LAPLACE INTEGRALS AND FACTORIAL SERIES IN THE
THEORY OF LINEAR DIFFERENTIAL AND
LINEAR DIFFERENCE EQUATIONS*

BY
W. J. TRJITZINSKY

1. Introduction. Our present object is to carry out application of La-
place integrals (leading to convergent factorial series developments) to the
fullest possible extent in the field of linear differential equations,

) L) = 3 dua(2)y®(x) = O;

k=0

and, secondly, in the field of linear difference equations

(B) L(y) = 2 dns(2)y(x + &) = 0.

k=0
In both (A) and (B) the coefficients are given by convergent series of the
form

(¢))] Ani(%) = D dng,x0I? (integer p = 1),
and do(x), d.(x) #0. In view of the fact that the two mentioned fields are to a
considerable degree analogous, it has been found convenient to give the
developments for both of these in a single paper.

Another outstanding method, a method which previously had been
applied with complete success in the two indicated fields, as well as in the
field of g-difference equations, is that based on the study of asymptotic prop-
erties of solutions. In this connection the starting point is given by the full
sets of formal series solutions (in general divergent), which are known to
exist in all cases. Existence of a complete set of formal series solutions for a
difference equation (B), as well as other results of a formal character, have
been established by G. D. Birkhoff.} For differential equations (A) existence
of a full set of formal solutions follows from a work of E. Fabry.] In the

* Presented to the Society, December 27, 1934; received by the editors April 18, 1934.

t Formal theory of irregular linear difference equations, Acta Mathematica, vol. 54 (1930), pp.
205-246.

1 Sur les intégrales des équations différentielles linéaires d coefficients rationnels, These, 1885,
Paris.
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asymptotic (analytic) theories of linear differential, difference and g¢-differ-
ence equations, respectively, the coefficients in the involved equations are
either representable by convergent series of the form (1) or, more generally,
they are merely asymptotic (in certain regions) to such, possibly divergent,
series. In all essential particulars these three theories have been completely
treated (under no restrictions on the formal series solutions) as follows. A
joint work by G. D. Birkhoff and W. J. Trjitzinsky gives the developments
for difference equations (B).* A paper by Trjitzinsky establishes the general
asymptotic theory for ¢-difference equations.f Finally, the general asymp-
totic theory for differential equations (A) has been developed by Trjit-
zinsky.] Broadly speaking, at the basis of the several general asymptotic
theories, referred to above, to a very substantial degree lie the ideas and
methods due to Birkhoff or inspired by his work.

Important earlier developments, especially in the field of difference equa-
tions, are due to C. R. Adams, R. D. Carmichael, H. Galbrun, E. Hilb,
O. Perron, S. Pincherle, H. Spith§ and some others.

While the asymptotic theory has been shown to yield full sets of analytic
solutions (with appropriate asymptotic properties) in all cases, the situation
is different inasmuch as the method of Laplace integrals and application of

* Analytic theory of singular diflerence equations, Acta Mathematica, vol. 60 (1932), pp. 1-89.

t Analytic theory of linear q-difference equations, Acta Mathematica, vol. 61 (1933), pp. 1-38;
also cf. The general case of integro-qg-difference equations, Proceedings of the National Academy of
Sciences, vol. 18 (1932), pp. 713-719.

1 Analytic theory of linear differential equations, Acta Mathematica, vol. 62 (1934), pp. 167-226.

§ R. D. Carmichael, for instance, chapter IV of the book referred to at the end of the next foot-
note. C. R. Adams, On the irregular cases of the linear ordinary difference equation, these Transactions,
vol. 30 (1928), pp. 507-554. H. Galbrun, Swur certains solutions exceptionnelles d’une égquation linéaire
aux différences finies, Bulletin de la Société Mathématique de France, vol. 49 (1921), pp. 206-241.
E. Hilb, Zur Theorie der linearen Differenzengleickungen, Mathematische Annalen, vol. 85 (1922),
pp. 89-98; same title 1, Mathematische Zeitschrift, vol. 14 (1922); same title 2, ibid., vol. 15 (1922),
pp. 280-285; same title 3, ibid., vol. 19 (1924), pp. 136-144. O. Perron, Uber lineare Differenzen-
gleichungen zweiter Ordnung . . . , Heidelberger Sitzungsberichte (mathematisch-physikalische Klasse),
No. 17 (1917); Uber das Verhalten der Integrale linearer Diferenzengleichungen im Unendlichen,
Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 19 (1910), pp. 129-137; Uber lineare
Differenzengleichungen, Acta Mathematica, vol. 34 (1910), pp. 109-137; Uber Systeme . . . , Journal
fiir die reine und angewandte Mathematik, vol. 147 (1917), pp. 36-53; Uber Summengleichungen
und Poincarésche Differenzengleichungen, Mathematische Annalen, vol. 84 (1921), pp. 1-15. S. Pin-
cherle, Sopra una transformazione delle equazioni diflerenziali lineari . . . , Rendiconti, Istituto Lom-
bardo, (2), vol. 19 (1886), pp. 559-562; Sur la génération de systémes récurrents . . . , Acta Mathe-
matica, vol. 16 (1892), pp. 341-363; Sulla risoluzione dell’ equazione funzionale . .., Memorie,
Bologna Accademia, (4), vol. 9 (1888), pp. 181-204; Suile equazions alle differenze, Lincei Rendiconti,
1894, pp. 12-17, pp. 99-105; Sulla risoluzione approssimata delle equazioni alle differenze, Lincei
Rendiconti, 1898, pp. 230-234. H. Spith, Uber das asymptotische Verhalten der Lisungen nichthomo-
gener linearer Differenzengleichungen, Acta Mathematica, vol. 51 (1927), pp. 133-199; same title,
Mathematische Zeitschrift, vol. 30 (1929), pp. 487-513.
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factorial series is concerned. This method, whenever successful, enables one
to express a formal series solution with the aid of convergent factorial series.
In every such case we have a situation when a possibly divergent formal series
solution is “summed” by an essentially “exponential” method; however, this
method is known to be applicable not in all cases. Basically and predomi-
nantly developments of this type rest on numerous important works of N.E.
Norlund* in the theory of factorial series and in connection with application
of these series to difference equations. Among the works of others, involving
application of Laplace integrals and factorial series to differential and dif-
ference equations, outstanding is a sequence of papers due to J. Horn.t{

As will be seen from the Main Theorems (§§7, 12) the program of applying
Laplace integrals and factorial series to equations (A) and (B) is capable of
being extended considerably beyond the results of the earlier writers. On the
other hand, certain examples (in §§7 and 12) will demonstrate the fact that
these theorems cannot be extended (in a certain sense).

It is also to be noted that, in view of the reciprocal relationship between
equations (A) and (B) on one side and corresponding linear systems on the
other, results of the type established in these pages will hold for linear sys-
tems as well.

Numerous works, which we have not mentioned explicitly, are referred to
in the several papers and books indicated in the footnotes of this introduc-
tion. However, we have indicated directly the more relevant ones of the
previous contributions.

PART I. LINEAR DIFFERENTIAL EQUATIONS

2. Some preliminary facts concerning differential equations. An equation
(A) possesses a full set of formal series solutions s;(x) of the form
Ii—1

(1) si(x) = e@xmioy(x), Qi(x) = 2 g a1k (t=1,---,m),
ye=(
where the o;(x) are of the form
(1a) ai(x) = 2 logh & am™i(%),
h=0

* Some of No6rlund’s work is as follows. Acta Mathematica, vol. 37 (1914), pp. 327-387; Lecons
sur les Séries d’Interpolation, Paris, 1926 (this book contains an extensive bibliography—pp. 228,
233); Legons sur les Equations Linéaires aux Différences Finies, Paris, 1929.

t In this connection we shall mention Integration linearer Differentialgleichungen durch La-
placesche Integrale und Fakultitenreihen, Jahresbericht der Deutschen Mathematiker-Vereinigung,
vol. 24 (1915), pp. 309-329; Laplacesche Integrale, Binomialkoefficientenreihen und Gammagquotienten-
reihen in der Theorie der linearen Differentialgleichungen, Mathematische Zeitschrift, vol. 21 (1924),
pp. 85-95.
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(1b) mmi(x) = Z anpmixel kg (h=0,1,---,m);
]
here l;, m., k; are integers (m;20; k;=r! p; integer r! = 1).
The formal series can be all arranged in logarithmic groups. The exponen-
tial factors,

PIOPS

of the series belonging to a particular group are the same.* The elements of
such a group can be so ordered,

@ PO 3705,41(), B P Tai49(x), - - -, @Pa704,44(2),

that m;41=0, mi2=1, - - -, miy;=j—1. A series of the type of (1a) will be
termed a o-series.

Horn assumes that all the roots of the characteristic equation, corre-
sponding to (A), are simple. Under this supposition all the formal series will
be normal; moreover, no g-series factor will contain any logarithms (that is,
for each formal solution m;=0). It will be convenient to state his result in a
form slightly different from his. By means of a iransformation of the type
x* =3z, where k is suitably chosen, the equation (A) is brought to the form of a new
equation (A;), the latter equation differing from the original one in the value
of the integer p, while do,070 and the coefficients of the new equation contain
no positive (integral or fractional) powers of z. For simplicity the notation
originally introduced for the equation (A) will be maintained for the modified
equation (A;). The connection between the results valid for (A) and those
valid for (A,) is obvious. Now, under Horn’s hypothesis equation (A;) pos-
sesses a set of # (linearly independent) solutions of the form

® QK 571y () =12, m.
Here the Qi(x) are given by (1) (with ;=) and the y;(x) are of the form
b4
@ ¥(x) = o + 20 x+!® o (),
We=1
where the o () are convergent factorial series of the type

0
©

9 - 00w: o ,
(4a) onu® () E =) G

* However, the values of r, associated with the same group, may differ by rational fractions.



84 W. J. TRJITZINSKY [January

|v] is sufficiently great, is the same for all solutions and £ is allowed to have
any value except certain ones, depending on the roots of the characteristic
equation.* Moreover, the series (4a) all converge in a certain half plane.
Formally, of course, solutions (3) are compatible with a set of (possibly diver-
gent) formal series solutions.

If the characteristic equation of (A,) has a simple root, then to this root
there will correspond a convergent solution of the form ((3), (4), (4a)). To
every simple root of the characteristic equation of (A,) there corresponds such
a convergent solution. This fact, although not demonstrated by Horn, is a
rather easy consequence of his work. However, we shall proceed to provea
result reaching much further. Before formulating our objective more precisely
the distinction will be first drawn between “normal” and “anormal” formal
series solutions. 4 formal solution si(x) of (A1), as given by (1), (1a), (1b), is
said to be normal when k;=p (cf. (1b); the coefficients of (A,) are in powers of
x?), If this is not the case (that is, when the integer 7/, of (1b), is greater than
unity) a formal series s;(x) will be said to be anormal. A formal solution of
(A) will be normal or anormal according to the nature of the corresponding
solutions of (Ay).

In the sequel, unless stated to the contrary, the equation (A) will be taken
in the form (A;). Consider a root p of multiplicity ¢(=1). It may happen that
the ¢ formal series solutions, corresponding to this root, are all anormal; in
some cases some of the ¢ formal solutions, associated with such a multiple
root, are normal while others are anormal. The third alternative—the one from
now on assumed—is that all the formal solutions (1), belonging to the particular
root under consideration, are normal. Moreover, it will be assumed that there is
Just one corresponding logarithmic group, It will be shown, under this assump-
tion, that all the formal solutions under consideration are expressible with the
aid of convergent Laplace integrals, leading to convergent factorial series
developments. An example in §7 will make it evident that in a more general
case a result of this type need not hold.

3. Conditions for existence of formal solutions of the type specified in §2.
The ¢ normal formal solutions, corresponding to a root of multiplicity ¢,
form a logarithmic group (cf. §2) and they may be written as follows:

-1
¢)) si(%) = @@axr Y logh x wni~l(x) G=12---,9),
he=0
where
(1a) il (@) = 2w tale (h=0,1,---,7—1).
8=0

* For the exact situation concerning £y cf. Horn’s work on differential equations, loc. cit.
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The equation (A;) (cf. beginning of §2) will maintain its form*after the
transformation

y(x) = 2@ ar5(x).
Accordingly, without any loss of generality, it may be assumed that in (1)
(1v) Qg =1,

Moreover, it will be assumed, as it may be without entailing any loss of gener-
ality, that not all the

(IC) 5—1’7°j—1 (j = 1’ 2) R ¢)

are zero. However, (1b) implies certain conditions on the coefficients of (A;).
In view of our purpose it will be essential to determine these conditions.
We note first that, when %£(=0) is an integer,

(2) E logh=? xCt[(— 1)*#vlg, g2~],
B=0
where, for v=2821,
1
(2a) o= 2 ——

nymg, cce g Wiz 0 - Mg

while g, s =0 for » <B. The summation in (2a) is extended over all the positive
integral values of n,, #, - - -, #g such that #,+ - - - +#us=»;t moreover,
go,0=1 while the g, o and the go, are all zero for »>0. In view of (1b), on
making use of (2), we get

0 = £ 3 (o tog's) ™

ha=0 y=0
-1

h 0 k
33 CrCsCt (= 1) ik — W) lgy s wni log" w2,

hem0 B0 3=0 p==0

Since
—1 & i—1 j—1-h
3 22 anghos =2 2 anssh,
h=0 8=0 h=0 =0
it follows that
4) s:k)(x) Z Z Shos log x x /p—k,
h=0 3=0

* In particular, the coefficients of the equation will still be in powers of xV?,
{ Formula (2) can be proved, for instance, on the basis of the multinomial theorem of algebra.
The Cg* denote binomial coefficients.
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where
& k _h+B8_—s/p i-1
(42) v = 2 2 CrCs N (= 1k = 9)lg s s
B=0 r=0

As a consequence of the easily verifiable relation

n o w0 p—1 A
5) E E by oa—0/7k = Z E x—Optw)/p 2 b, k) ptw

k=0 o=0 Am0 ©0=0 k==0(Sn)

it follows from (4) that formally

n o -1 ®
L(si(x)) = Z E d,._k,)\x_)‘/p Z Z S::,i IOghx x-(8/p+k)

k=0 A0 he=0 g=0
(6) _ _
i .= —optw)ip
Zlogx;Ethﬁw G=12---,9).
=0 =0
Here

A O=k)ptw o

i
Wh:ky—}-w = Z Z sh cdn—k (\—k) p+w—s
k=0(Sn) s=0

A O-Rpte i B L b8 el ri8

=2 2 X 2XCCs Ciy(—1) "Wk —»)ge

k=0(Sn) a=0 B=0 »=0

™

i—-1

'du—k.()\—k)p+w—c h+6Ms

In view of the assumed existence of ¢ formal solutions (1) it is inferred
that the equations

(7a) Wiirpto = 0
[)‘=.0, L, o5 h=j—1,j=2,--+,0,w=0,1,---, p—1;5=1,2,-- -, ¢]
are necessarily formally solvable for the ,3,/~1. Now

(A—k) ptv Aptw k(s)

E Z Ck,aMe = Z Z Qk,aNsy

k=0 =0 =0 k=0
where k(s)=\ (s=0, 1, - - -, w), k(s)=A—1 (s=w+1, - - -, p+w), k(s)
=A=2 (s=p+w+1, - - -, 2p+w), - - -, k(s) =0 (s=AN—1)p+w+1, - -
Ap+w). This relation leads to the following:

A (\—k)ptw

w A
CksNs = E Z Ak ,sMs

k=0 o==0 sm0 ke=0
A mptw A\—m

+2 X Eak.m [ = (m— 1)p + w+1].

Me=x]l  pump’

®)
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In (7) replace hby j—H (H=1,2, - - -, 7). Application of (8) to (7) will then
yield

i H-1,0 het ,-H+a i-1
W:—H Aptw = Iiw 1—1770 + Z Z X w—s j—H+Ns
80 =0

(9) mp+w H—1

+ E Z E 1"H+ﬂ A—m mp+w—s ;'-H+ﬁ’7:'_l =0

Meml gemg’ L=0

hN=o1,---;H=1,2,---,7;w=0,1,---,p—1;5 asin (8)].

Here and in the sequel

w H-1 w H-—-1
(%a) 2 X besg =202 bip — bous;

e=0 f=0 4=0 f=0
moreover,
(9b) Bl = 3 20 CECE (= 1)k = )18 s dutetrpr

kmmfl ymef

0=B=<c;520,05w=p—1).

It is observed that (9b) defines all the J%: occurring in the second members
of (9).

From equations (9;A\=0; H=1;w=0,1, - - -, p—1) we find that
(10) J:;?0=0 (w=0’1""’?_1');
this, however, as follows from (9b), is equivalent to
(10a) dnw =0 (w=0,1,---,p—1).

At this point it will be convenient to introduce the

DEFINITION. A number d;,; will be said to be of index o if i=n—Fk and
j=(c—k)p+w, where 0Sk<o and 0Sw=p—1.

Thus the implication of (10) is that all the d;,; of index zero are zero. We
note that, as a consequence of the original hypothesis concerning existence of
solutions, the characteristic equation of the differential equation (A,),

(11) E(p) = 2 dnrop* =0,
k=0

has a root p =0 whose multiplicity is precisely ¢. Thus
(119.) d,.,o = d,...l_o = oo = dn—¢+1,0 = 0, d,,_¢,o #= 0.
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In particular, then, it is to be noted that not all the d;,; of index ¢ are zero.
Suppose

0,0 1,0

(12) Ja:w=Ja:w="'=J::'?a=0 '(w=0,1,“‘,1""1)

fore=0,1, - - - ,A—1 (1SA=¢—1). From (10) it is seen that (12) is true for
A=1. We have, by (9b),

pY
(13) =X (= 0" kigrp dak.omiypio-
k=B
Accordingly, by (12), in view of the rela_tions J2:3=0, it follows that
(14) dnso =0 (6=01,--- A—=1;0=0,1,---,p—1);
furthermore the relations

g—1,0

Joow =0
yield, by virtue of (14),
@n(o-1),p+40 = 0 (=12, ,A=1Lw=0,1,---,p—1).
From

¢—2,0

Joow =10 (e=2,---,A—1L,w=0,---,p—1),
by (14) and (14a),
Bn—(0-2),20+0 = 0 (=2, ,A—1,w=0,---,p—1).
On using the relations

o—H ,0

Jod®'=0 (e=H,H+1,--- A=1w=01,---,p—1)
in succession for H=0, 1, - - - , A—1 it follows by induction that

(14a) G (o) Hp+w = 0
(e=H,H+1,--- ,A—1,w=0,1,---,p—1)

for H=0, 1, - - - , A\—1. The subscripts in (14a) can also be considered as
extending over the values

H=0,---,0; c=0,1,---,A—1; w=01---,p—1.
Consequently, on letting in (14a) H =¢ —k, (14a) is seen to be equivalent to

(15) dn—k-(v—k)P+w=0 (k=03 1)"')U;w=0) 1:"'7?'—'1))
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where 0=0, 1, - - -, N—1. That is, (12) implies that all the d;,; of indices
0,1, - - - ,N—1 are zero. The converse is also true. .
All the d;,; in the second members of (9b) are of index o; hence a further
consequence of (12) would be
(16) Jiw=0
B8=0,1,---,0;w=0,1,--- y p—1;0=0,1,--- , A=1;5=0,1, - - ).

In view of (16) from the equations

(17) W;:—l:)q: = W::—z:)\p = = W::—)\—I:Xp =0

we obtain in succession

(173.) ])‘0'?) = J;:'?) = = J::'z =0
Suppose now, more generally, that
(17b) e =0 B=0,1,---,N

forv=0,1, - - -, w—1 (1=Sw=<p—1);in (17a) the relations (17b) have been
established for w=1. Consider the equations

i i i
(18) Wictaprw = Wicannptw = -+ + = Wi_ptnnp = 0.

By (16) the numbers J5.,. up4w—s Occurring in the second members of (9),
are all zero; moreover, in consequence of (17b) the J%.% _; (in (9)) are all zero

for w—s <w—1. Thus, equations (18) are of the form*

H-2
i H-1,0 i—-1 i—H+B 0 i-1
(183,) W,'_H;)‘p_;.w =Jvw im0 + Z Cﬂ Nw j-HM0 = 0.
B=0

On using (18a) in succession for H=1, 2, - - - ,A+1 it is found that

ha’=0 (H=1,2,--,\+1);
that is, relations (17b) necessarily hold for v =w, if they hold for v=0, 1,
-+ -, w—1 (1 =Sw=p—1). Thus, by induction, (12) has been established for
a=0,1, - - -, \. This fact completes an induction in a larger sense; that is,
(12) is seen to be true forA=1, 2, - - - , ¢ —1. Just as the two italicized state-
ments in connection with (15) and (16) had been established on the basis of
(12) (as originally formulated), we now conclude that all the d; ; of indices
0,1, .-, ¢d—1 are zero and that

* In (18a) and throughout the paperd___=0 whenever <a.

T=a
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®=0901---,0,w=0,-+-,p—106=0,---,6—1;5=0,1, s )

It is noted that, in consequence of (19), (9) holds for A\=0, 1, - - -,
¢—1; H=1,-.-,4; w=0,1,---, p—1; j=1,-- ., ¢), while for these
values of the subscripts and superscripts the equalities (9) do not yield any
information concerning the coefficients of the formal solutions, whose exist-
ence has been postulated. It remains to consider the equations (9) for A2 ¢.
On account of (19), in (9), m <\ —¢. For A =¢ these equations give

w H-—-1

0, -1 j—-H+B 1 -1
(20) J 0:‘; j-HNw = — Zﬂz Cs ¢: w—s j—H+BNs
om0 fm0

H=12---,5;w=0,1,---;(s,B) #.(w, 0)).
In particular,

J:;: ;-mz_'=0 G=1,---,9),
so that necessarily
(21) J:":) = d,.,o, = 0.
For A>¢, (9) yields the relations
0.0—9) p+ i-1 SHZY BB B i1
J¢:0 v J—HN \=¢)pt+w = — z: Z Cﬂ J::w—o i—H+pMs
om0 S0

(22)

A—¢ mpiw H-1 .
- E Z Z C; e j::m: mpt+w—s i—Hmf-l

mml g’ Lm0

[X=¢+1:¢+2:'°° s H=1,2,---,j;w=0,1,---,p—1;
i=1,2--,0;(s8) #= (A= ¢)p+ v,0); s asin (8)].
The equations (20), (22) are solvable in the following order:

H=2; .........
X=¢< ;
LH=]; ooooooooo
(23)
(H=1;w=0,1,--+,p—1
H=2 + « « « ...
A=¢ + 1] ’ i A=¢F2,---.

............
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In (20) and (22), by (21) and (9Db),
— {7} A - — w
(24) J:.:(: o _ S PP LY et iots
k=1

()‘=¢:¢+1)"' ;w=0,1,~-,p—1).
Since du—g,0%0 only a finite number of the left members in (24) may vanish.
Whenever, for some w (0Sw=<p—1) and for some A (A\=0), a number
J307##1 =0 the corresponding ;a7 sp4w is left undefined. On the
other hand, for such a pair of values (w, \), the second member in (22) or,
if A=¢, the second member in (20) will be necessarily zero. The ;_gs.?
involved in such a member have known values or some of them may have
been previously left undefined. The totality of relationships of such an
origin, finite in number, implies certain conditions on the »7*~! and on the
coefficients of (A,); the latter conditions are necessarily satisfied in view of
the assumed existence of solutions of stated type. Some of the 7~ may be
arbitrary.* The precise nature of the conditions implied by the vanishing of
(24) is immaterial for our purposes.

Lemuma 1. Consider a root of multiplicity ¢, of the characteristic equation
associated with the differential equation (A.). In order that, corresponding to this
root, there should exist a linearly independent set of ¢ formal solutions of type
(1), (1a), (1b) the following conditions are necessary and sufficient.

@ dog,07#0, dn,p = 0.

(i) AN the d;,;, whose indices (cf. Definition) are 0, 1, - - -, $—1, are
zero.

(iii) If any of the ]g':f,"'“’ v defined by (24), are zero (there may be only
a finite number of such J) then the d;; satisfy conditions implied by the vanish-
ing of the corresponding second members of (22) or (20).

4. The mixed system of differential equations. In the sequel, unless
stated to the contrary, it will be assumed that by means of the transforma-
tion of the type specified in the beginning of §3 the differential equation (A,)
has been brought to such a form that there exist ¢ (linearly independent)
formal solutions (1; §3), for which (1b; §3) holds. These solutions may be
written as follows:

=1 . P 0)/p - .
M) 5@ =3 log's (mé ISP L, ‘<x>) G=1,--,8),
h=0

W==1

* In general, whenever some of the numbers (24) are zero , associated with the root, under con-
sideration, of the characteristic equation there will exist more than one formal series solution of
(A1), not involving logarithms,
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where

j—1 N -1 A1 .
(1a) hﬂ:(x)=zh’7;;+wx (h=0’11'°'7.7—1;w=17"'1?)'

Am0

On the other hand, the coefficients d,—x(x) of (A;) may be expressed in the
form

r
(2) dn—k(x) = Qp—k,0 + E x(p—r)/p du—k.r(x);
Pyl
(2b) Gnt(®) = 2 dnrirptr 27 (k=0,1,---,m).
Am0

For the purposes at hand it will be essential to establish a “mixed”
linear differential system, whose coefficients are in negative integral powers
of £ and which are formally satisfied by the series (1a). We have

dk—m - P » -

dx" w=1

3)

—m

i—1(k—m) k—m (p—w)/p i—1(k—m—38) (p—w)/p—3

= w0 +3 Z 8!amw ()% .
w=1 §=0

By (3) and by (2; §3) it follows from (1) that
) = 5 30 Ch 3 log" s O )™ lgmga”

R0 ma=0 B=0

i—1(k—m) k —m (p—w)/p i—1(k—m—38) (p—w)/p—38
X [h‘l)o + Z E 3! (%)% ]

we=1 =0

(4)

This may be written in the form

i—1 . .
() s = X log'z[sy’ + 8571,
h=0

where
i i—h—1 h+8 —~k
(4b) S EC‘S (— 1) k!gk,ﬂx )
p=0
—h—1 p Kk m k h+ﬁ k—m+3 (p—w)/p
=3 33 3 CnisCs Cs
(4c) B=0 w=1 m=0 4=0 '

—1(k—m —m —w)/
X (m— )= 1) s rame o (@)x e,
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Thus
-1 n P y
Lis)=Slog'z Y [Sf'id,,_k,o + 8573 BT ()
h=0 k=0 p=]
(5) ) )
¥ k,i v
+&%%H4/E£”“nww]%&
=1
In (5)
b d
S:.:’ E x(p_')/pd,._k,,(x)
pe=1
(6)

P i—h—1 _ w»
> ( 3 (= )b gep o e(2) *)x"” "

w=1 B=0

and, by virtue of the relation

P P P w—1 »
) E " Gy, x@P—NIP => x(p—u)/pl: Z Xy + O aﬁw—r.v],
w=s] pa=1 r=w

W] p==1

we have

P
S:.i z x(p— )/pd”_k"(x)

pa=1

k J—h—1 m

P w—1
- E x(?—w)/r[ Z Z E Z C’;_ac,;+ﬂc:—m+3€‘(p—w+’)/?(m _ 6)!
w=1

y=1 m=0 P=0 3&=0

m—8+8 i—l(k—m)x—(m—l)

X 6'(" 1) gm—5.8 dn—k.r(x) h+-BNw—»

®

k ih-

P 1 m _ — ~—
+33 Y S CnaCleTe ™ m - sywi(— )™

r=w m=0 f=0 =0
i—1(k—m) —m
X gm—8.8 dn-k,r(x) h+-fNw+p—» (x)x ]’

By (4b), (4c), (6) and (8) we obtain from (5)

~1 » » .
© L) = X X log's ™7 "wis = o.

h==0 w=1

Here

h,w,i—1 h,w,j—1 h,w,i—1 h,w,j—-1

92) Wiw=Wy"" +wy" T +wyt T+ wh

where

93
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n  j—h—1

Wy = Ew) X X C;”(— 1)k+ﬁk!gk.ﬂdn—k.ox—‘
k=0 p=0
(9b) n j—h—1
A8 k+8 -k
+ 2 X Ch (= 1) R grpdasw(2)%
k=0 p=0

(((w) = 0 forw # p; £&(p) = 1),
. n n—k j~h—1 m
w2 S '_,V_‘, S e e (m — a1

(9c) k=m0 m=0 B0 =0
m—3+4-8 i—1(k
X éli(—=1) * Emt.8 Gn kom0 MM ®

(®)x
n n—kw—1j;—h—1 m

a1 kim hiB kb (p—b)/

/SRS Y5 3D DD DD Mok i o aiiid
k= =0 - -

(Qd) 0 m=0 {m=l Pum=0 =0

m—b48 i-1(h)

gm—8,8 Gnt—m, 0 (%) ripms

—(m—1)

X (m — 8)16I(— 1) (%)=

and

n n—k p j—h—1

(96) W:l-w-i—l = Z Z Z E EC::I_-':C:+5C:+JC;P—D/P

k=0 m=0 {mw Lm0 =0

m—8+8

—1(k) —
X (m = )= D" gms s Gnbom ot ot (%) negmy (D)2 .

Now, in view of the formal facts involved, (9) implies that the an —'(z)
necessarily satisfy the set of equations

-1

W}.,u =0

(10) . .
(=0, ,j—Liw=1,---,p;7=1,---,¢).

On making use of (9a), (9b), (9¢), (9d) and (9¢) equations (10) are seen to be
equivalent to the differential system

—h—1 n P

j—1 h,w j—1(k) Rw,s
Thw= 2 2.0 s0rk(®) neamr  (2) =g (%)
P00 kw0 {m1

A
(2) (h=0’la"')j—1;w=1)"':?)’

where the 5,57~ 1(x) are to be regarded as variables; moreover, (A,) is for-
mally satisfied by the series (1a). The coefficients in (A,) are given by

n—k m

sarvx) = 3 3 e e e m — 51

(11) m=0 §=0
X (= D" gy pdnim,w-t(2) 2~ ("D =1, w—1),
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n—k m
601 (%) = 2 2 Con CoCs e (m — 5)t01
(11a) m08=0
X (= 1) 480 s 8dnt—m,wotpi(2)x™™ C=w+1---,p),
n—k m
s0un(®) = 2 3 Car s e m — sy (— 1)
m=0 =0

n—k m
(A1D) X gmspdnimor "+ 3 3 CERCICI P

M0 3=0

X (m - 6)!6!("" 1)”“”33,»-5,5 dn—k—m.p(x)x-m

and

(11¢) &) = —wy (cf. (9b)).
Further calculation leads us to conclude that

A S hw A how,i o~ hw,i A
(12) pori(%) = 2 popans , g (D=2 % ,
A—0 =0

where the series involved all converge in a neighborhood of infinity, and

SN m—8
how e k+m k8 _k+3_ (p=1)/p m—3+8
Borar = O 2. CmisCs Cs Ci  T(m— 8)l(—1)
BSEmEn—k =0

(12a)
X gm—J.ﬁdn—k—m,()\-—m)ﬁw—{’ (g' = 1) ) w — l)y
mSA\—1 m—fB m
lren = 2 Y CancseyTe  (m — 8!
(12b) BSmSn—k 3=0
X (= 1) s 8dn tmoa—mptot (E=w+1,---,9),
Ba::.k:l = thaxC:wC?&C;p— )IPO\ — 8)ol(— 1))‘ sng-s.p X Bn—i-,0
=0
mSA—-1 m—f ™ w
(12¢) + X St m — sy
BSmSn—k 3=0

X (— 1) m-a+ﬂgm—8.ﬁ dn—k—m. A—m)p-

It is noted that, according to Definition of §3, the d;,; occurring in (12a)
are of index A\+£, while those in (12b) are of index A+%—1, and the index of
the d; ;in (12c) is N+k. Thus, by (ii) of Lemma 1,

hw A+ Ek=¢—1 ¢ = w);
13 a =20
19 ponkN {A+k§¢ ¢ > w).
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It is observed, moreover, that in the summations of (12a) and (12b) we have
B=<X\and B <\ —1, respectively; also, in the first summation in (12c) A\—8 20,
while in the second summation 3 <\ —1. Hence

how A=Sp-—-1 = w);
(13) plr by = O{x <8 ¢ > w).

Finally, since in (12a) and (12b) 8 <#n—k, we conclude that

(13b) stsen = 0 B+ k> n;¢ = w).

In particular,

h,w k+8 _h+8
(14) s0uns = Cs Cs Blgs.p dntp.0,
so that
0 h,w
(14a) ptus =0 (E+B=<¢—1), poers=0 (k+8=9¢).

Also it is observed that
haw
(15) 00¢.k:0 = Gnk, w0t ¢C=1---,w—1).

LEMMA 2. Write the ¢ formal solutions (1; §3), (1b; §3), corresponding to a
root of multiplicity ¢ of the characteristic equation associated with the differential
equation (A1), in the form (1), (1a). The formal series (1a) (with j fixed) will
satisfy a “mixed” differential system (As), whose coefficients are convergent series
given by (12), (12a), (12b), (12c), (11c). The coefficients in the series (12) will
satisfy (13), (13a), (13b), (14a).

5. The corresponding system of integral equations. In the sequel, un-
less stated otherwise, we shall write

t=|t|e"

where 7= (—1)'/2; moreover, the integrals

A
0 ’ 0
will be supposed to be extended over the ray (0, «), of angle #, and the rec-

tilinear segment (0, #), respectively. The variable x will be so restricted that

(1) lim | ets| = 0 (every a > 0),

t
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when |¢| > along the ray (0, «) of angle . As is well known, we have then
formally

(2) a(x) = i QG xt = Lwd(t)e"dt,
=1
where
- (= 1)a,
(22) alt) = Z;o G g, = oo
Thus the series (1a; §4) are formally representable as follows:
3 mf:l(x)(= é h"]{;ql-wx—)‘-l> = Lmhﬁi_l(t)e”dt,
where
(3a) W0 = Sl ik = S ik,

With the part within the parenthesis deleted, (3) is to be considered as a
transformation which will be applied to the differential system (A,). The
coefficients in (3a) had been previously defined by (20, 22, 23; §3). The latter
relations, while useful in proving Lemma 1, are impracticable for the purpose
of establishing convergence of the series (3a) (in the neighborhood of ¢=0).
Their convergence, however, will be proved in the sequel with the aid of a
system of integral equations and a dominant system of integral equations
(§6). Besides, the integral system, to be established below, is to serve a cer-
tain other purpose (§7).
In carrying out the transformation (3) it is observed that, formally,

@ e V@) = [ il 0
0
and that, for A1,
_ . © t — ¢ A1 . z
da) & wami (@) = — f [ i L, ‘(ﬂdr] ¢'"dt
0 o (A—=1!

provided

t . 0
s) [ ¢ wl0a™] =0

0 L)

(k=0,1,---,m;h=0,---,j—1L;w=1,---  p; H=1,2,--.),
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In (5) the displayed integration is iterated H times.* Furthermore, by (4a)
and (12; §4)

hw i—1(k) ®ez[ mw & _jm1
80k (%) apemy (%) = f € [aar,k:ot ety ()
0

LS aw (T — M1y e
- f (Z BOE k: ) ——-——r)hwﬂ; l(r)d‘r] dt.
0

A=1 =1
By virtue of (2), we have for the last member of (A,)

(6)

(62) o) = [ eprmia,
[1]
hw, 5 had hw,i o v—1 Jhw,j (_ 1)' Aw,j
(6b) 2 W=25 ;b = &
=] (” - 1)!

On account of convergence of the left members in (6a) it is observed that the
left members in (6b) are entire functions. On making use of (6) and (6a) it is
seen that the system (A,) is formally satisfied if

21 2 e i1 212 e _in1 hw,i
D Db () sy () = 2 gcr (4, 1) nigmy (M)dr +3 T (8)
(1) =0 t=1 p=0 =10
(h’—:O,"',j"“ls‘“’=1”“,P)-
Here
R Ld A w
(7a) b “(0) = 2 poriiot
k=0
Aw 22 hw (=
(7b) gt (6, 7) = 20 2 80ka )

_—T
A1 km0 -1
and the series (7b) are entire in zand 7.
Since by (13a; §4)
p05 a0 = 0 B>0;¢ < w), s0ra0 =0 € >w),
it follows from (7a) that

Aw
® by (1) =0 B>0;¢=sw)),
h,w
(8a) by (£) =0 ¢ > w).
* Those of the steps which at first can be considered as valid only in a formal sense will be

finally justified. Thus, absolute convergence of the integrals (3) (for certain suitably defined func-
tions), as well as the relations (5), will be later established.
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Thus, the only functions (7a) which could possibly be not identically zero
are the ob**(#) (f Sw);in view of (7a) and (15; §4) they are of the form

(9) Ob’;'w(t) = i dn—k,w—f tk= bw_r(t) (g‘ = 1’ ey, cw).

In particular, since da—4,070, 5°(f) £0. Thus the left members in (7) may be
replaced by

(10) S50 .

£=1

The coefficients in the system (7) will be now investigated in a greater de-
tail. From (7b) we have

hw P& hw & ¢
66 (8, 7) = D D pCtingl T

8=0 g=

(11) © qno —1 (— 1))\—1—
= E 2 Z C:_l I ﬁa::::xtx_l_r;“,

A=l ke 70 - !

so that
841 (— 1) hw

11a 8,q = C+ I ,q—T; 847 2 - n).
(11a) 8Ctheng r_Zo T )!ﬁdrq +ril (rzq—mn)
Thus, on noting (13; §4), it is observed that
(12) pcting =0 s+gS¢—2¢=w),
(12a) btieg =0 G+gse—1;0>w);

moreover, by virtue of (13a; §4), the summation in the right member of (11a)
is extended so that r <¢ and

r20r2g¢g—n;r2—1—3 (whens+¢=¢ — land { < w),
r20;r=2qg—n;r=p—s (when s + ¢ = ¢ and { > w).
To establish properties at infinity we first note that, in view of the satisfied
conditions of convergence,
hw how,§ A
(13) | sogikn ], | & ,I < Rp .

These inequalities are valid for all possible values of the superscripts and
subscripts.} By (13), (7b) and (6b) we shall have (exclusive of a small vicinity

1 o* here denotes a power of p.
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of 7=0)

t A—-1 "
a9 T)|<szzEL_Z'—’—|T|"<R~17|e"”'
A=l k=0 1)!

and
1
(4a) | gei) | < ko S L (e] 2] < R'oll,
= -l

Consider the coefficients in the left members of (7) (cf. (10)). It is noted
that, since the du_x,v—; ({=1,---, w) in (9) are of index %, application of
Lemma 1 will yield the result
b”_r(t) = t"’d"_‘(t), dw"f(t) = d,,_¢,w_{ + dn_¢_1,w_{t + AR + do,w-tt“-‘
(15)

(§=11""w)-

On the other hand, since d,—4,00,

t 1
15 = =d(@) =d it + -
(152) b))  dugot+ -+ doot™? @ o htt

(do # 0, # °°).

Let P denote the complex t-plane excluding small sectors, each with vertex
at t=0 and containing the poles of d(t) (15a) in their interiors.
From (15) and (15a) it follows that

(16) |d@)| < a|t|-n+e,
(162) |a=@)| < af ]~ ¢=1--,w
when ¢is in P, exclusive of a small vicinity of £ =0.

We shall now proceed to derive a modified integral system. From (7), in
view of the notation introduced in (15) and (15a),

. w—1 .
£ e @) = — 2 A@8"T ) i )+ d0F )
an ~

i—h—1 »p

+X X d(t) ﬂﬂr (8, 7) nasiis ("’)d‘f

f=0 (=1
(h=0>"‘,j—1;w=1)"”P)°

It will be demonstrated that (17) can be brought to the form

i—h—1 »p

A Ll =X > RO 1) gt (i + g

B=0 (=1

(h=0,"°’.j_1;w=l:°"’p)'
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It is noted first that from (17; w=1) the equations (As; w=1) are obtained,
with

(18) e (1) = d) et (8 1),
(18a) *ghLi(s) = d(HFA().
Suppose that, fore=1,2,- - - ,w—1 2=5w=p),
. i<h-1 p Ly ho . i
19 L =X 2| bl st (4.
P =1 0

Substitution of (19) in (17) will result in equations of form (A;), where

(20) T = d0) sl ) — AR X s 1),
(202) rghoni(l) = dOPI) — 3 A gHI(E).
om]

Relations (20), (20a) have been established for w=1 in (18), (18a). Thus, it
follows by induction that (7) is equivalent to the system (A;), where the co-
efficients are defined in terms of those of (7) by means of the recursion rela-
tions (20), (20a).

In view of (15a), of the nature of the coefficients in (7) and of (20) and
(20a) it is concluded that the coefficients in (As) are meromorphic functions
(in #), whose #-poles are at the non-zero roots of the characteristic equation
of (A)) [of (A), of course]. The *sc;**(¢, 7) are entire in 7. Accordingly,

* B,w < - *x h,w s
(21 ger (7)) = Z Z pc;;,,,t‘rq,
=0 gu=0
* hw,i o\ % hw,ie
(21a) g W) =2 g, t;

here the involved series converge for |¢| <p’. On using (18), (15a) and (12),
(12a) we obtain

S¢—2 = 1);
(22) otieg = o{s te=9¢ (€ =1
st+g=¢—1 & >1).
Assume the truth of the following (for o =1 already established in (22)):
. S¢—2 s o0),
(220) M=ol P15 (=)
stgs¢—1 ¢ >1).
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In view of (20), (15), (15a), (12) and (12a), the relations (22a) would imply
that

0 +Q§¢—2 (féw),
23 *h" =0{s
@3 et T st gse—1 > w).

By induction it is inferred at once that (23) holds for all values of the in-
volved subscripts and superscripts.

Let Py denote P (cf. definition following (15a)) with a sufficiently small vicin-
ity of the origin excluded. By (18), (18a), (16), (14) and (14a)

(24) |oee’t, ) | < dR"| ¢]*

’

4 |—” pl t—r|
—_ [

(24a) | *ghri()) | < dR”|t|#| t]-me't (| 7] = B > 0; p small)
for ¢in P,. It will be proved that, for ¢ in P, and R, sufficiently great,

w t ™ .
(25) |56 °¢, D] < Ro|t]*| = | & (|| 2,

(25a) | *ghwri() | < Ro| 2|#| t] et

for all values of the involved subscripts and superscripts. Suppose that, for
some positive Ry, for ¢in Pyand || = 5,

—n
plet—r|

’

(26) |5t (6 7| < Ra|2]*

t
T
(26a) | *ghei(s) | < Ry|2|#] t]-meet

(e=1,---,w—1;2=5 w =< p).
By (20), (16), (14), (16a) we would have in virtue of (26)

—n
ple—r|

; _
— | &R + dpRy).

@n |5t n) | < ||

On the other hand, in view of (20a), (16), (14a) and (16a) the implication of
(26a) would be

(27a) | *ghwei() | < | 2]#] ¢]-mertet.

Here (27) and (27a) have been established for ¢ in P, and for |r| = 5. The
truth of (25) and (25a) follows by induction.
We formulate the above developments of this section in the Lemma.



1935] LAPLACE INTEGRALS AND FACTORIAL SERIES 103

LEMMA 3. The formal series »7.,/~(8) (cf. (3a)), connected with the formal
series (1; §4) by means of (1a; §4), satisfy a certain integral system (As). The
coefficients of this system are defined by convergent series (21), (21a); they are
meromorphic functions in t, whose only finite t-singularities are poles at the non-
gero roots of the characteristic equation of (A:) (of (A), also). The ;c’;-"(t, ) are
entire in T. Moreover, inasmuch as properties at (=0, r=0) are concerned, these
coefficients satisfy (23). On the other hand, essential properties at infinity are
characterized by (25) and (25a); these inequalities are valid for |v| Z5>0 (5
sufficiently small) and for t in P, (cf. definition preceding (24)).

6. The dominant system of integral equations. In proving convergence of
the formal solutions A7./~(f) (3a; §5), of the integral system (As), the method
of successive approximations (used with success by J. Horn in analogous, but
simpler, situations) leads to apparently unsurmountable algebraic difficulties.
Accordingly, a different method will be employed. We shall establish a domi-
nant system of integral equations; that is, a system from the convergence
of whose solutions convergence of a set of solutions of (As) can be inferred.
It will be necessary, first, to derive in detail the relations satisfied by the
coefficients of the »7.,/~1(#). On using (3a; §5) and (21; §5) it follows that

t Ao -1 o N ¥ Aw i-1
1 fc t, T 2 (r)dr = Ci:a, Mgy ———*
¢)) oﬂt( ) wemr (7) '_Emggon H hgiltir

fetH+r+1

Also, by (3a; §5),
(1a) £ e 1) = 2 wimaessr
a=¢—1

Substitution of (1), (1a) and (21a; §5) in (As) gives, after a suitable arrange-
ment of terms,

[ = —1-h p Coe o H_ .
Bttt = 5[ T 5 5 (8 i), il

a=¢—1 e=0L gm0 t=1 w0 \z—o H+v+1

2 hed 0,
( ) + Z * ’;.,.1 1tq+1
=Z»fw:qt (h=0,1,---,j—1;w=1,---,p).
q
By virtue of (23; §5) it is concluded that in (2)
Moig=0 (h=0,1,---,j-—l;w=l,---,p;q§¢—2).
Thus (2) is formally possible if
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-1 i—h—1 p q—¢+1

- -1 *h,w,§
3) Mooty = 20 20 2 8Kt o(*6) asiitr + Zort
fm=0 (=1 y=0

(g=¢—-1,¢¢+1,--- ;=01 ,j—Liw=1---,9),
where, for { >w, the summation with respect to » is extended from »=0 to
v=g—¢, and

h,w = 1 * h,w
3a K v * = I : q=v—H,H -
(3a) 8K¢.5: o(*c) 2_':03+v+1'3€“ H.H
From (3) and (3a) it is inferred that

~1=h

*h,w,7 i—1
K(h, w, q; *c) Vi q—(é—l) = g + 2 ﬂKw e=9+1: (*C) A+87w: g (8—1)
B=1
1—h-1 w-1 i~h—-1 p q—¢ i1
@ 4% eKtaerra (%0) nisitaen + 30 2 2 sKtom (%) rsits
B=0 (=l B=m0 ml =0

(h=0,1,"':j"'1;'w=1,"‘,1’;9=¢—1,¢,¢+1,"'),
where

#=1 1

(4a) K(h, w, q;%) =1— _—
(k, w, g; HZ_% R

We note that the K(k, w, ¢; *c) may vanish, if at all, only for a finite number

of values of %, w, g. The equation (4) may be solved in succession according

to the scheme

* h,w
0Cw: ¢—1—H ,H »

h=j—1(w=1,---,9)

h=j—2 =1"")

h = (w=1,---,9)

If some of the K(k, w, ¢; *c) are zero, a remark entirely analogous to that
following (24; §3) will be valid, and some of the #7~! may be arbitrary (this,
of course, corresponds to the possible arbitrariness of some of the »i-1). It
is also observed that none of the *¢, occurring in (4a), are involved in the
second members of (4).

Let (4) denote the set of equations (4), where the 777, the *ghnid and the *c
are replaced by 771, g,_,_l and ¢, respectively. Choose

(6) ocfou;q-u g=c>0

H=0,1,---,¢—Liw=1,---,p;h=0,---,j—1),
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where c is sufficiently small so that

(6a) K(k, w,q;¢) >0 @gzo—L,w=1,--- ,p;h=0,---,7—1).
By (6a) and since

lim K(h, w, g; *c) = 3in: K(h, w, q;¢) = 1,

g
we have, excluding the values %, w, g for which K (&, w, ¢; *¢) =0,
K(h, w, g;0)
| K(k,w,q;*)|
(w=1, - ,p;h=0,---,j—1;9g2¢—1).

(6b) 0< < B(>1)

Furthermore, take

h,w P+u§¢_2 (1§§'§W),
7) 5-:.u=0{
( prie ptuse—1 (w < ¢S 9);
(72) Zen =0 (@=—1,0,---,6—2);

on the other hand, let the other ¢ and g (that is, those not referred to in (6),
(7), (7a)) be positive and greater than the absolute values of the corresponding *c
and *g. Since K(k, w, g; ¢) #0 for any of the involved values of 4, w, ¢ it is
observed that equations (&) determine all the yi7i.;' uniquely. By virtue of (6a),
and in view of the assumptions concerning the ¢ and the g we conclude that
the i are all positive. We now prove that, with B of (6b) sufficiently great,

-1

(8) Ihﬁl’o—il <Cl+l AMw: 1
C=B"h=0,1,---,j—Lw=1---,p1=0,1,---).

Of course, when there is any arbitrariness in the determination of the 71,
we shall take some particular set of the 77-1. By (4a) there exists an integer

go=¢—1 such that
©) K(h, w,q;*) #0
(h=0,1,"‘:.i"1;'w=1,"',1’;q=90,qo+1,"')-

Let the #7-! be assigned some particular admissible set of values. There will
exist then a number B so that not only (6b) holds but also

(98) | ] < € afiecy
(C=Bip;h=0:11""j_l;w=1)""?;l=0;1""190_¢+1)~

The essential fact is observed that, for ¢=gqo, equations (4) define the
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¥ira—s41 (= go) uniquely in terms of certain other 7i-1, previously defined
or selected in a definite manner. Suppose now that

| hﬁt:—ll I <C i m'zi.:

(h=0,1,"‘:J'—.l;‘“’=1,"',?;l=0,"',¢1-¢)

where ¢—1 2 ¢, (this secures ¢—¢ 2 go—o+1).

Since the sK;,i..(*c) are forms, with positive coefficients, linear in the *c,
it follows that

h,w Ah,w

(10) | sKriio(*e) | < pKriio()
for all involved values of the subscripts and superscripts. In view of (10) and
(6b), application of (9b) to (4) would yield the inequalities

(%b)

-1

' hﬂw ‘—¢+1| < _how, i

B [ P hw -1
———— 1 8¢ + 3Kw, —o+1: ¢(€) Hﬁﬂw —¢+1
K(h, w, q;¢ ) a+ E q—o+1:i g I q—¢+ |

~h—1 w—1

(11) + 2 X nKr o—o+1: o(€) | n+ie: q-¢+1|

=0 {=1
i—h—1 p
_i—1_»+1
+ T T weitic™]
Pl el rm0

From (11; h=j—1; w=1)

_i-1 B i-1,1,f LA i-1,1 _i-1 41
| safit: gmgr | < = - [§ o+ E oK¢,v: o(€) j—1iit: » C ]
) | K(J -11, q; C) ! $=1 r=0 o

q—¢+1 _i-1

< BC i-1711: g—¢+1-
The latter inequality is obtained using the fact that C>1 and that the ex-
pression within the brackets in the second member of (11a) would be equal
to K(j—1, 1, g; ¢) if C were replaced by unity. This type of reasoning is em-
ployed in the sequel, but no explicit reference will be made to it. Assume that

g—é+1 -1

(11b) | ;-1ﬁ;:—:-¢+1| < B¢ i-1ltg—e1 =1,---,w—1;2 < w=p).
By virtue of (11b), (11) would imply that

Bvw(Ca—¢+1 [ ;':]i wB—(w—l)C—(c—¢+1)
KG—1,v,q;0

(11a)

I . ¢-¢+1| <

i-1,» _i-1 — (w—1—)
+ 2 oK, o-g+1: o(€) j—1fit: g—941 B
(12) pat
»
i-1,» _i—l _—(a—¢—7) ,—(w—1)
+ E Z OK{‘ »: q(c) 1—117{‘ rC B ]
Sl v=0

v _g—¢+1 -1
<BC i—1Mw: g—¢+1+
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By induction it is seen that (11b) is valid for { =1, - - - , p. In particular

a—¢+1 -1

(13) | iris: q—¢+ll < B’C itigg—er1 (=1, ,8).
Suppose that, forA=j—1,7—2,- - - | h4+1 (0=Zh=<j-2),

1 (-Mp a—¢+1  _j~1
(14) | stz a—si1] < BT TCTTT i gegn C=1---,p.
By (11) we then would have
B IR W _i-1
— < ——-—]|¢ K é —
Imx e+ KO 1, ;¢ _)[g,“ +Ea ret1: o(©) hagi g—ptt
(14a) h-Bp | Texl & A —-1_»
X CHBPT LS 5 S k@ st |
B=0 (=1 =0
< BB(:-h-l)qu—¢+l hﬁ;:—:—¢+1-

Assume now that
15) Mitra—st1 | < BG=4-Dp Bt Co—¢t1 Mitsa—stt

(§=1)'°"w—1;2§w§9);

in (14a) these inequalities have been demonstrated for w=2. From (11) we
would have

B how, i i—1=h

m[é«u + E pKw a—s+1: ¢(€)

| Wi gttt | <

—h—1 w—1 1'—1

_i-1 (i h—ﬂ)p g—¢+1
X +8l0: ¢—g+1B +2 X aKr a—o+1: g(€) h4BilE: g—g41
p=1 =1

(15a)

(i—-h—B)p a—$+1 _i-1 (i—-h—1)p
X B C + Z OKt a—s+1: ¢(€) Mig: g—p1B
t=1

i=h—=1 p

Y ¥ E aKr v o) Hw;_:Cm]

P=0 w1l y=0

(=h=1p_w_q—¢+1 _i-1

< B BC hﬁw: g—¢+1.

Thus (15) holds for { =w and, consequently, for {=1,- .-, . Whence it
follows that

(i—-h)p q—9+1 i-1

C Wit g—g1 C=1---,9.

This, however, means that (14) would hold for A =7 if (14) holds for A =j—1,
j=2,- -+, k+1.For A=j—1 (14) is observed to be true; thus, (14) holds for

lhﬂr c—¢+ll <B
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A=j—1,7-2,...,0. The latter fact implies that

(16) Ih’lr e <CTF Mita—stn  (h=0,1, -+ j—1;8=1,---,9).
Since (16) is a consequence of (9b), inequalities (8) are seen to be proved.
We observe that the following fact has been demonstrated.

Let the ¢ and the g be numbers satisfying (6), (6a), (cf. (4a)), (7), (7a) and
also satisfying the italicized statement immediately following (7a). Let the coeffi-
cients in the series
an e = X vt (B=0,---,j=Liw=1---,p)

=0
be defined by the equations (4), formed with the mentioned ¢ and g and charac-
terized in the italics preceding (6). In view of (8), whenever the series (17) all
converge in a vicinity of t=0, the same will be true (in a possibly smaller vicinity
of t=0) for any set of formal solutions si.(8) (cf. (3a; §5)) of the integral sys-
tem (As).

We are now in the position to form a system of integral equations

i—h—=1 »p

A L aan@) = ﬁ}: > scr @) wegit (@dr+ 20
=0 el
(h=0,-++,j—1;0=1,--+,p);
here
(18) B =2 D st =2 a".
80 gm0 =0

“This system is satisfied by the set of formal series (17), defined by (4). Choose
¢’ sufficiently small. Let r be a sufficiently large positive number. Moreover,
‘we shall choose

M =~ S B H
(18a) i 1) =2 2t T ¢ s w),
f=p—1 Hw0
Aow d ‘imm
(18b) 8Ct (ta 7') = Z "Z‘ T (l‘ > w)’
=g H=0
(18¢) ghewi(t) = 20 1,
-
except that
—1 © [ I
{18d) en (1) = E PR SV e
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These series, of course, all converge in the vicinity of (¢=0, 7=0). It is seen
that the constants, occurring in the second members of (4), will then be

Mhw +u _hw q—o+2
(19) ¥Ct:pu =7 et1 =7 ,
while
LA é=-1
(19a) o€w: g—1—H.H = C'r = ¢.

The corresponding set of equations (4) is not practicable for a proof of con-
vergence of the solutions (17) of (A;). Hence use will be made of a different
set of relations, obtainable by utilizing the special form of (As). In fact, (18a),
(18b), (18c), (18d) are equivalent to

Aw 1 pHup u
20 & (1) = ——————— — / =<
(20) et (¢, 7) Y= H_E;_zf T ¢ =w),
h,w 1 U4 p u
20a ey (¢ = —— - t >
( ) 8Ct ( ) 7) (1 _ ft)(l ) H-E‘-lf T (;- w),
(20b) ghei(t) = nt¢/(1 — 1nt),
except that
hw -1 %2 o1m H 1
20c) Cw (5, T) =C'r T —_— retugpry,
( ° ’ H;o 1 —=r)(1 —rr) p+u§§:¢—1 !

Substitution of (20), (20a), (20b), (20c) in (Aj) results in

. -1
. idh 2 tyipiiy (7)dr
(t¢ _ ’t¢+l) 1;7-): l(t) = Z E 87 ( )
=0 t=1v0 1 —rr

-1 - _ ¢ .
—A= T T - f e (Pdr
Hw=0 [1]

(21)

i~1—-h p

¢
ptu p pt+utl o+ _i—-1
“X T X = [ il e
=0 {1 ptugé—2 0
i-l-h . é—1

¢ .
—_— r¢—l Z Z E (t¢—l—u _ rtdt—-u)f 1'“ Hﬁﬁ;—l(r)dr + ft‘
B0 Pmmt04-1 u=0 0
(h=0,---,j—Lw=1,---,9).
On using (17) the following formal relations are obtained:

o+ Pp—1—A

i—1
taigiic (r)dr had "l ar .o
(21a) f = 2 | 2 wesfiea i,
0 - rT sm—¢+1 \  Am0 o+ s
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(2 lb) f ¢ u _i—l( )d i i1 jetutl
T T = g ————————
. MM \T, ~ h+BN%: 8 st+ut 17
" g ('8 _i- s ﬁH r ﬁi_l
¢—1—. ¢—. 1 Mw:e Mw:s—1\ s+¢
21c) (¢ - f o dr = ( - )t ;
(21¢) ( )o‘rm (r)dr .Z_E,s+H+1 1)
moreover, by virtue of the relationship
o $—2 [ ¢—2
D22 sttt = 3 gyttt (here g, = O for ¢ < 0),
=0 $=0 swm—ot+1 $m0
it follows that
¢ .
T = [ vl e
pHus¢—2 (]
(21d) 1 41

- T A+BiE: dhe—1—i T AaiE: re—2—i ]o+a
- t .
.-§+x §.§[¢+s—t+u ¢t+s—1—i+44u

Substituting (21a), (21b), (21c), (21d) in (21) and observing that for s <0
the coefficient of £#** in the second member of (21d) may be written as

HTL L prbein
MBI
A=0 ¢+
and that for s =0 this coefficient may be expressed as
¢+a—1 ¢+a—1—-\ 2 é¢—1
17 r _i-1
POV TN - —— a8ii:e
x§1 e ¢+ ET: #+s+1
we obtain
-1 i1 i=1-h p f_l yrté—l1-2
Muw:s =1 hﬁ;:c-l + Z E Z aslE:
p=0 =1 ¢+ s
=2 - -1
_i-1 4 4 -1
+ 2. msiis: '————-—) - (1 =) 22— i
Ep H + +1 Z‘o s+H+1
NP s SRS S Y > A 5
22 1—-¢ 7lw -1 = EEE—— Hﬁﬁ(’:l
H=0 + H fm0 pewt1H=0S + H + 1
i—1-h P

Mg ot + EG)r

+EZZ

p=0 pm=wilH=o S+ H
(s=0,1,---5h=1,---,j—Liw=1,---,9),

where
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0 (s>0),
(222) (0 = {, s
On writing
#-1 ré-1 s g
23) q.=HE-oS—+—E:_1’ q-.=1§o S+H’ 8) = 1=,

¢’ being small enough so that g(s) >0 for all s>0, and observing that in (22)
all the 473" (¢ >w) cancel, we have

~1-h w

. w—1 =
g(s) L".l:o:: =g, mr . + @ 2 M—ﬁﬂi ,

=1 P=1 ==l

i~1-h w '0 it
+ (rg(s — 1) + Gi-1) mu o—l + E — A48Tz 01
p=0 t=1 ¢+ 5

i—1-h i—1-bh p -2 i1 yo—1-Mgé

+4 X2 Zh+ﬂ7lrc—l+2 PIDIFIT. 9N

B=0 fmw+l f=0 {ml AmO o+ s
+£(3)' (s=0:l"";h=01°'°aj—1;w=l:°°':P)°

(24)

In view of (23) there exists a number % so that

(25) g - DA+ a) <,
8(s)
and such that, fors =1,
(25a) Gey oy r < L
o+s s

Accordingly, the following inequalities are obtained from (24):

. ~1-hA w -
gt < kz( SIS S it )
(26) =1 Pm=1 =1

i—1—h »p i=1-h p s—2

+EY St + 2 S it

=0 {1 S Bm0 =1 A=0
(B=0,---,j—Liw=1,--,p;5=1,2,--+).

With the aid of (26) convergence of the series (17) will be proved. For
some positive @

27 Mino < @ (h=0,1,---,j—1Lw=1,---,p).

Let 5o (21) be a fixed integer. Depending on s, there exists a positive num-
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ber p, which will be taken >7, so that

(27a) Vw1 < apt
(l’—‘o’l""’30—1;h=0’1""’j_1;w=1:"°’f)‘
By (26), formed for s =s,, it will follow that

w—1 . i—-1-h w o1

-1 - i—
(28) l"-lwtto < k2 E Aﬁ;i"‘o + k? E E ’H'ﬁﬁf:'lo + apip
Pl =1 f=1

(h=011:"”j_l;w"—‘la"':?),

where p;=2k%p and so is independent of p and s,. In particular, from (28)
we have

_i-1 8,—1
i—1M1:0, < GP1P .

Suppose now that

ititzey < Opuerp ¢=1-,w—1,25w=yp),
where p,_, is independent of p and s. From (28) it would then follow that

_i-1 8,—1
i~tiue, < Gpup (po = k2ppu— + p1).

Accordingly, by induction we have

(29) itia, < akip’" C=1,2--.9),
where %, is independent of p and s. Assume the truth of the following in-
equalities, reducing to (29) for k=5—2:

—1

(30) V-l;:_-l. <akisap
()‘=j_1)j_2;""h+l;{=1)"':P;O§h§j-2):
where k;_;_, is independent of p and s,. From (28) we then find that

_i-1 &o—~1
M, < akj—h—l,lp )

where k;_p_11=k%pk;_r—1+p1 so that k;_»_,, is independent of p, so. It is
furthermore noted that the inequalities

8o—1

-1
(31) Witie, < GRjh—1,0-1p ¢=1---,w—1;25ws= ?)n

where k;_s_1,»-11s assumed independent of p and s,, together with (30) would
imply, by virtue of (28), that
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(31a) Winies < Chiborwp s

(31b) kin,0 = k*PRir1,0-1+ ¢pkin + p1.

Thus,

(32) hﬁ;:‘.l., < akf—hl;o—l ¢C=1---,p),

k;_» being independent of p and s,. The inequalities (30) imply (32); whence
we conclude that for some %, independent of p and s,,

(33)  wira, < akp’” A=j=1,7=2-,08=1,---,p).*
Choose the number p, first introduced in (27a), so that p=k. In view of (33)
it is then observed that (27a) holds not only for (I=0, - - -, so—1; A=0,
1, - -,j—-1; w=1,-- -, p), as originally stated, but necessarily also for
(l=s0; k=0, - - ,j—1;w=1, - - -, p). Since inequalities (28) remain valid,
when s, is replaced by any positive integer s, provided only that

(34) Vi1 < ap'
(l=071r"')s'—1;h=07"°’j—l;w=11"°)p)i

it follows that (34) is valid for ¢=0,1, - - - ; k=0, - - -, j—1;w=1, - - -, p).
By virtue of (34) the formal solutions (17) of the dominant system of integral
equations (As) all converge for |t| <1/p.
7. The main theorem for differential equations. On taking account of
the two italicized statements, one at the very end of §6 and the other pre-
ceding (As) (§6), the truth of the following lemma becomes evident.

LeMMA 4. Suppose that a system of integral equations (As) (cf. §5) is given
with the following properties:

(i) Tke coefficients of the sysiem are series of the form (21; §5), (21a; §5)
convergent for |t| <p’, || <p'.

(i) (23; §5) is satisfied.

(iii) The system possesses a full set of formal series solutions i, (£) of the
form (3a; §5).

Under these conditions, the elements of any set of formal solutions, referred
1o in (iii), will all necessarily converge in some vicinity of the origin.

It is to be noted that this lemma makes no reference to properties of the
coefficients of (As) at (f= 0, 7= ); it also makes no reference to the manner
in which such a system might have originated. In view of Lemma 3, it is

* , in general, depends on 7.
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observed that Lemma 4 is applicable to the particular system (Aj), estab-
lished in §5. Tke formal solutions of the latter system, therefore, all converge in
some neighborhood of the origin. We shall now prove the following Lemma,
referring to properties at infinity of the analytic continuations of the an-
alytic functions so defined near £=0. '

LEMMA 5. Suppose that a system of integral equations (As) is given which
satisfies the conditions of Lemma 3. The elements i, () (=0, - - -, j—1;
w=1, - - -, p) belonging to any particular set of solutions of (As) (as follows
by Lemma 4, they are necessarily analytic at t=0) have analytic continuations
in Pq (cf. italics preceding (24; §5)) for which
(1 st @] < Ce™
along every ray I(=£1t) in Po. In (1) C and q are positive, sufficiently great, and
are independent of & and |¢|.

(h=0,l,~--,j—l;w=1,-~,1:),

The proof of this Lemma will be somewhat similar to that which J. Horn
gives in proving certain inequalities analogous to (1). We confine ourselves
to some particular set of solutions of (Aj). C will be chosen a fixed value
such that

o)) | simeo| < C (h=0,1,---,j—Liw=1,---,p).
Then

~i- .
3) wie @] < Ce™" (h=0,--,j—lw=1,---,9)

for |¢| <7° (r° some positive number) and for every ¢ 20. It will be supposed
that the constant p, occurring in (25; §5), had been chosen suitably small and
so that

(3a) 0<p< .
Suppose the Lemma is not true. Then, for some ' >7° the inequalities

(4) | sie (1] < Ce

will be valid for |¢| <7’ along every ray #(=Z#) in P (cf. definition following
(15a; §5)), while, for some 2=4" and w=w’, we shall have

(h=0,---,j—Lw=1,---,9p)

(42) wie (8) | = Ce

It is clear that (4) continues to hold, with < replaced by <, when ¢is on any
ray 7 of P,, while |¢] <#’. Let the integrations involved below be along the

(t=1¢ = 7re¥;¥in P).
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ray i’. From (As) (§5), by virtue of (4), (4a) and (25a; §5), it then follows that

I 3 h'ﬂw' (t)l “ltll Ce alt’]
® R E& (7 *hw alrl |, 1=n pl¥l
<X X le @, nlce d| |+ Re| ¢ | |7
f=0 (=1v 0

It is observed that

)—h—l p — o=
f | :c: “, 7 | Ceqmdl 7| < e’

p-o fm1
where ] is independent of ¢’ and ¢. Thus from (5), on using (25; §5), we obtain
the inequality
(r)#Cet’ < lew + Ry(r')$—mer*’
(6 T2
+X X Ro(,')éep(r'-lvl)Cﬂlrld| l;

B=0 {=1

whence

| P 1
< Cc leze®* =P (')~ + c Ro(r')—neta=nr’
(6a) ;
+ RoN f e (=) (r'=l7D g I T | .
’

Take ¢>p. It is then concluded that the integral in the second member of
(6a) satisfies the inequality

r ,r r © 1
(6b) f < [f = f e Pzdy <L f e (e=rzdy =] .
7 0 ° 0 q—»r

Since 7’ >70> 5, in view of (6b) from (6a) we obtain

1. - 1
™ 1< T lema (=P ()% + e Ro(P)—me—ta—n)r*

Now, #° is chosen independent of g. It is further noted that f(g) is continuous
in ¢, for ¢>p; moreover,

lim f(g) = 0.

g—e

Accordingly, ¢(>p) may be taken sufficiently great so that f(g) <1; for any
such value of ¢ a contradiction arises to (7). Therefore the Lemma is seen
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to be true. The inequalities (1) of this Lemma will hold, for instance, when ¢
is such that f(g) =1.

Consider a particular ray f in P. The formal series »n./=(x)(cf. (3; §5)),
even if divergent, give rise to certain analytic functions

® wi'@= [ S0fa =0 j-tw=1-,p.
0

The truth of this statement is a consequence of the following considerations.
Suppose « is in a half plane H [f], characterised by an inequality of the form

9) R(efx) =]x|cos C+2<—-4qg(<0) & = 4L2);

for the present we shall take ¢’ =g+e¢ (¢>0 and arbitrarily small). It then
follows that the integrals (8) are all absolutely convergent. In fact, by (1)
and (9),

'@ s [T1650 e (1] 2] cos G+ a0a o

- C
< cf elid|g| = —
0 €

(xinH[z];h=Oi"' yJJ—Lw=1,---,p).
The conditions (1; §5), (5; §5) have to be satisfied. The first of these is seen
to hold for x in H [£] since, by virtue of (9),
| etzta| < etatalel| ¢|a,
On the other hand, the following inequalities will hold for the functions within
the brackets of (5; §5):

3
elz

< Ce—tatolel fm | f|"e""dl .,.|(m
(]

(9a) ’

Celtl | tl"+H
(k+ 1) (k+ H)
(H=1,2,---;k=0,---,n).
Since the last expression above vanishes for £=0 and approaches zero as
|¢| >, the truth of (5; §5) becomes evident.
Thus, the conditions of certain theorems, due to N. E. Nérlund and of
cantral importance in the theory of factorial series,* are seen to be valid, a

fact made manifest after certain obvious transformations are carried out.
We thus obtain, whenever the ray £Z¢=7isin P,

I¢l
<Ce-.mf | 7|5 r|o =
0

* N. E. Norlund, Legons sur les Séries d’Interpolation, Paris, 1926; pp. 206-208. Also see his
theorem on p. 203.
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© -1
(10) e (®) = > 16w

w0 #(x — ) - - (2 — sv)

(h=01"'»j_1;w=1""7P;£'Y='7)

where |v| is suitably great, ¥ = —#, and the involved series all converge in a
certain half plane H [f]. These functions are analytic solutions of the system of
“mixed” differential equations (A;) (§4). It is clear that results of stated type
hold for j=1, - - -, ¢. Accordingly, it is observed that the ¢ formal series
solutions of (A;), s;(x) (cf. (1; §3), (1b; §3)), give rise to a corresponding set
of ¢ analytic solutions y;(x), obtained by replacing the s7./~'(x) of (1; §3)
by the corresponding (convergent) series (10). We are thus ready to formulate
the Main Theorem for differential equations.

THEOREM 1. Let a differential equation (A) (§1) be given. Suppose that corre-
sponding to a root py, of multiplicity ¢, of the associated characteristic equation
there exists a linearly independent set of ¢ formal series solutions, all of normal
type (cf. §2) and all forming one logarithmic group. Bring (A) to the correspond-
ing form (A:) (§2) and let E(p) =0 be the characteristic equation of (Ay). For
every I, mot coincident with a value of an angle of a non-zero root of E(p)=0,*
the following is true.

(Ay) possesses a set of ¢ linearly independent analytic solutions

I . » w o a.::_:t
(1) yi(x) = s Elog"*(mé ED IS il )
h==0

et w0 (X — ) - (x — sv)

G=1,---,¢; Ly=9=—1; Q(x) a polynomial in x'?),

where || is suitably great and the involved series all converge in a certain half
plane H[i] (cf. (9); ¢’ in (9) sufficiently great).

The implications of this theorem for (A) are immediate. The ¢ correspond-
ing solutions of (A) will be of the form (11), where « is replaced by a certain
power of x; accordingly, the series involved in these solutions will all con-
verge in certain sectors.}

The theorem is of greatest possible completeness in the sense that even nor-
mal formal series solutions of (A) do not always lead to convergent factorial
series developments, if corresponding to the multiple root, in question, there

* It is supposed, as may be without any loss of generality, that p=0 is the root corresponding to
the formal solutions in question.
t This is a consequence of known properties of factorial series.
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s more than one logarithmic group. Consideration of the following example
will demonstrate this statement.
The equation

(12) Ly(y) = y®(x) + ax~yD(x) + dx3y(x) = 0 (a=0,d 0)

is of the form (A;) ; its characteristic equation has a root, p =0, of multiplicity
three. Moreover, it has a formal solution

(13) y(%) = 2 35~ (30 = 1).
]
In fact, substituting (13) in (12), we obtain

= Ls(y) = ifxx"‘", A=DO+ DA+ 2) —dln + od + Dy

A=0

so that the equations A=0 (A\=0, 1, - - - ) are seen to be uniquely solvable
for the y,. We have

_ d AN+ 2) _ .
(14) M1 = 9()‘)%, 90‘) = a()‘ + l) - a ()‘ = 0’ 1: ):
whence
(14a) »1 = ¢(0)g(1) - - - g(N) A=0,1,---).

It can be shown that the number of logarithmic groups is greater than
one.
Suppose that corresponding to the normal solution of (12) there is some
convergent factorial series development, of the form
0 a,

1
+§o #(x—7v) - (x—s7)

where v is some real or complex number. By a theorem of Nérlund referred
to previously, this function would be expressible by means of the convergent
integral

2@ =1+ [ e,
0

where the integration is extended along a certain ray and wherej (£) =2_ amoin®
is analytic at £=0. Since 7(x) satisfies (12) it would necessarily follow that

(= D

A=0,1,---),
N ( )

‘Sn
I
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the y»4+1 being defined by (14a). Accordingly,

| @
A

d A+2

M _
AG+1) o

Pr—1

so that |/ 5’)‘—ll —0, as A— . Thus, a contradiction arises to analyticity
of 5(#). Hence there exists no convergent factorial series corresponding to (13).

PArT II. LINEAR DIFFERENCE EQUATIONS

8. Some preliminary facts concerning difference equations. As had been
demonstrated by Birkhoff, the difference equation (B) (§1) possesses in all
cases a linearly independent set of # formal series solutions

1) 5i(x) = evrloss QiR grig (1) (t=1,---,m)),
where
ks—1
(1a) 0i(x) = X gt
yaa(
(1b) oi(2) = 2 logtx ap™' (),
A=0
(1c) M () = D0 e xel (h=0,---,m);

8=0

here the u; are certain rational numbers, the m/ and k; are integers (m/ 20;
ki=r!p; integer r/ =1). The formal series can be arranged in logarithmic
groups, the exponential factor

euzlogzeo () pr

being the same for each member of the same group.* It is convenient to
group the p; as follows:

2

My = [ = pg = = g D> M2 = a1 = Raytd = 00 T fag > *
>m)\=ll'ax_1+l =M°‘X—l+2= cte =ﬂa)‘(= l‘n) (xg 1)-

It is to be noted that the formal facts continue to hold when the d;, ;(x) are
divergent series. To each one of the A u-groups, specified in (2), there cor-
responds a certain characteristic equation.
For the case when the coefficients of (B), except for a few positive integral
powers of x, are expressible by convergent factorial series of the type
0 a,

3) gx(x—‘y)---(x—-ys) (y=1lor—1)

* The definition for such groups is analogous to a similar definition in §2.
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and, besides, (B) can be brought to the form of an equation of “Fuchsian
type,” Norlund obtains full sets of solutions, which are expressible by means
of convergent factorial series of the form (3),* thus establishing an analogy
to the Fuchsian theory in the field of differential equations.

Norlund also treats the class of equations (B) where the coefficients can
be brought to the form of polynomials in x. His other restrictions on the
coefficients amount precisely to the following.

(i) There is only one u-group.

(ii) All the numbers u; are zero.

(iii) There exist no anormal formal series solutions.}

On using Laplace transformations, leading to ordinary linear differential
equations, he obtains full sets of solutions expressible with the aid of con-
vergent factorial series (3), where v may be complex and |v| is sufficiently
great.}

In Horn’s work we essentially have an equation (B), whose coefficients
contain no fractional powers of x, and which has only one u-group, all the u;
being zero. Moreover, he assumes that all the roots of the characteristic equa-
tion (necessarily, there will be only one such equation) are distinct. Under
these conditions, he obtains solutions with the aid of convergent factorial
series (3) (|| sufficiently great; certain values of £+ excepted).

Contrary to the restrictions of N6rlund’s and Horn’s works, in the present
paper existence of several u-groups (cf. (2)) is admitted; moreover, the coef-
ficients of (B) are allowed to contain fractional powers of «.

Consider any particular u-group. The u; of this group will all have the same
value, say p;. By means of a transformation of the form

y(x) = == 5(x)

(B) will be brought to the form (B;). Retaining the notation originally used
in (B) (cf. §1) the new equation will be considered as the equation (B), whose
coefficients are convergent series-

(4) dn—k(x) = z.o: Bn—t.s xmel? (k = 0: 1) ) ”);§

8=0

where

* Cf. Norlund on difference equations, loc. cit., pp. 28-56; in these pages he also establishes
certain other important results.

t That is, the Qi(») and the o3(x) (cf. (1), (1a), (1b), (1c)) contain no fractional powers of x;
on the other hand, logarithms in the formal series may be present.

t Cf. Norlund on difference equations, loc. cit., pp. 56-88.

§ In (4),  will be, in general, different from the corresponding integer in (B).
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doo=d1,0=""" =dn1,0= Qnrr41,0 = Amymp20= -+ =dyp,0 =0,

(4a)
Gm,0, Amim,o # 0 O=m;m=m-+ HZn).

If the p-group under consideration is the one corresponding to a greatest u;,
the equation (B,) will have coefficients for which (4a), with 7 =0, will hold.*
To the u-group, under consideration, of (B) there corresponds a certain u-
group of (B;); the u; of the latter group will be all zero. A formal solution
(with u=0) of (B;) is said to be normal when the corresponding polynomial
Q(x) (1a) and the corresponding series o(x) ((1b), (1c)) are in integral powers
x/7, In the contrary case, that is, when Q(x) and o(x) are actually in integral
powers of £/¢'® (integer ' > 1), the formal series of (B,) is termed anormal.
A formal solution of (B), with u not necessarily zero, is normal or anormal
according as the corresponding solution (with u=0) of (B;) is normal or
anormal. »

Throughout the text, leading up to the Main Theorem for difference
equations (§12), we consider a root p’ of multiplicity ¢ of the characteristic
equation, of (B), associated with a particular u-group. The only restriction,
and as will be shown by an example in §12 a necessary one, will be that as-
sociated with this root p’ there is just one logarithmic group and that all
the formal solutions in this group are normal. When, as will be done for con-
venience, the corresponding equation (B,) ((4), (4a)) is used, the character-
istic equation at hand of (B;) will be

(%) Ey(p) = D du-roe?® = 0.
k

This equation will possess a root of p =p; of multiplicity ¢.

9. Conditions for existence of formal solutions of the type specified in §8.
A set of ¢ linearly independent normal formal series solutions (of (Bi)),
which by hypothesis corresponds to the root p=p, of (5; §8), forms a loga-
rithmic group. These solutions will be written in the form

-1

1) si(x) = @@z Y loghs wpi=1(x) G=1,--,9),
A=0

where

(1a) hﬂj_l(x) = Z ;.n,i—lx_'/p (h=0,1,---, j— 1).

8=0

Since, in (1), Q(x) is in powers of 7 it follows that the transformation

y(x) = @xr5(x),

* If there exists only one u-group, m=0 and m+H=n.
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applied to (B,), does not change the form of (B,); in particular, the coef-
ficients of the transformed equation will also be in powers of x'?. Thus,
without loss of generality, it will be assumed that

(1b) Q@ =1
and that not all the

(1c) e G=1,""",9)

are zero. We shall presently find the conditions satisfied by the coefficients
of (B,), when this difference equation possesses solutions (1), (1a), for which
(1b) holds.

Given a series

(2) ﬂ(x) = Z ﬂox—‘/p,
=0
we shall have

2(x+ k) = Xomatip 3 Crelvkra
=0 r=0

©w ©® p
(2a) =m0+ 2 D D Crerteis kro, .\, = ((rinpte)lp

e =0 w1

= lk] + 53 mpra[t]z-0rtoris,

A=0 =1
where 7¢(k) =7, and

b
—(rpt+w)/p A—»
) merelt] = X OGS E e A =0,1,-- 5w =1,---,7).
r0

A certain expression for log* (x+%) will also be needed. It is observed that

> (- )
log (x + k) = log x + Y, ————— kex—e,
am=1 a

Moreover, it can be shown without difficulty that
s (=D N2

® (E S kere) = 2 (= DM kel ae,
am1 a am=0

where

(38.) lo_o = 1, l.,o =0 (a g l), la,p =0 (a < ﬁ),
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the /,,s not mentioned in (3a) are all positive. We then have

h ©
(3b) log'(x+ k) = Y log *xCs 2o (= )P k¥l p2 "
B=0 a=0
By (2), (2a), (3b), on making use of the identity
—1 & —1 i~h=1
2 asbas =2 0r D buiss,
A0 B0 A=0 Bt

it follows that, formally,

j—h—1 oo © .
@ siz+ k) = E logx > 3 = D™ E g™ 3w [R].
B=0 a=0 =0

On substituting (4) in (B,) and on noting (4; §8), it is observed that

-1

) L(s) = 22 da-s(®)si(x + k) = 2 loghx »fi~'(x),
k h=0

where

© o o

(Sa) hfi_l(x) Z E Z aa % -—(u+(0+0)/1’),

am=0 =0 o=0

=h—=1 n

(Sb) aac¢=2 Za:avﬁky
B=0 k=0
(SC) ao’x': a8,k = Cs.m(_ l)awla.ﬂv h+ﬁ"hi—l [k]kadn-k.c-

Further examination of ,fi~!(x) gives

(6) hfi_l(x) E Z ih —(ap+r)/p’

=0 r==0
T

(6a) s =Yl ..

=0
It follows next that

1 N - ~((atu)pt+v)/p < j—1 —(pp+r)/ P
M @=L T cihpes =S¥ ,
am0 u=0 v==0 pm=0 7==0

where
(73,) th.r Z aa W(p—a) p4r-

In view of (5) and (7) it is clear that the equations
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i1 .
(€)) hF:,f =0 (h=0,-+-,j—1p=0,1,---57=0,1,---,p—1)

have to be satisfied. It will be necessary to get the left members of (8) in
considerable detail. By (7a), (6a), (5b) and (5c) it follows that

p (p—a)ptr j—h—1 =n

For =2 2 Y X CT(= )

© am0  4=0 =0 Km0
i—1
X h+ﬁ"1: [k ]dn—k.(p—a)zr-l-f-o

i-1 -1

= th.'r:l + th,‘r:2y

where

p i—h—1 =n

j—1 h+8 a+f j—1, a
(92) WFpm1=2 2 2C (= D) lag om0 k dnorioarprr,

am0 f=0 k=0

i1 p p—a p j—h—1 =n [ ath «
Woma =222 2 2C (= 1) lapk
(9b) a=0X=0w=1 =0 k=0
X stmpto[£)dact, oarrptrow (di,; = 0 for j < 0).

For convenience let

(10) > R du i = b (5 = 0 for i < 0).

k=0

On using the relation

p—a A p—a p—a

22 =22,

AmQ r=0 =0 Ay

by virtue of (2b) we have from (9b)

. ~h—1 » p p—a [ p—a —tr «
wii=2 EET (T a0,
(11) P=0 wml am0 ym=0 A==p

A\—r+a -1
X (p~a—\) p+r—w> h4-8Nrptw e

An application of the relationship

p p—a p p—v
22 =22
am=( y==(0 yu=( a==0

to (11) will give from (9)

-1 T e -1 Tt e 2 i i-1
(12) th.‘r = E h]ﬁ:o A+870 + E E E hJ v, A+8Nvptw,

B=0 f=0 y=0 w=1
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where
T £ h+B a+B a
(123') b’;:o = E Cﬂ (_' 1) lu.ﬁs(p-a)p-l-r,
amf
il A A M8 _—(rptw)/ a8 A—
(A2b)  Wve = 2 2 Co G (= 1)l g amns gt
Qe Am=y

The following definition will be introduced.

DEFINITION. A number 57 (cf. (10)) is of index o provided i= (o —v)p+5,
where 0=¢<p—1 and o 2v.

In view of the assumed existence of a set of ¢ solutions (1), for which
(1b) holds, the characteristic equation (5; §8) will have p =0 as a root whose
multiplicity is precisely ¢. As a consequence,

(13) S durok =8 =0  (i=0,1,---,¢—1),
k

but

(13a) 3 durok’ =55 0.
k

Thus, not all the 67 of index ¢ are zero. It will now be proved that the
07 with indices 0, 1, - - - | ¢—1 are necessarily all zero.
We have
#Foo = p1Jore s =0 G=1,---,9),
where ;_1J5.0=8). As is seen from (13), 8=0; but, apart from that, &
would necessarily have to be zero since the numbers (1c) are not all zero.
It follows that

(14) WJoio=0 (h=j—1,---,0).
Suppose .
(142) Wolo =0

(h=j—1,--+,0;i=0,1,---,7—1;1S 75 p—1).

In (14) the truth of (14a) has been established for 7=1. On making use of
(14a) we obtain

i-1 0,7 -1
i—lFO,r = i—lJO:O ~1Mm0 = 0.

Thus; in view of (12a),
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(14b) oo =0 (h=j—1,-+-,0).

It follows by induction that (14b) holds for 7=0, - - - , p—1. Assume now,
more generally, that

(15) oo =0

(h=j—1,---,0,86=0,1,---,4;7=0,1,---,p— 1),
for =0, ---,p—1 (1=p=¢—1). For p=1 (15) has been proved in (14b).
On taking equations (15; £=0) in succession for 8=4, 8=¢—1, - - -, 0, and
at each step using the relations previously obtained, we find that

-1

(15a) l.',.ﬁ: =l 1ia0ppr = -+ = 10.05?p+r =0
(T=0,1,"‘,P;i=0:1,"’:P"l)-
Accordingly, (15) implies that all the 8; whose indices are 0,1, - - -, p—1 are
zero.
In the sequel use will be made of the fact that the 6 in (12a) are of index

p and that in (12b) the &y are of index p—»—1, for w>7, and the 8, are of
index p—v», when w =<7. In deriving further consequences of (15) consider

-1 -1

j—1
(16) jiFp, =0, joFp, =0, , jpuF,, =0 (r=0,1,---,p—1).

Whenever necessary j will be taken =p—1. By (15)

-1 0,0 -1
i—le,O = i—lJ 0:0 j~170

so that necessarily

(162) oo =0 (h=j—1,---,0).
On assuming, more generally,
Who=0

(16b) .
(h=j—1,---,0;8=0,1,--- ,H—1;1 £ H < p),

it is observed that

i-1 2.0 -1 B 70 i-1
im1-8Fp0 = jr-mJH:0 i—mo  + 2 j-1-mJ80 j—1-m48M0

p=0
H p—1 »p .
+2 22 i—l—HJ;;or',ta g
P=m0 =0 we=1

In consequence of (16b) and since the &; in the ;.Jg;‘,’j,’;'l have indices <p—1,



1935] LAPLACE INTEGRALS AND FACTORIAL SERIES 127

it follows, in view of the preceding italicized statement, that

(16¢) i—l—HF:._ol = 5-1-8-7;!':0 0 ;-m:— '=0.

(16¢) implies that

(16d) Moo =0 (h=j—1,---,0).
As (16d) follows from (16b),

an Wi =0 (h=j—1,-+,0;8=0,1,--+,p).

Assume‘that, forr=0,1,...,0—1(1<50=p-1),

(18) Meo=0 (h=7—1,---,0;8=0,1,---,p);

in (17) these relations have been proved for ¢ =1. In view of (12a), equations
(18), when examined in succession for 8=p, p—1,- - -, 0 (any k), will be
seen to imply

(188,) 6:=6;.-|.1'=“'=:’+,=0 (7=0,1’...’¢_1).

A further consequence would be the relations

(18b) lnos =0 (12 wso0).

On making use of (15a) and (18b) it is observed that

-1 - -1
e = i—lfo:o ~mo =20

so that
(19) h];.'o=0 (h=j—l,"',0).

Assume now a set of relations, more general than (19),

(l9a) b’;"0=0 (h=j—l""’0)»

where 8=0,1,---, H—1 (1SH<p). On account of (18a) and (19a) and
by virtue of certain previously established facts, the relations

-1 - §~1
i~1-8Fp,¢ = i—l—HJ’H:O ~mo =0

would then follow; that is,
b’;:’0=0 (h=j—1,"',0).

Hence, by induction,
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(20) oo =10 (h=j—1,---,0)

for =0, 1, - - -, p. On noting that (20) is a consequence of (18), it is ob-
served that an induction in a more extended sense has been completed. Thus,
forr=0,1,---, p,

(21) Wao=0 (h=j—1,---,0;8=0,1,--+,p).

Therefore, it is observed that if (15) holds for =0, - - -, p—1, as origi-
nally assumed, necessarily (15) will also hold for 7 =p. Whence it follows that

(22) oo =
(h=j—'1,"':0;3-‘-’0,1,"',i;“'=011,"',1’—1)

fori=0,1, - - -, ¢—1. Just as (15a) has been established on the basis of (15),

we now conclude that all the 67, whose indices are 0, 1, - - - , ¢ —1, are zero.

Thus, the italicized statement following (13a) has been proved.
In view of the fact just established, we obtain from (12a) and (12b)

(23) oo =0 (b=¢—1),
T i— §¢"’1 ('ID§T),

23 p,ipl_ {P

(252) e 0p§¢ (w > 7).

Thus, relations (8) are all satisfied for p=0, 1, - - - , ¢ —1, without yielding
any information about the coefficients 47~ ‘.
In view of the statement preceding (16),
e =p— 1 =),
(24) ﬂ:.',';1=0{7-—P ¢ + (w=r1)
vZp—¢ (w > 7).
Accordingly equations (8), which need to be considered only for p=¢. can
be written in the form

i—h—1 i—h—1 p—¢—1 p

piTii=1  j=1 i~1 p,7,i—1 i-1
Kh Mp—-¢)ptr = Z 'Jﬂ om0+ Z Z E wWairw hMrptw
B==0 : B=0  y=0 wm=l
(25) Ciong RI¥E0 Y -1
+ Z E »7; p—¢.w AN (p—d) ptw
P=0 w=1

b=¢¢+1,:--sh=5—1,---,0,7=0,1,---,p—1),

where

P, i—1 P, i—1 —[(p—'#)p-l-rl/p A—p+¢
(25a) K = S = - S ey Sinrp-
A=p—¢
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In the second member of (25) the term containing sn7, %), is omitted. From
(25), with p=¢, h=j—1, 7=0, it follows that necessarily

(26) S9p = 0.

The essential fact is noted that in view of (13a) not all the terms in the
expression for K,*7i~1 may be zero. It is clear, then, that the coeficient of
ni=1 in the left member of (25) may vanish only for a finite number of values of
the involved subscripts and superscripts. Equations (25) may be solved accord-
ing to the scheme

h=f—1(7=0,“'»ﬁ“1)
h=j—2(--- ce)
@Ne=9¢y o p=et+1y-fip=0+2--.

h=0 (--- c)

In connection with the possible vanishing of some of the numbers defined
by (25a), a statement can be made precisely analogous to that preceding
Lemma 1 (§3).

LeMMA 6. Consider a root, of multiplicity ¢, of the characteristic equation
(S, §8) associated with the difference equation (By). In order that, corresponding
to this root, there should exist a linearly independent set of ¢ formal solutions
of type (1), (1a), (1b) the following conditions are necessary and sufficient.

) 5 =0, S4p = 0.

(ii) Al the 67, whose indices (cf. Definition) are 0,1, - - - , ¢ —1, are zero.

(ili) If any of the Kwmi-Y(p=¢), defined by (25a), are zero (cf. italics
preceding (27)) then the 67 satisfy conditions implied by the vanishing of the
corresponding second members of (25).

10. The mixed system of difference equations. The formal solutions
(1; §9), (1a; §9), (1b; §9) may be written in the form

-1

yi(2)(= s:(2)) = 3 log'x [wé“ T P m.’;"<x)]
h=0 w=]
G=1,-"",9),

€Y

where

-1 N -1 Al
(1a) Mo (%) = meﬁwx .
A=0
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The coefficients in the series (1a) are specified as in §9. Let j for the present
have a fixed value. Consider (1) as a transformation to be applied on the dif-
ference equation (B;). The coefficients of (B;) may be written in the form

4
(2) dn—k(x) = On—k,0 + E x(P—P)/Dd"_k.’(x),
Y1
(Zb) da—k.'(x) = Z d,._g,).,ﬁ..x"“‘.
A==0

From (1), in view of (3b; §9), it follows that

©) (& + k) = Vi1 + Vi,
where
. o j—1=h o w N 1 —a
(3a) Vi = > loghx E Z C;”(-— 1) 'H’la,pk Mpn; % ,
A0 p=0 a=0
: -1 2 wy/p TR i —
(3b) Yis= 2 2 loghx P > hAli:ﬂl.w wﬂi ‘().
Am0 wel p=0
In (3b)
— ke w at atd —a—d
(B0 e =X 2T (= 1)Lk
a=0 $=0

On making use of (7; §4) it is observed that, by virtue of (2), (2b), (3),
(3a), (3b), (3¢),

) L(yi(=)) = L{ + Li.
Here
1 p " i~1=h n :
(4a) Li= DD e loghx > h,wL;—,k!,
A w1 P==0 k=0
where
p w—1 [ « atd
polin =2 2 GG (= ) e gt krprot
f=1 a,8,\=0
—ad-] i— 2 & t atf, e
(4b) Xz @R+ S T = 1) sk
P=w a,d =0
X du—k,)‘p+p+w—fx_a_6_)‘_1 M—d”lli- l(9‘ + k) + E C;+ﬁcl(p-')/p
a,8=0

X (= 1)1 g™ i ™ hiemy (x4 B);
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and
: -1 »p » w© j—1—h a
Li= Y Ylog's a7 2 25 ame (— 1) tas
40) 0 w1 a=0 A0
(e a  —an1 | 2 &I e -1 atf, @ —a
X Opruk + 2 logadl 2.C5 mem (— 1) laghox .
h=0 am =0
On writing
-1 p
L(yi(x)) = 2 2 loghs xte—=I ;W ,,
h=0 w1

it is observed that, in view of the involved formal facts, the relations
Whe=0 ((k=0,---,7—1;w=1,-- -, p) have to be satisfied; these equa-
tions may be written in the form

. j—1—h ;
-1 7 i h,w,j

P - =
(Bs) Thw= 2 2 s0rn(a) neoni (x+ ) =g " (x)
=0 kw0 {1
(h=0,---,j—1Lw=1,---,p).

Here, by virtue of (4), (4a), (4b) and (4c), the coefficients are series of the
form

haow had hw ~—s
Q) park (%) = 2 g0t k:a%
=0
h,w,j hed how,j —s
(52) g @ = —-Xa s,
sw=1
where
hw
(6)  o0.k:0 = Gnk,w—t ¢t = w),
h,w h,w
(6a) par:0=0 ¢ >w), 8at.k:0 = 0 Bz =w),
and, for s=1,
s &8\
K" h+8 a
() sarie = 2 2 Cs CEE (= 0™ apluirpretk™
A=0 a=0 ¢ <w),
(78) soue = 2 Co CuZa™""(—= 1) husgk’ducso
a=0
o g W ey atB,  a—1-)
+ Z Zcﬂ C«—l—u—k(— 1) la.Bk dn—k,(x-q-l)p,
A=0 a=0
—1 s—\—1

0 h+p8 914 a+tB 8—A—
(Tb) sopme= 3 2 Co Co (= 1)l gt dabnpirtre > W)
A=0 a=0
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The coefficients in (5a) may be computed with the aid of (4c). We have, on
using the notation (10; §9),

© 3—1-—h

""’ ¢ B 1 —a—\—-1
@ = (= D s asme Srpran
a, =0 f=0
(8) —1-h oo
a+p 1 i—1 @ —a
+ £(w) Z Zcﬂ = 0 L mame Box
f=0 a=0
here £(p) =1 and £(w) =0 when w><p. Thus,
bw ATk ot h+8 aﬁl i—1 a
- = PIEDY Cﬁ+ (-1 . Lag h4gmo 0 (s—1—a) ptw
p=0 a=0
(8a) e
o 1 —1 8
i) X G (= 0 g wemo B
B=0

The series (5), (5a) all converge in the vicinity of infinity. Furthermore,
it is seen that the “mixed” difference system (B.) is formally satisfied by the
possibly divergent series ami~1(x) (cf. (1a)).

LeEMMA 7. Write the ¢ formal solutions ((1; §9), (1a; §9), (1b; §9)) [corre-
sponding to a root of multiplicity ¢ of the characteristic equation (S; §8) as-
sociated with the difference equation (B.)] ip the form (1), (1a). The formal
series (1a) (with j fixed) will satisfy a “mixed” difference system (B:) whose
coefficients are given by series (5), (5a), (6), (6a), (7), (7a), (7b), (8a), all
convergent in a neighborhood of x= .

11. The corresponding system of integral equations. It is clear that when-
ever the characteristic equation E;(¢) =0 (5; §8) possesses a root ¢=p, the
numbers pt 2wy (v=1, 2, - - - ) will also be roots. In particular, this equa-
tion has roots, on the axis of imaginaries, associated with the root £=0. Re-
gions P and S will be defined as follows.

Let P denote the half t-plane Rt 20, excluding small sectors each with vertex
at t=0 and containing the non-zero roots of E,(t) =0 in their interiors.

Let S denote a strip

E_S_t1§a;tzgo (0<€<d;t=t1+it2),

not containing any of the roots of Ei(t)=0.
In the sequel, whenever the integrals

LI

are said to be extended in P, it will be understood that the path of integration
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is along a ray Zt={, extending from the origin and situated in P. On t.he
other hand, when these integrals are said to be extended in S, the supposition
will be that the path is from =0 along the positive axis of reals up to some
point ¢=#, (e<ti<a); from the latter point the path will be assumed to ex-
tend, in S, along the ray Rt=¢,.

The variable x will be so restricted that
1) zlm | etst«| = 0 (every a > 0)

along the ray Z¢=%, under consideration, of P; or along a line, Rt =1, ex-
tending in S. We then have formally

2) a(®) = D2 = f a(t)et=dt (integration in P or S),
=1 0
where
= (_ 1)’a,
2a a(t) = 3,471, G, = — .
(2a) a() 'Z_:l a a A

Unless stated explicitly integrations below are in P or S.
The series (1a; §10) are formally representable as follows:

- §-1 ® i1 t
® we'@) = [ s,
0
where
i1 S i1 i1 (— D+
(33') h"h’c (t) = Z hﬂ:n:vt 5 hﬂ:a:v = _'—' Mrptw.
=0 Vi

Consider now (3) as a transformation on the dependent variables to be ap-
plied to the difference system (B;) (Lemma 7). It is not practicable to estab-
lish convergence of the series (3a) by making use of the relations (25; §9).
Instead use will be made of a system of integral equations.

We have formally

kt, tz

@ went e+ 8 = [ st (et
0

and, forx=1,2, ...,

(42) & ani (w4 E) = — f

0

© =M i .
[ 0 me h+8M8 (T)d‘r]e dat,
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provided

¢
(5) [e" f e win l(t)dt“"] =0
0 0
(k=0,1, ---,n;h=0,--- - Lw=1.---,p;H=1,2,---).*

By (2) and (2a) the second members (5a; §10) of (Bs) are expressible in
the form

) i) = [ “peityenas
0

(_ 1)v+1 h v, ’

- 1)!

’

Ao, hw:‘r— hui
(6a) A0 —E R

moreover, by (4) and (4a),

kt

sore(2) aomt (& + B) = f e"[pa’;:::oe ot (0)
hw (7 — ! -1 ]
ekr dt.
j:’ (Zﬂarn Y )wﬂt ()

On substituting (6) and (7) in (B,) it is found that the system (Bs) is formally
satisfied if

™

A1 2 b i1
,Z; 2 b (8) msie ()
-0  {m1
® y
ik 2 B i1 b
=> X B‘f (¢ 1) mgme (Ddr+3 (0
p=0 =1

(h=0,"‘,j—'1;‘w=1,"‘,?;].=1,°°',¢).
In the system (8)

(8a) sbt () = E 80t he0l s
h,w ki Aaw (T - t))‘—‘ kr
(8b) e (2, a
st (4, 7) = Egsrn P

where the 4’5, are given by the formulas (8), (8a), (9), (92), (9b) of §10.
In view of the convergence of the series (2b; §10) and by virtue of (8a; §10)
and of (6a) it follows that

* The formal steps will be finally justified.
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h,w,i

hw by
© Iaa:,k:xl, F4Y | < Rp A=0,1,---).

Thus the coefficients of the system (8) are entire in the involved variables.
The system (8) is formally satisfied by the series (3a).
As a consequence of (6; §10) and (6a; §10) we have

(10) () = 3 daromge’ =377 () €=1,---, ),
k=0
(102) ") =0 (> w), HTO =0  BzLEsw.
Accordingly the first member of (8) is replaced by
(11) 20770 s O
=1

Since, by (4a; §8), not all the d,._,0 are zero it is noted that 5°(f)#0.
It will be necessary to examine (8b) in greater detail. We have

h,w = - hw pu
(12) oot (4, 7) = 20 D aetipnt T ,
p=0 u=m0
where
. h, —
hw prltu n ﬁaf.::o : l(_ l)pku-“-ﬂ-l
(12a) BCtipu =

o i (5= DI — s+ p+ 1)1
Hence by (7), (7a), (7b) of §10, on using the notation (13; §9), it follows that

JURTIREN C:WC.‘fZ""’C:'ll,,p(— 1)p+a+56:+p+1

smptl am=0 (5—1)!(u_s+P+1)!

(13) M-8, (p—w)/p 1 patB utp—)
Pl ol eI G C 1 T RC Tas(— 1 doa+np

+2 X X

e=ptl A=0 am=0 —Dlu—s+p+ 1!

and, for 1=¢{=w—1,

hw
BCw:pu =

(7—1)/p 2—1 at+ftp
Pty s e\ C:‘wc._a_,‘ C, lag(— 1) ety

Aw
13 T = -
A

while, for ¢ >w,

B (p=3)p -1 a+f+p utp—h
pittu =1 0271 G CoanaC) lﬂ.ﬁ(_ 1) ottt

e=pt1 Am0 @m0 s—DlWu—s+p+ 1!

h,w
(13b) sct:pu =
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Now the indices (cf. Definition of §9) of the 87 displayed in (13), (13a)
and (13b) are u+p+1, u+p+1 and #-+p, respectively. This, by virtue of
the fact that condition (ii) of Lemma 6 (§9) is satisfied, implies that

(14) octipu = 0 b+us¢—2;¢=w),

(14a) shimw =0 G+u=sé—1;¢>w).

As to the properties at infinity of the coefficients in the second members
of (8), it is noted that by (6a) and (9)

(15) [ g2 i(t) | < Rl (all 2);
moreover, by (8b) and (9),
(16) | sert, 7)| < R”| e | epltri (all ¢),

provided Rr =0 and R” is sufficiently great.
It is observed that the functions (10) are representable by the series

» ) = qu

=0

where, by Lemma 6, 8%, ;=0 ({=1, - - -, w;2=0, - - - ,¢—1). Thus
a7 b () = f“’d"’"(f) ¢=1--,w),
the d»—(¢) being entire in ¢. Furthermore, since * 30, the function
¢ t®
(17a) = d(¥) [cf. (5; §8); d(0) # 0]

2 Ei)

is meromorphic and, at =0, it is analytic.f The poles of d(¢) are given by
the totality of the non-zero roots of the characteristic equation E,(f) =0.

On noting that by (4a; §8) dm,070 (0=m) it is concluded that, for ¢ in
P and for ¢in S,

(18) |d@)| < d| etm=mys|.
On the other hand, in view of (10) and (17),
(18a) | do(t) | < d| erte+| (Rt Z 0).

Substituting (10) and (10a) in the left members of (8), we bring the sys-
tem (8) to the form

¢ -1 2t Yy b *h,0,
(Bs) towie ()= Z st (¢, 1) h+fmr ‘e + 20
f=0 (=1

(h=0,..-,j-—1;w=l’...’p)’
1 With the number a, used in the definition of s, sufficiently small d(¢) is analytic for [t[ <a.
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where

19) 56 1) = d0) o 1) — A W) X e ¢, 1),

el

w—1

(192)  *gwi(t) = dOP=() — dOd(R) T *ghi).
o=1
The steps to be used in this connection are precisely those employed in
establishing equivalence of the system (As; §5) to (7; §5).
In view of the established properties of the coefficients of the system (8)
it follows, by successive applications of the relations (19), (19a), that

h,w hw =
(20) ) = 33 b ede,
8=0 g=0
(202) #l = SR

=0

the involved series being convergent for |¢| <p’.} Moreover, the coefficients
of (B;) are meromorphic functions (in £), whose #-poles are at the non-zero
roots of E;(¢) =0. The functions (20) are entire in 7.

As a consequence of (14), (14a) and since d(f) and the d»—*(¢) are ana-
lytic at =0, it follows from (19) and (19a) that

w =¢o—2 =<
1) ’;C::‘p,u _ {P +u ¢ ¢ w),
ptu=¢—1 &> w).

It will be demonstrated that, for ¢ in P and S, and for Ro sufficiently

great,

wmtl l e—n(t—r) l eﬂl‘—’l

(22) | e, 7)| < Ro| tl"l e
(22a) | *ghwi(t) | < Ro|t]#] eomt|| e=nt| ertt!
B=0,1,---,j—bk—=1;¢=1.++  p; =0, ,j—1; w=1,---,p; Rr20).
In fact, by (18) and (16),

’

@) a0 =140 || st 7| < dR"|t]*] &

and, by (18) and (15),
(232) | *grri@e)| =|d@) || B2 | < AR | t|#] emt|] et et
Thus, provided R, is taken =dR”, inequalities (22) and (22a) are seen to be

|| —n(t—7) | pli—7|
€ | e )

t o’ is the least absolute value of the non-zero roots of the characteristic equation E;(p) =0.
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true for w=1. Suppose that, for some Ry, for ¢ in P and for Rr =0,

(24) | n) | < Ral8|®] ™|
(24a) | *gmo i) | < Ry|t]#] eomt| | ent] eote!
(e=1,:---,w—1;2=Z w £ p).

By (24), (24a), (18), (18a), (16), (15) from (19) and (19a) we then would
have

’

wth —n(t—r)l plt—rl

|3 | <l
| *g"'"’j(t)l < I t|¢| ewmtl | G—MI eplthw(t)’

Ro(®),

where, for Rt =0,
Ry(f) = d(pdR, + R"| ew@=0mt|) < d(pdR, + R").

On noting that w may assume only a finite number of values it is concluded
that there exists a sufficiently great R, so that the inequalities (22) and (22a)
all hold for w=1,2,- - -, p.

Thus, the following Lemma has been proved.

LEMMA 8. The formal series xiiw—'(£) (3a), associated with the series (1; §9)
by means of (1a; §9), satisfy a certain integral system (Bs). The coefficients of
this system are defined by convergent series (20), (20a); they are functions mero-
morphic in t, whose only finite t-singularities are poles at the non-zero roots of
the characteristic equation E,(£) =0 (cf. (5; §8)). The pc;""(t T) are entire in 1.
Essential properties of these coefficients at (¢=0, 7=0) are given by (21). On the
other hand, for t in P and for t in S (cf. definitions at the beginning of this
section), the coefficients of (Bs) satisfy inequalities (22) and (22a).

12. The Main Theorem for difference equations. The series 7., ~(¢)
(3a; §11), referred to in Lemma 8 (§11), are formal solutions of a system of
integral equations for which all the conditions of Lemma 4 (§7) are satisfied.
Accordingly, by virtue of the latter lemma, the A7.,"~'(¢) converge in some
vicinity of t=0, thus representing solutions, analytic at t=0, of the system (Bs;
§11). Such a system (B;) exists for every j(G=1, - - -, ¢).

The following lemma will be now demonstrated.

LEMMA 9. Suppose that a system of integral equations (Bs; §11) is given
which satisfies the conditions of Lemma 8. The elements »i»'~'(t) (=0, - - -,
i—1; w=1,-- ., p), associated with any particular set of solutions of (Bs)
(they are analytic at t=0), have analytic continuations in the regions P and S



1935] LAPLACE INTEGRALS AND FACTORIAL SERIES 139

(¢f. definitions at the beginning of §11),* for which the following inequalities
hold.

Along every line Rt=t,in S, for C and q sufficiently great and independent
of the position of the line, we have

al't

® I";’:.‘(t)|<ce (h=0:"°’j_1;w=1y"'9?)'
When m of (4a; §8) is zero, then, along every ray Lt=%tin P,

(1a) wie )] < Ce™" (h=0,--+,j—1lw=1,---,9).

Consider a particular set of solutions of (Bs) and choose C so that

©) | siro| < C (h=0,---,j=—Liw=1---,p),
and so that, for every ¢ =0, we have

- ire) )
(3) e (0] < Cé* (h=0,--,j—liw=1,---,9),

when ¢ is in S and I¢<p° (p° some positive number) and also when |¢| <a.
Suppose now that the part of the Lemma referring to the region S is not true.
There exists then a number p’ >p° such that the following holds. For It <p’,
along every line Rt=#,, in S,

-1

I .
) Wi (8)] < Ce"* (h=0,--,j—1lw=1,---,p);

on the other hand, for some 2=4', w=w" and for some line Rf=¢' in S,
(4a) | vty | = ce® ¢=¢=2t+i).
Consider now an integral of the second member of (B;). Write

s RN A

.
Y

It is observed that, for all involved B, ¢, 4, w,

© KAIRE (OAEIETOF
moreover, for Rt<a,
(6a) | eomt| < eome.
By (6) and (3)
‘l'
™ f < asC,
[]

* Continuations exist, of course, in regions more extensive than P and S.
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and, by (22; §11), (6a) and (4)

(7a) I j: :W

From (7a), in view of (6b; §7) we further have

@) lf
t

provided ¢ >p. Furthermore, it is noted that

’

< wriCome|¢]# [* o eno0ds.
0

< e%' RyCerma| ¢/ |#

’

q—r

' 1
) | t'l < ap’ (d =— [¢2 + (po)z]llz)
p
where ¢ is independent of ¢’ =¢/ +4p’, provided ¢ is in S and p’ >p°. By (6a)
and (9) from (22a) it follows that, for all involved %, w, 7,
(10) | *ghwi(2) | < Roermoeras’ | ¢’ |$.
Thus, in view of (7), (8), (5) and (10) on making use of (4a) and of (Bs), we

would have

+ RgePmagras’ | 4 I‘.

| #|$Cew’ < Copasi+ CRoppermaesr’ | ¢ |4

qg—r
Since p’ >p?, this inequality would imply that
asie=?®’  Ropper™ R _
(11) 1 PR DT 2 ermer e = f(g).
(0" g—r c

Now, f(gq) approaches zero as g— . Hence for ¢ sufficiently great, so that
12f(q), there arises a contradiction. Accordingly, the part of the Lemma re-
lating to the strip .S has been demonstrated.

It remains to examine the case when m =0. We again consider a particular
set of solutions of (B3) and we take C so that (2) holds. Then, for some posi-
tive 7° and for every ¢ =0,

qlt]

(12) wie (1)] < Ce (h=0,---,j—liw=1,---,9)

when |#| <7°. Assume that the part of the Lemma concerning the region P
does not hold. Then there will exist a number 7/, # >7°, such that the follow-
ing will be true. For |¢| <7’, along every ray #(= £¢) in P,

qltl

(13) | i (8)] < Ce (h=0,---,j—liw=1,---,p).

On the other hand, for some k=4%4', w=w’, and for some ray Z¢=%,in P,
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(13a) | i @] = Ce™ (¢t =10 =re).

From (B;), by virtue of (13), (13a), (22; §11) and (22a; §11), it would
follow that

| t¢ h';la’;—'l(t)l = I tlnﬁceqltl < ?¢f Ro‘ t|¢eo(|‘|—|f|)cecl‘rldl Tl
(14) 0
+ Ro| t|¢e’|”;
here ¢=1¢' and integration is along the ray Z¢=¢. In view of (6b; §7) and
since 7' >79, (14) implies that

Ropé R
p o—pp + E? —(g—p)?° — g(q)_

(15) 1<

On noting that g(g)—0, as g—, again a contradiction is seen to arise, when
¢ is taken sufficiently great so that 1=g(g). Thus, the Lemma has been dem-
onstrated completely.

Consider some line Rf=¢, in S. The formal series (1a; §10) give rise to
analytic functions (3; §11)

(16) wme (2) = f Wi (e "dt (B=0,---,j—Liw=1,---,9),
0

where the integration is extended in S (cf. beginning of §11) and the A7.,"~(¢)

are functions of a set referred to in Lemma 9. In fact, let H denote an x-half

plane for which

an R(ix)=|x|cos(—:-+a'c><—-q’<0 Z=2~Lzx9>9).

For x in H, in consequence of (1), the integrals (16) are seen to be absolutely
convergent, when the path of integration is extended in S.

Similarly, when m of (4a; §8) is zero and integration in (16) is along a
ray Zit=%in P, the integrals (16) are observed to be absolutely convergent
in a half plane H [#] (cf. (9; §7)) ; this fact is a consequence of (1a).

It is also noted that when « is in H condition (1; §11) is necessarily satis-
fied. On the other hand, for x in H[7] (ray f in P), this condition will also be
satisfied, by virtue of (9; §7).

When m =0 the condition (5; §11) is satisfied along any ray Z¢=1{, in
P, provided x is in H[Z] and ¢’ of (9; §7) is sufficiently great. It remains to
consider the case when m is not necessarily zero. The function f(¢, x), within
the brackets of (5; §11), vanishes for £=0. We have to show that
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o

here t— along any line R¢=4, in S. On writing
f(, ) = hHG, 2) + fol2, %),

n .
1, %) = o f & il 0™,
0

¢ .
fot, 2) = ¢ f ¢ wiw (0at™,
4
we note that, in view of (17), lim f,(¢, ) =0. As to the function f,(¢, %), it is
found without difficulty that, by virtue of (1) and (17),* its limit along the
line R¢=t, is also zero. Thus, (5; §11) holds in S.

Accordingly, all those developments which originally were of a formal
character are now seen to be justified.

Application of fundamental theorems of Norlund, referred to in §7, is
possible. In fact, with the integration extended in S, an integral (16) may
be expressed as

(18) e (%) = aeh (%) + afs (z)e™
where

8. i
(182) sl ) = f & it

0

[0<e<# =<a; ¢ a constant used in the definition of S] and

. t+4c0 z i
(18b) O I A
4
The function (18a) is entire. On the other hand, in view of Nérlund’s results
and in view of the properties established, in .S, for the A7.,7~1(¢), the »f."~1(x)
are seen to be expressible by series

j—1
1 had hJw (tl)
(19) Mo (2) = .§ #(x + iv)(x + 249) - - - (2 + siv)

(y > 0, sufficiently great),
convergent in a plane H (cf. (17)); that is, convergent for

(20) Ix>H>0 (H sufficiently great).

* And also because along the line R¢=#, in S, Zi—x/2.
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When m of (4a; §8) is zero (that is, when the solutions under considera-
tions are associated with the u-group (cf. §8) whose u’s are greatest) con-
sideration of integrals (16) (with integrations along a ray in P) leads to con-
vergent factorial series developments analogous to those obtained in §7.

Thus, we have found a set of analytic solutions wn.'~(x)(k=0, - - -, j—1;
w=1, .-, p) of the “mixed” difference system (Bs) (§10). Such results are
established forj=1, - - -, ¢. Now the ¢ formal solutions, under consideration,
of (B,) (§8) are given by (1; §10). In view of the established “summability”
of the »7."~1(x), the relations (1; §10) yield analytic expressions of a set of ¢
linearly independent solutions of (B;). Consequently, we may formulate as
follows the Main Theorem for difference equations.

THEOREM II. Let a difference equation (B) (§1) be given. Suppose that cor-
responding to a root p,, of multiplicity ¢, of one of the associated characteristic
equations (there is ome such equation for each u-group; cf. §8) there exists a
linearly independent set of ¢ formal series solutions, all of normal type (§8)
and all forming one logarithmic group. Bring (B) to the corresponding form
(B.) (§8) and let Ei(p) =0 (S; §8) be the characteristic equation, just referred to,
of (B1). For every b, such that e<t, < a (0 <e<a; a sufficiently small), the follow-
ing is true.

(B.) possesses a set of ¢ linearly independent analytic solutions

z) r i1 P w j— — z
(1) yi(#x) = & 7% ZIog"x[mé' 3 s el (@) + e (e ‘3]
h=0 w1

G=1,:--,¢;0(x) a polynomial in x'/?),

where the re,'~' are entire functions of the. type (18a), while the wf.,"~'(x) are
factorial series of the form (19), convergent for Ix>H >0 (H sufficiently
great). The functions

rew (@) + aft (@)e™

are expressible by convergent Laplace integrals of the form (16). There exist cor-
responding developments for a half plane Ix < —H,<0.

When the solutions, under consideration, correspond to the u-group whose
W's are the greatest, the following will hold for every t(—w/2<t<m/2), not co-
incident with a value of an angle of a non-zero root of E,(p) =0.*

(By) possesses a set of ¢ linearly independent analytic solutions of the form
(11; §7), where Q(x) contains no powers of x higher than the first. Similar de-
velopments exist for w/2 <1< 3mw/2.

* It is supposed that p;=0; this entails no loss of generality.
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In so far as the corresponding solutions of (B) are concerned, we need
only to adjoin a suitable factor exp (ux log x) to the expressions given in the
above theorem.

The theorem is not capable of extension in the sense that even normal formal
solutions of (B) do not in all cases lead to convergent factorial series develop-
ments, if corresponding to the multiple root, in question, there is more than
one logarithmic group. This point will be demonstrated by means of the
following example.

Let L(y)=0 be an equation (B,) (§8) of third order, with p =1 and with
all the u; (§8) zero. We shall take

(22) doo=1, dio=—3, dao=3, dso=—1,

(22a) dop1=d31=0, din=1, dg,=—1

and

(22b) dore=0 (k=01,23;5=23---),

except that dss=b0<0. This equation has a single characteristic equation
with a triple root p=0. By direct substitution it can be verified that L(y) is
satisfied by a formal normal solution*

y(x) = on'(%) = 1 + on(x),
(23)

o 0 —QO+1)

m(®) = 3 oniis
A==0
It can be shown that the number of logarithmic groups is greater than one.
Corresponding to (B;) (§10) we have

(21) Thi= 3 wlie) aita+ B = £,
where
(24a) oa::;(x) = io oag::;.x-‘, 00::11;:. = ds_i,,
(24b) £ = -3 gt
=1
here
0,1,1 0,1,1

(24¢) & =0 (s#3), g =b.

* Use is made of a notation conforming with that employed in §§8, 9, 10, 11, 12.
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Let Zt=ibe any ray, extending from =0 and not coincident with either
half of the axis of f-imaginaries. Let integrations be along such a ray. Cor-
responding to (3; §11) we write, formally,

(25) m@ = [(@ofs Rk <-g <0,
0
where ¢ is sufficiently great and

(252) i) =3 nt (m el .m.°+.).

=0 v!

If it were demonstrated that (25a) diverges, impossibility of representing
y(x) in terms of a convergent factorial series would have been established.
This follows by a reasoning analogous to that employed for a similar purpose
at the end of §7.

Use of the difference equation appears to be impracticable in proving di-
vergence of the series (25). However, a certain integral equation will serve

this purpose. Substitution of (25) in (24) (compare with (8; §11)) leads to
the equation

a6 (-1 = [

0

¢ b b
(62' -1+ 7 (1’ - t)2) on?® (T)dT + ? 2

which yields the following relations for the coefficients of the series (25a):

1 r—3 b
(27 — f2 = 2 fa(rnm (rz3), N = ——)
r He=0 2
where
o pame S i b
(272 falr) = 6 r r(r—l)(r—-2)’
fu(r) = _1_50:—1;_ _1__ 2-E-1 (0S HE<7r—4).

(r — H)! (r— H — 1!

Since b<0, f,_s(r) >0 (r=3). We have 8 2 =38 —3(2~#)+3. Thus, for
0<H<=r-—-4,

r—H—1
(27b) fg(f) = (T—-_}:I)' (fy’ (f) - fg” (f))

where
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, 2\rE-1 1 11
fg(r)—3[1—2 ? + P >;’r

' r — H/2\H21 8
' (r) = , - = Pl

3
Accordingly, from (27b) it follows that, for 0<H <r—4,
r—H-1 25
fa(r) = v —m $a(r), $a(r) > P

With the coefficients fg(r) in the second members of (27) all positive, it is
seen that the 7, of (25a) are uniquely determined, positive numbers. Hence

relations (27) would imply that

(28) ”Lr‘- > frs(r)mes

Now, by (27a), 7f,_s(r)—> as r—x. Consequently, inequalities (28) lead
to the conclusion that the series (25a) diverges for all #(0). Thus, the normal
formal solution of the example under consideration cannot be represented

in terms of a convergent factorial series.
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