ON THE EQUATION P(A, X) =0
IN MATRICES*

BY
WILLIAM E. ROTH

In the present discussion we shall consider the solution of the equation

(1 P4, X) =D i Fi(A)X?* =0,

where 4 is a known # X7 matrix, Fx(\) (=0, 1, - - - | p) are polynomialst
in the scalar variable \, and X is the unknown »# X# matrix. The equation is
a special case under that of an earlier paper by the author in which the coef-
ficient matrices are not polynomials in a given matrix, but are known mXn
matrices.] With the restrictions upon the coefficients which we now impose,
it is possible to establish inequalities limiting the degree and the number of
the elementary divisors of X —uJ, where X is a solution of (1). These in-
equalities depend upon a knowledge of the elementary divisors of P(4, u)
and of A —\I, where u and N are scalar variables. Certain theorems below,
particularly Theorems III and IV with appropriate changes, are valid for the
more general equation of the type studied by the author and others.§

Solutions of (1) are taken up under the following hypotheses: (a) that X
be a unilateral solution on the right (or left) of the polynomials F;(\) (k=0,
1, - - -, p—1); (b) that X be a bilateral solution; and (c) that X be commu-
tative with 4. By means of the idea of transversion of matrices as defined in
§1II, we show the fundamental relationship which exists between solutions
on the right and those on the left of (1), and between these and the bilateral
solutions if such exist.

* Presented to the Society, November 30, 1928, and September 9, 1931; received by the
editors October 7, 1932,

t Considerations which follow do not require the functions Fx(A) (=0, 1, - « - , $) to be poly-
nomials. In fact any functions which, together with at most their first #—1 derivatives, may be ex-
panded into series of non-negative powers of A are permissible, provided that the characteristic values
of A lie within or on the circles of convergence of each of the series representing Fr(\) (¢=0, 1, - - - ,p)
and their first n—1 derivatives. For information on such functions of matrices the reader may con-
sult Hensel, Uber Potenzenreihen von Matrizen, Journal fiir die reine und angewandte Mathematik,
vol. 155, pp. 107-110; Sheffer, A note on matriz power series, American Mathematical Monthly, vol.
36 (1930), pp. 228-231.

1 Roth, On the unilateral equation in mairices, these Transactions, vol. 32 (1930), pp. 61-80.
This paper cites several articles on algebraic equations in matrices.

§ Roth, loc. cit.
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I. PRELIMINARY NOTIONS AND LEMMAS
DErINITION. If A(N) =(ai;(N)) (i=1,2,---,r;5=1,2,---,5), where
a:i(\) are polynomials in \, if
aii(x) = rii(x)’mOd N\ —=a)" (i= L2,---, ';j =1,2,---, s);
and if R(\) =(r:;(N)) - then
A\) = R(N), mod (A — a)".
DEFINITION. If A(N) is an m X m N-mairix whose elements are polynomials
in\, if
A()‘) = R(k), mod ()‘ - a)”’
and if the ith elementary divisor of R(N) corresponding to the linear factor A—a
is W—a)=® (i=1, 2, - - -, p), where p is the rank of R(\), then (\—a)=®

(i=1,2, - - -, p) is the ith elementary divisor of A(N) and p its rank with respect
to the modulus (\—a)™.
DEFINITION. If A(N) is an mXm N-matrix whose elements are polynomials

in N, if the ith elementary divisor of A(N) corresponding to the linear factor
A—ais A—a)=® (i=1,2, - - -, 7) where r is the rank of A(N), and if

aV <n t=12---,0),
aP = n (t=0c+104+2---,1);
then o is the reduced rank and N —a)=® (i=1,2, - - -, @) is the ith elementary

divisor of A(N) with respect to the modulus (N —a)™.

Plainly if 7 is the rank 4(N) and if p and o are respectively the rank and the
reduced rank of 4 (\) with respect to the modulus (A —a)*, then ¢ Sp <7 =<m;
moreover it should be noted that in either case all minors of order k<o are
divisible by IT5-: (\—a)=® and that this kth determinant divisor may con-
sequently be congruent to zero modulo (A—a)", while the elementary di-
visors with respect to this modulus are not. In speaking of the elementary
divisors of A(\) with respect to the modulus (A —a)", it is not necessary to
designate the linear factor, for it is always that occurring in the modulus. As
a matter of convenience we shall still call (\ —a)=* the kth elementary divisor
of A(\) even when a® =0. Thus if |4(\) | is prime to A—a, then each of the
m elementary divisors of 4(\) with respect to the modulus (A —a)" is unity.

Lemuma 1. If AN) is an mXm matrix having elements a;;(\) (i, =1, 2,
-, m) which are polynomials in N, and if the reduced rank of A(N) with
respect to the modulus (\—a)* is o and its ith elementary divisor is (\—a)="
(i=1,2, - - -, ), then two mXm matrices, P(N) and Q(N), of degree n—1in X\,
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exist such that P(a) and Q(a) are non-singular matrices whose elements do not
depend upon n but do depend upon a, and that

PMNAMNQMN) = SN, mod (A — a)",

where

SN = (s::(0)

and
sii(\) =0, mod (A — a)* (¢ # 7)),
i) = A — a)**, mod (A — a)" (i=1,2--,0),
si(A\) =0, mod(A\—a)* (t=d4+1,04+2,:--,m),

and
al® < G+ G=1,2--,0—1).

According to a well known theorem* two non-singular mXm matrices,
T(\) and U(N), |T(\) | and |U(N) | independent of A, exist such that

() TONAMNUQ) = [Timrd:(0),

whereN—a; (4=1,2, - - - , ) are the distinct linear factors in A common to all
r-rowed minors of A(X), where 7 is the rank of A(\), and where A,(\) =
(@®(N) (h=1,2, - - -, §) are such that

(h)

ai; \) =0 (i #7),
aii () = (A — ap)” G0,
a’\) =0 G > 7).

Hence the kth composite elementary divisor of A(\), as usually defined, is

IIih = an)e” (k=1,2,--,7).

Since 4:(\) (:=1, 2, - - -, ) are diagonal matrices, they are commutative
one with another and (2) can be written in the form

3) TMAMUM = 4:M [ TL54WLiessd N ]
Now if the last # —r zero elements in the principal diagonal of
4:(\) (t=1,2,--- k=1L EkE+1, k42,90

be replaced by unit elements, the resulting matrix, 4/(\) (=1, 2, - - -,
* Bocher, Introduction to Higher Algebra, 1922, p. 91, and Theorem I, p. 94.
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k—1, k+1, k42, - - -, t) may replace the corresponding matrix 4;(\) in
the right member of (3), and this substitution will not affect the validity of
this equation in that the product by A4:(\) leaves this member unchanged.
The jth element j <7 of the diagonal matrix

k—1 t . k-1 (2) t (5)
ITim4! W Timrnd! ) is TTic = a0 TLickn(h— a0

and is a polynomial of degree (3 w1 @;(?) —a,(? in A —a, whose constant term
is not zero. Hence the polynomial v;:(\) exists such that

k=1 ) i .
Hc-l()\ - a;)"") Hti=k+l()\ — di)“(‘ )'”jk()\) =14+ N —a)™wu(\),j =71,

where w;:(\) is a polynomial in X\. The remaining »—7 elements of ) 8
A!(N\) ITi=k41 AL (\) are unit elements, hence we may let v;:(\)=1 for r<j
<n. Hence the diagonal matrix V,(\), having as its jth element v;:(\) as
defined above, exists such that

[TL:54! I Ternd! OIVAN) = T+ (O = a)™WN),
where |Vi(ax) |#0 and Vi(as) is again independent of 7. Hence (3) becomes
TONAMNUNVA) = 4N [T+ O — e W V)],

where U(a:)Vi(as) is a non-singular matrix independent of 7. Now if we let
ar=a and let

T(\) = P(N), mod (A — a)?,
UMvi(y) =00, mod (A — a)*,
Ak()‘) = S()‘)’ mod ()‘ - a)n,

we have demonstrated that P(\) and Q(A) satisfying the lemma exist.
Lemma I If AQN) =(8:;(N)) (G, 7=1,2,-- -, n) where
6i,t’+k()\) = ()\ - a)akdk()\) (k = 0) 1, o, N 1)’
6i,i—h()\) =0 (h = 13 2, y = 1):
where d,(\) (=0, 1, - - -, n—1) are polynomials in \ and where d,(a) #0 and
di(a) #0, then the degree of the nth elementary divisor of A(N) corresponding to
the linear factor \—a
(1) does not exceed nay—n—+1if ag>1 and ay >0,

(2) does not exceed (n+1)/2 if ao=1 and o, >0,
(3) is equal to no if a1 =0.

The proof of this lemma consists in seeking a lower bound to the degree
of \—a as a divisor of all (n—1)st-order minors of A(\). The determinant



1933] ON A MATRIC EQUATION 693

|AQA) | has the divisor (\—a)™0, and none of higher degree in A —ag if the lem-
ma is satisfied; hence the difference between the lower bound so sought and
na, is an upper bound for the degree of the nth elementary divisor of A(N).

The minor §;;(A) has the factor A\ —a)®»=Deo in A\—ga; that of 8;:.x(N)
(k=1, 2, - - -, n—1) is identically zero, whereas the minor of &;:_x(\)
(h=1,2, - - - ,n—1) is [A\—a)2d,(\) |*~*-t D,(\), where D4(\) is the minor
of order % obtained by dropping the first column and last #—%—1 columns
and the last #— % rows of A(\).

Now

Diy(\) = (A — a)udi(N)Dp—i(\) — (N — a)xtudo(N)da(N) + - - -

4) _ _
+ (\ — a)Dactarg H-1(\)d,(N) (h=1,2,-+-,n—1),

and Dy(\) =1. If ap>1 and @, >0, we can show by mathematical induction
on the basis of the recurrence relation (4), that D,(\) has at least the factor
(A—a)*, hence the minor of any element 8;;_s(\) (k=1,2, - - ., n—1) has
at least the divisor (A —a)®—#=Deoth and that of lowest degree among them
occurs for s=n—1; hence all (#—1)st-order minors of A(\) have at least the
factor (\ —a)»!in common and for this case the degree of the nth elementary
divisor of A(\) corresponding to the linear factor N—a is at most noo—n+1.

If ap=1 and a; >0, D;(A) and Dy(A) have at least the factor A—a. Then
from (4) it readily follows that (A—a)*/2 or (\—a)®+D/2 are factors of
Di(\) according as % is an even or an odd integer. Hence we can infer that
the minor of &;:_,(\) (=1, 2, - - -, n—1) is divisible by (A —a)—r-1+4/2
or by (A —a)»*-1+(*+D/2 a¢ccording as % is even or odd. The divisor of lowest
degree occurs for k=n—1, and is (\—a)"/? or (\—a)—V/2 according as »
is an even integer or an odd integer. Thatis, if ap=1and a; >0 the degree of
the nth elementary divisor of A(N) does not exceed #/2 or (n+1)/2 according
as n is an even or an odd integer.

The third part of the lemma is evident, for the minor of §,:(\) is prime
to N—a, since all terms of its expansion save d,"~!(\) have this factor if
a;=0. Hence in this case the nth elementary divisor of A(\) corresponding
to A—a is (A —a)neo,

II. THE UNILATERAL SOLUTION

Let the normal form of 4 be given by 4 = (4;;), where

4;;=0 (7‘ ;é]))
Ay = 4, (1:=1,2,"'-,f),
and 4; (i=1,2, - - -, r) is an m;Xm; matrix, Y ._, m;=n, the elements of

whose principal diagonal are a; and those in the diagonal directly above are
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m;—1 unit elements and the remaining (m;—1)? elements of A; are zeros.
Hence A —\I has the simple elementary divisors A—a;)™ (:=1,2, - - -, r)
and the non-singular matrix Q exists such that
(5) A = Q40.
Moreover let (1) have the solution X on the right whose normal form is
X=(X;) (6,7=1,2, - - -,5), where
X ii=0 (7' #= ] ))
Xii=X;=uxl;+ D, G=12,---,9),
where I; is the #;Xn; unit matrix, x; is a scalar constant and D; is the n; X#;
matrix, whose elements are all zeros save those in the kth row and (k+1)st

column (k=1,2, - - -, n;—1) which are unities. Thus we may write D;°=1;
and D;*=0, k2n; . The matrix X —ul has the elementary divisors (u—x;)"
(j=1,2, - - - ,s5) and the non-singular matrix R exists such that

(6) X = RXR-.

On substituting for 4 and X in (1) by means of (5) and (6), and noting
that Q and R are non-singular matrices, we obtain

(M 2P (@) TX 7 = 0,

where T'=Q-'R. In this equation X and R (hence T) are the unknowns. In
fact TXT-!is a solution of P(4, X) =0; on the other hand if X is a solution
of P(4, X) =0, then Q-1 XQ is a solution of (1).

Let T=(T;;), where T; (6=1,2,---,r;7=1,2,---,5) is an m;Xn;
matrix; then from (7) we readily obtain the rs equations

(8) Y F AT X7 =0 (i=1,2,---,7155=1,2,---,9),

which must be satisfied by the rs independent matrices T;;. Each of these
equations provides a means of computing the corresponding T';;, and con-
sequently T, provided the matrices X;(=1,2, - - -, s) were known. We shall
seek restrictions upon #; of X; and upon its order #;.

Now from X,;=x;I,4+D; we have

AN
X} = Zho(, ) D

and consequently (8), for 4; and X;, becomes

»  Po(4;, x5) k
9 Zk=0—'k'—"—TiiDi =0,

where
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h+k

Preh ) = INPIp®

P}, B

This equation must be satisfied by the sub-matrix T';; of T, in order that (1)
have a solution whose characteristic matrix, X —ul, has the elementary di-
visor (u—x;)", where (A —a;)™ is an elementary divisor of 4 —\I.
Indicate the m;X1 matrix formed by the (k+1)st column of T;; by the
script letter G;;®; then
© (nj—1)
Tii = (isy iy -+, Gy )
and
k ® (D (nj—k—1)
T‘iDi=(0"":0’6"1"‘6‘11‘"":(6“ );
that is, the multiplication of T';; on the right by D;* moves the first n;—k
columns of T';; k spaces to the right and replaces the evacuated spaces by %
zero columns. Hence from (9) we readily obtain the equations
kP A.' X5
Z_”‘i__’_’_)@g‘“"’:o (E=0,1,--,n; — 1).
h=0 k!
Multiply these for 2=0, 1, .- -, n;—1 respectively by 1, u—2x; - - -,
(u—=;)"*and add the results; the single equation

(10) P(4;, p)Tiji(w) =0, mod (u — x;)™,
is thus obtained, where
1
nj—1 — .
(11) Buw) = Lu— ) G =1 KT
h=0
(w — x)mt

is consequently an m;X1 matrix whose elements are polynomials of degree
n;j—1 in u—zx;. We shall henceforth concentrate upon equation (10) instead
of (8).

From (10) and (11), we see that G;;(x;) =‘Z:’>g~” =0, if |P(4;, #;) | #0; hence
also ‘ZBS) =0 and so on, under the same hypothesis. That is, T';;=0, if |P(A 6
x;) | #0. Now not all Ty; (=1, 2, - - -, 7) can be zero, nor can all T;; (j=1,
2, - - -, s) be zero else T would have #; zero columns or m; zero rows and in
either case would be a singular matrix. Hence IP(A i %) l =0 for at least one
pair of values of 7 and j; the necessary and sufficient condition that such be
the case is that P(a;, x;) =0. We have proved the theorem.
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THEOREM 1. If the characteristic matrix A —NI, of A, have the elementary
divisors N—a))™ (=1, 2, - - -, 1), where Y[, m;=n, and if P(4, X)=0
have a solution, X, on the right (or left) ~vhose characteristic matrix, X —ul,
has the elementary divisors (u—x;)", where ;. n;=n, then every equation
P(a;, u)=0 (=1, 2, - - -, r) must be satisfied by at least one of the numbers
x; (j=1,2, - - -, 5) and every equation P(\, x;) =0 (j=1, 2, - - -, s) must be
satisfied by at least one of the numbers a; (i=1,2, - - - [ r).T

The above theorem shows where and how the characteristic values x; of
a solution of (1) must be sought and consequently gives us some knowledge
of the sub-matrices X; (=1, 2, - - -, 5). For more definite information re-
garding them, we shall seek restrictions upon #;, in addition to that we al-
ready know, namely that ) ;_; #;=7 in order that the non-singular matrix
T =(T;) may exist. Such is given by the following theorems.

THEOREM II. If X is a solution of the polynomial equation P(A, X) =0,
and if X —ul has the elementary divisors (u—zx)1, (u—x)7s, - - -, (u—x)*
corresponding to the linear factor p—zx, then (u—zx)"1t*st - 4% is a factor of
|P(4, u) |; moreover if X —ul has the elementary divisors (u—zx)" (=1,
2, -, 5), then]];oy { P\, ;) } " must be an exact multiple of |4 =1

It is known that if P(4, X) =0, then |P(4, p) | is divisible by |X —uI |1,
and this determinant in turn is the product of all its elementary divisors;
hence the first part of the theorem is proved. Similarly if X is a solution of
(1), then A satisfies the same equation, where we regard X as the known
matrix, and consequently |P(\, X) | must be divisible by |4 —\I|. But we
can readily show that

[P0, 0] = TI1 PO, x| = ITEPO, ).
= 1=
Hence the second part of the theorem is proved.

The restrictions placed upon #; by this theorem are not very severe;
nevertheless the first part of the theorem places an upper bound upon #;
and the second part places a lower bound upon #; (=1, 2, - - -, s5). The
following results are far more restrictive and quite as easily applied in par-
ticular examples as are the above.

THEOREM III. If P(A, u) is of rank p; with respect to the modulus (u—x;)mi
and if the pjth elementary divisor of P(A, u) with respect to the same modulus

t This theorem is in part a special case of one proved elsewhere, Roth, loc. cit., Theorem I, p. 65.
 Roth, loc. cit., Corollary I, p. 66.
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is (u—2x,)%"", then the equation (1) may have the solution X whose characteristic
matrix, X —ul, has the elementary divisor (u— x;)" only if

(o)
a;” Zni+p;i—n

and if o) <n;, that is, if the reduced rank and the rank of P(A, u) with respect
to the modulus (u—=x;)" are the same, then X —ul has the elementary divisor
(u—2;)" at most k times only if

o n—p;
aip >, — - i
If
Py o(as,u)
= Omed (= 2 (h=0,1,- 05— 1),

Pyolasw)
—7’— = pii (W), mod (u — x)" (h=oij,005+ 1, mi— 1);

then P(4;, p) is of rank p;;=m;—a;; with respect to the modulus (u—x;)"
and equation (10) reduces to the following non-homogeneous system of
pi; equations in the p;; unknowns £;¢+% (u) (=0, 1, - - -, p;;—1)t:

P(’)(#) P(¢+l)(”) N p(mq—l)(#) t(")(ﬂ)
0 P(")(#) RN p(mi—2)(ﬂ) t(""l)([t)
12 0 0 - pO(u) $Omi=D) () J
()
e aym q(a+.l)(”’)
gemi=D ()

where ¢®(u) (k=0, 0+1, - - -, m;—1) are arbitrary polynomials in p.
The equation (10) imposes no restrictions upon #©(u), {®(u), - - - , #e=0(y),
hence each of the first o;; rows of T';; has #; arbitrary elements and its remain-
ing rows must be such that (11) and (12) are satisfied. From (12) we see at
once that

(= 2)" M (u)

S T e

(h=0’1"":Pt’1‘—l)’

1 In this equation and in the remainder of the proof of this lemma we suppress the subscripts

¢and j of ﬁg)(p) of o;; and of t,%"”') (z) save where ambiguity may arise.
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where M, (u) is a linear combination of minors of order p;;—/%—1 of P(4;, u)
and consequently has the (p;;—/%—1)th determinant divisor in u—x; of this
matrix as its divisor. We shall now seek a lower bound to the degree of
p—2x;as a divisor of ¢®(u) (k=0,041, - - -, m;—1).

Let p@ (u) have the factor (u—=x;)%i and I®W) (k=g,0+1, - - -, m;—1)
have the factor (u—=x;)" i and let neither have a divisor of hlgher degree
than these in u—x;. Moreover, let the kth elementary divisor of P(4;, u) be
(u— —x)%i (k=1,2, - -, pip). Then the determinant divisor of all minors of
order g of P(4;, /.t) 1sH ¢ (u—x), g<psj, and

pPij
(mi — 0ij)ei; = pijes; = Eag) .
k=1
M (1) has the factor u —x; at least Y i, =41 ff) times, and 7{%+» must satisfy
the inequality

(v+h) Pij pij—h—1
Tij Eau + hei; + Z aiff,
k=1 k=1
or
(0+h) A
(13) T = n;+ he; — o (h=0,1,---,p;;— 1).

k=pyi—h

This inequality evidently establishes a lower bound for the number of zero
elements in the (¢-+%)th row of T';;, for if 7577 =% then the elements in the
first & columns and the (¢ +4)th row of T';; are zero. The least value the right
member of the inequality may have for any % occurs for 2=0, that is,
it zm— a%? (h=0,1, - - -, p;;—1). Therefore T;; has only zero elements
in at least the first n,—-a(" i’ columns of the last p;; rows, whereas the first
;—pij=0;; rows have arbitrary elements as was pointed out above. Since

P(A 1 ,u') 0 Ce 0
PA, W= T ’
O 0 ctt P(Ar’ I‘)

the rank of P(4, u), hence of P(4, r), with respect to the modulus (u—=x;)"s

is p;, where p;=2 i, pi;j and p;; is the rank of P(4;, u) with respect to the

same modulus. Moreover, if the p; numbers a”’) (k=1,2, -, pij;2=1, 2,
,7) be rearranged in an ascending sequence

1 2 j
()<a:)<.'.< (pj)

= = &; ,

then (u—=,)%"® is the kth elementary divisor of P(4, u) and of P(4, u) with
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respect to the modulus (u—x;)"% and of is the greatest of the numbers
a‘j(l’;f) (i:l’ 2’ ceey, r)_
According to (10)

(14) P(A: I‘)‘Bi(l‘) = 0’ mod (I‘ - xi)”i,
where
Grilw) Ty; 1 1
B, = '52?'(#) _ | T e -7 B %
() T ) | = mymm (= it

The matrix T; has D ._; (m;—pi;) =n—p; rows of arbitrary elements and the
remaining rows have only zero elements in the first #; —«;®? columns. Hence

(" must equal or exceed n;—n-+p; else T; is of rank less than #»; and T
would be singular. This proves the first part of the theorem. Now if #»; >a(,"'
the reduced rank of P(4, u) is p; and if X —ul have the elementary divisor
(u—=;)" repeated k times then T has k matrices T; all having the same
n—p; rows of arbitrary elements. Each T'; has at least n; —a‘,’” zero columns
in the remaining rows. Hence k(n,—a, )) cannot exceed # —p; else the cor-
responding k#n; columns of T are of rank less than kn;and T would be singular.
This proves the final part of the theorem.

The second part of the theorem may be stated as follows:

CorOLLARY L. If the rank p; of P(A, p) with respect to the modulus (u—x;)™
is equal to the reduced rank with respect to the same modulus and if (u—zx;)=i¢*?
is its p;th elementary divisor, then the characteristic matrix, X —ul, of a solu-
tion of (1) cannot have the elementary divisor (u—=x;)"i more than (n—p;)/
(nj—a,-("f)) times.

Plainly if #; be taken sufficiently large the rank of P(4, u) with respect
to the modulus (u—x;)" is equal to the rank, 7, of P(4, p) in the usual sense;
that is, all minors of order +1 and above are identically zero whereas those
of order 7 are not all identically zero and in this case by Theorem III we have
n; <o —n-+r,where (u —x,)%"is the rth elementary divisor of P(4, u) corre-
sponding to the linear factor u—x;. Hence:

CoroLLARY II. If P(A, u) is of rank r and if the rth elementary divisor of
P(A, 1) corresponding to the linear factor p—x; is (u—2x,)%", then no solution
X of P (A, X) =0 exists whose characteristic matrix, X —ul, has an elementary
divisor corresponding to the linear factor u—x; whose degree exceeds

(r)
a; - n-l—r.
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The following corollary is at once evident from the foregoing.

CoroLLARY IIL. If P(A4, u) is of rank r <n, then X —ul, where X is a solu-
tion of (1), may have the elementary divisor (u—x)*, where x is an arbitrary
parameter, only if k<n—r.

In this case, where x is arbitrary, the rth elementary divisor of P(4, u)
corresponding to p—z is unity, and «® =0. A more complete discussion of
this case is given in the paper cited abovet, where the method of computing
the matrix corresponding to T is covered in some detail.

THEOREM IV. If P(A, i) has the reduced rank p with respect to the modulus
(u—x)*, and if P(A, X) =0, then the number of elementary divisors of X —ul
corresponding to the same linear factor p—x and whose degree equals or exceeds
v cannot exceed n—op.

If P(4, p) has the elementary divisors (u—x)** (E=1,2, - - -, p), where
alZLa®< - - - 2a® <y, and if the remaining elementary divisors of
P(4, p) corresponding to the same linear factor u —x are all of degree equal
to or greater than », then according to Lemma I there exist matrices R(u)
and S(u) such that |R(z) |0 and |S(x) | =0 and that

R(u)P(4, w)S(u) = Q(u), mod (u — %),
where Q(M’) = (q"i(ﬂ)) (i’j= 1) 2) T n’) is giVén by
gii(w) = 0, mod (4 — %)” (i # 7),
gii(w) = (v — 2)=®, mod (u — )’ (i =»p),
gii(w) = 0, mod (u — x)” (Z>p).

By (5) P(4, ) =QP(4, ©)Q7!, hence
R(u)QP(4, p)Q7'S(k) = Q(u), mod (u — x)’,
and (14) becomes
QWS (w)QT' (k) = 0, mod (u — x)7,

where T’ is an #X v matrix formed of » adjacent columns of T and G’(u)
is the 7 X1 matrix, whose elements are polynomials of degree v—1 in u—ux,
and B’ (x) is the first of these » columns of 7’. From this equation we see that
the element of the kth row of the »X1 matrix S—1(u) QB’(n) is divisible by
(u—2)"=® if k<p, and is prime to up—x, if 2>p. Consequently the nX1
matrix

S Y (x)QT'(x) = U

t Roth, loc. cit., §3.
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has p zero elements in the first p rows and arbitrary elements in the remaining
n—p rows. Now if X —ul has the k elementary divisors (u—zx)*, v;2»
(3=1,2, -, k), and if X is a solution of (1), then for each (u—x)" we
must have

S~ *)QTi (2) = Us,

where U has zero elements in at least the first p rows. The reduced rank of
P(A, u) with respect to the modulus (u—x)", v;= v, cannot be less than p,
and S-!(x) is not dependent upon the degree of the modulus (u—x)”.
Consequently

S~H)Q(T{ (x), T (%), - -+, TL (%)) = (U, U, - - -, Us).

The rank of S-1(x)Q is #» and the rank of the right member is at most n—p;
Rence in order that the k£ columns G,'(x) (:=1, 2, - - -, k) of T may form a
matrix of rank k, £ cannot exceed # —p. The theorem here demonstrated
is more general than Corollary I, but if #; —aﬁ-" ) 22, the latter offers the more
restrictive bound upon the number of equal elementary divisors that X —ul
may have.

THEOREM V. If P(a;, u) =0 has the root x; of multiplicity Bi;, and if P(\,
x;) =0 has the root a; of multiplicity v.;, if A —NI has the elementary divisors
N=—a)m™ (1=1,2, - - -, 7) and if X —pl has the elementary divisors (u—x;)™
(G=1,2, - - -, s) where X is a solution of P(A, X) =0, then at least one n;(j =1,
2, - -, s) must equal or exceed the corresponding ni; for each value of i
(4=1,2,-.-,7r), where

m; — 1

ni; = Bii > 1,7i; > 1),
vii — 1

ni; = 2m; — 1 '(Bii > 1, Yi; = 1),
mi

ni; = — Bii=1,vi; 2 1),
Yii

ni; = ®© Bii = vi; = 0).

Under the hypotheses of this theorem neither P(a;, u) (i=1,2, - - -, 7)
nor P(\, x;) (j=1,2, - - -, s) is identically zero. Hence the rank of P(\, X),
where X is a solution of P(4, X) =0, and of P(4, u) is n. Now if we regard 4
as a solution of (1), where X is the known matrix, then according to Corollary
II, m; is less than or equal to 8™, where (\—a;)%" is the nth elementary
divisor of P(\, X). Now at least one of the matrices P(\, X;) (j=1,2, - - - ,5)
must have (A —a,)%” as its #;th elementary divisor corresponding to the
linear factor X —a;. Lemma II gives us a means of computing an upper bound
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to the degree of the n;th elementary divisor of P(\, X;) (j=1,2,--.,5).
For if we set AQ\) =P(\, X;), then
Pok(\, %)

6‘.'#"()‘):—’&!—_ (k=0,1,--+,n;—1)
and if (u—x;)7%, v:;>1, is a factor of P(a;, u), then &, :11(N) = Po1(N, ;) will
have N —a; as a factor; on the other hand if v;;=1, Po1(\, ;) is prime to
A—a;. Let P(), ;) have the factor (A —a.)g*/ but not one of higher degree in
\—a;; then according to Lemma II and Theorem III, m; cannot exceed
every m;;, where

mi; = Bim; — n; + 1 Bii > 1, vi; > 1),
n; +1

mi = — Bis =1, vi; > 1),

mi; = Bin; Biiz 1,75 =1),

mi;j =0 Bii = 0, vi; = 0).

Hence not all#; (j=1,2, - - -, s) can be less than the numbers #;; defined in
the theorem. When B;;=7v:;=0, then IP(A i %) I#O and the corresponding
T:;=0, and we must take m,; =0 since not all T;; (=1,2, - - -, 5) can be
zero. Similarly #;; must be taken sufficiently large in case 8;;=v:;=0.

According to the theorem above if 8;;=v:;=1, and if 8,;=0, A4, and
vi=0, k>j, we must have n;=Zm;, for n;j=m; and ny=o, k=#j. The
mih elementary divisor of P(A4., u) corresponding to the linear factor
u—x;is (w—x;)™ because of Lemma I, and P(44, p), k%, has only the ele-
mentary divisors unity corresponding to the same linear factor if 84;=0.
Hence the elementary divisor of highest degree of P(A4, u) corresponding to
w—2x;is (u—x;)™. That is, by Theorem III, #; <m;. Consequently under the
hypotheses here laid down n;=m,; and the equation P(4;, p) G:;(u)=0,
mod (u—zx;)™, has a solution such that |T;;|=0. We have consequently
proved the following corollary.

CoROLLARY IV. If A —N\I has the elementary divisors (N —a;)™ (i=1, 2,
- -, 7) such that ax5 a;, k=1, and if the equations P(&;,p) =0 (6=1,2, - - -,
7) have the distinct simple roots x;; (j=1,2, - - -, p:) such that a; is a simple
root of each of the equations P(\, x:;) =0 (j=1, 2, - - -, p:) and that P(as,
x:) =0, k=i (j=1,2, - - -, ps), then P(A, X) =0 has Y i, p: solutions, X,
such that X —ulI has the elementary divisors (u—x:)™ (4=1,2, - - -, 7).
The numbers x;;in the elementary divisor (u —x:;)™ (4=1,2, - - - ,7) can
be chosen in p; ways and all are distinct, for if x;; =5k, s %k, then P(as, :;) =
P(ax, xnx) =0, which is contrary to hypothesis.
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IIT. THE BILATERAL SOLUTION
DerFINITION. If B=(bi;) (i=1, 2, -, @; j=1, 2,-- -, B), then B’
= (Bg—j1,a—is1) 25 the transverse of B.
The transverse of a matrix is obtained by reflecting its elements with

respect to a line at right angles to that with respect to which the transpose
of the matrix is obtained. For example, if

by b
b bw b
B=(h‘%)’y=(:b {W'
bal b:ﬂ 31 21 11

The following theorems hold:

The transverse of the sum of two or more matrices is equal to the sum of their
transverses.

T he transverse of the product of two or more matrices is equal to the product of
their transverses taken in reverse order; (AB)' =B'A’.

If A=al+D, where D=(6;;) and

0iiv1 =1 t=12---,n—-1),
8;=0 (E+ 1),
then A'=A.

DEeFINITION. If B=(B;;), where B;; (i=1,2, - - - ,r;j=1,2,- - - ,5) are
a; X B; matrices such that Y .joi=ct, D ;=1 Bi =P, then the B X matrix

B* = (BJ'",))

where B;;' is the transverse of Bj, is the compound transverse of B with respect
to the sub-matrices B;;.

The compound transverse of a matrix depends upon the way it is divided
into sub-matrices. The following theorems hold.

The compound transverse of the sum of two or more matrices is equal to the
sum of the transverses of the addend matrices, provided all addend matrices are
divided into sub-matrices in the same way.

If B=(B;;) and C=(Cjx), where B;; (i=1,2,---,r;j=1,2,---,5).
are a;XPB; matrices and Cix (=1, 2, - -, s; k=1,2,- -, 1) are B; Xy
mairices, such that ) |y ai=a, 9 ;- B;=PB, and Y _;_yvr=", then the compound
transverse of A B is the v X o matrix obtained by multi plying the compound trans-
verse of B on the right by the compound transverse of A; that is,

(AB)* = B*A*.



704 W. E. ROTH [July

If 4 and X are the matrices in the normal forms as given in §11, and if trans-
version of them is made with respect to their sub-matrices A; (1=1,2,---,7)
and X;(j=1,2, - - -, 5) respectively, then A*=4 and X*=X.

If A is an nXn matrix, then the elementary divisors of A —\I are identical
with those of (A —NI)* for any division of A —\I into sub-matrices, and identical
with those of A*—\I provided the transversion of A is made with respect to its
sub-matrices Ay; (3,j=1, 2, - - -, r) such that A;; are all square matrices of
order n; and Y i, ni=n.

If B is a non-singular n Xn matrix and if B~'is its inverse, then for every
division of B into sub-matrices there exists a corresponding division of B~ into
sub-matrices such that for B and B~ so divided

(B¥)~! = (B-1)*.

If B=(B;;) and B~1=(C;;) where B;; are a; X3; matrices and C;; are B; X a;
matrices, the theorem is satisfied provided D [_, a;=) ;. Bi=n.

The idea of transversion and compound transversion of matrices as
defined above enables us to determine the relationship of a solution on the
right of (1) to one having the same normal form on the left, and their relation
to the bilateral solution of the same equation.

THEOREM VI. If A=Q4Q! and X =RXR-!, where 4 and X are the
normal forms of A and X as defined in §11, if A —NI and X —ul have the ele-
mentary divisors N—ay)™ (i=1,2,---,r) and (u—x)" (j=1,2,---,5)
respectively, where D [y m;=) ;. n;j=n, and if X is a solution on the right of

b4
(1) P(4, X) = X Fiu(d)X»* =0,
k=0
then
Xl = Rl YR{'"

is a solution of
yd
(15) 2 X?"kFy(4) = 0,
k=0
provided
Ry = QQ*(R®)™,
where Q and R are divided into sub-matrices of order m;Xn and n;Xn re-
spectively.

If we assume that (15) has a solution on the left whose characteristic
matrix X;—ul has the elementary divisors (u—x;)" (j=1, 2, - - -, s5) then
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R, must exist such that X;=R;XR;~'. Hence by a procedure parallel to
that of §II, we obtain from (15) the following equation:

P
(16) S X7 kUF(4) = 0,
K0
where U =R,~1Q.
Now if we take the compound transverses of the members of (7) with re-
spect to the sub-matrices 4; (1=1,2, - - -,7), X; (j=1,2,- - -,5) and T;
of 4, X, and T respectively we have

P

> X7 *T*F(4) = 0.

k=0
That is U =T* satisfies (16) provided T satisfies (7), and similarly any U
satisfying (16) is such that U* satisfies (7). Hence

U= Rl_lQ =T*= R*(Q*)_ly

or R, =QQ*(R*)~! according to the theorems on the transversion of matrices.
This proves the theorem.

In order that X be a bilateral solution of (1) it suffices but is not necessary
that Ri=QQ*(R*)~'=R; in other words, that RR*=QQ*. The following
theorem holds.

TrEOREM VII. In order that X be a bilateral solution of (1) it is necessary
and sufficient that this equation have a solution X = RX R~ on the right such that
(7) is satisfied by Ty and To=(T:;?), not necessarily distinct, and such that
T\Ty*=1, where To* is the compound transverse of T, with respect to the sub-
matrices T;® of order m;Xn;.

If X =RXR-!is a bilateral solution of (1), then T;=0Q-!R satisfying (7)
exists and U = R~1Q satisfying (16) exists and U* also satisfies (7). That is,
T,, some solution of (7), is U* or (R-1Q)*. It is sometimes possible that
T:\T1* cannot be a unit matrix, but if in T, we permit the parametric ele-
ments of T to take another set of values, then it is possible for T, to be the
inverse of T5* where T, is so taken.

IV. SOLUTIONS COMMUTATIVE WITH A

Little that is general can be said regarding the solutions of (1) which are
commutative with A besides that already demonstrated to hold for the
unilateral and bilateral solutions of the same equation. But with certain
restrictions upon either 4 or X or on both we can derive such results on com-
mutative matrices as are set forth in the following theorems.
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TueoreM VIIL. If AX =XA, if A —\I has the elementary divisors N —a;)™
(1=1,2, - - - ,r), where a;*~a;, i 7], and

mL=me = = My,

and if X —pl has the elementary divisors (p—x;)" (j=1,2, - - - | 5), where

nL= Mg = - = N,
but where x;,(j=1,2, - - -, s) are not necessarily distinct; then
h h
Enké ka (k=1,2,"',1')
k=1 k=1

and s=r.

We shall here use the notation of §II with the understanding that the sub-
matrices 4; 4=1,2, - - - ,r) and X;(j=1,2, - - -, s) of 4 and X are so or-
dered that their orders m; and #n; respectively form non-increasing sequences

of numbers. This is in no sense a restriction upon 4 nor upon X.
Since AX = XA, we have from (5) and (6) that

ATXT! = TXT-4,
where T =R-1Q. Therefore TXT! is commutative with 4, but the most

general matrix commutative with 4, where all ¢; (:=1, 2, - - -, 7) are dis-
tinct, is K = (Kxx), where
Kwe =0 (b = E),

Em=cls+aDi+ - +omDi (h=1,2,---,7),
and where Dj is an m; Xm, matrix having only unit elements in the diagonal
immediately above the principal diagonal and having zero elements in the
remaining m*—m;+1 places.T Hence

T.’,‘Xj=KiiT,'j (‘I:=1,2,"',f;j=1,2,"‘,8),
and
Tiixi + TiiD; = coTsj + {ClDi + D+ -+ Cms—xD:M—l }Tii-
If co#x;, then T;;=0, but not all T;; (=1, 2, - - -, 7) may be zero else T

would have #; zero columns and would be singular. Hence we can assume that
co=x; and the equation above reduces to

TiD; = (aDi+ aD? + - -+ + cmDi )Ts;.
The multiplication of T';; by D; on the right moves the columns of T';; one

t Kreis, Contributions d la Théorie des Systémes Linéaires, Zurich Thesis, 1906. Hilton, Linear
Substitutions, 1914, pp. 112-118.
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space to the right, and the multiplication of T';; on the left by D;* moves the
rows of T';; up k spaces. Because of this fact, whether ¢, is zero or not, T';; has
at least #;— % zero elements in the first #;— k& places of the (m;—A+1)st row
(h=1,2, - - -, m). If n;>m;, then at least the first n;—m; columns of T;
have only zero elements. If any n; exceeds every m; (=1, 2, - - - | s), then
T will have at least one column of zero elements and this is impossible, con-
sequently the largest #; cannot exceed the largest m; or

ny § my.

This completes the first step of a mathematical induction proof. Now suppose
we have shown that

h h
@17 2 2 2om,
=] =1
and let
(3 )
= T;.l) Tf.s) )
where
Th:(Tii) (i’j=l)2:""h)’
TS = (Ts) G=ht b, 42 ,ri=1,2, k),
T(2)=(Tii) '(1:'—"1,2,"',h;j=h+1,h+2,‘~',5),

T(3)=(T5i) (i=h+1:h+2y"')';j=h+1)h+2)"')3)°
If na1 Smpy, then from (17) we have at once

h+1 h+1

2 S Dom;

=1 tm]

and the theorem holds; however if #411>m) 1, further proof is required. The
number of zero columns in T}, is at least equal to 3+t (n;—mu4), for if
Nh1>Miy, then every ny(i=1,2, - - -, h+1) exceeds m,; for j=k+1 and all
T:; in T/% have at least the first m;—ma,; columns of zero elements. The
number of non-zero rows in T's1 in the same columns where T4} has only
zero elements is equal to at most >S4 (m;—muy). The rank of the first

i+t ns columns of T will be less than Ef;"ll n; unless

h+1 h+1

2o(ns — mppr) Z(mi — M),

i=1

and the theorem is proved by mathematical induction for all % less than or
equal to 7 or s. Since
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T 8
Smi= =
=1

=1
and if the inequality (17) holds, then it is not possible for 7 to be less than s.
The theorem is proved.

CorOLLARY V. If AX=XA, if A —N\I has the elementary divisors (N —a;)™

(1=1,2, - - -, 1), where a;*=ax, ik, and

moZmZ 2 My,
and if X —ul has the elementary divisors (u—zx;)" (=1, 2, - - -, s), where
xi#x;.,j;éh, and

v

'gnl)

ny 2 Ny
then
mi = n; (1=1,2,---,1$),

and r=s.

This corollary is a direct consequence of the theorem above, for from it we
find that

h A
Sni< Ymiand r = s (h=1,2,---,5);

=1 =1

and because x;#xy, 7=k, that

h h
> mi< Ymiand r <5 (h=1,2,--:,1).
=1 =1
In order that these inequalities hold simultaneously, #; must equal m; and
r must equal s.

The above theorem and corollary have obvious application to the solution
of the equation P(4, X) =0 for X commutative with 4. However, matrices
A and X such that A —\I and X —ul have the elementary divisors (A —a;)™
and (u—x;)™ respectively are not necessarily commutative, so that even
when Corollary IV of the preceding section is satisfied it is not a simple mat-
ter to show that the solutions, whose existence is there established, are also
commutative with 4.
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