ALMOST PERIODIC FUNCTIONS IN GROUPS, II*

BY
S. BOCHNER axp J. voN NEUMANN

The present paper is a continuation of the article by J. von Neumann on
Almost periodic functions in a group, I [1].1 Its main object is to extend the
theory of almost periodicity to those functions having values which are not
numbers but elements of a general linear space L. For functions of a real
variable this extension was begun by Bochner [2], and then applied by him,
see [3], to a problem concerning partial differential equations.

Bochner assumed L to be both complete and metric. In the present paper
we shall admit more general linear spaces. We shall drop the metric but keep
the completeness. Since the usual notion of completeness is based on the no-
tion of metric, it was necessary to establish, for linear spaces, a notion of
completeness independent of it. This was done in the preceding note of J. von
Neumann [4]. The results of this note will be employed throughout, and we
observe that, from the very beginning, we shall assume that L is linear with
respect to arbitrary complex coefficients, see [4], Appendix I.

Asin [1], the main difficulty to overcome was the definition and the estab-
lishment of a mean. This was done in Part I. The definition of a mean re-
mained actually the same as in [1], but the proof of the existence of a mean
necessitated a more elaborate argument, although, in broad lines, the argu-
ment does not differ essentially.

In Part IT we deduce the existence and uniqueness of a Fourier expansion
for any almost periodic function. It is worth pointing out that the represen-
tations occurring in the Fourier expansions of abstract almost periodic func-
tions are the same as for numerical almost periodic functions, only the con-
stant coefficients by which the representations are multiplied are abstract
elements instead of numbers. (More than that, if in a linear manifold L dif-
ferent topologies are suitable for our purposes, then even the nature of the
coefficients no longer determines the precise nature of abstractness of the
almost periodic function.) Thus, roughly speaking, there are no more abstract
almost periodic functions than numerical almost periodic functions. In par-
ticular, if a group admits of no other numerical almost periodic functions than
the constant ones, there exists no non-constant abstract almost periodic func-
tion, no matter how general the range-space L may be.

* Presented to the Society, December 28, 1934; received by the editors June 7, 1934.
t Numbers in brackets refer to the bibliography at the end of this paper.
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In Part IIT we deduce the approximation theorem. Moreover, what is new
also for numerical functions, we deduce summation theorems, that is to say,
theorems concerning the construction of an almost periodic function of which
only the Fourier expansion is given. For functions of Bohr these theorems
were established by Bochner [5].

Finally, in Part IV we consider the special case in which L is a Hilbert
space, or the space of bounded linear transformations of a Hilbert space into
itself. We particularly refer to Theorems 39 and 40. Theorem 39 treats one
of the rare cases of a class of almost periodic functions for which the Fourier
expansions may be completely characterized by direct properties. Theorem 40
implies a necessary and sufficient criterion for a locally compact separable
group to be compact. We should also mention that for the Abelian addition
group of all integers, R. H. Cameron, in an unpublished paper, has found a
result which has some connection with our Theorem 39.

PART I. THE MEAN-VALUE

Let L be a convex topological space which we shall assume throughout to
be topologically complete (cf. [4], Definitions 1, 2b, and 10); and let & denote
a fixed arbitrary group. The elements of @ will be denoted by a, b, ¢, - - -,
%, 9,3, - - - . Whenever a function is not specified, it will be tacitly assumed to be
an element of L,®. (Ls® is the set of all bounded functions with the domain
® and arange ¢ L, cf. [4], Definition 11. L," is a topologically complete con-
vex topological set, cf. [4], Theorem 18.)

If FeL,", the “translated” functions 7.F = F(xa), I,F = F(ax) also belong
to L," for any ae®. We shall denote by R the set of all r.F, and by 2 the
set of all /,F(ae®).

DEFINITION 1. A function F is almost periodic if both sets Rr and Lr are
totally bounded (cf. [4], Definition 6). Thke set of all almost periodic functions
will be denoted by A p.

THEOREM 1. Every constant function is almost periodic.
The proof is obvious.

DEFINITION 2. Given groups ®, ®,, - - - , &,; we denote by G X G X - - -
X ®, the group consisting of all p-tuples

X = [xI: tt xr] (xl‘@la Sty xﬁe@jp)
with the rules

[xlx ) xr][yl) ] yP] = [xlyl, ) xﬂyr])

[xl, ) x?]—l = [xl_l) ) xp_l]'
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And we shall say that a function is “almost periodic in xy, - - - , x,” if it is
almost periodic in [x1, - - -, x,)] in the group G XX - - - XG,. In case
G1=@;= - - - =0,=0, we shall write &? for : XG: X - - - X,.

THEOREM 2. If F is almost periodic, the set of (x, y)-functions Fo=F(zay)
(eL%") is totally bounded (ae®).

Given Uell, we choose Vell, with V+V —VelU. We choose elements
by, - - -, b, such that to any y there corresponds an index » =»(y) for which

F(zy) — F(zb,)eV (2¢9).
(Remember for this, and for all discussions below, [4], Definition 6.) Hence
F(xay) — F(xab,)eV (%, aed).

We consider the # functions F,(x) = F(xb,). For each v the set of x-functions
F,(xa) is totally bounded in a. By a simple argument (compare [1], the corre-
sponding part in the proof of Theorem 9) it follows that there exist elements
@, -+ -, am, and to each a there corresponds a u=p(e) such that

F,(xa) — F,(xa,)eV (xe®; v =1,---,n).
Hence to each a there corresponds a p=p(a) such that, for all x, ye®,
F(xay) — F(xa,y) = (F(xay) — F(xab,)) + (F(xab,) — F(xa,b,))
+(F(xa,b,) —F(xa,d))eV+V—-VeU.
THEOREM 3. Let F(z) be an almost periodic function. Let z be the product of

positive or negative integer powers of elements x', x'’, - - - , 2P, a’, @', - - o,
a@e® in an arbitrary fixed order, and let F(z) be considered as a function

(1) Fory.o a0 = For, ... g0(x, - -+, 2P)

of LY, depending on the parameters a’, - - -, a@. The set of these functions is
totally bounded in a’, - - - , a‘®.

It is easily seen that in this proof we may replace in z any set of consecu-
tive factors which are all powers of variables or all powers of parameters by
a new variable or a new parameter respectively (this may increase the indices
p and g). Thus we may assume that z has the form a’x’a’’2’’ - - - orz'a’x"'a"’

.« .. We denote the number of factors in z by k. For k=2, our theorem holds
by Definition 1, and we are going to apply induction from % to 2+1. Denoting
the product of the first £—1 factors in z by £, we have to dispose of two cases:
(i) z=¢%xa, (ii) z=£ax. A subscript to £ shall indicate that special values have
been assigned to all parameters occurring in .

In Casei we know that to each Uell there correspond quantities &, - - -,
£, with
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@) F(tx)e © (F(t,2) + V7).
y=]

(Cf. [4], Definitions 6, 11.) Given Ue¥, let V+V e U. Replacing x by xa in
(2) we get

® F(tz0)e & (F(k,z0) + V).
peml
We determine elements @y, - - -, @, such that
@ F(sa)e & (F(za,) + V7).
1
Putting here z=£,x and substituting the result in (3), we obtain

F(tza)e & & F(tza,) + V' +V)c & & (F(txa) + U).

=l yeul =1 yem1

This proves Case i.
In Case ii we determine quantities &, - - - , £, such that

PE)e € (Fe) + V)
hence
5) Fgox)e& (F(t02) + V).
By Theorem 2 we may determine elements a;, - - « , @ such that

F(yax)eé (F(yaux) + V).

pe=1

Putting here y =§, and substituting the result in (5), we obtain

F(Eax)eé @n (F(&aux) + U').

=l yel

This proves Case ii.

COROLLARY. Let F(3) be an almost periodic function. Let z be the product of
positive or negative integer powers of variables x’, x'’, - - -, xP, of parameters
a'y,a’, .-, a9, and of constant elements c’, c'’,+ - -, ¢, in an arbitrary
fixed order. The set of functions F(z) (eL:®’) is again totally bounded in o',

a”’ .. ,a(q).



1935] ALMOST PERIODIC FUNCTIONS IN GROUPS 25

If we consider also the elements ¢/, - - -, ¢(” as parameters, we get a larger
set of functions eL® which by Theorem 3 is totally bounded. But a subset of
a totally bounded set is also totally bounded.

THEOREM 4. The function (1) of Theorem 3 is almost periodic in x’, - - -,
x®, for any fixed values of the parametersa’, - - - , a@.

If we multiply the element [x/, - - -, »]e®? by an element [3/, - - -,
b@®] on the right or the left, the argument z in F(3) goes over into a product
of positive or negative integer powers of the variables x, the constants a,
and the parameters b. Replacing in the corollary of Theorem 3 the letters
a and ¢ by band a, we find that the resulting set of functions is totally bounded
in the parameters . By Definition 1, the function (1) is almost periodic.

THEOREM 5. If Fy, - - -, Fy are almost periodic functions with values in
linear spaces L, - - -, Ly respectively, if Sy (xk=1, - - -, k) is the range of
F., and if §(fs, - - -, fu) is a function with the domain f.€S., k=1, - - -, k,
uniformly continuous in it, and with a range < L, then the function

G(x) =F(E1(x), - - -, Fi())

is almost periodic.

Definition 1 is fulfilled for the function G(x) on account of [4], Theorem 9,
if this theorem is applied to the function §(Fy, - - - , Fi), considered as a func-
tion of the functions Fy, - - -, Fi, with the L,, L of Theorem 9 in [4] put
equal to LE, L®, and its ranges S, to the Rr,, Lr, respectively (k=1,- - - , k).

THEOREM 6. If F, GeAp, then F +GeAp. If FeAp, and a(x) is a numerical
almost periodic function, then oF €A p.

If Fedp, the set of functions 7,F=F(xa) is totally bounded; if we put
x=1 we find that the range of F is totally bounded. Theorem 6 follows from
Theorem 5, since the functions f;4fe, fif: are uniformly continuous if f; and
fe run over totally bounded sets, the closure of such sets being compact and
separable ([4], Theorem 11, Theorem 7, Definition 10, and Theorem 16).

THEOREM 7. The set Ap is closed.

Let F be a condensation point of 4p, Uell, V4V c U. There is a Gedp
such that FeG+V’. Obviously 7.Fer.G+V’. Choose elements Fy, - - -
Fnedp, such that

)

RecS (F, + V).
peml
Then
Rec& F, + V' + V)& @, + U,
pu=l =1
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which proves that Rr is totally bounded. Similarly, 2~ is totally bounded.

COROLLARY. If a sequence of almost periodic functions is uniformly con-
vergent, the limit function is also almost periodic.

THEOREM 8. If FeAp, the set S=((Rr)oonv)er has the following properties:
(i) Sc Ap, (ii) S is compact and separabdle, (iii) S cony =S. The same is true also
fOf T= ((gF)oonv)el-

(i) follows from Theorems 4, 6 and 7. (ii) follows from the fact that S is

totally bounded ([4], Theorems 14 and 16). (iii) was proved in [4] Appendix
I

THEOREM 9. If Ge((mi)oonv)ol, then
(6) ((ERG)conv)ol c ((mi)conv)ol .

The same is true if we replace R by L.

For any Uell, we have by assumption ([4], Theorem 5): G € (Rr)oonv+U".
This immediately leads to the result that Rg € (Rr)eonv+U’. Since U is
arbitrary, it follows ([4], Theorem 5) that R¢ € ((RF)eonv)e1- The final relation
(6) is now obvious by Theorem 8, (iii).

DEFINITION 3. If two almost periodic functions G, F are in the relation (6),

we shall write
G-3F.

Remark. It follows from Theorem 9 that the relation G3F is equivalent
to Ge((Rr)oonv)er-

THEOREM 10. F3G and G3H imply F3H.

This follows immediately from Theorem 9.

THEOREM 11. If FeAp, and Uel, there is a G-3F, and a number =0, such
that for H3G and ae® (cf. [4], Definition 13),
2@ = &
We consider, for K e((Rr)conv)o1, the numerical function

(7) &5 = Lub. [IK@)[o-

It is a continuous function; hence it assumes, on every compact separable
set, a maximum and a minimum; and it is easily seen that, for K;3K;,
| Ki||$ <||Kal|¢-. Therefore, if G is an element for which (7) attains its
minimum, and if u denotes the minimum value, we have

I&llo = ||Hllo: = &, for K 3 H3G.
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Thus, foray, - - -, .€®; 01, - - - ,n20;004+ - - - Fa.=1,

Lub. |aH(a:12) + - - - + a,.H(a,.x)”:,' = l.ué). ”H(x)":,' = u.

xe® Xel

Connecting this with

pghmMMﬂPQMhimm@ﬂm
xe@ 2B yml

we find for the numerical function (%) =||H(x)||} the property
8 Lub. v(x) = Lub. (ary(a1x) + - - + + a.v(e.x)).
P %G -

By Theorem 5, () is almost periodic; and (8) proves that

M y(x) = Lub. v(x).
6

(Cf. the definition of M, in [1], Definition 4.) Hence v(x) is constant (cf.
[1], Theorem 7, (4), putting f(x) = [Lu.b..gv(x) ] —v(x)), and the proof of
our theorem is completed.

CoroLLARY. If Fedp, Uell, feL, there is a G-3F, and a number u=0,
such that for H3G, ae®,
©) l2@@) = AIF = &

Apply Theorem 11 to Fy(x) =F(x) —f, and denote the resulting G(x)
by G(x) —f.

THEOREM 12. If FeAp, there is an H=3F which is constant.

We denote by S the range of F(x), and by T the set (Seonv)er- S is totally
bounded (compare the proof of Theorem 6). Hence by [4], Theorems 11, 14,
T is totally bounded too. If f (eL) is a value of a function G3F, then fis a
.condensation point of elements of the form

alF(a1x) + -+« + aF(anx), ap -, 2014 Fan=1;

but an element of this form is contained in Seony; thus feT. Therefore there
exists a compact separable set T ¢ L which contains the ranges of all G3F.

Let fi, f2, - - - be a dense sequence in T, W,, W,, W;, - - - a complete set
of open neighborhoods of zero. Write all pairs #, p=1, 2, - - - in a sequence
ny, pr, k=1, 2, - - -, and define a sequence of functions Gy, G, G, - - - in

this manner: Go=F; G4 is the G of the corollary to Theorem 11 if applied
to F=Gk, U= Uk= WPk’f=f"k' ThllS

FeG &G &Gg oo,
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and for all H-3Gy,
(10) E (@) = fullvy = ms

where . is a number depending on k.

The sets ((Ra,)oonv)o1 are monotonely decreasing as k— o, all closed and
non-empty, and all subsets of the compact separable set ((Rr)oonv)er; thus
they have a common element H. Relation (10) means that for any p and any
x, ye®, the relation

(11) & — A7, = 18 - 17,

holds for all f=f,. The f, being dense, and the pseudo-metric being continu-
ous, the relation (11) holds for all feT'. Putting f=H(y) we obtain || H(x)
—H()||#,=0; hence H(x)—H(y)eW, (p=1, 2, - --) (cf. [4], Definition
13); hence H(x) =H(y).

COROLLARY. If FeAp, there is a peL, and a sequence of systems (n=1, 2,
3,--)
(12) angy s @m0, anat -+ Am =1, a1, Gamae®
such that for every Uel there exists an ni=m(U), for whick n=mn. implies
0tn 1F(n,1%) + « -+ + On,ma F(@n,m%) — $eU.

We denote the constant value of the function H of Theorem 12 by ¢.
Since (Rr)eonv is separable, and H is an element of its closure, H is the limit
of a sequence of (equal or different) elements of (R r)eonv. Hence the corollary.

THEOREM 13. If FeAp, there is a YeL, and a sequence of systems (12), such
that for every U e\l there exists an ni=n.(U), for which n=n, implies

1 F(%,,1Y) + ¢+ + Qn,mn F(%80,may) — YeU.

Apply the corollary to Theorem 12 to the function F(z-ly) of L* (cf.
Definition 2), and then replace z~! by x.

DEFINITION 4. If FeAp, every YeL which has the property described in
Theorem 13 is a mean of F.

THEOREM 14. If F, GeA p, and , x are respective means of F, G, then ¢ +x
is a mean of F+G.

Given Uell, choose Vell, with 2V —2V eU. Suppose that «, =0, a1+ - - -
+an=1,0a,@,8,20,8+ - - - +8.=1, b,e®, and that

13) a1 F(xa1y) + « + + + an F(xany) — ¢eV,
(14) B1F(xb1y) + - - - + B F(xbny) — xeV.
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In (13) we replace y by b,y, multiply the equation by 8,, and sum over ». We
obtain, using [4], Theorem 12,

zm: i o8y F(xaubyy) — \ki BV e2v.
yeml

pe=1l p=1

Similarly, if in (14) we replace x by xa,, multiply by «, and sum over u, we get

> > By G(xab,y) — xe D aV €2V,
=1

pe=]l po=l
Hence
> i a,B,(F(xa.b,y) — G(xaubyy)) — (¥ — x)e2V — 2V e U.

pm=1 yu=l

As
@By 20, 202 aub, 2 1, 0,b,¢6,
=1 ye=l

and U was arbitrary, we conclude that Y —x is a mean of F—G. A similar
argument proves that ¥+ is a mean of F+G.

COROLLARY. If Fi, Fy, - - -, Fyedp (N=1,2, 3, - - - ), with the means
Y, Yo, - - -, Y respectively, and if Uell, then there exist numbers oy, - - - , an
20, u+ - - - +an=1, and elements a,, - - - , 6,€®, such that simultaneously

forv=1,2,-.. N,
aiF,(x01y) + aoF(xazy) + - - - + anF.(xa,y) — ¢,c U.

The case V=2 was treated in the proof of Theorem 14, and the same
argument can be used to extend our statement from N to N +1.

THEOREM 15. Every almost periodic function has one and only one mean.

If Yy and x are both means of F, Y —x is a mean of F—F=0. But every
mean of 0 is 0. Hence the uniqueness of the mean.

DEFINITION 5. If FeA p, its (unique) mean will be denoted by MF or M .F(x).

THEOREM 16. The mean has the following properties:

. If F(x) =¢ (constant eL), then MF= ¢.
If a is a number, M(aF) =aMF.

. M(F£G)=MF+MG.

. M. F(ax) =M_.F(x).

. M,F(xa) =M_F(x).

. MF(z™) =M,F(x).

CIf U, ||\ Ay = MLF@]) < [Fb-
. IfUell, and F—GeU, then MF—MGe2U.

0 N O\t W
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1 and 2 are obvious. 3 follows from Theorem 14. 4, 5, 6 are easily deduced
from Definition 5. The first half of 7 follows from the relation

lasF(za19) + - - - + aF(xany)||e < ad|Fary)[o + - - - + anl|F(zaay)||&

and the continuity of the pseudo-metric; the second half is a proved theorem
on real almost periodic functions (cf. [1], Theorem 7). With regard to 8, from
|IF—G||# <1, it follows that | MF—MG]||§ <1, and thus MF —MGe2U.

THEOREM 17. The properties 1,2, 3,4 (or 5), 8, of Theorem 16, determine our
mean uniquely.

Replacing ab by ba in ® shows that it is sufficient to consider the proper-
ties 1, 2, 3,4, 8. Let NF be a notion defined in 4 p satisfying these properties.
IfV4+VeUel, s+ - - - +a,=1, and

arFlaix) + -+ - + an F(a,x) — MFcV,
then
NF — MF = N(auF(a1%) + - « - + aF(anx) — MF)c2V e U.
U being arbitrary, NF=MF.
Remark. The properties 3, 7 of Theorem 16 imply the property 8. Hence

we have that the properties 1, 2, 3, 4 (or 5)2 7, of Theorem 16 determine our
mean uniquely.

THEOREM 18. If xe®, ye®’, and F(x, y) is almost periodic in x, Yy, then
F(x, y) is almost periodic in x for fixed y, and almost periodic in y for fixed x,
G(x) =M F(x, y) is almost periodic in x, H(y) = M.F(x, y) is almost periodic
in Yy, and

MF = M:G(x) = M,(MyF(x, y)):
MF = MyH(y) = My(M.F(x, y)).

If the sets F(ax, by), F(xa, yb) are totally bounded for ae®, be®’, then
the sets F(ax, y), F(xa, y), which are parts of them, are totally bounded for
ae®. Hence F(x, y) is almost periodic in x for fixed y. Similarly, if we inter-
change x and y, F(x, v) is almost periodic in y for fixed .

Given Uell, choose Vell, with V+V c U, and elements ay, - - -, @m, by,

+ + +, ba, such that
F(ax, y)e&F(arx, y) + V', - - -, Flanx, y) + V'),
F(xb, y)eS(F(xby, y) + V', - - -, F(xbn, y) + V).
By Theorem 16, 8,

G(ax)=M,F(ax, y)e@(MuF(alx: y) + U,) T MvF(amxr y) + U,);

(15)
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and similarly

G(xb)e@(MvF(xblt ¥+ U,> ) M F(xbs, 3) + U').
Hence G(x) is almost periodic, and similarly H(y). In order to prove the first
half of (15) we have only to show that the “mean” NF=M,(M,F) satisfies

the conditions 1, 2, 3, 4, 7, of Theorem 16. But this is easily verified; for
instance, in the case of the first half of condition 7, we have

|V A= ¢ (P (2, Do < M| Mo (3, 9)][7) < MM(|F]S:) = N(IF[S)
(cf. [1], Theorem 10). Similarly for the second half of (15).

PArT II. FOURIER EXPANSIONS

DEFINITION 6. If ¢(x) is a numerical almost periodic function, and FeAp,
¢ XF is the function

My(o(xy~DF(y)) = Muy(¢(x)F(y™1))
which again belongs to A p.
THEOREM 19. ¢ X F is linear in ¢ and in F, and associative: (p X Y)XF=¢
X (Y XF).

The first follows from Theorem 16, 2, 3. The second follows from the
following formal calculations, each step of which is justified by one of the
foregoing theorems:

(6 X¥) XF = My(M(¢(xy~ 'z W()F(y) = MyM.(¢(xy~ 2" W(2)F (7))
= Mq . (¢(xy~ 2" W(EF(y)).

¢ X (W XF) = My(¢(zy YM.(y27)F(2))) = M,M:(6(xy~ W (y27)F (2))
= M,M,($(xy~W(yz)F (2)) = M(M,($(xy W (yz71))F(2)),

and substituting yz for y,
= M(My(¢(xz7 'y~ W(9)F(2)) = M. My($(xz~'y~ W(O)F(2))
= My.o(¢(xy~ 2 W (@F ().
TrEOREM 20. If F(, y) is an almost periodic function of L***, and U ell,

there exist numbers ai, - - -, a, 20, ar+ - - - +a,=1, and elements a,e®,
such that, for all xe®, ye®/,

(16) > a,F(a,x, y) — M F(x, y)eU.
=1
For fixed y, F(x, y) is almost periodic in x. Hence, by the corollary to
Theorem 14, if any finite number of fixed values is assigned to the variable
¥, it is possible to choose quantities «,, a, which satisfy (16) for all x.
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Now, choose Vell, with 2V+4+V —2V c U, and then elements 4y, - - -, bm,
such that F(x, yb)eS(F(x, yb)+V’, - - -, F(x, ybm)+V’). Putting y=1,
we obtain

F(xi b)e@(F(x, bl) + V') ) F(x: bm) + Vl)'

We determine quantities a,, @, such that

€%)) >, F(a,%, b,) — M,F(x, b,)eV
p=l
for p=1, - - -, m. To each b there corresponds a b, such that
(18) F(z, b) — F(=, b)eV.
Hence by Theorem 16, 8,
(19) M.F(x,b) — M,F(x, b,)e2V .

On the other hand, it follows from (18) that
(20) z:, o, F(a,5,8) — Zl o, P07, B2V .
Combining (17), (19), (20), we obtain, for any be®’,

i: a,F(a,x, b) — M.F(x, b)e2V + V= 2VeU,

and this proves the theorem.

DEFINITION 7. A weight function is a real almost periodic function ¢(x)
with the properties: ¢(x) 20, Mp=1. A special weight function is a weight
Sfunction which is a finite linear aggregate of representation coefficients. (Cf.
[1], Chapter III.)

THEOREM 21. If FeAp, and ¢(x) is a weight function, then ¢ X F3F.

If Uell, choose Vell, with V4V e U. Then ¢ XF =M,(¢(y)F(y~'x)). By
Theorem 20 there are numbers ay, - + + , @, 20, a1+ - - - +a,=1, and ele-
ments a4, - -+, a,6®, such that

n

(21) ¢ XF — 3 a,¢(a,y)F(y'ar'x)eV .

p=]

The function

¥(y) = Z”;a:qb(d'y)
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is a weight function. Hence there exist elements yi, ys, such that ¥(y,) =1,
¥(y2) 1. Therefore we may find a v, 0=y =<1, with yW(y) + (1 —v)¢¥(y2) =1.
From (20) we easily deduce that

¢ X Fcy Y ad(a,9)F(yter ) + (1 — v) 2 ab(a,92)F (yitas ) + U'.
y=1 v=1

It is easily seen that the function in x on the right side e(Rr)conv. Hence
X Fe(R7)oonv+ U, for any U’ell’. Thus ([4], Theorem 5) ¢ X F € ((Rr)oonv)el-
LemMA 1. If ¢(x, ) is a real almost periodic function in x, vy, then

V(@) = Lub. 8(s, )
ye6

is almost periodic in x.

If | ¢(ax, by) —¢(a.x, b,y)| <e, then also

Lu.b. o(ax, by) — Lu.b. ¢(a,%, b,y) l S
ye® ye®

that is,

Lub. ¢(ax, y) — Lub. ¢(a,x, y) l Ze
Y€ ye®

Hence, if %, is totally bounded, then so is Ry. Similarly for g,.

LemMA 2. If Y(x) is a weight function, and € >0, there is a special weight
function x(x) such that

[¥(x) — x(*) | < ¢, 2€®.

By the approximation theorem ([1], Theorem 30), for each §>0, there
is a finite linear aggregate of representation coefficients x;(x) such that

(22) [¥(2) — xa(x) | < 6.

We may assume x;(x) real, otherwise we replace it by (xi(x)+xi(x))/2.
After that, we may assume it =0, otherwise xi(x) + 6 satisfies (22) with 24
instead of 8. Since My =1, (22) implies 1—-§<Mx,<1+34; hence, for
x=x1/(Mx.), we obtain

1
| 9(2) — x(®) | = | ¥(x) — @) | + \ (1 - M—m)xl

8
<é +-—-[l.u.b. Y(x) + 3],
1 — 0L 2e®
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and thisis g, if § is small enough.

THEOREM 22. If FeAp, and Uell, there exists a special weight function x
such that x XF —FeU’.

F(x-y) — F(y) is almost periodic in #, y, hence ||F(x~Yy) —F(y)||{ is also
almost periodic in x, y (Theorem 5). By Lemma 1,

#(%) = Lub. |[F(a—1y) — F(3)||5
ye®

is almost periodic in «.
Given ¢>0, we form with the function

| ]
1- for |u| <,
w¢(u)= €
0 forlul =€

the almost periodic (Theorem 5) function y¥.(x) =w.(¢(x)). We have (1)
Ye(x) 20, (2) ¢.(1)=1, since #0)=0, (3) if y.(x)>0, then ||F(z~'y)
—F(y)||# <e for all ye®, (4) m.=M.¥.(x) >0 by [1], Theorem 7, 4. There-
fore

%@ EE1%) — F@)|lo < v@|[F(12) — F@)llo < v(2)4(),
and this is equal to 0 if Y.(2) =0, and Ze}.(2) if Y.(2) 0. Thus
¥ XF —m.F|g <em.,
and for the weight function ¥(x) =y .(x)/m. we have

¢ XF —FlJ§ < e

For the special weight function x(x) from Lemma 2 we obtain
lx X F = Fllg < e+ |x = ¥) X Fllg < e + M| @ay) = x(zy)F )0

< ¢ + eM.(max|| + F(3)||v) < € + ¢C,

where C is a constant independent of e. Choosing € < (1+4C)~!, we obtain the
theorem.

THEOREM 23. If FeAp, there exists a sequence of special weight functions
oa(x), m=1, 2, 3,--- , such that F is the limit of the sequence ¢.XF,
n=1,2,3,---.

Consider the functions ¢ X F, for all special weight functions ¢, and denote
their set by S. By Theorem 22, F € Sq1; but Sei, being € ((RF)eonv)er (Theorem
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21), is separable; hence, F is the limit of a sequence of (equal or different)
elements eS.

DEFINITION 8. If D(%) = {D,o(%) },.0m1, - -, s 35 an irreducible normal repre-
sentation of & (cf. [1], Chapter III, Definitions 9, 10) we form, for FeAdp,

fpa(D) = M :(Dsp(s~)F (%)) = M(T);F);
and the matrix
fD = {fp,(D) },',,._1,...,3.

foo(D) is the (D, p, 0)-expansion-coefficient of F, fP its D-expansion-mairix.

THEOREM 24. The expansion coefficients and matrices have the following
properties:

1. M(D,,(«F)) =aM (D,.F), aeL.

2. MD,,(F+G)) =M (D,.F)+M(D,,G).

3. If F is the limit of a sequence Fy, N =1, 2, - - -, then, for each (D, p, ),
M(D,F) is the limit of the sequence M(D,,Fn), N=1,2, - - .

4. If G=¢pXF, and if g,.(D), ¢,.(D), foo(D) are expansion coefficients
of G, ¢, F respectively, then

gD —_ ¢DfD’
that is to say,
(D) = E $or(D)fre(D).

Teml
In particular, the matrix gP vanishes if f° or ¢P vanishes (or both).
5. If DN\ N=1,2,3, - - -, is a (finite or countable) sequence of irreducible
inequivalent normal representations, if the s¥ are their respective degrees, if
koo are elements of L, and if

aN

(23) P =3 (s 3 42l
N=1 p o=l
[meaning that FeAp is the limit, m— oo , of the sequence of elements

Fm = Z<s~ > h,ﬁpﬁ)

N=1 p,o=1
from Ap), then
0if D % DV

N=1,23--).
K if D = DV ( )

M@F) - {
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1 and 2 are obvious; 3 is easily deducible from the fact that G(x, y)eU
implies M,G(x, y)e2U (Theorem 16, 8); and 4 follows from the relation

D
oo

M o(Dop(2~1) Mu(¢(xy™)F(¥))) = My(F(y) M :(Dop(x)$(xy71)))
My(F(y) M (Dqsp(y~ 2719 (2)))

3 MuF3)Dor(5D) - MulDry (-(2)).

Ta=]

It

As regards 3, if the number of the representations D¥ is finite, it follows by
direct computation of M .(D,,(x)F(x)), applying 1 and 2 and [1], Theorem
21, and in the general case by using this and 3.

THEOREM 25. If Fe Ap, it has only countably many expansion matrices #0.

By Theorem 24, 4 and 3, this is true if F has the form ¢ XG, with ¢ a
special weight function, or if F is the limit of such functions. Now apply
Theorem 23.

DEFINITION 9. If Fe Ap;if DN, N=1,2, - - - , is the sequence of irreducible
normal representations (in any fixed order) for which its expansion matrices
#0; if the s¥ are their respective degrees; and if fx.,o =M .(D¥,(x~")F(x)) ; then
we call the formal series

L] sN

(24) S 3 fwneDon
N=l po=1
the Fourier expansion of F.

We call a sequence Fmy m=1,2, - - -, formally convergent (to F), if the se-
quence of the Fourier expansions of the functions Fm is formally convergent (to
the Fourier expansion of F), i.e., if for any (D, p, o), the sequence M(D,,Fun)
has a limit (namely M (D,,F)).

Remark. Theorem 24 states properties of the Fourier expansion. 1 and 2
state additivity. 3 states that the Fourier series of a limit is the formal limit
of the Fourier series. 4 gives an important rule for the computation of the
Fourier series of a convolution of an almost periodic function with a numerical
almost periodic function. Finally, 5 states that the sum of a uniformly con-
vergent series of the form (23) is its own Fourier expansion.

THEOREM 26. (Uniqueness Theorem.) Almost periodic functions which have
the same Fourier expansion are equal.

If G and H have the same expansion, then the expansion of F=G—H
vanishes identically. From
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(25) Dye X F = My(Dpo(xy~")F(y)) = Z D, (%) My(Dyo(y~1F (y))

Tl
it follows that D,,XF vanishes for any (D, p, ¢). Hence ¢ XF =0 for any
special weight function. But F is the limit of such functions (Theorem 23).
Therefore F=0.

PARrT ITI. THEOREMS ON APPROXIMATION AND SUMMATION

THEOREM 27. (Approximation Theorem.) If F is almost periodic, it is the
limit of a sequence of finite linear aggregates of the form Y fD,, with feL. More
precisely, if DN, N =1, 2,3, - - -, are the representations occurring in the Four-
ter expansion of F, if the sV are their respective degrees, there exist elements
fpe of L (m=1,2,3,- ) such that for eack m only a finite number of them
s #0, and that F is the limit, for m— o , of the finite aggregates

J N
Fu = 3o 5 7.2,
N=1 p.o=1
F is the limit of a sequence Fn,=¢.XF, each ¢, being a special weight
function. Using (25) we find that this sequence has the property stated in
the theorem.

THEOREM 28. Let the sequence Fm, m=1, 2, 3, - - -, be part of a totally
bounded or compact set of Ap. In order that the sequence have a limit it is suf-
ficient that it be formally convergent.

As the closure of a totally bounded set is compact (cf. [4], Theorem 11
and Definition 10), it is sufficient to consider the second case. Owing to the
compactness, the sequence has at least one condensation point, and, using
the compactness again, we have to show that it has no more than one con-
densation point. Otherwise there would exist two subsequences F,,, F,, of
F m, having two different limits, G and H respectively. The Fourier expansion
of G is the formal limit of the Fourier expansions of the sequence F,,, and
therefore, the sequence F, being formally convergent, of the sequence F,.
Similarly, the Fourier expansion of H is the formal limit of the expansions of
the sequence F,.. Thus G and H have the same Fourier expansion, and by
Theorem 26, G = H, which contradicts our hypothesis.

DermiriON 10. The function Fe Ap will be called a class function if for all
xand y, F(yxy=) = F(x), or, which is equivalent, if for all x and v, F(yx) = F(xy).
A formal series (24) will be called a class series if

(26) fN.pc = fNapa-
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THEOREM 29. If F(x)eAp, then Fo(x)=MyF(yxy™) is a class function,
and if (24) is the Fourier expansion of F(x), then the Fourier expansion of
Fo(x) is

© N N
Z stNE DPﬂ)
N=1 p=1

where
1
vy = Y Emeo-
ST peml

In order that a function F of Ap be a class function, it is necessary and suf-
ficient that its Fourier expansion be a class series.

We have
Fo(zxz7Y) = My F(yzxz~'y™') = M F(yxy™") = Fo(%);
hence F,(x) is a class function. For a fixed representation {D,,} we have

M (Dpo(x7")Fo(%)) = M My(Dpo(x)F (yxy™)) = M My(D,o(y 5~ y)F(2))

= My 3 Doy D () M o(Dyel5DF(2))

p.g=1

0p0 &
20 Mo(Dyy(~)F ()

and this proves the statement about the Fourier series of Fo(x).

If the Fourier expansion of F is a class series, the functions F and F, have
the same Fourier expansion. By Theorem 26, F =F,, and hence F is a class
function, because F, is one.

Conversely if F(x) =F(yxy-!), then F(x)=M,F(yxy~') =F,(x), and by
the first part of our theorem, the Fourier expansion of Fo(%) is a class series.

THEOREM 30. (Summation Theorem.) Let DN, N=1,2, 3, - - -, denote a
sequence of irreducible normal representations, and the sV their respective de-
grees. There exists a sequence of special weight functions ¢m, m=1, 2, 3,- - -,
with the following properties:

1. Each ¢ is a class function.
2. All Fourier coefficients of ¢ m are 20, 1.
3. Any almost periodic function F whose Fourier expansion contains no other
representations than the given ones, is the limit of the sequence ¢nmXPF,
m=1,2,---.

In particular, there exists a square array of numbers ry, m, N=1,2, - . -,
with the following properties:
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a. For each m only a finite number of them is 0.
B. 0=s7y=1.
v. If an almost periodic function F has a Fourier expansion

isN i fN-MDz

Ne=l p,o=1

lany number of the coefficients fx,,. may vanish), then F is the limit, m— , of
the finite aggregates

o ™ SN N
Fum=2 1252 fNpeDps.
N=1 p,Oml
We determine numbers ey, all 0, such that the series
0 oN N
(27 > eNsN( > Dpy(%)
Naal 7=l

is uniformly convergent, thus representing a numerical almost periodic func-
tion f(x). There exist special weight functions xm(x), m=1,2, - - - , such that
the sequence of functions fm(x) =xmXf(x) is uniformly convergent to f(x).
By [1], Theorem 21,

f X Dy = ex Dp.
But faXD¥,=xmnX(fXDP¥,). Considering ey>0, we conclude that

(28) lim xm X Dy = D

In particular,
im M o(Dpe(5)xn(2)) = dyo.

We now consider the class function
(29) Ym(2) = Myxm(yxy™);
¥m(x) is obviously a weight function, and Theorem 29 shows that it has the
form
(30) ¥m(z) = Zsp ap ( > D,,)
D Tl

with a finite number of terms, so that it is a special weight function. From
(28) it follows that
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lim a;=1 for D = DV,

m—> 0
T he function

Yol = T = s Z};( 3 D,,)
D

Tm=1

has all the properties of .. Finally we introduce the class function ¢n=VYn
Xy¥m , for which we find

¢m = E SD’;( 'ZD Drr>,
D

Teml

where
m m 2
p = l |,
with
(31) lim 7 =1 for D = DV,
m—> 0

It is easy to find that ¢ is again a weight function. Its coefficients 7}, are =0,
and as 77, ¢ (x) are real and 20,

0 = M (Di(x)pm(%)) < M| Du(z )| - | pm(2) | ) < Mo(dm(x)) = 1.

Hence the properties 1 and 2 of our theorem are fulfilled. Using (31) we con-
clude from Theorem 24, 4, that for any F whose Fourier expansion contains
no other representations than the given ones, the sequence ¢ XF converges
formally to F. By Theorem 21, this sequence is part of the compact set
((RF)conv)er- Thus we may apply Theorem 28, and this proves property 3.

The second half of Theorem 30 is an immediate consequence of the first
half.

DEeFINITION 11. A system of irreducible normal representations will be
called a module M if it contains with every representation its complex conjugale,
and the Fourier series of the product of any two occurring representation coef-
ficients contains no other representations than the given ones* A module will be

called countable if it contains only a finite or enumerable number of representa-
lions.

* If DM, D¥ are any two normal representations, then, in the sense in which these symbols are
used in the theory of group-representations, the direct product DMDV is a finite sum

2 c¥vD?
P

(the c¥¥ are the “composition coefficients”). Hence the product of any two representation coeffi-
cients has a finite Fourier expansion.
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LEMMA 3. There is always a smallest module containing a given set of repre-
sentations; if the given set is countable, then so is also the smallest module.

Consider all finite subsystems of the given set of representation coef-
ficients and their complex conjugates and form all possible power-products
with them. The totality of the representations occurring in their Fourier
series is the desired module.

DEFINITION 12. Given any module M, we shall denote by {IM} the set of Ap
consisting of those functions whose Fourier expansion contains no other repre-
sentations than those occurring in IN.

THEOREM 31. Given IR, the set {IN} has the following properties:

If F(x) is in {M}, every F(xa) is in {IM}.

If F(x) is in {IM}, every F(ax) is in {M}.

If F(x) is in {M}, every aF (x) is in {M}.

If F(x) and G(x) are in {IM}, F(x) £G(x) is in {M}].

If Fy, Fo, - - - are in {M}, and if F is the limit of F,, then F is in {M}.
Iffy e, f,. are numerical functions of {M}, and F(uy, - - -, u.) is a
numeru:al Sfunction which is defined and uniformly continuous for the range of
fi, -+ + [y then F(fi(x), - - - , fa(%)) is also contained in {M}.

7. If at least one of the two functions a(x), F(x) isin {IM}, then a X F(x) is also.
(a(x) is numerical.):

O

1-5 follow easily from the formal properties of Fourier expansion. 7 is an
immediate consequence of Theorem 24, 4. As regards 6, if f and g are nu-
merical finite aggregates of representations from {9}, then f as well as fg
is also e{M} by definition of {I}. Applying the approximation theorem
and 5, the same holds for f and fg for any numerical functions f, g from

{9}. Hence 6 is true if F(u, - - - , %,) is a polynomial in u,, - - - , #, and
their complex conjugates. F(uy, - - - , %,) being uniformly continuous on the
range of fi, - - - , fa, which is a bounded set since fi,--- , f, are a.p.,

F(fi(x), - - -, fa(®)) is a uniform limit of polynomials in fi(x), - - - , fa(x)
and their complex conjugates. Thus 5 completes the proof of 6.

THEOREM 32. If M= (DY, D2 - --) is a countable module, there exists

in {M} a sequence of special weight functions ¢, ¢s, - - - such that
[~ N

o m N

0 o= 3 stri( X 1),
N=1 Tm=]1

(ii) 0<ry=1, lim ry = 1.

m—roo
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As in the proof of Theorem 30, we choose the ey 0 such that the series
(27) is uniformly convergent, and construct the special weight functions
1, P2, - - - mentioned therein.

By Theorem 30 these ¢1, ¢s, - - - have the properties (i), (ii) of our
theorem, so we need prove only that they belong to {M}.

As f(x) belongs to {t}, for every finite subset a4, - - - , @, of @, all f(xa1),

-« -, f(xa,) also do, and with them their continuous function

max (| f(za1) — f(a)) |, -+, | f(xan) — f(an)|)
= lub. (| fx3) = 1N ).

Ym0y, 000,
Since f(z) is almost periodic, we can select a sequence of such sets @y, - - - , 6a,
so that this converges uniformly to the translation function

H#) = Lub. (| /=) = f» |-

Thus #(x), as well as the Y (x) =w.({(x)) of Theorem 22, which is a continuous
function of #(x), belongs to {M}, and with it

V() .
M z'l’c(x)

The x:1(x) of Lemma 2 contains only such representations as occur in the
Fourier series of y(x); therefore it also belongs to {It}, and with it x(x).
The same is true of the x of Theorem 22 and also of the xi, X2, - - - in the
proof of Theorem 30 as well as of the ¥, s, - - -, since these contain only
such representations as occur in the Fourier series of the corresponding
functions x1, xsz, - - - . It follows finally that ¢, ¢, - - - < {I}, and the
proof is complete.

¥(x) =

TrEOREM 33. (Isolation Theorem.) Let F be an almost periodic function,
with a Fourier expansion

@2) (5o 3 fo,.Dp«),
D p,oml

and let M be any module. There exists an almost periodic function, we shall de-
note it by F g, whose Fourier expansion consists of exactly those terms

33) 52 3 fouDee

p o=l

of (32), for whick D is contained in M. And we have F a3 F.
The given module % need not be enumerable from the outset, but we may
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replace it by the enumerable module generated by those representations of
R which occur in (32). Hence M may be assumed to be enumerable. Let it
contain the representations D', D?, - . . . With the special weight functions
é1, P2, - - - from Theorem 32 we construct the functions ¢ XF, ¢2 XF, - - - .
By Theorem 21 the functions ¢.XF are all 3F, and by the properties of
¢m, the functions ¢.XF are formally convergent. By Theorem 28 the se-
quence ¢, XF has a limit function f«, and by Theorems 24, 4 and 32 the
Fourier series of fa has the stated form.

THEOREM 34. Let F be an almost periodic function and M, My, - - - a
sequence of monotonically increasing modules which in their sum contain all
representations occurring in F.

The sequence of functions

(34) Fau (n=12--+)
converges to F.

The functions (34) converge formally to F, and are all 3F. By Theorem
28, F is the limit of the sequence.

THEOREM 35. (Decomposition Theorem.) Let F be an almost periodic
Sfunction and let it be possible to divide the representations occurring in F in
a sequence of systems 81, 82, 83, - - - , in such a way that for eachk(=1,2,3, - - ),
the least module containing ©(8,, 8, - - - , 8i) has no element in common with
©(8r+1y Bkt2, - * - ). There exists, for each k, an almost periodic function, we shall
denote it by Fg,, whose Fourier expansion consists of exactly those terms (33)
of (32), for whick D is contained in 8x; and the series

Fg +Fg + -
converges to F.

If we denote the smallest module containing 8, - - - , 8 by M, the de-
sired function Fg, is Fg, for k=1, and Fg,—Fg, , for =2, and our
theorem reduces to Theorem 34.

PART IV. APPLICATIONS TO HILBERT SPACE

In this section we shall assume L to be either a Hilbert space 9, or the
space B of all bounded transformations in $. We shall consider these spaces
with the help of the various topologies which have been discussed in [4],
Chapter IV, as well as in the places quoted there. According to whether we
consider § in the topology based on the neighborhoods 11, or. Ul;, we shall
denote $ by 9. or H. respectively. As for B, corresponding to the neigh-
borhoods Us, U4, Us we shall denote it by B;, B4, Bs, respectively.
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THEOREM 36. (o) If F(x)e & is almost periodic in D& it is also almost pe-
riodic in . (8) If F(x)eB® is almost periodicin BY it is also almost periodic
inBE, and (v) if it is almost periodic in BE it is also almost periodic in BE.

(8) F(x) is almost periodic in ©F if and only if the numerical function
(F(x), g), which is the inner product of F(x) with the constant ge, is almost
periodic for every geD.

(€) F(x) is almost periodic in By if and only if F(x)f, that is, the value of
F(x) operated upon the constant fe, is almost periodic in y° for every feD.

(¢) F(x) is almost periodic in By if and only if F(x)f is almost periodic in
OF for every fe9, that is, if and only if the numerical function (F(x)f, g) is
almost periodic for every pair f, g, €D.

Ad (a). The topology of $. is weaker than the topology of .. More
precisely: to any U.el, there corresponds a Uiell; such that U, ¢ U.. Hence,
ifaset S c § is totally bounded in §, it is also totally bounded in §,. And this
proves the proposition, if we remember Definition 1.

Ad (8) and (). A similar argument as ad ().

Ad (9). Let S be any set of ;. If ge© we denote by S, the set of numer-
ical functions (F(x), g), FeS, and for any finite number of elements
£1, -+, gne we denote by S, ..., s the set of n-dimensional vector
functions with components (F(x), g1), - - - , (F(x), g.), FeS. It is easy to see
that S is totally bounded in $¢ if and only if all sets S o -+, g, are totally
bounded. On the other hand, we have to prove that .S is totally bounded
in 9. if and only if all S, are totally bounded. Thus it is sufficient to prove
that, for a fixed S, the total boundedness of all sets S, implies the total

boundedness of all sets Sy,, ... ,,,. This follows from [4], Theorem 9, if we
observe that a vector {¢i, - -, ¢.} may be considered as a continuous
function of its components ¢,, - - -, ¢ in the obvious topology of vector
spaces.

Ad (¢) and (¢). A similar argument as ad (6).

THEOREM 37. Let F(x) be an almost periodic function, its Fourier expansion
being (throughout this part, we will write the Fourier coefficients o,,(D) without
the factors sp, the degree of D)

(35) F(x) ~ E Apo(D)Dpo().

D,p,o

If F(z) is in %, we have a,,(D)e®, and (F(x), g), for any ge$, has the
Fourier expansion
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(36) F(x),8) ~ Z (20(D), £)Dpo() .

D,p,o

If F(x) is in B®, we have a,,(D)eB; for any feD, F(x)f has the Fourier
expansion

(37) F(2)f ~ 22 (ctpe(D)f) Dyo(2),

D,p,o

and for any f, geD, (F(x)f, §) has the Fourier expansion
(38) F()f, 8) ~ 22 (@(D)f, 8) Dpe(3).

D,p.o

Remembering the definition of ,.,(D), it is sufficient to prove

in the case of (36), and
(40) M. (F(2)f) = (M F(2)f

in the case (37); (38) follows from their combination.

The mean with respect to the strong topology ($: or B.4) has, a fortiori,
all the properties of the mean in the weak topology (9. or B5s). Hence, by the
uniqueness property of the mean (Theorem 17), it is sufficient to consider
the cases of weak topology. In these cases the relations (39), (40) follow by a
new application of Theorem 17, since (M, F(x), g) and (M, F(x))f have the
properties required in this theorem.

THEOREM 38. If F(x) is an almost periodic function of the class By (v=3,
4, 5), and aeB, then aF (x) and F(x)a|[aF and Fa are the operational products
of F and o] are again almost periodic functions of the same class; and the
Fourier expansions of aFF and Fo. may be obtained from the Fourier expansion of
F(x) by term-by-term multiplication with o on the right or on the left.

The first half of the theorem follows from the fact that, for a fixed o,
aF and Fa are continuous functions of F in each of the topologies B3, B4, Bs.
The second half (in the case of oF) follows from Theorem 37, Formula (38),
if, in the formula of our statement connecting the expansions of aF and F,
we apply (38) and then replace F, f, g by oF, f, g in the left-hand member, and
by F, f, a*g(a™* is the adjoint of «) in the right-hand member and compare
the results; in the case of Fa we replace F, f, g by Fa, f, g and by F, of, ¢
respectively.
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THEOREM 39. Let F(x) be an almost periodic function of BE; let (35) be
its Fourier expansion. If F(x) is a representation of the group by means of uni-
tary transformations, that is, if F(xy)=F(x)F(y), F(1)=1, F(x™) =F(x)*,
then we have the following:

() F(x) is almost periodic as a function of BE; moreover, F is the limit,
in the B-topology, of the sequence

m SpN N
(41) Fn = Z( Z a,,(D”)D,,,(x)).
Nw=1 p,om=1

(ii) The Fourier coefficients have the properties

(42) &po(D)ar(E) = 0 if D~ E,
(43) a”(D)aﬂ,(D) = 3010‘”(1)) [P; g, T,V = 1: R SD]’
(44) a,,(D)* = a,,(D) [P; o = 1, crey, SD]-

(i) The system of operators a,,(D) is a resolution of the identity, that
is to say, each of them is a projection operator, any two of them are orthogonal,
and their sum is the identity.

Conversely, if a set of elements a,.(D) of B fulfills the conditions (ii) and (iii),
then the series (35) is the Fourier expansion of an almost periodic function F(x)
with the assigned properties.

Remark concerning the theorem. Before proving the theorem we want to
point out the algebraic aspect of the proposition.

Since a,,(D) is a projection it corresponds to a closed linear manifold,
say MP. Select an orthonormal system determining MP: ¢¥1;, ¥, - - - (the
sequence is empty, finite, or countable). Now, (43) and (44) imply

an(D)*a,(D) = au(D), au(D)aa(D)* = a,,(D),

and this means that «,,(D) maps M, in a one-to-one and unitary way on
MP, while a,1(D)f=0 if f is orthogonal to IN,L. Thus, if we define ¢,,(D)
=a,1(D)Y1,(D), the ¥,1(D), ¥,2(D), - - - determine IMP. By (43) we have
a,(D)a,1(D) =a,1(D), and this implies a,s(D)Y s (D) =¥ (D).

Since, by (iii), D_p,,a,,(D) =1, the M2 together determine P, and,
since, by (42), (43), (44), a,(D)*a,,(E) =0 if D#E or o7, the MP are
mutually orthogonal. Thus the y,,(D) form a complete orthonormal system
in ©. For this system we found

0,if D % E orv # p,

ar(EW,(D) = { YD) if D = E, v = p.
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Remembering that the a,,(D) form the Fourier expansion of F(x), we obtain
the formulas

F(x) ¢’pv(D) = i Dfp(x)'p‘f'(D)’

T=1

Thus our theorem proves that the representation F(x) may be reduced to
split up according to the finite irreducible representations D(x). The sub-
spaces which correspond to this reduction are determined by the

(45) ¥1.(D), ¥2(D), - - - , Yup»(D) for all D, v.—

We pass on to the proof. Let F(x) have the assumed properties. F(xy) is an
almost periodic function in (x, y) and for each y an almost periodic function
in 2. From the approximating properties of the Fourier expansion it follows
that the Fourier expansion of F,(x) =F(xy) as x-function may be derived
from the series (35) in a formal way, namely

(46) Fy(x) ~ 2= a,e(D; 3)D,o(),
D,p,0

where

(47) a,(D; y) = i oy:(D)Dy:(y).

T=1

On the other hand, Fy(x) =F(x)F(y), and by Theorem 38,
(48) Fy(z) ~ 2 a,(D)F(y)D,s(x).
A comparison of (46) and (48) yields, for any D, p, o,
(49) @o(D)F(y) = 2 a,r(D)Der(3).
Teml
Now we take y variable, and we again apply Theorem 38. This gives the rela-
tions (42) and (43). In order to prove (44) we need only compare the relations

(50) F(x~t) ~ E p(D)D,yo(x71) = Z Qpo(D)Dyy(x),

(51) F(2)* ~ 3 00(D)*D,o()

(which follow from the approximating properties of the Fourier series), and
observe that the representations {D,,} also form a set of irreducible normal
representations of ®.

If we apply (44) to p=0¢ we find that «,,(D) is self-adjoint, and (43) gives
(etpp(D))*=a,,(D). Hence, each «,,(D) is a projection. It follows from (42)
and (43) that any two of them are orthogonal. Hence any finite number of
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them, and also their (infinite) sum, is a projection again. We still have to
prove that ) p, ,a,,(D) is the unity and that (i) holds.
Let f be ahy element of . We want to evaluate the difference
Fo(x)f — Fo(2)f, p>q,

F,(x) being given by (41). Let D be any representation occurring in
F,(x)f — F,(x)f. Writing

BP(x) = i p5(D) Do (%),

p,o=1
we have
8D

8|2 = B@)f, B&)) = 2°  Duo(%)Dru(5)(epe(D)Sf, ctr(D)f);

P40 ,T V==

but
(ete(D)f, ar(D)f) = (arn(D)*a(D)f, f) = (evr(D)a, (D), f) = bro(ewe(D)f, f);

hence

lIB)fl|2 = > ( > Dn(x)Dn(x)>(aw(D)f,f)

- ilaw(awa»f, N
- i(a”(DM N = illa”w)fllz-
Thus
p Spv
(52) IFo(2)f — Fo(a)f]]2 = 2 22 [|lean(D¥)f]|2.

N=g+1 p=1

Since the «,,(D) are mutually orthogonal projections and the right side of
(52) is independent of z, it follows easily that the sequence of functions
F.(x) is uniformly convergent in the topology Bs. Thus F(x) is the limit of the
sequence (41) and is almost periodic also in the class 8§. Now

m SpN

F(1) = lim Fu(1) = lim 3 3" 0p(DY) = 2 ap(D).

m— oo M0 Ne] p=1 D,p

But F(1) =1, by assumption, and this proves the last missing part of (iii).
Conversely, let a set of elements «,.(D) of B satisfy (i) and (iii). As

before, we deduce the relation (52). Hence the sequence Fn(x), defined by
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(41), is convergent, in the topology B, to an almost periodic function F(x)
whose Fourier expansion is the uniformly convergent series (35). The group
properties of F(x) are easily verified from its series (35) on the basis of the
known properties (ii), (iii).

THEOREM 40. Let the group ® be a metric, locally compact, separable space
in which the product xy is a continuous function of (x, y). We consider in &
a right invariant Haar measure and the Hilbert space O consisting of all Lebesgue
measurable functions of integrable square in &, and let T(x) denote, for each x,
the unitary operator which transforms every element f(£) D into f(tx).

In order that ® be compact it is necessary and sufficient that T(x) be an
almost periodic function of SB:‘.

Obviously T(x) has the properties
T(x)=T(x)* T(xy)=T(x)T(y), T(1)=1.

It follows easily that T (x) is continuous in the topology Bs.

If @ is compact, every continuous function is almost periodic and this
proves the necessity of our condition. Conversely, let T(x) be almost periodic.
We consider its Fourier expansion and the complete orthonormal system
¥,»(D) constructed in the remark to Theorem 39. Consider one of its non-
empty subsystems (45) and denote it by ¢y, - - -, ¢,. By the last relation of
the remark we have

(53) F(a)Wo(t) = ¥,(a2) = 2 Drp(2)¥:(2),

except perhaps for a ¢-set of measure 0, depending on x. By the theorem of
Fubini there is a value #=¢, for which (53) holds for all x except a set of
measure 0. As D(x) is unitary we obtain

2t |2 = | vt |2 = C.

Upon integrating over ¥, the left side gives sp whereas the right side is C
times the total measure of @. Thus sp>0 implies that C>0 and that the
total measure of © is finite. If the total measure of @ is finite there cannot
exist an &>0 and an infinite number of points on @ any two of which have a
distance > &. This implies that © is totally bounded. Being locally compact,
@ is also complete. Hence the compactness of ©.
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