THE LATIN SQUARE, OR CYCLIC, FUNCTIONS*

BY
E. T. BELL

1. Introduction. Special cases of the Latin square functions defined in
this paper have recently come into some prominence in connection with
generalizations by Humbert and others (references in §5) of the partial dif-
ferential equations of mathematical physics. In solving the equations, the
functions of »—1 independent variables defined by Appell3t in 1877 appear,
and these in turn are intimately connected with Olivier’s!f functions
fo(x), - - -, fr-1(x), whose generating identity is

(1.1) exp ax = fo(x) + afi(x) + - -+ + a™ i),
where a is an imaginary rth root of unity,
(1.2) Jilx) = 2ari/n,

the summation referring to all integers #; =0 such that #;=j mod r. We shall
call 7 the base of f;(n). Appell’s functions 4, can be defined by expanding the

left member of the following identity as a power series in «,and reducing the
result modulo o —1,

r—1 r—1
(1.3) exp( > a‘x,) = Y atd, (21, -, %e).
8=1 t=0
The 7 functions 4,(x1, - - -, x,_1) =4, are connected by the identical alge-
braic relation
(1'4) N(AOy te )Af—l) = 1)
where N(y,, - - -, ¥,-1) is the norm of the algebraic number

Yo+ ayi+ - -+ a7y,

As the partial differential equations mentioned have no immediate phys-
ical significance, there is no apparent reason for stoppfng short of the general
case. In a previous paper’ the functions defined by reducing the left of (3)
modulo P(«), where P(a) is any polynomial in «, were introduced and some
of their properties discussed. The norm property (1.4) does not hold for these
functions, except in the very degenerate case when they become Appell’s
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It will be interesting to see what replaces the norm property, and how it de-
generates in the special case.

We shall see that the generalized norm property is intimately connected
with Latin squares. A Latin square of degree # is a square array of » distinct
elements such that no element occurs twice in the same column. The number
of Latin squares of degree n, no two of which can be derived from one another
by a permutation of rows or of columns, will be denoted by A(»). This number
has not been determined for general »#, and even for small » the labor of a
direct determination is prohibitive (see MacMahon®). As observed by Cay-
ley,5 not every Latin square of given degree can be generated by a group of
substitutions on the elements of a given row. Thus there exist (even for
small) Latin squares with which no group is associated.

The norm relation is replaced for the generalized functions of 7 independ-
ent variables by \(r) algebraic relations, each of which is derived from a Latin
square of degree . When the functions degenerate to Appell’s (based on rth
roots of unity), the A(r) relations coalesce in the norm relation, and the single
Latin square corresponding to this relation is generated from its first row by
the cyclic group of degree 7.

Appell’s functions are a simple generalization to functions of » independ-
ent variables of the circular and hyperbolic functions. The Latin square
functions pass at once to the most general situation possible of this kind,
namely to the functions of 7 independent variables constructed from poly-
nomials in the members of sets of 7 linearly independent solutions of equa-
tions of the type

dry dr«ly
+¢ + - F+ay=0
dx" ldx"1 4 ’
where ¢y, - - -, ¢, are arbitrary constants, instead of from the degenerate case

¢r=—1,¢;=0,77#r. The coefficients in the power series for Olivier’s functions,
on which Appell’s are based, are periodic. In the generalized functions perio-
dicity, ¢(n+7) =¢(n) for all integers #, is replaced by

on+r)+cdp(n+r—1)4+ -+ co(n) =0,

which becomes periodicity in the degenerate case.

All the functions defined are obviously continuous and convergent ab-
solutely for all finite values of the variables.

2. Generalized Olivier functions. Consider first the generalization of Oliv-
ier’s functions. Let

(2.1) Po)=a"+ '+ ---+e¢

be irreducible in the rational domain. Reduction modulo P(«) of the expan-
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sion of exp a*x, where s is an integer, defines the functions f;(}) uniquely,

2.2) exp az = i%%(f)

i=0

since P(a) isirreducible. We write

2.3) ﬁ(f)aﬁu) G=0,--,r—1).

The notation in (2.1) is fixed throughout the paper.
The jth fundamental sequence ¢;(n), =0, +1, +2, - - - | defined by the
difference equation

(2.9 o(n+1)+cap(n+r—1)+ -+ co(n) =0,
whose characteristic equation is P(a) =0, is determined by
(2.5) ¢;i(k) = 8% (Kronecker delta), 7, k=0, --,r—1,

The ¢;(n) are a set of r linearly independent solutions of (2.4), and the general
solution ¢(n) is

(2.6) bin) = T8()6i(m).

The notations in (2.4), (2.5) are fixed henceforth.
For all integers # we have

2.7 a® = ia%i(”)-

Hence, by (2.2),

(2°8) fl(x)= Z(ﬁ,(é‘”)ﬁ; (j=0,‘,f""1).
S ne=0 n

To find the differential equation satisfied by the functions (2.8), let P,(c)
be the polynomial with leading coefficient unity whose roots are the sth
powers of the roots of Pi(a)=P(e),

(2.9) Pya) ="+ a(s)B + - - -+ crl(s) B=a".
Then, by (2.2), (2.9), r linearly independent solutions of

dr dr—l
(2.10) a4+ al)y =0

dxt dx™!

are the functions (2.8), and the general solution of (2.10) is
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(2.11) y= Zkf<x)

where the k; are arbitrary constants.
The exponential forms of the functions (2.8), corresponding to those of the
circular, hyperbolic, and Olivier functions, are obtained at once from (2.2).

If ao, - - -, @,1 are the roots of P(a) =0, and i denotes the cofactor of o
in the determinant
1 ay - og
r—1
1 ay 2
D(a) E -------- ’
1 Oyp_1 a::i
we have
x r—1 )
(2.12) D(a)f,( s) = > a'iexp ax’,
t=0

since D(a) #0, P(a) being irreducible.
Corresponding to the period recurrence of the derivatives of the circular,
hyperbolic, and Olivier functions, we have here

2.13) —dd;f(:>= gqsk(swj)fj(f) (=10, ,7r—1),

on differentiating (2.2) ¢ times and applying (2.7).
Applying (2.7) to the product of exp a'x and exp a'y, we get the addition
theorems

(2.14) fi(x-:y)= §§¢j(ﬁ +k)fp(f>fk(i>'

There is no algebraic addition theorem with respect to s.
Let a be any root of P(a) =0. Then

exp [xa’P(a)] = 1,

and hence, by (22), the identical algebraic relations between the functions are
obtained by reducing the expression on the left of the following, modulo P(a),
to that on the right (co=1),

r—1 r—1 r—1
(2.15) I [ T aif; ( o )] - Eafo( x);
k=0 L j=0 *\s +r—k j=0 §

the relations are
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X X
(2.16) No<s>=1, N,,(s)=0 p=1,---,r—1).
For Olivier’s functions it is easily seen that (2.16) are equivalent to the single
norm relation (the last r —1 relations are absent).

If P(a) is such that, for some integer s >0, ¢i(s) =0 in (2.9), the functions
fi®),7=0, - - -, r—1, are more simply connected. Let the roots of P,(a) =0

be Bo, - - -, Br_1. If B is any one of the roots, we may define functions g;(;)
by the process for (2.2) with P(«) replaced by the right of (2.9),

r—1 x
(2.17) exp B'x = ZB’gi( t >

7=0

Apply (2.7) to Bi=a. Then

(2.18) fk<x>= L‘_f«»k(js)gj(f) (=0, r— 1)

st =0

6 ]) = a0

If now ci(s) =0, Bo+ - - - +B,-1=0, and exp (Bo+ - - - +B,—1)x=1. Hence
(2'19) Mo(go(x), T g’—l(x)) = 1)

where Mo(yo, - - -, ¥-—1) is the norm of yo+y8+ - - - +y,8" 2 If further
s=1, (2.16) hence becomes

(220) No(fo(x), cet )f’-‘l(x)) = 1)

where No(yo, - * -, ¥,—1) is the norm of yo+yx+ - - - +y,0" A linear
transformation on the f;(x) will always reduce (2.16) when s=1 to (2.20).

Since there are precisely » functions f;(;) of the single variable #, they
must be connected by 7 —1 relations. These are contained in the 7 relations
(2.12), which are not independent, or in the equivalent dependent set ob-
tained from (2.2) by putting @, - - - , .1 successively for a. The dependence
for the last set of 7 is evident from —ci(s) =ap"+ - - - +ar-1; ai(s) is a ra-
tional function of ¢, - - -, ¢,—1. The »—1 independent relations are transcen-
dental.

3. Functions with periodic coefficients. A special case of the functions (2.3)
is of particular interest as it can be completely specified with remarkable sim-
plicity. In a previous note!® it was shown that the only difference equations
(2.4) whose solutions have the proper additive period m (integer >0) are
those in which 7 =r7(m), the totient (Euler’s function) of m, and P(a) =0 is
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the equation whose roots are the 7(m) primitive mth roots of unity. In this
section m is a constant integer >0, r = 7(m), and
3.1) a'+cam '+ -4+, =0

is the equation for the primitive mth roots of unity. All of §2 necessarily
holds in this case, with special features not valid in §2. The notation is as
before; in particular the general solution of

(3.2) st teg(nt+r—1)+ -+ cop(n) =0

is ¢(n). The sequence ¢(n) (=0, +1, - - -) is determined by (3.2) when
#(0), - - -, ¢(r—1) are given constants.
From what has just been recalled it follows that the only functions

(3.3) J(2) = 2Z¥(m)ar/nl,

n=0

in which /() has the proper additive period m and is determined by a linear
difference equation with constant coefficients, are those in which ¥ =,

f(®) = 2o(n)xn/n),

and hence "
m—1 ® gnmtt
(3.9 1 = Too| T o],
The functions in square brackets, say
bt xnm+¢
(3.5) ho(x) = Z=)0 r——t

are the m Olivier functions to the base m; see (1.2). Hence, by (2.6), the gen-
eral function (3.3) with periodic coefficients of the kind described is

r—1 m—1
(3.6) fx) = E¢<j>[ Em(t)ht(x)].

=0 t=0

Consider the functions in the square brackets in (3.6),

m—1
3.7 Hi(x) = 22¢:(t)hu(x) G=0,--,r=1.
t=0
The generating identity is
r—1

exp ax = Y a'Hi(x),

7=0
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where a is any root of (3.1). Hence, taking the nth derivative, we get

n

r—1
Hi(x) = Di(n + i)Hi(x);

dxn i=0

(3.8)

and therefore, by the periodicity of ¢,
d km+tn

dn
3.9 WHi(x) = Zx—"Hf(x)

n=0---,m—1;7=0,---,r—1)

for all integers £=0. Thus the derivatives of the H;(x) recur with the period
m. Since ¢(0), - - - ,¢(r—1) in (3.6) are arbitrary constants, (3.9) implies

km+n d

) = —f(a),

dxkm+n dx

(3.10)

and f(x) is the most general function with recurring derivatives of period m.

Consider next the functions (3.3) in which y/(») has the proper multiplica-
tive period m+1 (m integer >0), and in which y/(») is determined by a linear
difference equation with constant coefficients. It follows from the theorem
recalled for additive periodicity that the only such ¢(n) with multiplicative
period m+1>1 are the ¢(n) defined by (3.1) as before. Hence the properties
of these functions follow from those just discussed.

4. Latin square functions. In thissection the notationis asin §2. Weshall
need particularly (2.1)—(2.4). As a basis for the numbers of the field K(a) we
shall take 1, @, - - -, @1, and we shall denote the element of K(a) whose
coordinates are xo, - - -, x,1 by (¥),

“4.1) (%) = (%0, - -+, %rm1) = 0o F ax1 + - - - + o™ lxy.
The sum of (x), (y) may be written either as (x) + (y) or (x+7),
(4.2) (4 9) = (2o + yo, - -y X1 + ¥r1);
their product, (x)(y) or (xy), is

(xy) = ((xy)o, - - -, (2Y)r-1),

(4_ 3) r—1 r—1 .
()i = X 29i(i + p)x:y,-
1=0 p=0
More generally, the product of any finite number of elements (x), (y), - - -,
(2) of K(«), in a similar notation, is given by
(4.4) (xy - 2)i= Ldii+p+ -+ Dxy, -z,

0<i p,- -, tSr—1.
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The element (x)’ of K(«) defined by
(2)' = (x) — %0+ xa” = (xO,y ) xfl—l);
(4.5) X4 = — ke, XY = X — Cri¥y (B=1,---,r—1),
(%) = axy + a?xs + - - - + a™x,
will be called the curtate of (x). Accents as in (x)’, (y)’, - - - shall denote the
curtates of the corresponding (), (¥), - - -
The Latin square functions of degree r in the independent variables x;,
- -, &, are denoted by L;(x, - - -, %,), and are defined by the identity (4.6),

in which the right is the reduction modulo P(a) of the expansion of the left as
a power series in a,

r—1
(4.6) exp (2)' = 2 alLi(xy, -, ).
=0

To find the algebraic relations between the L; mentioned in §1, we pro-
ceed as described presently from the Latin square (4.7) to its “bordered

mate” (4.8). We assume r=1. Let 2, - - - | 2 be the ith row of the Latin
square (4.7) of degree » constructed from 1, - - - , %, so that ), . . . 2
is some permutation of x,, - - -, %,:
@ m o)
X , Xo sttty Xr
(2) 2) (2)
4.7 X1, Ey oy, %
® %)
X1 5, X2 4, X .

Write —s=x;+x,+ - - - +«,. Multiply the elements in the jth column,
7>1,0f (4.7) by ¢c;-1. Apply a’, @™}, - - -, a as top border to the result, and
S, €15,CsS, + + - , €18 as a bottom border:

ar’ ar—l , a
1) 1) 1)
X1, Ci%2 , ", Cr—1%
x(ﬁ) c x(z) c x(2)
1 1X2 5 ° "y Cr—1%p
(4.8)
(r) (r) (r)
X1 , C1%2 ,** , Cr—1%r
s, €18, "ty 1S

Consider the rows of (4.8) as vectors and take the inner product of the vector
whose coordinates are the top border by each of the remaining r+1. The sum
of these r+1 inner products vanishes, as it is (#1+ - - - +x,) P(a), from the
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construction of (4.8). These products are the curtates

) (O] ) ) .
(4 9) (C'—lx" y Cr—2%y—1, * * *, C1X2 , X1 )’ (1’ = 1) Tt ’)r

(Cr=15, Cr28, - - -, 15, 5)".
To simplify the writing, let the 7+1 curtates in (4.9) be equal respectively to

@) (@) (O]

(4.10) (3’1,3'2,"‘,% ) (i=1”"$’)’
(r+1) (r+1) r+1),
Th . (yl y Y2 :"‘,)’: )’-
en

& ow »,,
exp| (e, )| =1
p=1
and hence, by (4.6),

r+1 r—1
(4.11) H [ Zah’Li,(yip): Tty y:p) ):l = 1.

p=1 ip=0

When distributed and reduced modulo P(«), the left of (4.11) is of the
form No+aNi+ - - - +a’ ' N,_;, where N; is a homogeneous polynomial of
degree r+1 in functions Lo, Ly, - - -, L,_; whose variables are givenin (4.10).
For the moment the structure of the V; need not be considered. Starting then
with the particular Latin square (4.7), we reach the identical relations

(4.12) No=1,N;=0 G=1,---,r—1).

We indicate the structure of the N’s presently.
From (4.5), (4.6) we find explicit forms for the L;. The expression for the

L; corresponding to (2.12) is obvious and can be omitted. Let 8,, - - - , 6,
be the 7 conjugates of (x)’, including (x)’. Form the equation

(4.121) "+ 5,0 4 -+ - 4+ b, = 0 O =8, --,0-)
whose roots are these conjugates. Then b;=b;(x,, - - -, x,) is a homogeneous
polynomial of degree j in i, - - -, x,, whose coefficients are polynomials in
¢, - - -, ¢ with rational integer coefficients. Similarly to the discussion for
(2.3)—(2.5) we consider the difference equation

(4.13) tEn+ 1)+ bt(n+7r—1)+ -+ bi(n) =0,

whose characteristic equation is (4.121). The » fundamental sequences £;(#)
for (4.13) are determined by

(414) Ej(k) =5}‘ (j,k=0,°",f—1);
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the general solution £(») is

(4.15) Kn) = 'Z_oswsi(n);
and we have
r—1
(4.16) o~ = D 0iti(n).
=0

The powers of 6 on the right of (4.16) must be reduced modulo P(a) independ-
ently. Let

4.17) 0= pio+appn+---+api G=1,---,7r—1).
Then pji=p;i(x1, - - -, %) is a polynomial in &, - - -, x, whose coefficients
are polynomials in ¢, - - -, ¢, with rational integer coefficients. From (4.16)

we now have

(4.18) o = riaf[ :Z:?cifi(”):l;

=0
hence, by (4.6),
= & E(m)
(4.19) L’.(xl’...,x')—_- Z?ii 7 0:0,...’,'_1)‘
$=0 nu=0 .

The p;; are defined by (4.17), and the £;(n) are the fundamental solutions
of (4.13).

Since the variables x;, - - - , %, are independent, the differential relations
of §2 go over, by (4.6), to corresponding relations for the L;. Thus from (2.10),
(4.6) we have

or or-t
(4,20) [ + Cl(s)ax - + ..+ C,-(S)]Li(xl’ SN x',) =0

ax.r 1
(j=0,"',f—1;5=1,"',f);

and corresponding to (2.13),

ag r—1 .

(4.21) Lk(xl, Tty xr) = E¢k(’$t +])Li(x1’ ) xr))
0, =0

whence

am an
(——‘— )Lk(xly"';xr)=0 (m’:n=1y"';’)°

dxm  Oxm
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The expressions for the L, as polynomials in the functions defined in
(2.8) follow at once from (4.4)—(4.6),

Li(xy, - -+, %) = Zd’k(jo + -+ Ge)fie (x(:> . fjr_l (rx:.ll),

the sum extending to all 0=j,, - - -, j,.1<7r—1. The N’s in (4.12) have a
similar structure in terms of L’s. The addition theorems are of the same
type, but simpler,

Ft(xl + Vi, © 0y Xr + yr) = Zd’t(] + k)Fi(xly Ty xr)Fk(yly Y yr)’

summed for 04, k<r—1.

From this point on, the connection with partial differential equations is
of the same kind as that for the Appell functions and the equations discussed
by Humbert and others in the papers cited in §5. The note “ sufficiently
indicates the start.
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