QUASI-COMMUTATIVE RINGS AND
DIFFERENTIAL IDEALS*

BY
NEAL H. McCOY

Introduction. In the quantum mechanics, an important role is played by
elements p and ¢, either infinite matrices or differential operators, which
satisfy a commutation rule of the form

(1) P9 —gqp =,

where ¢ is a scalar and is therefore commutative with both p and ¢. The im-
portance of this relation has inspired the development of a considerable num-
ber of commutation formulas for polynomials in p and ¢, with coefficients
in the complex number field.t However, for the most part, these formulas
make no use of the fact that ¢ is a scalar, but merely that it is commutative
with both p and ¢. And although relation (1), with ¢ a scalar, is impossible
for elements of a finite algebra, it was pointed out in a recent paper} that
there do exist pairs of finite matrices 4, B such that AB— B4 is not zero,
but is commutative with both 4 and B. Thus the various commutation
formulas for polynomials in p and ¢ go over at once into corresponding ones
for polynomials in 4 and B. This suggests the problem of characterizing all
algebras, and more generally all rings, whose elements are polynomials in two
given elements £, 7 with coefficients in a suitable domain, it being assumed
that £n—nf is commutative with both £ and ». Such rings are of some mathe-
matical interest in that while they are not in general commutative, they are
quite closely related to commutative rings and are perhaps in certain respects
the most simple non-commutative rings. It is the primary purpose of the
present paper to consider rings of this type.

Let K denote a commutative ring with unit element e.§ We now adjoin to
K (ring adjunction) two elements £, 7 which are assumed to be commutative
with elements of K, and are such that the element { = £y —1£ is commutative
with both £ and 7. This ring will be denoted by K [£, 7], and may be called a
quasi-commutative ring over K. Different quasi-commutative rings may be ob-

* Presented to the Society under the title Ou cerlain rings and differential ideals, September 3,
1934; received by the editors January 27, 1935.

t See, e.g., a previous paper, On commutalion formudas in the algebra of quantum mechanics,
these Transactions, vol. 31 (1929), pp. 793-806.

1 N. H. McCoy, On guasi-commutative matrices, these Transactions, vol. 36 (1934), pp. 327-340.

§ Unless otherwise stated, the notation and terminology will follow as closely as possible that of
van der Waerden, Moderne Algebra, Berlin, 1930 and 1931.
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tained by imposing additional conditions on £ and #. But it is not obvious
what new conditions are self-consistent, as well as consistent with those al-
ready imposed. Our first problem is therefore the characterization of all quasi-
commutative rings over K.

In §1, we shall define a quasi-commutative ring R=K [«, 8], which has
the property that any quasi-commutative ring K [£, n] is homeomorphic to R.
It follows that K[£, ] is isomorphic to the quotient ring R/M, where M
is the two-sided ideal in R consisting of those elements of R which correspond
to the zero element of K [£, n].* The problem of characterizing the different
rings K [£, 7] is thus reduced to that of characterizing in some simple way
the two-sided ideals in R. In order to do this, we introduce in §2 a commuta-
tive polynomial ring R’ = K [, y, z] whose elements can be put in a one-to-one
correspondence with the elements of R. The significance of the correspond-
ence between these rings is found to depend upon the notions of differential
ring and differential ideal.t Accordingly, we discuss these concepts in some
detail in §3, which is independent of the rest of the paper. In particular, we
show that one of E. Noether’s decomposition theorems remains valid if all
ideals are required to be differential ideals.

The characterization of the two-sided ideals in R is obtained in §4. It is
found that a set M of elements of R is a two-sided ideal in R, if and only if
the corresponding set M’ of elements of R’ is a differential ideal of a certain
kind in R’. If follows that there is a very close connection between the quo-
tient rings R/M and R’/M’. Thus a number of properties of the quasi-com-
mutative ring R/M can be determined from a knowledge of the corresponding
properties of the commutative ring R’/M’.

In §5, we discuss briefly the special case in which K is a non-modular
field and K [, 7] is a finite algebra over K.

It may be remarked that the relations

fn—nk=¢ - =0 2—$m=0

are precisely those which are satisfied by the infinitesimal transformations of
a three-parameter continuous group with structure constants 0, 0, 1; 0, 0, 0;
0, 0, 0. The problem discussed in this paper may therefore be considered as
that of determining the realizations of such three-parameter groups.

1. The ring R=K [, 8]. Let K be a commutative ring with unit element
¢, and K[£, 7] any quasi-commutative ring over K. If we set {=£n—n§, it

* See van der Waerden, op. cit., I, pp. 56-58, for a detailed proof for the case of commutative
rings. The necessary modification for the non-commutative case can be made without difficulty . The
term “quotient ring” is used throughout this paper for van der Waerden’s “Restklassenring.”

t See H. W. Raudenbush, Jr., Differential fields and ideals of differential forms, Annals of Mathe-
matics, vol. 34 (1933), pp. 509-517.
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follows as a direct consequence of the fact that ¢ is commutative with both
£ and 7 that

@ g =20 (- 1)’s!< ") ( m) 2 R o
8=0 N N

where m and » are any positive integers, the sum being extended to the
smaller of » and m. We shall not give a proof of this formula as it follows
readily by induction on m and #.* We remark that if % is any element of
K [£, n], it will be understood that A°=e.

Each coefficient on the right of (2) is a positive or negative integer. Hence
if we multiply (2) by e, we see that each of the resulting coefficients belongs
to K. By a repeated use of formula (2), it is now clear that each element %
of K[£, 1] can be expressed in the form

(3) h = E Ciikgiﬂjg-k (17 j) k= 0) 1’ T )y
where the coefficients c¢;;» belong to K, and only a finite number are different
from zero. In general, the expression of % in this form need not be unique.
We now pass to a consideration of the most general quasi-commutative
ring over K, which may be defined in the following abstract way.} Let e,

(2, 7, k=0, 1, - - - ) be undefined symbols, and denote by R the set of all
finite sums of the form

[ =22 aipeiin,
where the a.;; belong to K. If g= b:jze:;, we shall write f=g if and only if
aijr=bipn (4,7, k=0, 1, - - . ). We now define:
f+ g =2 (e + bi)eisn,
af = fa = Z (aa;jk)e,-ik, ain K.

It follows from the latter of these relations that ¢f =fe=f, for all elements
fof R. We now define a multiplication of the symbols e;;: as follows:

4 €ijk€imn = Z e(— 1)'“(1 )( l >e€+l—t.i+m—t.k+n+z-

=0 ¢ ¢
This defines a multiplication of elements of R which, by a direct calculation,
can be shown to be associative. Hence R is a ring with unit element €= ¢qq0.
If we set ergo=c, eo10=P, €001 =7, it follows from (4) that o —Ba =7, ay = va,
By =B, eijx=a’Biy*. Thus R is a quasi-commutative ring K [, 8] over K,

* Born and Jordan, Zeitschrift fiir Physik, vol. 34 (1925), p. 873.
1 This will be recognized as essentially the method used by Hamilton to define an algebra over
a given field. See L. E. Dickson, Algebras and their Arithmetics, Chicago, 1923, p. 22.
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and hence relation (2) holds with £, », ¢ replaced by «, B8, v respectively. It
is then easy to show also that relation (4) is a direct consequence of formula
(2). Thus by repeated use of (4) or (2) any element f of R can be expressed
uniquely as a finite sum

(5) =2 aipaiBin,

with coefficients in K, and any such sum is an element of R.

If now K [£, ] is any given quasi-commutative ring over K, we shall de-
note by f* the element ) _a,;:£ny*. Thus f* is a uniquely defined element of
K [£, n] corresponding to the element f of R given by (5). It is clear that
(f+g*=f*+g* Let us consider (fg)*. By repeated use of relation (2)
(with £, n replaced by «, B respectively) fg may be expressed as an element
> ciiraiBivk of R, and thus (fg)* =2 ciuint k. But formula (2) as applied to
f*g* in precisely the same series of operations will also yield D cijkini¢®.
Hence (fg)*=f*g*, and thus the correspondence f—f* is a homeomorphism
between R and K [§, #]. We have therefore shown that any quasi-commuta-
tive ring over K is homeomorphic to R, and the problem of determining the
various quasi-commutative rings over K is reduced to that of finding the rings
which are homeomorphic to R, and this in turn is equivalent to the determina-
tion of all two-sided ideals in R.

If f is the element (5) of R, we may define 9f/dc to be the uniquely defined
element >_efa;;i~'Biv* of R. It then follows by a simple application of rela-
tion (2) that

a
fB—ﬂf='y—f’
o) da
"
W—h—vw

These are familiar formulas in the quantum mechanics.

Since the product of # consecutive integers is divisible by #!, we remark
that no matter what the characteristic of the ring K, (1/»!) d"f/da™ is an
clement of R (n=1,2, - - ).

2. The ring R’ =K [x, y, z]. Let x, v, z denote ordinary commutative in-
determinates which are assumed to be also commutative with elements of K,
and denote by R’ the ring K [x, y, 2] consisting of all polynomials in #, y, 2
with coefficients in K. Corresponding to the element (5) of R, we have the
element f' = a.;xiyiz* of R’. This clearly defines a one-to-one correspond-
cnce between elements of R and those of R’. Henceforth we shall let f, f’;
g g'; - - - denote pairs of corresponding elements of R and R’ respectively.
The following may now be verified:




1936] QUASI-COMMUTATIVE RINGS 105

o' =s%¢,
(¢f)) =¢f  (ainK),

(a,y)l a,,,f/ (6”/)1 a»,,,fl
sar)  axr  \opr) oy

In order to find what element of R’ corresponds to a product fg of ele-
ments of R, it is necessary to express fg in the form ) c;ja87v*. We shall
now prove thatt

. , (= 2)* 9y o

/ = .
(7) (f9) é o oy aur
Since differentiation is a linear operation, it is sufficient to establish this
formula for the case in which f and g are single terms of the form F = aiBiy*
and G =a'B™y", respectively. We have from formula (2)

i l
FG = ai(Bia)fryttn = 3 (— 1),.3!(] )( )ai+l—~aﬁj1 s s
s s

&==0
and hence
o (— 2)* o' 3G
(]'G) = Z 0

s! v dxr

which is the desired result. It may be noted that formula (7) is essentially
a formula given by Bourlet for multiplying differential operators.

We shall also require a formula which exhibits the element of R which
corresponds to a product fg’ in R’, namely

r r 7' a"j a"g !
(8) _,g =< v oy oy
=0 S! 9B* da*
Again considering the case f=F, g =G, this formula states that
xitlyitmghtn
. \ . _
= Z ( J )_'___L..A‘_‘ E (— l)tt!(] 3) (l s) xi+l~x—!\pj+ lrx—«—lzk+n+3+,‘
8=0 \ § (l - s)! -0 ¢ p A

This is easily verified, as the term on the right given by s =¢=01is precisely the
left-hand side, while if p >0, the coeflicient of x#+¥-ryitm—rzi+ntr on the right
is

t Herc, as elsewhere, the existence of s! in the denominator causes no difficulty, as (1/s!) 81" /av*
represents a uniquely defined element of R’.
1 C. Bourlet, Annales de I’Ecole Normale Supérieure, (3), vol. 14 (1897).
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Ju! > (P
TR ( t) =0

By means of these formulas we shall, in §4, find a characterization of all
two-sided ideals in R in terms of the sets of corresponding elements of R’.
But before proceeding to this, we pause to introduce some necessary con-
cepts of a somewhat different nature. This will be done in the following sec-
tion, which is independent of the rest of the paper.

3. Rings with operators. Differential rings and ideals. Let .S be a com-
mutative ring,* and Q a set of operators A with the following properties:
(1) if s is an element of S, As is a uniquely defined element of S; (2) if s and ¢
are elements of .S, then A(s+¢) =As+At. For convenience, we shall refer to S
as an Q-ring. A set I of elements of S will be said to be an Q-ideal if I is an
ideal in S, and in addition 7/ is closed under the operators A of Q.1

We remark that from the equation A(0+0) =A0+AO, it follows that
AQ=0. Let now I be an Q-ideal in S, and denote by s and § corresponding
elements of S and of the quotient ring S/I respectively. We now define A§
to be the element As of S/I, and it follows readily that S/I is also an Q-ring.

Let T denote another Q-ring. The ring T wil be said to be Q-homeo-
morphic (Q-isomorphic) to S, if T is homeomorphic (isomorphic) to S in the
usual sense, and in addition if s—¢ by this homeomorphism, then As—A¢ for
each A in Q. The quotient ring S/I is clearly Q-homeomorphic to S. It is now
not difficult to prove the following theorem:

THEOREM 1. If the Q-ring T is Q-homeomorphic to the Q-ring S, then T is
Q-isomorphic to the quotient ring S/I, where I is the Q-ideal in S consisting of
those elements of S which correspond to the zero element of T.

This will be recognized as a familiar result provided the symbol @ be
omitted from the statement of the theorem.] We note first that if s—0 by
the given Q-homeomorphism, then As—AOQ - 0. Hence the set I of elements of
S which corresponds to the zero element of T is actually an Q-ideal. Let now s
be any element of S, 5 the corresponding element of S/7, and ¢ the element of
T corresponding to the element s of S. Then, by the known case, it is clear
that the correspondence 5—¢ is an isomorphism of S/I and T and we only
need to show that this is also an Q-isomorphism. But by our hypothesis, At

* Some of the results of this section can be extended to the case of non-commutative rings. How-
ever, we shall simplify the discussion by considering only commutative rings, as these are the ones
which are important for our purpose.

t These concents are essentially those used in the study of groups with operators. See van der
Waerden, op. cit., I, p. 132.

1 van der Waerden, op. cit., I, p. 57.
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is the element of T corresponding to As, and by definition AS is the element
of S/I corresponding to As of S. Hence A5—A¢, and the theorem is estab-
lished.

We shall henceforth assume that the ring .S has a unit element ¢, and that
every ideal in S has a finite ideal basis. We shall also assume that each opera-
tor A of Q satisfies the further condition (3): if si, s; are elements of S, then
A(s182) = 5145345451, The ring S may then be called a differential ring, and
an Q-ideal in S a differential ideal.*

In a differential ring we have Ae¢=0. For applying the condition (3) to
the case in which s, =s; =€, we get Ae = 2A¢, that is, Ae =0. We shall now prove
a few theorems concerning differential ideals in S.

THEOREM 2. An ideal I =(ay, az, - - -, ax) tn S is a differential ideal, if
and only if Aa;=0 (I) (i=1,2,---,k).

It is clearly only necessary to establish the sufficiency of these conditions.
If a is any element of I, then we may write

k
a = Z b.'a.',

t=1

where the b; are elements of S. Thus

k
Aa = Z (b;Aa.- + d,‘Abi).

f=1
Hence if allAa;=0 (I), it follows that Ae=0 (I),and [ is a differential ideal.
If I, and I, are differential ideals in S, their least common multiple
IinI,=[I,, I,] is obviously a differential ideal in S. By Theorem 2, it is
clear that their greatest common divisor (I, I,) is also a differential ideal in .S.
THEOREM 3. If I is a differential ideal in S and I =10 I,, where I, and I

are proper ideal divisors of I such that (I, I.) = (¢), then I, and I, are differential
ideals in S.

Under the hypotheses of the theorem, there exist elements 41, 7, of S such
that
i1+iz=€, 1«150 (Il), izEO (Ig).

Let a be any element of ;. Then ai;=0 (), and hence A(az,) = aAiz+i:Aa=0
(I), that is, 4Aa=0 (I,). But i2=e€ (I,), and thus Aa=0 (I,). In like
manner it can be shown that I is also closed under the operations of ,
which proves the theorem.

* See H. W. Raudenbush, Jr., loc. cit.
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An ideal (differential ideal) I may be said to be direct indecomposable*
if it cannot be expressed in the form 7, n I, where I, and I, are proper ideal
(differential ideal) divisors of I such that (I;, I,) = (¢). The above theorem
then states that a differential ideal I is direct indecomposable if and only if
it is direct indecomposable when considered as an ordinary ideal.

TueoreM 4. Each differential ideal I in S can be expressed uniquely as the
least common multiple or product of direct indecomposable differential ideals I;:

(9) I=[11’121"')Ik]=1112"'1k>
where the I; are proper ideal divisors of I such that (I, I,) = (€), 5.
Considered as an ordinary ideal, it is knownt that I has a unique decom-
position of the form stated, except that the I; are of course not required to
be differential ideals. We shall show that they are necessarily differential
ideals.
We have from (9), I=I,n[I,, Is, - - -, I;]. Since (I}, I;) = (¢) (j=2,
3, - - -, k),itfollows] that (I,, [I5, Is, - - - ,I4]) = (¢), and hence, by Theorem

3,Iand [I,, I, - - -, I,] are differential ideals. A repetition of this argument
proves the theorem.
If S;(i=1,2, - - - ,r) are differential idea]s in .S such that each element of

S can be expressed uniquely as the sum of elements which belong respectively
to the S;, then S is said to be the direct sum of the differential ideals S;, and
we write

(10) S=S54+S 4 - +85.

A differential ring which can be expressed as the direct sum of two or more
differential ideals may be said to be reducible, otherwise irreducible.

Suppose now that relation (10) is given. From the uniqueness of the ex-
pression of any element of S as a sum of elements of the S;, it follows that
S; and S; have no element in common except zero, and thus S5, 0, ¢#j.
Considering now the unit element e of .S, we have the following relations:

(11 €=Z€i, e=0 (Si), ee; =0 (i¢j), e = ¢ #0.
i=1

It follows readily that S; consists of all elements of the form se;, where s is
an element of S, and thus e; is the unit element of S;.

* This is in agreement with the terminology used by O. Ore in his paper, Abstract ideal theory,
Bulletin of the American Mathematical Society, vol. 39 (1933), pp. 728-745.

t E. Noether, Idealthcorie in Ringbereichen, Mathematische Annalen, vol. 83 (1921), pp. 24-66;
van der Waerden, op. cit., I1, p. 46.

t van der Waerden, op. cit., IT, p. 45.
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Let us now assume that relations (11) are given, and deduce from them
the decomposition (10). Let S; be the set of all elements of S of the form se;,
where s is any element of S. Then clearly S; is an ideal in S and e; is the
unit element of S;. If s is any element of S, we have

s = se = Se1 + se2 + - - -+ Se,.

Thus any element of S can be expressed as the sum of elements belonging re-
spectively to S; (:=1,2, - - -, r). Furthermore, this expression is unique, for
if >_a.e; =0, it follows by multiplication with ¢; that a;e;=0 (j=1,2, - - - , 7).

We shall now show that S; is a differential ideal. Since Ae; = Ae? = 2¢:A¢;,
it follows that Ae;=0 (S;). Also from (11) we find

Ae = 0 = Ae; + Aex + - - - + Aer,

and thus Ae;=0 (=1, 2, - - -, 7). If 5;is any element of S;, we have there-
fore As; =A(s:e;) =€;A5;=0 (S;). Hence S; is a differential ideal and S is the
direct sum of the S; (¢=1,2, - - ,7).

We have therefore shown by a familiar kind of calculation, that a decom-
position (10) has relations (11) as a consequence, and conversely. In view of
Theorem 3, it is not surprising to find that if a differential ring can be ex-
pressed as the direct sum of ordinary ideals, these ideals are of necessity dif-
ferential ideals. We may remark here that if s is any element of S, the corre-
spondence s—se; is an Q-homeomorphism between S and S..

We conclude this section with the following theorem:

THEOREM 5. If I is a differential ideal in S, the quotient ring S/I can be
expressed as the direct sum of k differential ideals K, if and onlv if I can be
expressed in the form (9). By a proper choice of notation we have also that K;
is Q-isomorphic to S/I; (1=1,2, - - -, k).

The theorem that can be obtained from this one by omitting the word
“differential” and the symbol “Q” is known to be true.* We shall not give
a detailed proof of this extended theorem, as it follows readily from the known
case by means of Theorem 3, and the fact that if S/I is reducible, the com-
ponents are necessarily differential ideals.

4. Two-sided ideals in R, and quasi-commutative rings. We now return to
a further consideration of the rings R=K [a, 8] and R’ =K][x, y, z] intro-
duced earlier. If M is any set of elements of R, we shall let M’ denote the set
of corresponding elements of R’, and conversely.

We associate with the commutative ring R’ the operator domain £ con-

* van der Waerden, op. cit., II, p. 47. See also E. Noether and W. Schmeidler, Moduln in nicht-
kommutativen Bereichen, Mathematische Zeitschrift, vol. 8 (1920), p. 11.
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sisting of the two operators z(9/dx) and z(d/dy). Since R’ consists of all
polynomials in x, v, z with coefficients in K, it is clear that R’ is closed under
these operations. Also these operators satisfy all requirements prescribed in
the preceding section, and thus R’ is a differential ring with respect to these
operators. Throughout the remainder of this paper, it will be understood
that the terms “differential ring” and “differential ideal” refer to the particu-

lar operator domain
7] a )
Q= (z — z2— ).
dx  dy

The following theorem now gives a characterization of the two-sided ideals
in R.

THEOREM 6. A set M of elements of R is a two-sided ideal in R, if and only
if the set M’ of corresponding elements of R’ is a differential ideal in R’.

First let us assume that M is a two-sided ideal in R, and show that M’
is a differential ideal in R’. Let f, g’ be any elements of M’, &’ any element of
R’. Then f, g are elements of M, % an element of R. Hence

Also, by relations (6), it follows that

a'f _9if
i =0, d =0 (M t=1,2,---).
Ly LAy (M) ( )
We therefore have at once
af’ af’
ff—¢g=0, szO, szO M)
ox dy

and we have only to show that f’4’=0 (M’). From relations (8) we find that

W =( 1‘_ af aah)'.
=0 S! 08* da®

But
‘f —] = . o e
% =0 (M) (s=0,1, ).

;Yl

Hence the expression in parentheses belongs to M,and therefore f'/4’=0 (M"’).

Now let M’ be a given differential ideal in R’, and M the set of correspond-
ing elements of R. From the preceding case it is clearly sufficient to show that
if fis any element of M, k any element of R, then fA=0 (M), hf=0 (M).
From equation (7); we have
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—_ s 9sf J2o’
(fh),=2( 2)" 9 0%’

=0 s!  3y* 9x*

But since M is a differential ideal,

af’
dy*

z* =0 (M).

Hence (fk)'=0 (M), and therefore fo=0 (M). It follows similarly that
also #f=0 (M), and M is a two-sided ideal in R. This completes the proof
of the theorem.

Let M’ be a differential ideal in R’ with the ideal basis f/, f7, - - -, f/.
Denote by N the two-sided ideal in R with the basis fy, fo, - - -, fr; thatis, N
consists of all finite sums of terms of the form 4f.g, where % and g are elements
of R. We shall write M'=(f{,fs, - - -, f!), N=(f1,fe, - + -, f). We shall now
show that N =M.

Let f be any element of M. Thenf'=0 (M’) and we may write
f'=2_"_flh!. By relation (8) it follows that

=3(Z &7 """‘).

=1\ s=0 $! 9B* da*

But from (6), it is clear that

6‘f.-
ape
hence f=0 (N). Thus all elements of M are also elements of N. Since the

converse is obviously true, it follows that N =M. This result may be stated
as follows:

THEOREM 7. If M'=(f{, f¢, - - -, f7) is a differential ideal in R’, then the
corresponding two-sided ideal in R is M = (fi, fo, - - - , fr)-

We now pass to an extension of Theorem 6. Let M and M’ denote respec-
tively a two-sided ideal in R, and the corresponding differential ideal in R’.
Let f be any element of R, and suppose f—f by the homeomorphism R~R/M,
and f'—f’ by the homeomorphism R’~R’/M’. The correspondence f—f’ is
then a one-to-one correspondence between elements of R/M and those of
R'/M’. For if f=¢g (M), it follows that f'=g’ (M’), and conversely. It is
also clear that if f—f’, g—z’, then f+z—f" +3".

If NV is a set of elements of R/M, we shall let N’ denote the set of corre-
sponding elements of R’/M’, and conversely. We may then extend Theorem 6
as follows:

v =0 (N)’
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THEOREM 8. A set N of elements of R/M is a two-sided ideal in R/M, if
and only tf N' is a differential ideal in R'/M’.

First let N be a two-sided ideal in R/M, and N the set of all elements of
R which correspond to elements of N by the homeomorphism R~R/M. Then
N is a two-sided ideal in R, and by Theorem 6, N’ is a differential ideal in R’.
Now N’ is the set of all elements of R’/ M’ to which elements of N’ correspond
by the homeomorphism R’~R’/M’. We shall show that N’ is a differential
ideal in R’/M’. Let i/, #{ be any elements of N’, f” any element of R’/ M'.
Thus there exist elements n/, n; of N’ and an element f’ of R’ such that
n{ —#!, nd —ni, f'—f" by the homeomorphism R’'~R’/M’. Then clearly
i —nid —al —af, f'n'—f'#’, An{ —An{ =An{, where A is either of our differ-
ential operators. Now since N’ is a differential ideal, n/ —ny, f'n{, An/ are
elements of N’. Thus

A —a'=0, fa'=0, i/ =0 (N).
'That is, N’ is a differential ideal in R’/M".

Now let N’ be a given differential ideal in R’/M’, and N’ the set of all
clements of R’ which correspond to elements of N’ by the homeomorphism
R'~R'/M’. 1t follows readily that N’ is a differential ideal in R’, and N is a
two-sided ideal in R. Hence N is a two-sided ideal in R/M, and the theorem is
established.

If T is any ring, and each element of 7" can be expressed uniquely as a
sum of elements which belong respectively to the two-sided ideals 7'; (z=1.
2,---,k)in T, then T is said to be the direct sum of the ideals T, and we
write

=T+ T+ - + Ty.

If T can be expressed as the direct sum of two or more two-sided ideals, we
shall say that T is reducible, otherwise irreducible. These terms have been
defined in §3 for commutative differential rings. From the preceding theorem
we can therefore establish at once the following theorem.

THEOREM 9. Let M and M’ denole respectively a two-sided ideal in R, and
the corresponding differential ideal in R'. Then

if and only if
(13) R'/lu’=]_el' +R 4+ -+ R

This theorem shows that not only can the two-sided ideals in R be de-
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termined by working in the commutative ring R’, but that reducibility of
R/M corresponds also to reducibility of R'/M’.

We now assume, for the remainder of this section, that in K each ideal
hasa finiteideal basis, and the same is therefore true for thering R’ = K [x, y, 2] .*
Hence if M’ is any differential ideal in R’, there exists, by Theorem 4, a
unique decomposition,

(14) M =M/, M{, -, M!],

where the M/ are direct indecomposable differential ideals such that
(M!,M])=(e) (7). Now let M; be the two-sided ideal in R corresponding
to M!. Then we have (M, M,)'=(M!, M/),and (M.nM))'=M!nM/.

In accordance with the definition given in §3, we may say that a two-
sided ideal N in R is direct indecomposable if it cannot be expressed in the
form N;n N, where N, and N, are proper two-sided ideal divisors of N, such
that (N1, N,) = (¢). It follows at once that the M are direct indecomposable.
The following theorem is then an immediate consequence of Theorem 4.

THEOREM 10.1 Corresponding to the decomposition (14) of M’ there exists
a unique decomposition of M of the form

(15) M = [My, My, - - -, M],

where the M ; are direct indecomposable two-sided ideals such that (M ;, M ;) = (e)
(i%5).

If M has the decomposition (15), then M’ has the decomposition (14),
and by Theorem 5, we have the unique decomposition (13) of R’/M’, and
the R/ are irreducible. It follows from Theorem 8 that R/M has the unique
decomposition (12), where the R, are irreducible. We thus have

THEOREM 11. The quotient ring R/M can be expressed uniquely as the di-
rect sum of k two-sided ideals R., if and only if M has a decomposition of the
form (15). Furthermore, by a proper choice of notation, R, ~R/M ;.}

It follows at once that each quotient ring R/M can be expressed uniquely
as a direct sum of irreducible two-sided ideals.

CoOROLLARY. The quotient ring R/M is irreducible if and only if M (or M")
is direct indecomposable.

We now return to a consideration of quasi-commutative rings over K. In
§1, it was shown that any quasi-commutative ring over K is isomorphic to

* van der Waerden, op. cit., IT, p. 23.

1 Cf. W. Krull, Zweiseitige Ideale in nichtkommutativen Bercichen, Mathematische Zeitschrift,
vol. 28 (1928), p. 499.

} See Noether and Schmeidler, loc. cit., p. 14.
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a quotient ring R/M, where M is a two-sided ideal in R, and we have now
given a characterization of the two-sided ideals in R. However, if M is a
given two-sided ideal, the quotient ring R/M may clearly not be quasi-com-
mutative over K, but over some ring homeomorphic to K.

Let L denote the ideal in K consisting of the elements of M which are
also elements of K, and denote by K the ring K/L. Let &, § be the elements
of R/M to which «, B8 respectively correspond. Then R/M is a quasi-com-
mutative ring X [&, 8] over K. Now K will be isomorphic to K, if and only if
L=(0), and if this is true, it follows that K [a, ] is isomorphic to K [a, B].*
Thus R/M is a quasi-commutative ring over K, if and only if M contains no
elements of K, except the zero. By the preceding section, any such two-sided
ideal M in R corresponds to a differential ideal M’ in R’, which contains no
element of K besides the zero.

5. Finite algebras homeomorphic to R. We conclude with a few remarks
about quasi-commutative rings over a field, which are also finite algebras over
that field.

Let K now be a non-modular field with unit element 1, and 4 a finite
algebra homeomorphic to R, and therefore isomorphic to R/M , where M is a
two-sided ideal (invariant sub-algebra) in R. If M contains any non-zero ele-
ment of K, then clearly M =R, and the homeomorphism is a trivial one.
Hence we may assume that M contains no non-zero element of K, and by
the homeomorphism, K corresponds to a field K, simply isomorphic to K.
We shall consider these fields to be identical, as we may without essential
loss of generality.

By the homeomorphism R~A, suppose a—p, B—q, y—r. Then
> aipaiBivk—Y aipigirk. Since now A is a finite algebra over K, each
element of A satisfies a unique minimum equation with coefficients in K,
and leading coefficient unity.} Let f(\) =0, g(\) =0, 2(\) =0 be the mini-
mum equations of p, g, and r respectively. We may now prove the follow-
ing theorem:

THEOREM 12. If f(N\) denotes the ith derivative of f(\) with respect to \,
then we have

rfO(s) = 0,
rigi(q) = 0 (i=01,---).

Now M consists of those elements of R which correspond to the zero ele-

* This follows readily since the constants on the right of the multiplication formula (2) are inde-
pendent of the ring K.
t See L. E. Dickson, Algebras and their Arithmetics, Chicago, 1923, p. 111.
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ment of A, hence M contains f(a), g(8), #(y). Thus M’ contains f(x), g(¥),
h(z), and since it is a differential ideal, it contains zif®(x), zig¥(y). That is,
M contains v (), v'g?(B8), and we have the desired result.

It follows at once from this theorem that r is nilpotent, and hence
h(\) =\*, where the index % does not exceed the degree of f(A) or of g(A).
We may, however, get more information about % in the following way. Let

) = [MWI™RM]™ - [ ]™

be the decomposition of f(\) into powers of distinct polynomials which are
irreducible in K, and denote by m the maximum of the m;. Then f(\) and
ft () have no factor in common, and their resultant D is not zero. We thus
have a relation*

a)fA) + s()f™(N\) =D # 0,
where a(\) and 5(\) are polynomials with coefficients in K. It follows that
b(p)f™(p) =D, and thus by the preceding theorem, 7D =0. That is, " =0,
and we have established
THEOREM 13. The index k of r does not exceed the multiplicity of the factor
of f(\) [or of g(\)] of greatest multiplicity.

By Theorem 9, the question of reducibility of 4 is equivalent to that of
reducibility of R’/M’, and this in turn depends upon whether M’ is direct
indecomposable or not. We may now prove the following theorem.

THEOREM 14. If f(\) [or g(\) ] is expressible as the product of two relatively
prime factors with coefficients in K, the algebra A is reducible.

Suppose f(\) =p(N\)¥(N\), where ¢(A) and ¢¥(\) are relatively prime, and
have coefficients in K. There then exists a relation

(16) aM)e() + 6A¥(N) = 1.

Let M{ =(M', ¢(x)), M{ =(M’, y(x)). Since f(x) is the polynomial in x of
minimum degree belonging to M’, it follows that M{ and M. are proper di-
visors of M’. We have also from relation (16) that (M{, M{)=(1). Itis easy
to show that M’ =M/ n M{. Let ¢(x) be any element belonging to M{ n M.
Then we have

co(x) = d(x)¢(x) = e(xp(x) (M),

and thus d(x)p(x) —e(x)¥(x)=0 (M’). If we multiply this last relation by
a(x), we find, by use of relation (16), that

* See, e.g., van der Waerden, op. cit., IT, p. 4.
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d(x) = [d(2)b(%) + a(x)e(x) ¥(z) (M").

Thus d(x)¢(x) =0 (M’), and therefore c(x) =0 (M’). By Theorem 5 it now
follows that R’/M’ is reducible, and Theorem 9 then shows that A =R/M
is reducible.

The converse of this theorem is not in general true even for the commuta-
tive case, as can be shown by the following example. Let K be the field
of real numbers, and set f(A\) =A?+1, g(\) =A?+1, M'=(x*+1, y2+1, 2),
m{ =(M', 1—xy), M{ =(M’, 1+4xy). It is not difficult to show that M/ and
M are proper ideal divisors of M’ and that M'=M{ nM{, (M!, M{)=(1).
Hence R/M is reducible.
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