THE DIOPHANTINE EQUATION X?—DYV?=_Zu*

BY
MORGAN WARD

I. INTRODUCTION

It has been known since the time of Euler and Lagrange? that solutions
of the diophantine equation

1.1) X? — DV? =2M
may be obtained by setting
X + DY = (a + DV)M,  Z = a — Db?,

where ¢ and b are any rational integers. In 1891, Pepin} claimed to prove
that if M is odd, and prime to the class-number of the quadratic field ®(D"?)
while ¢ and b are co-prime, all solutions of (1.1) in which X, ¥ and Z have
no common factor—for short, “primitive” solutions of (1.1)—are given by the
formulas above. Later, Pepin§ recognized that Z must be restricted to be
odd, while Landau|| has pointed out (for a special case of (1.1)) that if D is
positive, the units of the quadratic field (D"?) must be taken into account.

Consider for example the equation X2—5¥%=2Z* to which Pepin’s pro-
cedure should apply, since M is odd and the class-number of £(5'2) is unity.
This equation has the primitive solution X =2, ¥=1, Z=—1. It should
therefore be possible to choose rational integers @ and b such that

2 4 512 = (g 4 51%)3, — 1 = g% — 5b2.

From the second equation, a+5'?b is a unit of ®(5"*) and hence some
power of the fundamental unit 5 multiplied by plus or minus one. But since
the fundamental unit is 2452, the first equation would imply that 2+5'/2
is a root of unity. To obtain this particular solution, it would suffice to mul-
tiply (a+5'2b)% by 5=2. But it is not at all obvious that such a device will al-
ways prove successful.

In the second part of the paper I utilize the theory of ideals to obtain
explicit formulas for all the primitive solutions of (1.1) under the restrictions
given below.

* Presented to the Society, December 2, 1933; received by the editors December 26, 1933.
1 Dickson’s History, vol. II, chapter XX.

1 Memorie della Pontificia Accademia dei Nuovi Lincei, vol. 8 (1891), pp. 41-42.

§ Annales de la Société Scientifique de Bruxelles, vol. 27 (1909), pp. 121-170.

|| L’Intermédiaire des Mathématiciens, vol. 8 (1901), pp. 145-147.
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FUNDAMENTAL THEOREM. Let D be square-free, not equal to —3 or —1,*
and incongruent to 1 modulo 8, and let M be any positive integer greater than
one, and prime to the class-number k of the quadratic field R (D''?), but not neces-
sarily odd.

Let a and b be rational integers such that (a, Db) =1, and of opposite parity
unless the contrary is expressly stated. Define Ay and By by

(1.2) (a + bDYM = Ap + DY2By.

Let 1, w be the canonical basis of the field R (D'?), and if D is positive, let
(1.3) n=r-+ws ’
be the fundamental unit of the field. Define Ur and Vr (T =0,1, - - -, M) by

Ur+DVeVp =97, D=23@4)orD=5(8), h=0(3);
Ur + DVVy = 29T, D=5 (8), hks0(3).
Then all primitive solutions, and only primitive solutions, of the diophantine
equation
(1.1) X2 — DY?*=2M
are given by the following formulas.
(I) D negative.
X=+Ady, Y=+By, Z=+ (a®— Db).
(II) D positive and either congruent to 2, 3 (4) or congruent to 5 (8) with
h=0 (3). »
X = + (AuUr + DByVr), Y = + (AuVr+ BuUr), Z = + (a* — Db?)
(T=0,1,--+,M—1).
(III) D positive, congruent to 5 (8), h#£0 (3).
2X = % (AMUsT + DByVsr), 2Y = + (AuVsr + ByUsr), Z = £ (a® — Db?)
MY = i‘ (AMUT + DBMVT), MHLY = + (AMVT + BMUT),4Z = g% — DBz,

a+b
a,bbothodd. M + T = 0 (3) if . +r=0(2), and
a+b
M-T=0@3)1 > +r=1(2)

(T=0,1,---,M—1).

* The solutions in the cases D= —1 or D= —3 are well known.
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If M =2, we have in addition
24X = + (AuUr + DBuVr), 2V = £ (AuVr + BuUr), 2Z = a* — Db?,
a, b bothodd, T =0orl.

In the final part of the paper, these formulas are applied to discuss several
allied diophantine equations; notably X*+4D=Z7Z¥ 14DYV2=7ZM X2V
—DY?N=7N,

II. THE PRIMITIVE SOLUTIONS OF X2—DV?=7¥4

1. Let D be a square-free integer not equal to —1 or —3 and incongruent
to.1 modulo 8, and let M be an integer =2 and prime to the class-number of
the quadratic field & = R(D'2). A solution X =4, ¥ =B, Z=C of the dio-
phantine equation

(1.1) X? — DY? = Z™

will be said to be primitive if 4, B, C are rational integers with no common
factor save unity. For brevity, we shall speak of “the solution 4, B, C.”

We shall adhere to the notations of Landau’s Vorlesungen; italic letters
are reserved for rational integers, small Greek letters for integers of the
field ®, and small German letters for ideals of ®. A square bracket enclosing
a Greek letter denotes the corresponding principal ideal; thus [a], [8], - - - .
Round parentheses enclosing two or more letters denote greatest common
divisors, (a, b), (a, b), - - - ; enclosing a single letter, they denote that it is
to be used as a modulus. The conjugate of a number « of & is denoted by a.

The following three lemmas are easily proved.

Lemma 1.1. If 4, B, C is a primitive solution of the diophantine equation
(1.1), then both A, B, C and A, D, C are relatively prime in pairs.

Lemma 1.2. If 4, B, C is a primitive solution of the diophantine equation
(1.1), then (i) if M =3, C must be odd unless D=1 (8); (ii) if M =2, C must be
odd unless D=1 or 5 (8). In the latter case, if C is even, C/2 must be odd.

LemMA 1.3. If M is prime to the class-number of the algebraic field &, and
if ais any ideal of &, then if a™ is a principal ideal, a is a principal ideal.

Lemuma 1.4. If A, B, C is a primitive solution of the diophantine equation
(1.1) and if C is odd, then the principal ideals [A+D'?B] and [4 —D'2B]
of the quadratic field & are co-prime.

For otherwise, there exists a prime ideal p of & such that
[4+D'2B]=0(®), [4—D"B]=0(@).
Then [C¥]=[4+D"2B] [A—D"B]=0 (p), so that
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C =0 (p), and ([2], p) = 1 since C is odd.

Since p contains both 44 D'?B and 4 —D'?B, it contains their sum 24
and hence 4 itself. Therefore the rational prime which p divides divides both
4 and C contrary to Lemma 1.1.

LeMMmA 1.5. If D is congruent to 5 modulo 8, and if 1, w is the canonical
basis for the integers of the field &, and if (c+wd)™ =c’'+wd’, where ¢ and d
are rational integers, then if M is prime to three, d’ is even when and only when
d is even. If M is divisible by three, d’ is always even.

For 5=D=(2w+1)?=4w*+4w+1 (8), so that

wl=w-+1(2).

If d is even, d’ is obviously even for any value of M. If d is odd, we have
either c+wd=14w (2) or c+wd=w (2). In the first case, (c+wd)?=w?+1
=w (2), (c+wd)®=w*4+w=1 (2), (c+wd)*=c+wd (2). In the second case,
(ctwd)?=w*=14w (2), (ct+wd)P=w*+w=1 (2), (c+wd)*=c+wd (2). Hence
in either case, if M =N (3), N=0, 1 or 2, (c+wd)™ = (c+wd) ¥ (2), from which
the rest of the lemma easily follows.

Lemuma 1.6. If D is congruent to 5 modulo 8, not equal to — 3, and negative,
the class-number of the quadratic field & is always divisible by three.*

Lemwma 1.7. If D is congruent to 5 modulo 8 and positive, and if
(1.3) n =17+ ws
is the fundamental unit of the quadratic field &, then the class-number of & is
divisible by three when and only when the rational integer s is even.t

2. Let A, B, C be a primitive solution of (1.1). During the next three
sections of the paper, we assume that M = 3, so that C is necessarily odd.
If 1, w is the canonical basis of the field &, we have

W=D, o=—wifD=23(4) 20+ 1=D,

2.1) o=—1—wifD=15(8).
Let
k=A+ wB, A=k=A—wB ifD=2,3(4),
2.2) k=A+B+20B, A=x=A4—B—20wBifD=5(8).

Then in either case, k and \ are integers of &, and kA\=A42—DB2=C¥ or
(2.3) [JA] = [C]v.

* Dirichlet-Dedekind, Zahlentheorie, 4th edition, 1894, p. 244.
t Dirichlet-Dedekind, work cited, p. 250.
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Since C is odd, the principal ideals [x] and [A] in (2.3) are co-prime by
Lemma 1.4. Hence there exist two ideals a and b of & such that
k] =a¥, []=0¥, [C]=ab, (a,b)=1.

Since M is prime to the class-number of the field &, a and b are principal
ideals of & by Lemma 1.3. Denote them by [a] and [8] respectively. Then

] =[], D=1["], [C]=1[allB], (le], [8) =

Moreover, since A is conjugate to «, 8 is conjugate to a. Therefore there
exist two units ¢ and e; of & such that

K= ElaM; A= ElaM’ C= €20, ([a]: [&]) =

Since a@= N« is a rational integer, e,= +1. Let 5 be the fundamental
unit of the field . Then there exists an integer R such that ¢, = + »n=.

Divide R by M, and let the quotient and remainder be Q, T:R=QM +T,
0<T <M —1. Then if we write a’ for 7%, we have

(2.4) k=x9Td™, A=ty Ta™M, C=zxda', 0ST=M-1,
(2.5) (], &) = 1.

If D is negative, the only units in  are +1, since D= —1, —3, and (2.4)
holds with T'=0. Henceforth we retain only the positive signs in (2.4).
3. If D=2,3(4), o’ and @’ in (2.4) are of the form

a' = a+ wb, & =a— wd, w?=D,
where ¢ and b are rational integers. Then
(3.1) (a, Db) =

For otherwise, there exists a prime ideal p of & such that a=0 (p), Db=w?
=0 (p), so that a=wb=0 (p), o’=a’=0 (p) contradicting (2.5).
Since C =a%— Db is odd, we must have

3.2) a, b of opposite parity if D is odd, ¢ odd if D is even.
Now a’M = A s+ D'?B ,, where

M M
Ay = aM+(2>DaM-2b2+(4>D2aM-4b4+ -

M M
<1>aM—lb+<3)DaM—3b3+...

If the fundamental unit 5 is r4ws in the case when D is positive, we
write r =u1, s =v;, w=D'?,

(3.3)
By
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2T = (r + ws)T = Urp + DV2Vp (T=0,1,---,M—1).

(2.4) then gives us our final formulas:

(3.4) A = UpAy + DVeBy, B = UrBu+ Vedy, C = a® — Db,

where if D is positive, T may have any integral value from 0 to M —1, but
if D is negative, T is zero.

We have thus shown that in the case D=2, 3 (4), every primitive solution
A, B, C of (1.1) is of the form (3.4). We shall now show that if ¢ and b are ra-
tional integers subject to the conditions (3.1), (3.2), the formulas (3.4) al-
ways give a primitive solution of (1.1).

It is obvious the formulas always give a solution of (1.1), and that for
such a solution, C is odd. To show that the solution is primitive, it suffices
to prove that (4, B) =1.

If (4, B)1, there exists a prime ideal p of & such that A=B=0 (p)
so that 4 + DY2B=0 (p). Since Ur+D'?V; is a unit of & and 4 +D'?B
=(Up+D'"2Vy)(Ay+D"2Byy), Ay+D"By=(a+D"25)M=0 (p) or a
+ D'2p=0 (p). Therefore 2a=2D"?=0 (p); or since (e, Db) =1, 2=0 (p),
and A=B=0 (2). But then C¥=A4?—DB?*=0 (2), so that C would be even.

4. If D=5 (8), o’ and &’ in (2.4) are of the form

(4.1) o =¢ctwd, a=c—d—-w, (20+1?=D,

- where ¢ and d are rational integers which are co-prime by (2.5). There are
two cases according as D is negative or positive.

If D is negative, the class-number of & is divisible by three by Lemma
1.6. Hence (M, 3) =1. Since 1 is the fundamental unit, we obtain from (2.4)
a'M=(c+wd)™ =k=A+B+2Bw. Therefore, by Lemma 1.5, d is even. If we
write d =2b,c=a—b, we have a’ =a+ D?b. Hence

k= A + BD'? = (a + DY) = Ay + D'VBy.

Thus we obtain as in the previous case D negative and congruent to 2 or 3
(4),
(4.2) A=Ay, B=By, C=a*—Dba, (s Db)=1.

Since M 2 3, C is odd by Lemma (1.2). Therefore a and b must be of opposite
parity. A, and By are asin (3.3).

Conversely, it may be shown as in §3 that if ¢ and b are rational integers
of opposite parity, the formulas (4.2) always give a primitive solution of
(1.1).

Next, assume that D is positive, and denote the fundamental unit of the
field & by
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(1.3) 7 =r+ ws,
asin Lemma 1.7. Then if the class-number of & is divisible by three, s is even.
Writing s =20, r=u—71,

n = u+ oD/, nT = Up + VyD!/2 (T=0,1,--,M—1).

Then by (2.4), (4.1)

a™ = (¢ + wd) = 77k = ¢ + wd’
where d’ is even. Since (M, 3) =1, d is therefore even by Lemma 1.5. On
writing d =2b, c=a— b, we obtain therefore
(43) A= UTAM + DVTBM, B = UTBM + VTAM, C = a? — Db2.
a and b here are of opposite parity, and (a, Db) =1. Conversely, we may show
asin §3 that (4.3) always gives a primitive solution of (1.1).

+ If the class-number of & is not divisible by three, the integer s in (1.3)
is odd. We obtain therefore from (2.4) and (4.1)

(r + ws)T(c + wd)™ =k = ¢’ + wd’, d’ even.
Therefore if d is even, T must be divisible by three by Lemma 1.5. On the
other hand, if d is odd, we have the following restrictions on T and M ac-
cording to the parity of 7 in order that d’ may be even.
Ifr+ws=14+w@)andc+wd =14 w (2),then T + M = 0 (3);
fr4+ws=14w(2)and ¢ + wd = w (2), then T — M = 0 (3);
ifr+4+ ws=0w(2) and ¢ + wd = w (2), then T + M = 0 (3);
ifr4+ ows=0w(2) and ¢+ wd =14 w (2), then T — M = 0 (3).

Let us write
WT = Ur + VD2 (T=0,1,---,M—1).

a'=a+D"'? if d is even; 2’ =a+D'?b if d is odd, where, in the first case,
d=2b, c=a—0, and in the second case, d=0, a=2c—b, so that a and b are
both odd. The four cases above when s is odd may then be stated as follows:

T+M=0@Q)ifr— (a+3)/2=0(2),
T—M=0@Q)ifr— (a+b)/2=1(2).
The solutions of (1.1) are given by the following formulas:
(4.5) 24 = Uspdar + DVrBy, 2B = UsBy + Vardy, C = a® — Db?,
a, b of opposite parity, (¢, Db) = 1,0 < T < [(M — 1)/3)],

(4.4)

or
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(46) 2M+1A = UTAM + DVTBM, ZM'HB = UTBM + VTAM,4C = (12 - Dbz,
a, b both odd, (a, Db) = 1, and T restricted by (4.4).

It is easily shown as before that both (4.5) and (4.6) give us primitive
solutions of (1.1) with the specified restrictionson @, band T.

The possibility of primitive solutions of (1.1) of the form (4.6) seems
to have been overlooked heretofore. On taking D=5 M =3, T=0,a=b=1
in (4.6), we obtain the solution 2, 1, —1 of X2—5¥2=22 discussed in the
introduction.

5. The case when M =2, D=3 (8) requires separate discussion, as we see
from Lemma 1.2 that primitive solutions of

(5.1 X?—-Dy*:=2%

will exist of the form X =4, Y=B, Z=C=2E, where A, B, E are odd and
co-prime. The other solutions with C odd may be obtained from our general
formulasin §4. In the present case, we write

(5.2) 2k =4 4+ B+ 2wB, 2\ = A — B — 2wB where as usual 2w + 1 = D12,
orletting 4 4+ B =2G,
«k=G+wB, \N=% N\ =E2 k][A] = [E]:.

If we now apply the reasoning used in §2 to this ideal equation, we deduce
that either

k = (¢ + wd)?, E = (¢ + wd)(c + @d), or
k = (r + ws)(c + wd)?, E = (¢ + wd)(¢c + wd),

where 7 +ws is the fundamental unit of the field . To agree with our former
notation,let Uy=2, Vy=0,U,=2r—s,V,=5,2c—d =a,d=>. Then

(5.3)

8 = (Ur + D'?Vy)(a + D'%b)2, 4E=a*—Db?, T =0,1,
so that

5.4) 44 = Ur(a® 4 Db?) + 2abDVy, 4B = Vp(a® + Db?) + 2abUr,
"7 2C = e — Db?, T=0,1,

where a and b are both odd, and (e, Db) =1. As before, (5.4) always gives a
primitive solution of (5.1) with Z even.

For the case M =2, it may be noted, a knowledge of all of the primitive
solutions of (1.1) gives us immediately the most general solution of (1.1). On
collecting all of our results, we obtain the fundamental theorem stated in
the introduction.
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III. APPLICATIONS OF THE FORMULAS
6. Consider the diophantine equation
(6.1) X2—D=2M,

where D is square-free, negative, = —1 or —3, incongruent to 1 (8), while
M is prime to the class-number of the quadratic field R(D'/?). Then if X =4,
Z=C is a solution of (6.1), 4, +1, C is a primitive solution of (1.1). Con-
versely, any primitive solution of (1.1) with B=+1 gives a solution of
(6.1). Accordingly, all solutions of (6.1) are obtainable by setting ¥ = +1
in the formulas of case I of the fundamental theorem; thus

M M
(6.2) _-t1=<1>aM‘1b+<3>DaM‘3b3+~- :

If M is even, the last term on the right of (6.2) is (4L,) DM-2/2 ghM-1,
Since the numbers (), ¥), - - -, (/L)) are all even when M is even, (6.2)
is impossible, so that (6.1) kas no solutions if M is even.

If M is odd, the last term on the right of (6.2) is D-D/2pM_ Hence every
term is divisible by b, so that b= +1, and ¢ must be a root of the equation

M M _
(6.21) <l)xM—1+<3)DxM‘3+--- + DM-DI2 F 1 =0,

For fixed D and M meeting our restrictions, the solution of (6.1) reduces
then to finding all the integral roots of (6.2).

Under the same restrictions on D and M, we can obtain information about
the diophantine equation

(6.3) 1 —Dy?=2¥4,
We have in place of (6.2) the condition

M
(6.4) i1=aM+<2)aM‘2b2+---.

If M is even, we obtain no direct information. But if M is odd, the right
side of (6.4) is divisible by @, so that a= +1, and b must be an integral root
of the equation™*

( M )D(M-3>/2xM-3 _|_< M )Dw—swzxzu—s 4+ ...
M-1 M -3

(oo (1) -0

* The conceivable case when = F1 and the left side of (6.4) is +1 is easily shown to be im-
possible. :

(6.41)
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To give a numerical example, consider the equation X2+42 =Z° to which
the method is applicable since the class-number of ®(42Y%) is 4. If M is a
prime,

DM-1/2 = ( D) (M),
M

while ¥), ¥), - - -, (4™ are all divisible by M. We must therefore choose
the ambiguous sign in (6.21) equal to —(3), or 41 in this case. On dividing
out M =5, (6.21) becomes

xt — 84x% + 353 = 0.

Since 842 —4-353 =5644 is not a square, the initial diophantine equation
has no solutions.
7. Consider now the diophantine equation

(7.1) X? — 16DY?N = 74,

We assume as before that D is square-free, negative, incongruent to 1 (8),
and in addition, that the class-number of the quadratic field & (D'?) is odd.*

Let A4, B, C be a primitive solution of (7.1). Then 4, 4B¥, C is a primitive
solution of

(7.2) X? — DY = Z¢,

Hence by case I of our fundamental theorem, there exist rational integers
a and b such that (e, Db)=1, ¢+b odd, and

A = a* + 642D + D%*, 4B = 4ab(a® + Db?), C = a* — Db?.

From the expression for 4B¥, we deduce that g, b, a>4Db? are perfect Nth
powers:a=E¥ b=F¥ o>+ Db?*=G¥ so that X=E, Y =F, Z=G is a primitive
solution of

(7.3) X2V 4 DY*N = Z¥,

Conversely, a primitive solution of (7.3) gives us a primitive solution of
(7.1). But it is easy to see that if (7.3) has any solutions whatever, it has
primitive solutions. Therefore: A necessary and sufficient condition that the
diophantine equation (7.3) be solvable is that the diophantine equation (7.1)
have a primitive solution.

Assume next that D is negative, and congruent to 2 or 3 (4), and that the
class-number of ®(D'?) is prime to 3, while D is divisible by three. Consider

* This always occurs for example if D is a prime, =5 (8). See Dirichlet’s Works, vol. I, 1889,
pp. 357-370, or Crelle’s Journal, vol. 18 (1838), pp. 259-274.
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(7.4) X2 — 9DY2N = 73,

A similar procedure to that given for (7.1) connects (7.4) with the diophan-
tine equation

Dy~
(75) XN+—'3—=ZN,

and we have the theorem that a necessary and sufficient condition that the
diophantine equation (71.5) be solvable is that the diophantine equation (7.4)
have a primitive solution.

For example take D = —21. The class number of £(21'/%) is four, and for
N=1,

X' =Y =2
is known to have no solutions.* Hence
X? + 189714 = Z3
has no primitive solutions.
This result generalizes an interesting correspondence recently obtained

by Kapferert between the solutions of Fermat’s equation and the primitive
solutions of an equation of the form (7.4).

* Maillet, Comptes Rendus, vol. 129 (1899), pp. 189-199.
t Sitzungsberichte, Heidelberg Akademie, 1933, part 2, pp. 32-37.

CALIFORNIA INSTITUTE OF TECHNOLOGY,
PaAsADENA, CALIF.



