic over the entire plane except at
the origin, while if 3 a; is divergent both sets have the same limit which
is a function analytic over the entire plane except the whole or a part of the
negative real axis.
With any power series

® ko+ kiz+ kg4 - - - (ko 5% 0),

Padé connects a table of approximants*

=0 n=1
Now Noa
" P
m=1 Nio Nia
Dy’ Dy’

* Padé, Thesis, published in the Annales de ’Ecole Normale Supérieure, (3). vol 9, supple-
ment, pp. 1-93, 1892,
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where N n(2)/Dm.n(z) is the rational fraction, taken in its lowest terms,
in which the degrees of numerator and denominator do not exceed # and m
respectively, and whose expansion into a power series, P(z), agrees with (8)
for a greater number of terms than any other such rational fraction.

If a particular approximant does not appear more than once in the table,
that approximant is said to be normal, and when every approximant is
normal, the table is called normal. The power series P(z) for a normal
approximant, in which necessarily the degrees of numerator and denominator
are exactly » and m respectively, agrees with the given series term by term
up to and including the term of degree m+# and no further.

Professor Van Vleck* showed that the series of Stieltjes (5) has a normal
Padé table. The odd convergents of the continued fraction (7) fill the
principal diagonal of the table, while the even convergents fill the parallel
diagonal file immediately below it. Consequently these two diagonal files
of approximants will either converge to a common limit analytic throughout
the entire plane except over the whole or a part of the negative real axis,
or to two distinct functions, meromorphic everywhere except at the origin,
according as Y_a; diverges or converges.

The first main question which I have considered in this article is the
following:

1. What holds regarding the convergence of the other diagonal files parallel
to the principal diagonal in the Padé table for the series of Stieltjes?

I find that the sequence of convergents in any file parallel to the principal
diagonal converges to a limit. Three cases arise.

Case I. If the series ) _a; is convergent, no two files to the right of and
parallel to the principal diagonal have the same limit, and no two parallel
files below the principal diagonal have the same limit. In this case all the
limit functions are meromorphic over the entire plane except at the origin.
The poles of the limits of the files to the right of the principal diagonal are
all simple and lie upon the negative half of the real axis.

When Y a; diverges there are two possibilities which exist, namely:

Case II. The file of approximants in the principal diagonal and the
successive parallel files to the right of it up to the nth file inclusive converge
to one and the same limit, while subsequent to the nth they converge to
distinct limits. Likewise the successive parallel files below the principal
diagonal, down to an mth file inclusive, may converge to the same limit,
while subsequent to the mth file they converge to distinct limits.

* On an extension of the 1894 memoir of Stieltjes, these Transactions, vol. 4 (1903), pp. 297-332,
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All the limit functions in this case are meromorphic over the entire plane
except at the origin.

Case III. Every diagonal file parallel to the principal diagonal converges
to one and the same function, which is analytic over the entire plane excepting
the whole or a part of the negative half of the real axis.

In Case I, the series (5) diverges, while in Cases II and III it may either
diverge or converge. Whereas Stieltjes obtained two distinct functional
equivalents of the divergent series (5) in Case I, we now have an infinite set;
and whereas Stieltjes obtained a single functional equivalent when ) a:
diverges, I obtain an infinite number in Case II, and but one in Case III.

Generalizing (1), I shall call any series

(9) ‘_I"(Coz” — 3™ ozt — . )’

in which # is a positive or negative integer or zero, a Stieltjes series if the
coefficients c; satisfy the Stieltjes inequalities (6).

If the first # terms of (5) be removed, the remainder is still a Stieltjes
series. Instead of removing terms I have concerned myself with the following
question:

2. Can the series (5) be so continued to the left by successive addition of new
terms that the extended series shall be Stieltjes series?

I find that the necessary and sufficient condition for a first extension
is that the series > _a,;, with even subscripts, shall converge.

Two cases arise:

Case A. If the series ) a; converges, the Stieltjes series (5) may be
extended to the left by the addition of an arbitrary number of new terms,
forming thereby a series whose coefficients satisfy the Stieltjes inequalities
(6). The coefficients of the prefixed terms are not unique.

Case B. If the series ) a; diverges and ) a,: converges, the series (5)
may be extended by the addition of a term, —c¢_;z71, in which ¢_; may be
taken equal to or greater than D_a,;. If c_; > as;, further extension is never
possible; but if c_y =) as;, the like series Y _a; in the new Stieltjes continued
fraction belonging to the extended series may or may not converge. If it does
converge, a second extension is possible. The coefficient of the new term,
¢c_s27?, prefixed may be taken equal to or greater than D af. Only if c_a
=) ai;, can a third term be prefixed, and so on.

When 7 terms can be prefixed, all the coefficients in the added terms are
unique with the exception of c_,. For an infinite extension all the coefficients
are unique. There exist series which can be extended to just » terms and
others which can be infinitely extended.
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CHAPTER I. THE PADf TABLE OF APPROXIMANTS

To each pair of non-negative integers (m, n) there corresponds one
rational function of the complex variable z=x+3y: N, .(3)/Da..(3) taken
in its lowest terms, in which the degrees of numerator and denominator do
not exceed # and m respectively, and whose expansion into a series in ascend-
ing powers of s agrees term by term with a given series

(8) ko + klz + kzzz + A (ko #0)

to a higher degree than all other such rational functions. In fact, if we let
Nopo(z)=so+s12+ - - - +5.3" and D, .(2) =to+tz+ - - - +inz™, the con-
ditions that the series

(10) (ko4 kiz+ - - - Yto+tiz+ - -+ tnz™) — (so+ 512+ - - - + sa27)
shall begin with the (m+#x)th power of z are the following:

(11) kido + kit + - - -+ kiptm = 5;
(¢=0,1,---,n; k;=0 if j<O0),
(12) katito + Rogiciti + - - -+ kagimtm = 0
G=1,2,---,m; k;=0 if j<O0).
If we take ¢, equal to the determinant
Bnomer -+ Fn
Am—l.n == . . . y
b o Bnpmet

and assume An—1,,>0, then all the other /; and also the s; are determined
uniquely, and N . and D, may be written in the form of determinants:

Bn—mir - - ka knmz™ + Epem—1z™ 1+ - - -+ kg™
(13) Nmalz) =| - : : : ,
kn+l s kn+m kaz™ + ko121 4 - - 4 kg
Bncmit - - - En gm
(14) Dm,n(2) =
Fagr - kngm 1

The table of approximants is normal when and only when all the de-

terminants
kn_m e kn

A = (m,n=0,1,2,~~-)
e ki=0, fori <0
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are different from zero.* We will henceforth assume the normality of the
table.

In a normal table Padé distinguished three types of regular continued
fractions. We shall need to use here the stairlike type. This is obtained by
starting from a border element of the table of approximants, and passing
hence alternately one step to the right and one downward or vice versa.
If, for example, we start from the nth element of the upper border of the table
and proceed hence one step to the right and one down alternately, we get
the sequence of approximants

Non_1(z) Ny (2) Ny a(2) Ninpa(2) o
Dons(2)  Dom(z)  Din@)  Dimpa(e)

whose terms are the successive convergents of the continued fraction

(15)

1 z g
2 e n—1 n
(16) ko + kiz + koz® + + ka1z" + 2 [hl(") L™ .],
in which
(1” W AZ 1 ipn1 4 A 1itn
2% = = b Q4] = .
Ai1,i4nli2,itno1 * Ai1,ipn—14¢,itn

If we start with the corner element of the table and proceed hence one
step downward and one to the right alternately, we get the sequence of
approximants

Noo(z2) Nio(z) Nia(z) Niza2)

(18) ’ ’ ) AR )
Do,o(z) Di,o(z) Dia(z) Dga(3)
whose terms are the successive convergents of a continued fraction
1 2 2 z
(19) - =, =, = ;
a1testastact -
in which
Al 1 AZ
Gy = ————— Gipn =
Ai 1,2 Apg,i1bi

It is to be understood that A_,; ¢ is to be taken here and hereafter equal to
unity.

If now the continued fraction (16) converges, the two adjacent diagonal
files of the table from which (15) is obtained by selecting approximants
from each alternately, converge to one and the same limit, namely the limit
of (16). On the other hand, if these two diagonal files converge to separate

* For details, see Padé, Thesis, loc. cit; or O. Perron, Die Lehre von den Kettenbriichen, 1913,
Chap. X, pp. 418-465.
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limits, the sequences of alternate convergents of (16) must have separate limits.

It is easily seen that not only does the series (8) uniquely determine the
continued fraction (19) in the case of a normal table but conversely (19)
determines the series. The study of the convergence of the files of approxi-
mants parallel to the principal diagonal of the table can therefore be made to
depend upon the sequence of numbers a; in (19). In the next chapter such a
study is made for the diagonal files to the right of the principal diagonal of
the table in the case of the continued fraction of Stieltjes.

To investigate the convergence of the diagonal files below the principal
diagonal which start on the left border of the table, I find it desirable to turn
to the Padé table of the reciprocal series

(20) So+ 81z + 803 + 628 + - - -,
which is determined by the identity
(21) (ko+ g+ - )G+ 0+ ) =1.

The approximant corresponding to (m, n) for this series is the reciprocal of
the approximant corresponding to (#, m) for the original series (8); and when,
as supposed, the Padé table of (8) is normal, the table of the reciprocal series
is also normal, inasmuch as the first m+n+1 terms of the latter series are
determined by the first m+4-n-+41 terms of the former and conversely. Thus
the question of the convergence of the diagonal files to the left of the principal
diagonal in a normal Padé table may be replaced by the consideration of the
convergence of the diagonal files to the right of the principal diagonal in the
table of the reciprocal series.

Let now N/ ..(2)/D; n(z), m>n, be an approximant of the series (20).
Then

(22) Dnom = w(m,n — m) Nm.a,
(23) Num = wim,n — m)Dp,n,
where w(m, n—m) is a numerical factor independent of z. By (13), (14) the
relation (22) may be written
6n—m+l e 8" , gn
(24)
Sug1 - Onpm, =1

km—n-(—l v km’ k,.._,.z"' + k,,,__,._lz""l + LR
= w(m,n — m) . . . . .
km-l-l tr km—{-n, kmzm + k,,._lz"‘—l + LR

with a similar equation resulting from (23).
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On setting 2=0, and replacing #» by n+m in (24) the latter becomes
(25) A’"’—l ntm = kow(m, ”) . Amo - my

where A,,,, denotes the determinant A, . expressed in terms of the §&;
instead of the k;.
We will now determine the constant w(m, z).
From the identity (21) we have
6oko = l,

(26) 61’20 + 6ok1 = 0,

Gnko + an—lkl + ctt + Gok,. = 0,
which gives

(27) 8a = (— 1)n(ntD/2.

“An_11.
Entl n—1.1

Also, setting m =1 and replacing # by #—1 in (25) we have

(28) 6n = kow(1,n — 1)An_1.1,
which with (27) gives

1
(29) w(l,n) = (— 1)(n+1)(n+2)l2.;;.73.

I shall now prove by mathematical induction that*

1
w(m = (— (n+1)(n+2)/2+m—1, __ .
(30) ( ’ n) ( 1) ko’ m+n+1

We see from (29) that the value of w(m, n) given by (30) is correct for
all valuesof nif m=1.

I shall assume the correctness of formula (30) for all values of #» when
m=1,2,3, -, p—1, and prove, on that hypothesis, that it is correct for
m = p, and hence for all m.

By a well known rule for multiplying a determinant by one of its minors,

’ ' ’
Ap—-2 .n+p—lAp—2 mtp+l T (Ap—2 ,n+p) 2

(31) Bp_imip = P
Ap—3 n+p

Then by (25) and what we have assumed, (31) may be written

- A _ A2 _
(— 1)(n+l)(n+2)/2+p—l|: re.p-l nte-l.p-l

Bnip-1.p Bntp-1,p8n4p-2,p-1
- k02p+"+2(An+p—l .p—2/An+p—l .pAn+p—2.p—l)

* Cf. Hadamard, Liouville’s Journal, (4), vol. 8 (1892), §24, p. 138. Hadamard obtains (25)
with w(m, n) as in (30) but by a different method.

(32) Apl—l ntp —
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But by the above mentioned rule for multiplying a determinant by one of its
minors, the quantity within the bracket is equal to —Anip—1.5-2/Anip—2.p-1.
Consequently, (32) may be written

( —_ 1)(n+l)(n+2) 12+p—1A

’ _ n+p—1,p .
(33) Ap—l.'l-f'ﬁ - ko’l’*'"”

Comparison of (25) and (33) shows that the value of w(m, n) as given by
(30) is correct for m=p, as was to be proved.
As particular instances of (25) we have

(34) Amtm = (— l)mAm-l.m/kozm ’
(35) Am—tm1 = (= 1)™ A p_g m/ko?™ L.

Due to symmetry of the identity (21), the &; and the k; may be inter-
changed in (35), giving the relation

(36) Am’—2,m = (— l)m_lAm—l,m—l/kozm—l-

We will now consider the continued fraction of the form (19) belonging
to the normal* series

(37) 5|+5zz+5322+"'.

If we denote by a/ the g; obtained from (37), then by (34), (35), and (36) we
obtain

ay = — (AL )Y AL A2 ] = A2 i/ [Ai A1) = a2ip1,
0’2i+1 = (Al_1,i41)%/ [Ai,—'l,iAi,,H—-l] = — A?,e/ [Ais1 44 i01]) = G2igs.

We have thus proved the following theorem:

THEOREM 1. If ko+kiz+ke2?+ - - - is any normal power series giving rise
to the continued fraction
1 b4 2
(38) - - —
a1 ta:+as+ -

and 8o+ 612+ 8523+ - - - ils reciprocal, then the continued fraction of the form
(19) associated with the series 8,4 0.2+ 06323+ - - - is
1 4 2

(39) _ - — .
g+ az+a+ -

* A normal series is one giving rise to a normal Padé table.
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CHAPTER II. THE CONVERGENCE OF THE DIAGONAL FILES FOR THE SERIES
OF STIELTJES

I pass now to the series of Stieltjes
(3) Co—CzF coz?— - ..

The work of the preceding chapter is applicable here if we replace through-
out ks; by ¢y and ky;y by —csia. In particular the continued fraction (16)
becomes*

(40) G+ -or[= 2 2]
n\2 —2)" — - - ’
o+ e + e+ - -
where G.(2) =co—c1z+ - - - +(—1)""%,,2"! and the a;* are obtained by
replacing every kiin by (—1)%ciya in (17). It is easily seen that now, in place
of (17), we have
(41) a;s = A2 ipn1/[Bict itnBisz,itn1],
a;i-{-l = A2 1 ipn/ [Aimt,itna1Bi,itn]
in which it is to be understood that the A, are the same as in Chapter I
with every k; replaced by c..
In particular,

a2 = A2/(BiBi—1) = A?—l.e—l/(Ai_l.iA.'_g.i—l),
Goiy1 = B2/(A:di1) = AR,/ (Aimr,im1b4 L)

Thus each a is obtained from the corresponding ¢; by means of the
substitution of ¢;. for ¢; throughout.

Since, by hypothesis, 4, and B.,, for n=1, 2, 3, - - -, are positive, all
the determinants A, , formed from them by removing the first r rows
and » columns are positive.t Therefore, in (40), the bracketed part,

(42)

1 2 2

o +ar o+

is a continued fraction of Stieltjes with positive ¢;". We may therefore apply
his convergence results for the continued fraction (2), bearing in mind that,
as noted in the introduction, 2z has been replaced by 1/z in (2) and then the

factor z has been dropped. It is readily seen that if P;(z), Qi(z) denote the
numerator and denominator of the convergents of (2) (after a; has been re-

(43)

* Henceforth for convenience I write ¢ in place of P

t Sylvester, Philosophical Magazine, (4), vol. 4 (1852), pp. 140-141.
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placed by a#), and if P/(3), Q/(z) denote the corresponding numerators
and denominators of (43), then*

Pyi(z) = z*1P 2.‘(‘3), Qu(2) = Z‘Q%(%),

1 1
Pyipa(z) = Z"st+1<:>, 02i41(2) = 2 1Qas4 ('z—)

The sequence of convergents accordingly separatesinto two sets, the even
and the odd convergents. Stieltjes showed that when Y a? is convergent,
the numerators and denominators of the even convergents converge to
limits p(2), ¢(2) respectively; likewise those of the odd convergents to limits
£1(2), ¢1(2), and these limits are entire functions whose zeros all lie upon the
negative half of the real axis. These functions are connected by the relation

(44) 21(2)q(2) — p(2)qi(2) = 1.

On the other hand, when > _a? is divergent, the even and the odd convergents,
converge to a common function F(2) which is analytic over the entire plane
excepting the whole or a part of the negative half of the real axis.

If now we denote the sth convergent of (40) by Ui(z)/V(z), we have

1
Uiz) P!(2) P‘(?)
— = Ga(3) + (— )" —— = Ga(a) — (—z)

Vi(a) 0!(2) 0. (i) '

4

(45)

The odd and even convergents of (40) fill respectively the #th and (z+1)st
diagonal files of the Padé table. When D _a."is convergent, they have separate
limits in consequence of the foregoing results of Stieltjes, and these limits
are meromorphic over the entire plane except at =0, with poles lying only
upon the negative half of the real axis. If now we put

o) = e ) = (= 9=p( ),
@ = a(=),

the limit of the even convergents Usi(z)/V2i(2), for i =, is u(2) /v(z). Simi-
larly the limit of the odd convergents will be u,(z)/v.(z) where %; and v,

* Cf. the formulas for P;(z), Q:(z) given by Stieltjes, loc. cit., §2.
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are the same as » and v except that p, g are replaced by 1, ¢;. In consequence
of (44) we have the relation

(40) u(2)v1(z) — wi(2)v(z) = (— 2)"1.

When > _a.* is divergent, the application of the results of Stieltjes to (45)
shows immediately that the two sets of convergents have a common limit
which is analytic over the entire plane except the whole or a part of the
negative real axis. We conclude therefore that whether X a* converges or
diverges every diagonal file of approximants to the right of the principal
diagonal converges.

For a complete discussion of the relationship between the limits of these
files we shall need to connect our successive series )_a} with the primary
series »_a;. For that purpose I shall now obtain expressions for the g in
terms of the af %

Let the numerator and denominator of the sth convergent of (40) be
denoted by U (2) and V! (3). Except for a common numerical factor, these
may be obtained from (13) and (14). Thus, in particular, on setting m =k
and replacing #» by #+% in (14) and introducing this factor, we have*

Cntl o " "y Ongky,  3F
(47)  Va(—2) = (= D*| - : : Y.
Cntktly * " 5 Cnt2k, 1
From (47) we see that the coefficient of z* in Viy41(2) is Ak—i, ntb+1/Dr.nsi-
Now V3:11(2) is the denominator of the (2k+1)st convergent of the Stieltjes

continued fraction (43), and it is easily proved by mathematical induction
that the coefficient of z*is also a,* +af + - - - +a%41. Therefore

(48) a + af + -+ k1 = Apo1niki1/Dinik-

If now we form by (41) the ratios aj;/a}}; and aj,.,/a3;}, and then
employ (48), we obtain the very fundamental relationst

n—1
n Q2it1
(49) A2 = i1 P (n’=1y2y3y"')’
n—1 n—1
Z A2iy1 Z Q2it1
=0 =0

* Cf. Perron, loc. cit., p. 428. Note that Perron’s A, differs by a factor (—1)#®*D/2 from that
used by me.
t After this article was finished I found these relations (unused) in Stieltjes, loc. cit., §78.
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and
(50) az‘+1 = az.+2( ZGZH-I)
For n=0 we are to understand that a%=q; (:=1, 2,3, - - -).
Equation (49) may evidently be written in the form
n 1 1

(49a) 8% = —— -

Ed;:l Ea2|+l

=0 =0

It now follows from (49) that when Y aj, ', is convergent and has the limit
L, then from and after some index 7,
n n—1
a2 < azi11/(L — €)%,

where eis an arbitrary fixed positive number. Therefore Y a}; is convergent

when D _a3;_; is convergent. Furthermore, ) a3 is convergent even when

> a}_,is divergent. For by summing (49a) fori=1,2,3, - - -, k, we get
LI 1 1

Zag.- = " —_ )

-1
=1 ay
Za2t+l

=0

and this has the limit 1/a#~! when k becomes infinite. We thus have proved
the theorem:

THEOREM 2. The successive series Y ap,n=1,2,3, - - -, are all convergent.

We now turn to the series with odd subscripts, Y _as;_;. We see at once by
(50) that, when > _a?~! is convergent,

n n—1 .
Goiy1 < @2ipa(L)? (1=0,1,2,---),

where L’ = a4, and therefore >_a.* is convergent. Takingn=1, 2, 3,
in succession, we obtain at once the following theorem:

THEOREM 3. If in the Stieltjes continued fraction (7) the series Y a; is
convergent, then all the associated series Y a, n=1,2,3, - - -, are convergent.

Consider next the case in which >_a; diverges. Then, while > al; will
necessarily converge, D az;_, may either converge or diverge. On the former
hypothesis all subsequent series Y _a:*, n=2, 3, 4, - - -, must converge, by
application of Theorem 3. If Y a3, diverges, then as before _a3; must con-
verge but Y a3;_, may either converge or diverge, etc. Proceeding in this
manner we perceive that in addition to the possibility of the convergence of
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all >ap, n=0, 1, 2, - - -, Case I, there are just two other possibilities:
either, Case II, all of the series Y a:", =0, 1, 2, - - - , will diverge; or else,
Case ITI, the first » will diverge while all subsequent to the rth will converge.

It remains to see that both the last possibilities can be realized. For this
purpose the following lemma will be established.

LEMMA 1. Let
bi+ b+ bs+ -

be any divergent series in which there is a limit to the ratio b;/b;_: lim b;/b;_; = s.
Then if s=1 we have
by + b2+ - -+ bigx

m
i=o b1t b+ -+ b
According to the hypothesis, we may take a fixed j sufficiently large to
insure that bjyxyi/bisi (20) shall lie between the limits s*—e’/2 and
s*+e’/2 where ¢’ is an arbitrarily small prescribed positive quantity. Then
bivk + bivrrr+ - -+ birres
bitbin+ -+ by

= sk,

bt bt b
bit+be+ -+ bt br b+t bk
bitbot o kbia bitbat e+ by
b+ b2+ -+ b

will lie between the same limits inasmuch as the ratio of each term of the
numerator of the left member to the corresponding term of the denominator
lies between these limits. But since > b;=+ o, the first factor on the right
by taking s sufficiently large, say for i >N, becomes 1/(1+¢"), where|e”|<e’.
Thus

kbt bt i r <e it @ <—

bi+bot - -+ by sk+2
The lemma accordingly results.

Construct now a Stieltjes continued fraction for which lim (@zi41/a2i-1) =s,
lim(azi/as2:—2) =r. Let 0<r<1, s>1. Then by the lemma and (49), (50)
for n=1 we obtain

»y i>N.

lim (@3i41/@5i-1) = 7s?, lim (a3:/a%i2) = 1/s.

If we so choose s that rs?<1, 1/s<1, then D _a; will diverge while > 14
will converge. But if rs?2>1, 1/s<1, > a} as well as Y a; will diverge. In
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the latter event, we may again apply the lemma and (49), (50) for =2 and
obtain

. 2 2 . 2 2

l;lfi (@2i41/@2i1) = 1258, llﬂ (@2:/02i2) = 1/(rs?).

If we so choose s that rs?>1, r2s3<1, the series Y a;, > a;' will diverge,
while Y a2 will converge. Butifr?s*>1,1/(rs?)<1, Y a;, > ai, and D_a2 will:
all diverge, and we may again apply the lemma, etc.

Continuing in this manner we find that if 0<r<1, 1/r0—D/rs<
1/re/G+0 ) all of the series D_a;, Y. al, - - -, > a~! will diverge, while the
series ) _a}, > ait!, - - -, will converge. When s=1/7, all of the series ) _a%,
n=0,1,2,3, - - -, are divergent. Thus the two possibilities indicated above
when > _a; is divergent can be realized.

Whenever the Stieltjes series (5) is convergent, the series c,—cqn413

+Cnye22— - - - ,m=1,2,3 - .. are convergent, and therefore the numbers
1/(ara, 1), i=1, 2, 3, - - -, must be bounded for each n=1, 2, 3, - - - *
Hence none of the associated series Y a?,7=1,2,3, - - -, can be convergent.

These associated series may also diverge even when the Stieltjes series (5)
is divergent. For consider the Stieltjes continued fraction for which as,
=1/(@ir%), asi=r%, 0<r<1. In this the numbers 1/(a:a:;1) increase without
limit, and lim(aziy1/a2i-1) =1/r, lim(asi42/a2;) =r. Accordingly the series
(5) and the associated series diverge.

We have seen that there are three cases which arise. Of these we will now
consider the first.

Case I. The series ) _a; is convergent.

Then by Theorem 3 all the series Y Ja*,n=1,2,3, - - -, converge. Hence
by the discussion at the beginning of the chapter all the diagonal files of
approximants which lie to the right of the principal diagonal have limits
which are meromorphic over the entire plane excepting z=0; with poles
lying only on the negative half of the real axis; and the limits for no two
successive files are identical.

To show that #o two of these diagonal files have the same limit, I will
show that for two of the denominators v, of these limits the roots of v,(1/2)
(different from 0) nearest the origin are distinct.

Stieltjes found that the roots of Qz(z) and Qux41(2) for (2) are all real,
non-positive, distinct, and separate each other. The former is of degree %
and has no root equal to zero, while the latter is of degree 2+1 and has a
zero root. The same is true of Q3:(z), and Q%;,1(3), obtained from these by

* Cf. Stieltjes, loc. cit., §10.
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replacing a; by a#. If then we denote by 7™ and 7,**? the non-zero root
nearest the origin of Q3:(z) and Q%2x41(2), we have

7a(™ > (D). n=1,2,3,--- 3 k=1,2,3,---).

But 7,+? is also the non-zero root nearest the origin of 05:'(2). If then we
let k—o, 7™ will approach a limit R,>0, and this limit is the non-zero
root nearest the origin of the limit function v,(1/z).* We have

(S1) RiZRyZRy=ZRyzZ .

The equality sign can nowhere hold in (51), since, by (46), v.(1/2) and
v.41(1/2) cannot vanish for the same value of z not zero, and therefore
R,#R,., for all values of #. The distinctness of the functions v,(1/2)
therefore follows, and hence no two diagonal files can converge to the same
limit.

Case II. All the series Y a®,n=1,2,3, - - -, diverge.

Any two consecutive diagonal files to the right of and parallel to the
principal diagonal converge to the same limit, and hence all these files have
a common limit. The limit is analytic throughout the complex plane except-
ing the whole or a part of the negative half of the real axis.

Case III. The series e, n=1, 2, 3, - - -, r, diverge while > a}",
j=1,2,3,4, - -, converge.

By the first part of the hypothesis the principal diagonal and all parallel
files on its right up to the (r+1)th diagonal file inclusive converge to one and
the same limit, while by virtue of the second part of the hypothesis all the
files beginning with the (r+1)th converge to limits which are meromorphic
over the entire plane except at 2=0. Thus the limits of all these files are of
the same meromorphic character, but the distinctness of the limits begins
only on passing the (r+1)th file.

We will now turn our attention to the diagonal files below the principal
diagonal which start with an approximant on the vertical border of the
Padé table. Instead of considering directly the convergence of these diagonal
files of approximants, we may consider instead the convergence of their
reciprocals which are files of approximants to the right of the principal
diagonal of the Padé table for the reciprocal series of (5). Let this be

(52) do+d12+d222+"' .

By (34) and (35) the determinants 4, and B, with every c; replaced by
(—1)id; are not all positive, but to the series

(53) dy + doz + d322 + - - -
* Stieltjes, loc. cit., §19.
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belongs (Theorem 1, Chapter I) a Stieltjes continued fraction
1 3 4

Gt ast ot

Consequently (53) is a Stieltjes series and we may apply the results previously
obtained for (7) and (43) using (53) as our primary series.

Three cases may be distinguished.

Case I. If the series ) _a: converges, the diagonal files of approximants
for (53) to the right of the principal diagonal converge each to a different
function, which is meromorphic except at z=0 with poles only on the
negative half of the real axis. Consequently the diagonal files of approximants
for (5) below the principal diagonal converge, each to a different function,
which is meromorphic except at z=0 with zeros only on the negative half of
the real axis.

If ) _a; is divergent, two cases may be distinguished corresponding to IT
and III above.

Case II. If all the diagonal files of approximants for (53) to the right
of the principal diagonal have a common limit F,(z), then those below the
principal diagonal for (5) have the limit F(z) =1/(dy+2F.), which is the limit
of the continued fraction (7), and is analytic except over all or a part of the
negative real axis.

Case III. If the first » files of approximants of (53) to the right of the
principal diagonal have the same limit, while after passing the rth file the
limits are distinct, then in the table of approximants of (5) the files below
the principal diagonal will have the same limit until after passing the (r+1)th
file, whereupon they become distinct from one another. The limit functions
are all meromorphic except at z=0 with zeros only on the negative half of
the real axis.

One may ask the question whether, if the rth and (r+1)th diagonal files
to the right of the principal diagonal have a common [different] limit
[limits], a corresponding pair of adjacent files below the principal diagonal
must have a common [different] limit [limits]. In Case I the answer is
obviously in the affirmative, for then all the files to the right of and also
those below the principal diagonal have distinct limits. In Case II when (5)
converges, since its reciprocal also converges, both the series )_a#, #=0,
1,2,3,- ., and the series similarly associated with (54) (which we shall
denote for future reference by Y o, n=0, 1, 2, - - -, at=a,;,) must all
diverge. Hence all the files have the same limit. Also for the divergent
Stieltjes series for which az =%, as;_1=1/(ir?), 0<r<1 (Chapter II) it is
easily verified that > a?,> a#,n=0,1,2,3, - - -, all diverge. Finally, when

(54)
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lim(ag;/a2i-2) =7, lim(asiy1/a2i1) =s, 0<r<1, s>1, it may be easily seen
that as41/02:1 and az?fll/az}'fll both have the limit 77s#*+! for i=o. Conse-
quently (except possibly when 7*s*+1=1)-3 a2 and ) _a+! converge or diverge
together. In all these examples pairs of adjacent files equally distant from
the first diagonal file below the principal diagonal behave alike (i.e. the two
files in each pair have a common limit or else they have distinct limits).
In the following example pairs of adjacent files equidistant from the prin-
cipal diagorial behave alike. Choose @gip3=0:/(az+as+ - - - +a2is2)3,
where > b;'is any convergent positive-term series. Then Y agi1=2 b
converges and hence by Theorem 3 all >_a* converge. But if 3_ay; is diver-
gent, >_a;, O_a} are divergent, but >_a? and all subsequent series are con-
vergent.

Now we shall examine the zeros and poles of the approximants
N m.n(2)/Dm.n(2) of the Stieltjes series (5). If n=m, these by (45) are equal
to  Gapi(2) —227p;(1/2)/Q;(1/2), where j=2m or 2m+1 according as
n—m=2p or 2p+1; and if n <m their reciprocals, by the discussion centering
about (52), are equal to do+diz+ - - - +dapp122Pt+227+H1P"(1/2) /0" (1/3),
where P,”/Q," is of the same form as P;/Q; and j=2n or 2n+1 according
as m—n=2p+1 or 2p+2. If we replace z by 1/z and set G.!(2) =d,+diz
+ - - - +d,—12""1, these become

1 1 Pyz) , /1 1 Pl

GZP+1 (;) - ZT” Qj(Z)— and Gz" (:) + g2p+1 Qi”(z_),
where P;(2)/Q;(z) and P, (2)/Q,"(z) are the jth convergents of Stieltjes
continued fractions of the form (2). Now it follows from the work of
Stieltjes that when n=m —1 the roots of the polynomials D .(z) are all
distinct and lie on the negative half of the real axis. If » <m the same is
true of the roots of Nm .(2). If =m or m—1, all the roots of N .(z) and
D, a(2) are real and alternate along the negative half of the real axis. Con-
sider now the roots of the numerator and denominator of an arbitrary
approximant N .(2)/Dm.A(2). In the above representation for it, P;(z)/Q;(z)
and P;*(z)/Q,"(z) are monotone functions of z which decrease from + to
—o as z increases between two adjacent roots of the denominators.*
But the polynomials G.(1/2) and G, (1/2) are continuous and bounded in
any interval not containing the origin. Hence Gg,+1(1/2z) becomes equal to
P,(2)/227Q;(2) at least once between every two adjacent non-zero roots of
Qi(2). Therefore if n>m, Nm a(2) vanishes at least once between every two
adjacent roots of Dma(2); similarly, if n<m—1, D, .(3) vanishes at least
once between every two adjacent roots of N m, a(2).

* Cf. Stieltjes, loc. cit., §3.
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CHAPTER III. EXTENDED STIELTJES SERIES
I pass now to the question whether, given the Stieltjes series (5), it is
possible to find a number ¢_; such that the series
(55) — ¢z V4 co—ciz+ coz2 — - - -

shall be a Stieltjes series, i.e. such that the determinants 4, and B, in terms
of the coefficients of (55) shall all be positive. The B, for (55), being the 4,
for the original series (5), are positive. Consequently it is both necessary
and sufficient for the extension that a number #=¢_,>0 shall exist such that

t Co- " " Cg

Co C1° " Cipa
fi@®) =

¢ T G

shall be positive for all valuesof 7=0,1,2,3, - - -.
Now

(56) fi(®) = Aq i1 t4£0).

Since the coefficient of ¢ in (56) is positive, c_; must be taken greater than
the root of f;(¢), i.e. greater than

(57) ti = — fi(0)/As,it1,
for all values of 7. It follows that the extension is possible when and only
when the numbers #;, =0, 1, 2, - - - | have an upper bound.
Now*
(58) b= a:+ a4+ - - - + aziga.
In fact, by the rule for multiplying a determinant by one of its minors
(59) fi®) A1 = fimi(DAs 01 — Asz..'-

If we divide both members of this equation by A;_;,:A; 1 and then replace
ibyi—1,2—2,-.-,3,2, 1,0, we have with the aid of (42)

@oive = fio1(8)/Ai1,s — fi(8) /A it1,
asi = fis(8)/Aiz,iz1 — fica(B)/Ain,s,

as = fo(t)/Bo0,1 — f1(t)/A1,2.

* Stieltjes, loc. cit., §35, eq. 11, obtained this in a different manner.
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If to these equations we adjoin the identity
az =t — fo(t)/Ao.1,

and then add them together and set {=¢;, we obtain (58).

It follows from (58) that the numbers ¢;, :=0, 1, 2, - - -, will have an
upper bound when and only when the series )_as; is convergent. When
this condition is satisfied, we may take c_; =) as+0o where o is zero or an
arbitrary positive number. We state this result in the following theorem.

THEOREM 4. Given a Stieltjes series

) Co— 1z + cag? — -+ -,
there exists a Stieltjes series
(55) — 1Vt co— 13+ 22— - - -

when and only when the series D as; in the Stieltjes continued fraction belonging
to (S) is convergent.

When the condition is fulfilled the number c_, may be taken equal to Y as;
or any greater number.

Let us now suppose that Y _a; in (7) is convergent. Denote by*

1 2 z
eit+art+ait+ -
the Stieltjes continued fraction belonging to (55), in which the a.! are
necessarily positive. We must now express the a, ! in terms of the a,, which
is obviously the same problem as that of expressing the a¢;»~!in terms of the
a*. To do this we will need to develop some necessary formulas.

If we equate the two values of ¢;_, obtained from (57) and (58), and then
advance the subscripts of every c¢; by 7, we get the equation

(60)

(61) af +al + -+ apia = _fii2(0)/Ai—2,n+s'—l,
where

0 Cn ot Cpgie2

n (2 Cnyl ° °° Cngi-1l
fi—z(o) = " * - .
Cnti? ot Cpy2i-38
Now

(62) A g npice = fa"..a(O) + Cn1bic2 mtica,

* The superscripts as before are written for conven ence without parentheses.
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and therefore (61) may be written in the form

i—1
(63) Ai1npig = fin—Z(O)'(cn—l - Ea;'s)-
=1
By (41),
n—1
i 1
(64) N

Af ) nyi-e Aiyign—18i2 itn—2

Squaring the members of (63) and multiplying them into the correspond-
ing members of (64), we have

-1 2
(65) = a.:,',-_1<c,.-1 - Ed;,-) (i=2,3,4,---);
fm=1
while for 2=1 we have
(66) af~! = afcl,.
Also by (41), (63),

n

n—1 a2

(67) Q2iy1 = 1 : (1=2,3,4,---),
<Cn—l - Za;—)(cn_l - Za;.')
t=1 tm]
while for 7=0, 1 we have
(68) o' = 1/car; a8t = a2 /[car(car — af)].

Then we have, setting #=0, c_;=)_as+0, ¢ >0, in (65), (67),

i—1 2
Goi = az;-1< D+ o — Zaz.-) < g1 D% + 0)?,
1

and
i—1 i
d;itn = a2i/( Za‘.’i +o0— Ew;)( Za2i +o— Zaze) < agifa.
1 1

Hence since Y_a; is convergent, it follows that >_a;!is also convergent.
We may now take c_, =2 a; +o’, where ¢’>0, and extend (55) to form
the Stieltjes series

(69) coz P —cgttco— st gt — -0,

etc.
Continuing in this manner, we see that the series (5) can be extended
indefinitely to the left. We have proved the following theorem:
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THEOREM 5. If in the Stieltjes continued fraction belonging to the Stieltjes
series

(5) co— €13+ c222 — - - -
the series D_a; converges, then the series (5) can be extended to the left by prefixing
any finite or infinite number of terms: — c_1z7', + c_z7, — c_z73, - - -,

in such wise that the extended series shall be Stieltjes series.
The coefficients in the prefixed terms are not unique.

Let us next suppose the series ) a; to diverge. By Theorem 4, Y as;
must converge in order that extension shall be possible, and consequently
D a5 is divergent. We then take c_1= a5+, where ¢ is zero or a positive
number. I shall prove that unless ¢ =0, the series Y a, will be divergent,
and therefore further extension will be impossible. In fact, by (65), if
050, @571 >0%4;1,i=1, 2, 3, - - -, and therefore each term of D> a7!is
greater than the corresponding term of the divergent series ¢2 as;_; so that
extension is impossible.

When o0, it has been shown that ) a,7! is necessarily divergent. I
shall give examples presently to show that when ¢=0, > a,;! may either
converge or diverge. On the former hypothesis > _a,; ., must be divergent,
and therefore also ) _a7!. For suppose the contrary. Then by Theorem 3,
since D ar! converges, > ai, ) al, - - - converge. But by hypothesis > a;
is divergent. We thus have a contradiction. Hence:

THEOREM 6. If in the Stieltjes continued fraction

1 2 z
a1+ aatast
belonging to the Stieltjes series
(5) Co— €12+ coz2 — - - -
the series Y a; diverges, and if (5) admits the extension
+ T " F gzt g — izt B — - -,
then the coefficients c_y, c_s, - - -, c_n must be chosen successively in accordance

wi'h the relations

i = Zaz‘k‘“ (i=1,2,---,n—1),
> —n+1

Con 2 Za% .

For examples illustrating the extension of Stieltjes series to the left the
following lemma will be needed.

(70)
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LEMMA 2, Let by+bo+bs+ - - - be any convergent series in which lim;_,,
bi/biy=7; then if 0<r<1,
| o bmitbaat oo 1
i=w bi+k+1 + bi+k+2 i rk

According to the hypothesis we may take a fixed integer m sufficiently
large to insure that for all n=>m the quotient b./ba.:x Will lie between
(1/r%) —e/4 and (1/r%)+¢/4, where e is an arbitrarily small assigned positive
number. Then

bm+bm+l+ "'+bm+p
bm+k + bm+k+l + st + bm+k+p

will lie between these same limits inasmuch as the terms are all of the same
sign and the ratio of each term of the numerator to the corresponding term
of the denominator lies between these limits. But since D b; is convergent
there will be a limit to this fraction for p—o which lies between these
limits.

As e may be taken as small as desired by taking m sufficiently large, the
lemma accordingly results.

Construct now a Stieltjes continued fraction in which a;=r% lim;.,
Gaip1/ @i =5, 0<r<1, s>1. As > a; diverges, c_; must be taken in accor-
dance with (70). Then by (65) and (67), with » =0,

-1

. O3 . @i (s Gaipa - - 0)?
lim = lim = r2s,
= a;:_z i=w Ggig  (G2iz + G2 + - - )2
-1
. G2t . G (G2t aut )
lim = lim = 1/r.
{i=o0 a‘;:_l i=w (29 (02.'+2 + a2'~+4 + .. .)

If we now choose 7 so that 7?s <1, then > _a,7! will be convergent and both a
first and second extension of (5) is possible. This requires that we have
r<1/st/2<1. Similarly, if »?s <1, we have

—2 -1 a1
2T, . G2 (G + - 0)?
lim -~ = lim - - = r3s2,
i=e G, TR Oy (azs—2+ )

-2 -1 -1
. Q2it1 . az (@22 +---)
lim _‘2 = lim _; : = 1/(r%).
ime @, T2 G, (a2i+2+ )

Then if r®s?2<1, that is, if »<1/s?% a third extension is possible and
lim a;7%/a5;° =r's?, etc. Thus, if
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1. 1
r <

<< ———)
skICk+1) s(k=1)/E

the series D az, 2 as7!, - - -, > a7+ will converge, while >_a.7*is divergent.
Hence extension of (5) to the left for k terms is then possible, but a further
extension is impossible. If r=1/s, an extension of infinite order is possible.

The following theorem follows immediately from (49), (50) of the preced-
ing chapter.*

THEOREM 7. Given any series of positive numbers Y a;, there is uniquely
determined a power series of Stieltjes

Co — C12 + Cco22 — - - -

belonging to the Stieltjes continued fraction

1 b4 z
g1+ a2+ a3+ - -
The c; are given in terms of the a; by the following formulas:
C,'=1/(11" (i=0:1’2y"')y
[y -1 k -1 k1 -1
(71) Gok = Goip1/ D Gako1 D B2k-1,
k=1 k=1

i 1 & i1 \?
Q2k—1 = Q2% Q2k-1) -
k=1

CHAPTER IV. A PARTICULAR EXAMPLE
The continued fractionf
1 2 1 2
T+1+1+1+
I will determine the ¢; and the g;* (which are the same as the « in this

case) for the above continued fraction. I will show that the radius of conver-
gence of the corresponding Stieltjes series is 1/4. The associated series

dap,n=1,2 3, -, are divergent, but the ) aj; converge, and conse-
quently
(72) Cn = Za’ﬁ-l (n=0)172)3’ )’

2%

* Stieltjes, Annales de Toulouse, vol. 3, H, pp. 1-17, 1889, shows the one-to-one correspondence
between his series and continued fractions. He obtains the ¢; in terms of the a; by a different method.

t Laurent, Note sur les fractions continues, Nouvelles Annales de Mathématiques, (2), vol. §
(1866), pp. 540-552.
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The ¢, being known, (72) serve to give the sums of certain positive-term
series.
To determine the c;, write

F@=1+— — =1t
T v+ T TR
Hence,
1 1 41/2
Fl(z)=_i(_j-_z) ,
2
and
1 1 2
Fo) =— — 2
T+ 1+ 14
=F—-1)/z
=1 (4
- 2z

If we develop the numerator of the last expression in a Taylor’s power
series about z=0, we may then divide by 2z and obtain

(73) F(z) =co—c1z+ ¢coz2— -+ -,
where
2k 4+ 3)2E+5) - - - (4k — 1)2F
(74) c%:( +3)2k+5) - ( ) ,
k!
2k +3)(2k+5) - - - (4k + 1)2*
Cok41 = ’
k+ 1!

and therefore satisfy the recurrence relations

Cok41 = [(4k + 1)/(k + 1)]52':’
(75) cor = 2[(4k — 1)/(2k + 1) ]Jcar—,
Cy = 1.

Since Jim(ci/ci—1) =4 it follows that the radius of convergence of (73)

is equal to 1/4.
We will next get the elements in the associated continued fractions.

Using (49), (50):
ane = 1/[k(k + 1],
a;k+1 = (k + 1)2-
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Then since 12422+ - - - +(k+1)2=(k+1)(k+2)(2k+3)/2-3, we have
aze = (2-3)Y/[R(k + 2)(2k + 1)(2k + 3)],
amar = (& + Dk + 22k + 3)7/(2-3)1.
The next step will involve the formula 1-2-3242.3-524 - . - 4 (k+1)
(E+2)(2k+3)2=(k+1)(k+2)(k+3)(2k+3)(2k+5)/5. We have
am = (2-3)%(5)Y/ [k(k + 1)(k + 2)(k + 3)(2k + 1)(2k + 5)],
ager = (k + 1)(k + 2%k + 3)(2k + 3)(2k + 5)/[(2-3)x(5)?].
In general:

am_(k+l)"'(k+i)(k+i+l)’(k+i+2)°”(k+2i+l)(2k+3)"'(2k+44°+1)
Gk = (2-3)35)%2- 1) - - - [2(4i — 1) J2(4i + 1)? ’

2041 (2-3)3(5)%(2-7)2 - - - [2(4i — 1) ]2(ds + 1)?

M B+ D@Dkt 2i—- Dk +2+3) Qe+ A+ 1)

w D) (2243 - (2R 2i— DhH 2+ 1CkA2+3) - 24— 1)
b @352 7 - - (4 — 324 — D ’

% _ (2:3)%(5)*(2-72 - - - (4i — 3)[2(4i — D) ]? )

o Gkt i—uGktitD -2+ @Erdi—1)

These formulas are seen to hold for all 2 when 7=1. Assuming them true
for all £ and for all i <I —1, they may, with the aid of the following formulas,
be proved* for i=1. Set

Yi=Gk+1) - (k+i—DCE+)¥k+i+1) - (A+2i—1)(2k+3)

o 2k + 4i — 3),
Zé=(k+1) - (k+2))2k+3) - - - Qk+2i—1)(2k+2i+1)%(2k+2i+3)
e (4k + 40— 1).

Then,
f) Vé=(k+1) - (k+20)(2k+3) - - - (2k+2i—1)(2k+2i+1)2(2k+2i+3)
- - 2k +4i - 1)/(2(4i - 1)),
éz,;‘=(k+ - (E+2i+1)Qk+3)--- 2k +4i+1)/(4i+1).

* The completion of the proof, which offers no difficulty, will be omitted.
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